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HANKEL OPERATORS

STEVEN G. KRANTZ, SONG-YING LI AND RICHARD ROCHBERG

1. Introduction

Generally speaking, it may be said that a significant part of the analysis of (holo-
morphic) Bergman spaces on a bounded domain D € C” can be understood by the
device of restricting to D the corresponding holomorphic Hardy spaces on a suitable
domain in C"*!,

These ideas have been used in several papers, including Forelli [FOR], Rudin
[RUD], Coifman, Rochberg and Weiss [CRW], Beatrous and Burbea [BEB], Ligocka
[LIG], and references therein. The main point of the present paper is to give several
examples which develop this point of view. Our aim will be to extend these ideas
to the real Hardy spaces so that we may obtain related results on the “real Bergman
spaces” L} (D) by using known results on real Hardy spaces.

Historically, the “real variable” theory of Hardy spaces has proved important in
the development of harmonic analysis. A secondary purpose of the present paper is
to suggest one possible way to think about real variable Bergman spaces, and to prove
some basic results about them.

The paper is organized as follows: In Section 2, we prove several preliminary
results on a particular restriction operator R and a corresponding extension operator
E. As an application we have a factorization theorem for the Bergman space A'(D)
and a characterization of the boundedness of the small Hankel operator & by using
the results in [KL1]. In Section 3, we begin to study the ‘real Bergman’ space, which
is closely related to the space obtained by restricting a real Hardy space. We next
combine the machinery and results in [KL2-3] to obtain some new results as well
as some of the known results from [BL1], [LIH], and [LUL] on the boundedness
and compactness of Hankel operators with non-holomorphic symbols on Bergman
spaces. We conclude, in Section 4, with some remarks that look ahead to future work.

It is worth noting that the Bergman spaces that we consider in this paper are
defined with a weighted measure that will be specified below. These Bergman spaces
are clearly equivalent to the classical ones that are defined with respect to Euclidean
volume measure. The connection between the two different Bergman projections is
less obvious, and is explored in the paper [JAN]. A similar set of remarks applies to
the Hankel operators being considered here.
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2. Preliminaries

Let D be a bounded domain in C" with C'! boundary, and let r(z) be a C' function
onD, r(z) > Oon D, r(z) =00ndD, Vr #00ndD. If D is C?, then we may
choose the function r so that |[Vr(z)| = 1 on d D. Now we define an extension domain
D, in C"*! based on D, as follows:

D, ={(z,za11) €C"' 1z € D, |zuni* < r(2)}. @2.1)

We define two mappings as follows:

(a) Let ¢ be the Euclidean orthogonal projection from C"+! to C"; i.e., # (2, Zp41) =
z for z € C" and z,,, € C. Then we define a linear operator E from L!(D) to
functions on 3 D, as follows:

E(f)(z, zns1) = f o P(2, Znt1) (2.2)
(b) Let R be a linear operator defined on L'(3D,) as follows:

1 [ .
R(®)(2) = 7 /0 g (z, \/r(z)e’e) do (2.3)

We shall prove the following simple and fundamental proposition.

PROPOSITION 2.1.  The following two statements hold.
(i) Forall g € L'(dD,), we have

/ gd0=/ R(g)(2) w(z) dv(2). 2.4)
aD, D

e

(ii) For any f € L'(D), we have
/ E(f)do =] (fog)do =/ f(w) w(w) dv(w). 2.5)
aD, aD, D

Here w(2) = m+/4r(2) + |Vr(2)|2.

Proof. Let us first prove (i). We may write 9 D, as the image of amap X: D X
[0,27) — 3D, defined by X(z,0) = (z, /7 (2)e?). Thus we have the following
formula for the surface measure on 9 D,:

do(z, zn41) = %\/4r(Z) +1Vr(@)* dv(z)d6 = %w(Z)dv(z) de.

As a result,

2n
f gdo = —l—f/ g(z,\/r(z)e"") w(z)dv(z) d6
aD, 27 Jp Jo
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2
_ /D%fo g(z,,/r(z)e"")dew(z)dv(z)

= / R(g)(2) w(2) dv(2).
D
So (2.4) holds, and the proof of part (i) is complete. Next we prove (ii).
When D is the unit ball in C", the above formula in (ii) is due to Forelli [FOR].
Applying the conclusion of part (i), we have
/ E(f)do = f R(E(fN(2)w(z) dv(z).
aD, D
Let us calculate R(E(f))(z). By definition, we have
1 2 0 1 2
REND = 5= |  Ef) (2 Vr@e")do=—— | f@do = f(2).
21 Jo 2 Jo

Therefore (2.5) holds, and so does (ii), and the proof of the proposition is complete.
O

Let H”(D.) denote the usual holomorphic Hardy space on D, with norm

If 15 = SUP'{/‘ |f(z, za+1)|Pdo (2, Zn+l)l ) (2.6)
+ Uab.o

where D, (t) = {(2, Zas1): |Zn411> = r(z) +t < 0} for t > 0 small. A calculation
shows that, if f € H”(D,), then

1/p
@7 ||f||w=(f Ifl”do) ,
aD,

where we use the symbol f to denote the boundary trace of f on dD.. Let f €
H?(D,). We may write

f(zw zn+l) = Z fk(Z)Zl,(H_l.
k=0
Thus

f 172 20s) PO o 2ai)
aD,
= Z/ |fk(Z)|2|Zn+1|2kd0(z, Zn+l)
k= D,
- Ly [ 1n@r | T (V) 0w dvea
S om k=0 /D ‘ 0

= }:f | fi @) 1*r (2 w(2) dv(z).
k=0YD
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For each nonnegative integer k, we let dv, = r(z)*w(z)dv, and let L,’z (D) be
the weighted Lebesgue space with respect to the measure dv;. Let A} (D) be
the weighted Bergman space with respect to the measure dvi. Let us consider
the mapping Pi: L3(D) — A%(D), the Bergman projection with Bergman ker-
nel Ky (z, w). Let S: L2(dD,) — H?*(3D,) be the Szegd projection with the Szegd
kernel S((z, Zn+1), (W, Wy+1)). The following formula is due to Ligocka [LIG]:

[o¢]
S((@ 2ns1)s (W, war))) = Y Ke(z, w)zk, WE, .
k=0
From this formula, we have that
S((Z, 0)» (wv 0)) = KO(Z» U)),

where Ky(z, w) is the weighted Bergman kernel with dvy = mw(z)dv(z) for D.
Since w(z) &~ 1, we may see that, for each 0 < p < oo, the relation between the
Bergman space A” (D) and the Hardy space H”(D,) is

AP(D) = {f(z,0): f € H"(D.)}.

In fact the relation C is clear and the relation 2 follows from the subharmonicity
of | f|? on vertical slices.
The following simple proposition now holds:

PROPOSITION 2.2. Let 1 < p < oo. If the Szegé projection S: LP(dD,) —
HP(D,) is bounded, then the Bergman projection Py: LY (D) — AZ (D) is bounded,
k=0,1,...

Proof. This is a standard result; we include the proof for completeness.

Without loss of generality, we shall treat the case k = 0; that for k > 0 follows
similarly. Let f € LY (D); it s clear that E(f) € LP(3D,). Let K ,(w) = K (z, w).
Now

Po(f)(2) = fD Ko(z, w) f(w)mrwdv(w)
= / E(K)E(f)do
aD,

= / S(z,0), (w, wey D) E(f) (W, Wpy1)do (w, wyi1)
aD,

S(E(f)(z,0)
R(S(E(/))(2).

From the above identity and Proposition 2.1, we conclude that Py: LP (D) — AP(D)
is bounded. [
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We next prove a preliminary result on the operators R and E.

PROPOSITION 2.3.  With the notation above, the following statements hold:

(a) For 0 < p < oo, we have that R : HP(D,) — A(’)’(D) is a surjective
contraction.

(b) The operator E: L§(D) — LP(3D,) (E : A (D) — HP(D,)) is an isometry.

(© If f € L23D,) © H*(3D,), then R(f) € L3(D) © A3(D), where H*(3D,)
is the space of boundary value functions in H*(D,).

Proof. By definition we have that, for each f € H”(D,),

R(f)(@) = f(z,0), zeD.

It is easy to see, using Proposition 2.1, that

[1reoreoae < [ i1
D Dt’
The proof of (a) follows.
With the same reasoning (see Proposition 2.1), we have (b).
Now we prove (c). Let f € L2(3D,) © H2(D). For any g € A3(D), we have

/D R(f)(2)g(2) w(z)dv(z)

1 2n X
— [ 5= [ (= vr@e) doz@ 0@ dne)

= f(z, Zn+l)E(g)(Z, Zn+l)d0(z, Zn+1)
aD,

=0

since E(g) € H2(D,). Hence (c) follows. Therefore the proof of Proposition 2.2 is
complete. O

Let £2(dD,) = (f: f € L*(dD,) & H*(D.)}, and let L?(d D,) be the closure of
L£*@D,) in L?(3D,) withnorm || - ||zrap,) for 1 < p < 2.

Let L2(D) = {f: f € LYX(D) © A3(D)}; foreach 1 < p < oo, we let L?(D)
denote the closure of L (D) N L2(D) in L{ (D). It is easy to see that £' (D) can be
identified with the space of complex conjugates of functions in closure of A%(D)*
under L' (D) norm.

COROLLARY 2.4. For(0 < p < oo, we have

(i) LY(D) = L"(D) = R(L?(3D,));
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(ii) A§(D) = AP(D) = R(HP(D.);
(iii) £P(D) = R(LP(3D,)) when1 < p < 2.

Proof. 1ltis easy to see that (i) and (ii) are direct consequence of Proposition 2.1.
Part (iii) follows from Propositions 2.1, 2.2 and 2.3; we leave the details to the reader.

O

Next we give some applications of the properties of the operators E and R.

THEOREM 2.5. Let D be a smoothly bounded strictly pseudoconvex domain in
C". Let f € A(')(D). Then there are a sequence of positive numbers {);} and two
sequence of functions { f,}, {gn} C A%(D) such that

(1) I fillazllgillaz =1, j=1,2,..;
(i) f =214 i85
(iii) Z;il A 2N fllayoy-

Proof. The proof of this theorem is a direct consequence of the analogous results
for Hardy space given in Section 5 of [KL1] and of Proposition 2.1. O

As usual, we let hy(u) = S(fu) denote the small Hankel operator on the Hardy
space, and we let h_(f’ = Py(fu) denote the small Hankel operator on the Bergman
space, respectively. First we prove:

THEOREM 2.6. Let D be either a smoothly bounded strictly pseudoconvex do-
main or a convex domain of finite type in C". Then, for 1 < p < 00, we have
that if f € H*(dD,) and hs: HP(@D,) — L?(dD,) is bounded (compact), then
h‘,’e(f): AP(D) — L{ (D) is bounded (compact).

Remark. The reader will note that some results in this paper are not asserted (or
proved) for finite type domains in C2. This may seem surprising because the “regular”
domains that we discuss below certainly include the finite type domains in C2. The
problem is that the extension/restriction results treated in the present paper would
require us to know something about finite type domains in C3, and that is largely
unexplored territory.

Proof. Let p’ be the conjugate index of p with 1 < p < oco. Under the hypotheses
we have the expected duality between H” (8 D,) and H”' (3D,) (see [NRSW], [MS]).
Let g € A%(D). We know that E(g) € H?(dD,). Thus

] Ih(l)e(f) (&)@ dvo(z)
D



404 STEVEN G. KRANTZ, SONG-YING LI AND RICHARD ROCHBERG
- /D | Po(R(f) 8)(@)|Pdvo(2)
- /D ISCE(R()) E®))(z, 0)["dvo(2)
< fa  ISERG EGI"do

< Cpsup /a N S(E(R(f)) E(g))vdo

tv e HF (@D,) : Ivlly = 1}

= Cp sup faD E(R(f)E(g)vdo

cv e HP (@D, : vl = 1}

= Cpsup faD E(R(f) E(Q)E(R(v))do

cveHF@D,) : |vlly = 1}

= C, sup [w f E(@)E(R(v))do

cv e HP@D,) : |vll,y = 1}
= Cp/ IS(f E(@)IPdo

aD,
=C, / ks (E ()" do.

aD,

Therefore hpgy) is bounded (compact) on A(’)’ (D) if hy is bounded (compact) on
‘H?(D,). The proof is complete. O

THOEREM 2.7. Let D be a bounded domain in C" and let 0 < p < oo. If
f € A*(D) and hgs) € S,(H*(3D,), L*(3D,)), then h§ € S,(A*(D), L*(D)).

Proof. This follows directly from the fact that for each n the nth singular value of
h? is no bigger than the nth singular value of 1 g(r). This fact is a direct consequence
of the interpretation of the singular values as approximation numbers and the identity

he( (E@)(Z, 2at1) = he(r) (E@))(z, 0) = A (u)(2)

forallu € A2(D). 0O

3. Real variable analysis

Let D be either a smoothly bounded strictly pseudoconvex domain in C" or a
smoothly bounded convex domain of finite type in C*. It is easy to check that if
D is a smoothly bounded strictly pseudoconvex domain in C" (convex domain of
finite type) then D, is a smoothly bounded strictly pseudoconvex domain in C"*!
(convex of finite type in C"*'.). We shall describe a homogeneous structure with
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respect to a quasimetric d which is related to the complex structure, and the Lebesgue
surface measure over d D, defined in [KL1,2]. We let BMO(3dD,), VMO(3D,), and
the real variable Hardy space H”(dD,) be defined with respect to that structure of
homogeneous type (see [KL2] for definitions.)

Next we show that a quasimetric on d D, can be defined in terms of the quasimetric
ondD.

Let dy be a quasimetric on 3 D. We extend dy from d D to D in a natural way by
letting

do(z, w) = do( (2), T(w)) + |r(2) — r(w)|

when r(z, w) = |r(2)| + |[r(w)| + |z — w| < 8p; if r(z, w) > 46, then we let
do(z, w) = |z — w|, where § is a fixed positive number depending only on D. We
shall define a functiond : dD, x d D, — R, based on d, as follows:

d((z, Zn41), (W, Wey1)) = do(z, W) + |Zpg1 — wn+l|2 + [ Wat1(Znt1 — woe1)] 3.1)

We may arrange the definition of dy(z, w) when r(z, w) € (8o, 48p) so that d is well
defined on D, x D, and is a quasimetric on 3D, x dD,. We shall require the
following proposition.

PROPOSITION 3.1. Let D be either a smoothly bounded strictly pseudoconvex
domain in C" or a convex domain of finite type in C". Then the quasimetric d on d D,
defined as above is comparable to the one formulated in [KL1,2].

Proof. The proof is a straightforward calculation. We omit the details. O

Following the notation in [BL1], we let zo € 3 D; the Carleson region C,(zp) is
defined as follows:

C,(z0) =C(z0,7) ={z€ D :r(z) <r, m(z) € B(zo,r) C dD}.

The notation BMO(D) was used to denote the function space of all L' (D) with

Il fllamopy = sup fw) —

C,(z0) lCI‘ (ZO)| C,(z0)

f(@)dv(z)

dv(z) < oo.

Cr(z0) Je, (20

Further, VMO(D) denotes the function space consisting of functions with vanishing
mean oscillation with respect the above family of Carleson regions. It was also shown
in [BL1] that, BMO(D) (VMO(D)) is equivalent to the function space BMO (VMO)
with respect to the tents, or with respect to hyperbolic balls. In [LUL], L },(D) spaces
are introduced as subspaces of L(')(D) consisting of all functions

o0
u=Yy_ Aa, (3.2)
j=1
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where {A;}72, € ¢! (A; = 0), and a; are function with support in some hyperbolic

ball B(z;) = B(z;, €r(z;)) with [} a;(z)dvo(z) = 0 and |a;| < |B;|~!. The norm
of u is defined as follows:

o0 o0
lullyy =infd> 2 :u= ija,-}
j=1 =1

It is obvious that

(L) (D))* = BMO(D), VMO(D)* = L}(D). (3.3)

Moreover,

E(L)(D)) c H'(3D,) (3.4)
and

R(BMO(dD,) C BMO(D), E(BMO(D)NC(D))C BMO(dD,). 3.5)

Let H2(dD,) be the atomic Hardy space on dD,. In [KL3], Krantz and Li gave
a factorization theorem for functions in H!(dD,) N £!(3D,) which played a useful
role when applied to the study of the Corona problem in several complex variables
(refer to line (2.1) for the definition of D,). The purpose of this section is to give the
analogous Bergman space version of the theorem in Section 4 of [KL3]. Indeed, we
shall decompose a function f € L£YD)n L},(D) as an infinite sum of the products
of (i) functions in A?(D) with (ii) functions in £?' (D) where 1/p +1/p’ = 1. In
other words, we shall prove the following theorem:

THEOREM 3.2. Let D be a smoothly bounded strictly pseudoconvex domain in
C". Let f € LY (D) N L,',(D). Then there are a sequence of positive numbers {X;},

a sequence of functions { fj} C AP(D), and a sequence of functions {g;} C LP (D),
such that

@ O Nfillarligillyr =1, j=1,2,..
() f =221 418
(iii) Z]O-O_—l A 2 ANy

Proof. We note that a variant of Theorem 3.2 was proved in [LUL]; that references
considers a different Bergman projection. Here we present a new proof by using the
idea of restriction.

Let f € L},(D) N L£1(D). It is sufficient to decompose an atom into a sum of the
above products with at most a fixed number of terms. Let a be an atom with support
on B.(zp). Then, by (3.4), we have that E(a) € H 1(dD,) is an atom. By the proof
of theorems in Section 4 in [KL.3], we have

M
(E@) —P(E@)=Y_ghj, lglylhjlly ~1,
j=1

J
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where M is a fixed number depending only on D., g; € H7(dD,) and g; # 0. (In
fact, the g; are each some power of the Levi polynomial), and h; = g; lH where
H; € L'@3D,).

Now we let

g(@ =8(z,0) = R(g)@ #0. hj@) =g~ R(H).
The same argument shows that

Nglecoylbjll L py < C.
Then

M M
E@@) - P(E@) =) H =) gh
j=! j=1
and
— M ~
a—Pola) = )_&h;
j=1

and, since f € £!(D), we have

To complete the proof of Theorem 3.2, we need the following theorem.

THEOREM 3.3. Let | < p < oo and let p’ be its conjugate exponent. Let D be a
regular domain. Let f € AP(D)gand g € L7 (D) . Then fg Ll',(D) N LY(D).

Welet Hr = (I — §)S and H, 0= (1 - Py) Mz Py denote the big Hankel operators
on the Hardy and Bergman spaces respectively.

With the same proof as in [KL3], we have that Theorem 3.3 is a corollary of the
following theorem.

THEOREM 3.4. Let D be either a bounded strictly pseudoconvex or convex finite
type domain in C" with smooth boundary. If f € BMO(D) N\ L? (D), then the big
Hankel operator H? = - PO)M7P0 is bounded on LP (D).
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The above theorem was proved in [BL1] (for strictly pseudoconvex domains in
C" and finite type domains in C2) and in [LIH] (in the strictly pseudoconvex case)
independently. We shall now see how to use the idea of restriction and the results
on Hardy spaces in [KL2] to give a new proof of the above theorem. To achieve this
goal, we need the following lemma.

LEMMA 3.5. Let D be as in Theorem 3.4. Then for any f € BMO(D) N LP(D)
and any ¢ > 0 there is an fy € C(D) N BMO(D) such that

[ follee + Il follamopy < C, NE(fo)llamowp.y < CIl f lsmo(p)»

the multiplication operator My _y, is bounded on AP (D) and
1My s, Pollop < Cp.

Proof. Let

1
Sfo(2) = mf(w)dvo(w).
Then by Lemmas (2.1) and (2.16) in [BL1], we have

Il foller + | follBmopy < C, and |[Ms_z Pollop < Cp.
By (3.5), we have

NE(fo)llsmowp,) < Cll fllsmop)
and the proof of the lemma is complete. O

LEMMA 3.6. Let D be either a smoothly bounded strictly pseudoconvex domain
or convex domain of finite type in C". Thenfor1 < p < 0o, we have f € L*(D) and
if Hg(ry: HP(D,) — LP(3D,) is bounded (compact), then H}): Ag(D) — Lg(D)
is bounded (compact).

Proof. Letg € A%(D). We know that E(g) € H?(dD,). Thus

fD |HD(2)(2)|"dvo(2)
= [ 1Ge - PF o@rdu
- [ 1T7sE@6. 0 - SED E@) . 0 du
= fa ) I(EDSE@) (@, 2n41) — S(E(f) E@))(2, 2a41)17d0 (2, 2041)-

Therefore Hj? is bounded (compact) on A{)’(D) if Hg(y is bounded (compact) on
‘HP(D,). So the proof of (b) is complete. Thus the theorem is proved. O



FUNCTION SPACES ASSOCIATED TO HANKEL OPERATORS 409
Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4. By Lemma 3.6, we have that Hg) is bounded on A(’)’ (D),
with '

IIH,%II < Cpll fllBmo(p)-
Thus

IHP | < CUIMy—, Poll + 1HQID < Cpll £ o)
and the proof of Theorem 3.4 is complete. O

COROLLARY 3.7. Let D be a smoothly bounded strictly pseudoconvex domain in
C" and let f € LP(D). Then Hf0 is bounded from AP(D) to LP(D) if and only if
(I — Py)f € BMO(D)NLP(D) forall1l < p < o0.

Note. This is the main theorem (Theorem 3.3) in [LUL].

Proof. Since H}’ = HfO—Po(f)’ we have that if f — Py(f) € BMO(D) N L?P(D),
then H}‘?: AP(D) — LP(D) is bounded forall 1 < p < oo.

Conversely, suppose that H 19 is bounded on A/ (D). Then, for any u € Af (D) and
go € L? (D), we have

|(H? (u), 8|

|(fu — Po(fu), gl
|((u(@ — Polg)), )l
= |((u@ — Po(g)), I — Py) f)|

By the Factorization Theorem 3.2, and (I — Py)f € L'(D) N LP(D) we have
(I — Py) f € LL(D))* = BMO(D) N L!(D) since L}(D)* = BMO(D). Therefore
(I — Py) f € LP(D) N BMO(D), and the proof is complete. O

THEOREM 3.8. Let D be either a smoothly bounded strictly pseudoconvex or
convex finite type domain in C" and let 0 < p < oo. Let f € H*@D,). If

H; € S,(H*(D.), L*(3 D)), then Hp ;, € S,(A§(D), L§(D)).

Proof. These assertions follow similarly as the proof of Theorem 2.7. O

4. Final remarks

It seems natural to consider function spaces R(H'(8D,)) and R(BMO(3D,)).
From the preceding sections, we see that

L)(D) c R(H'(3D.), R(BMO(3D,)) C BMO(D).
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One may use these containments to prove that
R(H'(3D.))* = R(BMO(3D.))

Further, one may obtain the following result that is similar to the theorem in
Section 2 of [KL3].

THOEREM 4.1. Let D be either a smoothly bounded strictly pseudoconvex or
convex domain of finite type in C". Then we have the following consequences:

@ Iff € L"(D)and f > 0, then f € R(H'(3D,) if and only if flog* f €
L'(D);

(b) For any f € L'(D), there are g € R(BBMO(dD,)) and h € R(H"'(3D,) such
that f = ghand || flLp) ~ lgllrRBMOGDY IR L10g L-

This theorem is similar to one that appeared in Section 2 of [KL3]; now it may be
proved using the restriction method. We leave the details to the interested reader.
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