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If the Dirichlet series f(s) 2:=lh(n)n has abscissa of convergence
Re s a and a simple pole at s a, then f(s) has the Laurent expansion

f(8) C
-[- E (--1) Cr (8 a) r.

s a rO r!

The purpose of this paper is to derive expressions for the Cr and to list the
results for various number-theoretic functions h(n), thus generalizing the
special case of h(n) 1 found in [1]. It is assumed throughout that f(s) is
of the above form with C, a, h(n), nd Cr referring to this relation, and that
E(x) <=h(n) a x O(z)whereO =< b < a.

Two lemmas are stated without proof.

LEMMA 1. If bl b2 b is a sequence qf complex numbers and v(x) has
a continuous derivative for x ) l, then

n<_x n<_x nt

LEMMA 2.

7(8) ,. X
-s-1 [ h(n)] dx, Re s > a

n<x

LEMMA 3. If l(.e s > b, then

.fl(s) =- s x l(x) dx + (s
a r=O r!

Proof. The integral is an analytic iunction for Re s > b and equals
.f() C/a- C/(s- a) for Re s > a.

THEOREM 1. If U < --b, then

r(r)nh(n) logrn C +a-logtdt +Dr + (--1) (- u) + o(1),
nx

where Dr C/a if r 0 and D 0 otherwise.

Proof. From Lemma 1

S nh(n) log n h(n)x 1ogrx [ h(n)] t log" t) dt.
nx nx nt

But (d/dt)(t log t) (dr/dur)(ut-l). Hence

Ca-ixu+a log x + O(x+ log x)
d t_E Ca-lt+a- t-E+ du

--u (t) dt u dt + u (t) d
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But by Lemma 3, -u t-E(t)dt f(-u), and

dr fu+ tu+a-1x log x U-- u dt

dr[ fl 1 dru+- 1
du

X
u+a u dt + du

]d tu+a--1 d tu+a--1 (0 if r > 0
du

a dt a logrdt lift O.

The rt derivative of the third integral ppearing in S approaches zero as
x , which completes the proof.

Proqf
r>0.

THEOREM 2.

(n C lOgr+I X)Cr lim n-ah(n) log n
r+l

Lemma 3 gives fl (a) C/a + Co and al(’) (a) 1) rCr for
The proof is completed by setting u -a in Theorem and letting

It should be noted that the same method can be used when a pole of second
order appears. For instance if (s) is the Riemann zeta function, then

(,) - 2u (-a)A(s- ),
(s- 1) s- 1 r=0 r!

(n_<_ 1_ 1ogr+2 2T )A,, lim n-- d(n) log n x logr+l x
r+2 r+l

The following table lists various cases to which Theorem 2 may be applied.
The notation of [2] is used.

h(n)

x(n), principal character modulo k
x(n), nonprincipal character modulo k
(n)
(n), k > 0
q(n), k 2 (integer)
r(n)

(s)
L(s)
L(s)
’(s- 1)/’(s)
.(s)(s- k)
(s)/(ls)
4L(s)(s)

2
l+k

1.
()/
o
1/-(2)
(1 + k)
/()
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