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HILBERT POLYNOMIALS OVER ARTINIAN RINGS

CRISTINA BLANCAFORT AND SCOTT NOLLET

ABSTRACT. This paper characterizes Hilbert functions and Hilbert polynomials of standard algebras over
an Artinian ring Ry.

Introduction

Let Ry be an Artinian ring. A standard algebra over Ry is a graded ring S, finitely
generated as Ry = Sp-algebra by elements of degree 1. Thatis, S = R/I, where
R is a polynomial ring with coefficients in Ry and I is a homogeneous ideal. The
Hilbert function of S, denoted by Hy, is given by Hg(n) = Ag,(S,), where A stands
for length. For n > 0 it holds Hs(n) = Ps(n) where Ps is a polynomial, the Hilbert
polynomial of S.

The purpose of this paper is to describe the possible Hilbert functions and Hilbert
polynomials of such standard algebras. In the case of a field, these questions were
initially addressed in Macaulay’s pioneering work [9]. His results were strengthened
and extended by Sperner [11], Hartshorne [8], Gotzmann [6], and Stanley [12]). More
recently, Green’s remarkable paper [7] has stimulated new interest in the subject. A
number of papers generalizing these results to settings other than standard k-algebras
have appeared over the last few years.

The present paper completes work begun in [1], where Hilbert functions and
polynomials are characterized over Artinian local rings Ry which contain a field. The
proofs of necessity there use hyperplane section arguments. These are not easy to
find without a base field, so we use a different method here: the quotients associated
to a composition series for Ry allow us to reduce the questions to the case of a field.
This method also gives analogs to Gotzmann’s regularity and persistence theorems
(see [6], [7D).

The paper is divided into two sections. The first section describes the Hilbert
polynomials over an Artinian ring and includes an analog to Gotzmann’s regularity
theorem. The second section characterizes the Hilbert functions and gives a general-
ization of Gotzmann’s persistence theorem.
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1. Hilbert polynomials

The question of which polynomials occur as Hilbert polynomials for a proper
subscheme of [P} over a field k has been studied since Macaulay ([9]; see also [1],
[8], [11]). The answer can be stated as follows.

PROPOSITION 1.1.  Fix an integer r > 0 and let p(z) € Q[z]. Let k be a field.
Then the following conditions are equivalent.

(1) p(2) is the Hilbert polynomial of a proper subscheme X C ;.
(2) There exist integers mg > m| > --- > m,_; > 0 such that

ro= S0 -(50m)]

(3) There exist integersr > ¢ > ¢y > -+ > ¢s > 0 such that
(24— =1
p(2) = Z( ' )
i=1 Ci
(4) There exist integers0 <q <r—land 1 <ay <a, <--- < a, such that
z+r I (z—a +r—t
o= ()5 (772

Proof. Conditions (1) and (2) are equivalent by [8], Corollary 5.7. Conditions
(1) and (3) are equivalent by [1], Theorem 4.5, where this was more generally proved
for subschemes over an Artinian local ring containing a field. The equivalence of
(1) and (4) occurs due to Macaulay’s characterization of the Hilbert polynomials for
homogeneous ideals, however Green interpreted condition (4) as condition (3) in [7].

Remark 1.2.  In the proposition above, let d = dim X. Then the expressions for
the Hilbert polynomial p(z) are related by the following formulas:

(a) Setm, = 0. Thend = max{i: m; > 0} and for0 <i < r we have
mi —mip =#j: ¢; =i}
(b) We have g = r — min{i: m; < mg},a, =m,_,_;andfor0 <i <gq,

ai=m_j_ + 1.

The equivalent notions of Proposition 1.1 have some importance in the study of
homogeneous ideals and projective varieties. Motivated by Gotzmann’s results, we
give these conditions the following name.
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Definition 1.3.  We say that p(z) € Q[z] admits a Gotzmann development if p(z)
satisfies any of the equivalent conditions of proposition 1.1 for some integer r. In this
case, the Gotzmann development for p(z) is the expression given in condition (3).

LEMMA 1.4. Let p(2),q(2) € Qlz] be polynomials which admit a Gotzmann
development. Then:

(a) The polynomial r(z) = p(z) + q(z) admits a Gotzmann development.

(b) Assume that the Gotzmann developments for p(2), q(z) and r(z) are
p(Z) — Z?:I (z+a,;i(i—|))’ q(z) — Z;=l (z+b,v;i(i—-l))’ r(z) — Z:';I (z+p,.:i(i—l)).
Letsi =#{jiaj>i—1},ti =#j: bj =i —1}andu; =#j: ¢c; =i —1}.
Then for each i > 1 we have u; > s; + t;.

Proof. Let p(z) and q(z) be polynomials admitting a Gotzmann development.
By Proposition 1.1 above, p(z) (resp. q(z)) is the Hilbert polynomial of a subscheme
X C P (resp. Y C IP}) over some field k. Embedding P; and P}’ as disjoint linear
subspaces of a common projective space PY, the union of the images of X and Y
yield a closed subscheme with Hilbert polynomial r(z) = p(z) + q(z), which proves
statement (a) via Proposition 1.1.

Now we prove the statement about the Gotzmann development for 7(z) = p(z) +
q(z). We proceed by induction on the degree of r(z). The result is trivial when
deg r(z) = 0(all three polynomials are constant positive integers), so assume deg r (z) =
d > 0. Notice that the Gotzmann coefficients for Ar(z) = r(z) —r(z — 1) are
¢ —1,...,cu, — 1. Since Ar = Ap + Agq, the induction hypothesis shows that
u; > s; +t; forall i > 2. Now consider

52 i = C l h i — ] —
p/(z)=Z(Z+a a.(t )) and q,(z)=z(z+b b.(t 1))'
i=l ! i=1 t

By part (a), p’ + ¢’ has a Gotzmann development. Since r = p’ + q’' + (s —
s2) + (| — 1), the uniqueness of Gotzmann developments shows that u; — u; >
(si — 82) + (t; — t2). Therefore uy — s; — t) > up — 5o — t, > 0, as required.

Remark 1.5. The same argument gives the stronger inequalities
Hjici=i—1})=#ja=i—1}+#{j. bj=i—1} foralli > 1.
In what follows, A(R) will denote the length of an Artinian ring Ry.

LEMMA 1.6. Let Ry be an Artinian ring of length . = A(Ry). Let R =
Rolxo, x1, ..., %), I C R a homogeneous ideal, and S = R/I. Then there exist
A surjections of graded R-algebras

S=S8sH8. B =0
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such that the kernels T; = ker y; are principal, generated in degree 0, and annihilated
by a maximal ideal. In particular, T; = ki[xg, x1, ..., x.)/J; for some residue field
ki of Ry, and some homogeneous ideal J; C ki[xg, ..., x].

Proof. Let (0) = Ny C Ny C --- C N, = Ry be a composition series for R.
There are exact sequences

0 — Niy1/Ni = Ry/N; = Ry/Niz1 — 0

where N;y1/N; = k;. Tensoring these sequences with S gives the sequence of R-
algebras S; = S ®g, Ro/N; along with surjections ¥;: S; — S;;+| whose kernels are
images of k; ®g, S, generated in degree 0.

Remark 1.7. (a) In the construction above, let R; = Ry/N;. Then there are ideals
I; such that S; = R;[xo, Xy, ..., x,]/I;. The snake lemma shows that there are short
exact sequences of graded R-modules

0— J,'—)I,'—>],'+|—>0.

(b) Let us make explicit the first surjection of Lemma_l_.6. There is a € Ry such that
gO : a) is a maximal ideal my ancil_N_l = (a). Setting R = (Ry/(a))[xo, ..., x,] and
I = (I 4 (a))/(a), we get S| = R/I and there is an exact sequence

0> R/(I:a)> R/I > R/T— 0.

Since myR C (I : a), we see that Jy = (I : a)/myR.

THEOREM 1.8. Let Ry be an Artinian ring and p(z) € Q[z]. Then the following
statements are equivalent.

(a) There is a closed subscheme X C Py such that p(z) = px(z) is the Hilbert
polynomial for X .

(b) We may write p(z) = q(**") + r(z), where 0 < q < A(Ry) is an integer and
r(z) € Qlz] is a polynomial of degree < r admitting a Gotzmann development
such that if g = A(Ry) then r(z) =0.

Proof.  First suppose that p(z) = px(z) is the Hilbert polynomial for X C Py,
and hence is the Hilbert polynomial for a graded ring S = Ry[xo, x1,...,x.1/1,
where I is a homogeneous ideal. By Lemma 1.6, we obtain successive quotients S;
with kernels 7;. Let p;(z) denote the Hilbert polynomial of 7;. Foreach | <i <
A(Ry), note that either p;(z) = (“") or deg pi(z) < r and p;(z) admits a Gotzmann
development. Letting g be the number of i such that p;(z) = (‘f’ ), it is clear from

Lemma 1.4 and the fact that p(z) = Z,. pi(2) that p(z) may be written in the form
above.
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Conversely, if p(z) can be written in the above form, then p(z) satisfies the suf-
ficiency conditions of [1], Theorem 4.5. The constructive part of the proof (see [1],
proof of Theorem 2.9) makes no use of the local equicharacteristic hypothesis (it only
uses a filtration of Rp), hence there exists an ideal / such that S = R/I has Hilbert
polynomial p(z) and we may take X = Proj(S).

We shall now state and prove the promised analogue of Gotzmann’s regularity
theorem.

THEOREM 1.9. Let Ry be an Artinian ring, X C ]P’}O a closed subscheme and
p(z) = px(2) the Hilbert polynomial of X. Write

p(z)=q(z+r)+r(z) with r(z)=2(z+ai“(’—]))
r a

i=l
as in Theorem 1.8 (sets = 0ifr(z) =0). Lets, =#{j: aj >t — 1}. Then
H' (Zx(n—1)=0fort >0andn > s,.

In particular, the ideal sheaf Iy is s-regular.

Proof. Let1 = HY(Zx) C R = Rolxo, x1,...,x,] be the homogeneous ideal
for X and let S = R/I be the homogeneous coordinate ring for X. Recalling the
construction from Lemma 1.6, we have exact sequences

0->T - S — Siy1 >0

where T; = k;[xg, x|, ..., x,]/J; for homogeneous ideals J;. From Remark 1.7 (a),
we have exact sequences of ideals

0>Ji>1i—> liy—>0

where I; C Rilxo, xi, ..., x,]and I (g,+1 = 0. Note that Ji C (911»; is the ideal sheaf
for Proj(T;) C IP;. Let p;(z) be the Hilbert polynomial for T;.

Now we note some vanishings of higher cohomology. If p;(z) = (z':’), thenJ; = 0
and hence H/(J;) = O forall t > 0. If p;(z) = 0, then Ji = Op;i and hence all the
intermediate cohomology vanishes and H ’(.7;(n —r))=0forn >0. In particular,
J; is O-regular. Finally, if 0 # p;(z) and deg p; < r, let pi(z) = z;'___l ("+"};:j ‘”) be
the Gotzmann development for p;. If we define si = #{: aj': > t—1},then by] Green’s

interpretation of Gotzmann’s vanishing theorem [7], we have H' (.7,~(n — 1)) = 0 for
n=>s,.
In considering the long exact cohomology sequence associated to the sequences

0o i i = i > 0
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and the vanishings above, we conclude that H' (Io(n — 1)) = Oforall t > 0 and
n > max;{s!}, where this maximum is taken over i such that deg p;(z) < r. On the
other hand, r(z) is the sum of such p;(z), so by repeated application of Lemma 1.4,
we conclude that

max{s;} < Y _si <5,
1 I
1

and hence H'(Io(n — t)) = Oforallt > Oand n > s,. Noting that Iy = Iy, we
conclude the proof.

Remark 1.10. The same kind of proof can be carried out using long exact se-
quences of local cohomology to prove a similar result over a polynomial ring (see
[1], Theorem 3.3).

Remark 1.11.  The proof actually gives the stronger regularity bound ), s/, where
s are defined by the filtration of Sx induced by lemma 1.6. For general subschemes
X C P, this bound is much stronger than the bound given in the statement of 1.9,
because the Gotzmann development of a sum of polynomials generally has many
more terms than the sum of the Gotzmann developments of the polynomials (see
proof of Lemma 1.4).

For example, consider Ry = Z/p*Z with residue field k = Z/pZ, where p € Z
is prime. Let I) = (xg, x1)(x2, x3) C (X0, x;) = Iy C Rolxo, x1, X2, x3] (over a field,
these are the ideals of a pair of skew lines and of one of the lines, respectively) and
consider the ideal I = (I, ply). This defines a scheme X, which is the disjoint union
of a line and a double line. Using the standard composition series (0) C (p) C Ry,
we see that J is the image of I in k[x, x|, x2, x3] under the natural surjection, while
Ji is the image of /). The Gotzmann development for X has 6 terms, so the theorem
says that the ideal sheaf is 6-regular. However, Gotzmann regularity for the individual
ideal sheaves suggests that Zx is only 3-regular. In fact, the actual ideal sheaf of two
skew lines is 2-regular, so this is also true of Zx.

2. Hilbert functions

In this section, we extend Macaulay’s criterion for Hilbert functions to arbitrary
Artinian rings. As in the previous section, the key is to reduce to the case when Ry is
a field by using Lemma 1.6.

We first recall Macaulay’s criterion (see [9], [12]), for which we must define
certain binomial transformations. For any integers A, n > 1, there exist unique
integers k, > k,_; > -+ > ks > 8 > 1 such that

h=()+ G+ + (5):

n—1
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This gives the n-binomial expansion of h. Since this expression is unique, we may
define

(h")i - (Ij;,:ll) + (k,,_,.'+l) +.+ (lgs_:-'l)

By convention, (0,)T = 0 forall n > 0.

With this definition, Macaulay proved that a function H: N — N is the Hilbert
function of a standard k-algebra if and only if H@O) = 1 and
H@n+1) < (H@),)} foralln > 1.

PROPOSITION 2.1 (ELIAS). Let a,b,r,n > 0 be integers such that a,b < ("‘:').
Then the following inequalities hold.

(@ Ifa+b < ("), then

(@)f+ )T < (@+ b))y

) Ifa+b>(""), then

@)t + Gt < () + ((a+5 = (F),)5-
Proof. Part (a) is [4], Corollary 2.7 (iii) with the choices tj =t = n,s =n + 1,

and h = r + 1. For (b), in [4], Corollary 2.7 (ii) with the same choices, Elias writes
in the proof that

r

(an)i + (b,,)i = Z(a<n>(i) + b<n>(i))

i=0

() e () )
(7)) (o))

Note that the inequality is strict in the i = r term of the summation: since a, b and
(a+ b — ("F")) are strictly less than ("*"), we have a<y>() = by = (@ + b —
n+r _ : n+r _

(TP <nsir = 0, while ("T7) ., = 1.

IA

PROPOSITION 2.2. Let Hy, ..., H;: N — N be functions and H = ZL, H;.
Consider the functions q;, r; and q, r defined for all n > 0 by the Euclidean divisions

Hi(n) = m(n)(" f ’) +rin) and H(n) = q(n)(" + ’) +rn).

r
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Assume that, for alln > 0, Hy, ..., H, satisfy the condition
n+1l+r
(x);i Hi(n+1) < qi(n)( , ) + (ri(m)n)3.

Then H also satisfies (x): H(n + 1) < q(n)("+r'+’) + (r(m)y)E for alln > 0.

Moreover, if (x); are equalities foralln > d and H(d+1) = q(d) (d+r' N+ @i,
then (x) is an equality for alln > d.

Proof. By induction, it is enough to show that H verifies (x) in the case t = 2.
Letn > 0. By (%), and (x), we have

1
Hin+ 1) < (" + i + ’)(q. (1) + g2(m) + (F W)+ (ra(m))

Now we consider two cases. If ri(n) + ra(n) < ("7"), then r(n) = ri(n) +
ra(n), g(n) = q;(n) + g2(n) and condition () is immediate from Proposition 2.1 (a).
On the other hand, if ("¥") < ry(n) +r2(n) < 2("*"), theng(n) = q1(n) +q2(n) + 1,
r(n) =ri(n) + ry(n) — ("f’) and (x) follows from Proposition 2.1 (b).

To prove the second part, let H' = Y_;_, H; and define ¢’ and r’ as usual. We
have just seen that

Hd+1) = HHd+ D)+ H' @@+ 1)

d+1 d+1
( +r * r)ql(d) + (r@da)f + ( +r +r)q'(d) + (' o)}

d+ 1
< ( +r +')q(d)+(r(d>d)1 —H@+1).

Then H'd + 1) = ("+r'+f)q’(d) + (r'(d)s)f. By induction hypothesis
Hmn+1) = ("+r'+’)q’(n) + (r'(n),)3 for all n > d, and hence it will be enough
again to prove the case t = 2.

For t = 2, notice that the strict inequality in Proposition 2.1 (b) assures that the case
ri(d)+ry(d) > (‘”r") cannot occur; thus g; (n) +¢g,(n) = q(n) foralln > d, and these
values remain constant. Replacing H,, H, and H by ry, r, and r respectively, we may
assume that H; and H, satisfy the conditions of the classical Macaulay’s theorem:
by [2], Theorem 4.2.10, there exist homogeneous ideals I € R = k[xp, ..., x,]
and J € S = k[yo,...,y ] (where k is any field) such that H; = Hpg;; and
H2 = HS/j.

Let T = k[xo,...%r, Yo,...¥Jand Q = (xp,..., %) - (Yo, ..., ¥). One can
easily show that (IT + (yo, ...,y )DNUIT + (x0, ..., %)) =IT +JT + Q and
T+ oy -+, YV )D)+IT+(x0,...,%x)) = (x0,-.., %, Yo, - - -, ¥r). Hence, letting
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K = IT + JT + Q we have an exact sequence of graded k-algebras
0->T/K—>R/IDS/]>k—>0

which gives Hr g (n) = H (n) + Hy(n) = H(n) foralln > 1.

First assume d = 1. Then a straightforward computation shows that ((H,(1) +
Hy(D)))T = (H (1)) + (H2(1))T holds only when H, = 0 or H, = 0, in which
case the result is obvious. Thus we may assume that d > 2. From the equalities
Hi(n+1) = (H; (n),,)i forn > d and [5], Corollary 2.6 (b), we see that / and J (and
hence also K) are generated in degrees < d. By Gotzmann’s persistence theorem
(see [7]), weget Hin + 1) = (H(n),,)i for all n > d, as required.

Notice that the construction in the above proof is an algebraic version of the proof of
Lemma 1.4(a).

THEOREM 2.3.  Let Ry be an Artinian ring, R = Ry[xy, ..., x,],and H: N - N
be a function. Define the functions q and r by the Euclidean division H(n) =
("'r”)q(n) + r(n). Then H = Hg; for a homogeneous ideal I C R if and only if
(@) H(0) < A(Ry) and
(b) Hn+ 1) < ("""*)g @) + (r(),){ foralin > 0.

Proof. Suppose that H = Hpg;;. When Ry is a field, condition (b) follows
straightforwardly from the classical Macaulay’s theorem. Thus we may assume
t = A(Rp) > 2. From Lemma 1.6 we obtain for | < i < ¢, graded k;-algebras
kilxo, ..., x.1/J; with respective Hilbert functions H, ..., H;, such that Hg;, =
Z;=, H;. Then (b) follows from Proposition 2.2.

Conversely, if the function H satisfies conditions (a) and (b), then we may use
the construction in [1], Theorem 2.9, of an ideal I such that H = Hp/;, since that
construction does not use the fact that R is local equicharacteristic.

Notice that as a corollary of this theorem we obtain the straightforward translation of
the usual Macaulay’s theorem to the Artinian coefficient case. See [1], Corollary 2.11;
the same proof works here.

We now give the generalization of Gotzmann’s persistence theorem.

THEOREM 2.4. Let Ry be an Artinian ring, R = Ry[xy, x1,...,x,Jand I C R
a homogeneous ideal generated in degrees < d. With the notations of theorem 2.3,
assume that Hg,j(n + 1) = ("+r'+’)q (n) + (r(n),)¥ for n = d. Then the same holds

foralln > d. Equivalently, if r(d) has d-binomial expansion y_;_, (";‘Z(_i(_il_)')), then

n+r i n+ci—@G—-1)
HR/I(")—q(d)( . >+Z< i )

i= Ci

foralln > d.
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Proof. We may assume that Ry = (R, m, k) is local, because the Hilbert function
of R/I is the sum of the Hilbert functions of its localizations at the maximal ideals
of Ry, and we apply Proposition 2.2.

We may also assume that / is generated in degree exactly d. We will show by
induction on A(Ry) that

@ Hmn+1)=qm(**) + (r(n),)} foralln > d and
(b) Torf(l, k) = 0 in degrees > d.

When Ry = k is a field, part (a) is a direct consequence of Gotzmann’s persistence
theorem as it appears in [7]; since I is generated in degree d, either / = Oorg(d) = 0.
Since this gives the Hilbert polynomial, the ideal sheaf is s-regular by Gotzmann’s
regularity theorem. Moreover, since the Hilbert function and polynomial coincide for
n > d > s, we conclude that the R-module / is d-regular. Applying [3], Theorem 1.2,
we get (b).

For the general case let us first notice the following fact:

Claim. Leta C Ry an ideal, Ry = Ro/a and R = Rylxo. ..., x,]. Let M be
a graded R-module generated in degrees < d. Then there is a surjection of graded
R-modules

TorR (M, k) — Torlﬁ(ﬁ, k)

which is an isomorphism in degrees > d.
For the induction step, consider the exact sequence

0 — k[xg,....x1/J > R/I > R/T—>0

from Remark 1.7(b). Note that R is a polynomial ring over R, which has length

A(Ry) — 1. Let H and H’ denote the Hilbert functions of R/T and k[xq, ..., x,1/J.

As in the proof of Proposition 2.2, Macaulay’s bound for H and H' is an equality

when n = d. By induction and Proposition 2.2, part (a) will follow once we know

that 7 and J are generated in degree d. This being obvious for 7, we prove it for J.
Consider the exact sequence of graded R-modules

Torf(T,k) > J ®rk = I @gk > T®rk — 0

derived from the exact sequence of Remark 1.7 (a). Induction hypothesis and the
claim about the Tor modules show that Torf (I,k) = 0in degrees > d. Since I
is generated in degree d, I ®z k = 0 in degrees > d, and hence J is generated in
degrees < d; since J < I, it is generated in degree exactly d.

To prove (b), consider the exact sequence of graded R-modules

Torf (J, k) — Torf (1, k) — Torf(T, k).
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By induction, both T and J satisfy (b); since they are generated in degree d, we are
done by the claim .

To prove the claim, notice that the property of being a minimal system of generators

does not depend on whether we consider M as an R or R-module. It follows that
a glven__R -minimal free surjection Fy — M lifts to an R-minimal free surjection
Fy — M such that Fy/aFy = F(. We get a commutative diagram with exact rows:

0 > K - Fp > M - 0

! ! !

Oef—»fo—»MeO.

The snake lemma gives an exact sequence of graded R-modules

0—>aFy— K—> K — 0.

By minimality of the surjections, one has Torf(ﬁ, k) = K ®gr k and

Torf(M,k) = K ®% k = K ®g k. Tensoring the exact sequence with k gives
an exact sequence

(aFy) ®g k — Tork (M, k) — Tork(M, k) — 0
1 |

which proves the claim because aFy is generated in degrees < d.

8.

9.

REFERENCES

. C. Blancafort, Hilbert functions of graded algebras over Artinian rings, J. Pure Appl. Algebra 125

(1998), 55-78.

. W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge studies in advanced mathematics no. 39,

Cambridge University Press, 1993.

. D. Eisenbud and S. Goto, Linear free resolutions and minimal multiplicity, J. Algebra 88 (1984),

89-133.

J. Elias, Sharp upper bounds for the Betti numbers of Cohen-Macaulay modules, 1llinois J. Math. 41
(1997), 505-531.

J. Elias, L. Robbiano and G. Valla, Number of generators of ideals, Nagoya Math. J. 123 (1991) 39-76.
G. Gotzmann, Eine Bedingung fiir die Flachheit und das Hilbertpolynom eines graduierten Ringes,
Math. Zeitschr. 158 (1978), 61-70.

M. Green, “Restriction of linear series to hyperplanes, and some results of Macaulay and Gotzmann,”
in Algebraic curves and projective geometry proceedings (Trento 1988), Lecture Notes in Mathematics,
no. 1389 Springer-Verlag, 1989, pp. 76-86.

R. Hartshorne, Connectedness of the Hilbert scheme, Inst. Hautes Etudes Sci. Publ. Math. 29 (1966),
5-48.

F. S. Macaulay, Some properties of enumeration in the theory of modular svstems, Proc. London Math.
Soc. 26 (1927), 531-555.

10. J.P. Serre, Algebre Locale Multiplicités, Lecture Notes in Mathematics, no. 11, Springer-Verlag, 1965.
11. E. Sperner, Uber einen kombinatorischen Satz von Macaulay und seine Anwendungen auf die Theorie

der Polynomideale, Abh. Math. Sem. Univ. Hamburg 7 (1930), 149-163.

12. R. P. Stanley, Hilbert functions of graded algebras, Adv. in Math. 28 (1978), 57-83.



HILBERT POLYNOMIALS OVER ARTINIAN RINGS 349

Cristina Blancafort, Departament d’ Algebra i Geometria, Universitat de Barcelona,
Gran Via 585, 08007 Barcelona, Spain

blancafo@cerber.mat.ub.es

Scott Nollet, Departament d’Algebra i Geometria, Universitat de Barcelona, Gran
Via 585, 08007 Barcelona, Spain

nollet@cerber.mat.ub.es



