ON UNIQUE FACTORIZATION DOMAINS

BY
PIERRE SAMUEL

A unique factorization domain (or UIFD) is an integral domain in which
every element 5 0 is, in an essentially unique way (i.e., up to units), a product
of irreducible ones. In spite of the simplicity of this notion, many problems
concerning it have remained open for many years. I'or example the fact that
every regular local ring is a UFD has been conjectured in the early 40’s, many
partial results in this direction have been proved, but the general case has
been settled only in 1959 by M. Auslander and D. Buchsbaum {1]. Another
open question was as to whether a power series ring over a UFD is a UFD;
W. Krull studied it in a paper of 1938, and termed the answer “doubtful”’
(“zweifelhaft’’) [3]; we prove here that the answer to this question is negative.
However, using the result of Auslander-Buchsbaum, we prove that a power
series ring in any number of variables over a PID (“principal ideal domain’”)
is a UFD. We also show, by counterexamples, that unique factorization is
preserved neither by ground-field extension, nor by ground-field restriction.

I have received great help and stimulation from my friends M. Auslander,
1. Kaplansky, and especially D. Buchsbaum. More particularly, Lemma 3.3
is essentially due to D. Buchsbaum, whereas the ideas leading to the proof of
Theorem 2.1 came from discussions between him and me; after these discus-
sions we arrived independently at a proof of this result.

1. Some preliminary results

In this paper all rings are assumed to be commutative and noetherian
Let A be a noetherian domain; it is well known that the following conditions
are equivalent:

(UF.1) Aisa UID.

(UF. 2) Any two elements of A have a g.c.d.

(UI. 3) Any two elements of 4 have a l.c.m.

(UF. 4) The intersection of any two principal ideals of A is principal.

(UF. 5) Any irreducible element of A generates a prime ideal.

(UF. 6) Any prime ideal of height 1 of A is principal.

Trurthermore, if A is a local or semilocal ring, these conditions are equivalent to:

(UF.7) Tor any two elements a, b of A, we have dh(4da + 4b) =< 1

(where dh denotes the homological dimension of a module).

We say that an element a of a ring A is preme if the ideal Aa is prime; any
prime element is irreducible; the converse is true in a UFD (by (UF. 5)).

The following lemmas are known, but we state and prove them for the
reader’s convenience:
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Lemma 1.1. Let A be a UFD, and S a multiplicative system in A ; then the
quotient ring Ag is a UFD.

One can use the formula Agsan Agb = Ag(Aan Ab) (a,b e A) and (UF. 4).
One can also take a family P of irreducible elements of A such that every ir-
reducible element of A is an associate of one and only one element of P; then,
if P’ is the set of elements of I> which divide some element of S, and
if P = P — P’, then every element of Ag is, in one and only one way, the
product of a unit (in Ag) and of elements of P” (these elements being irre-
ducible in Ag).

Lemma 1.2 (Mori). Let A be a noetherian ring, and m an ideal contained
in the Jacobson radical of A (so that A s a Zariski ring for the m-adic topology ;
see ([10]), VIII, §4). If the completion A is a UFD, so is A.

We use (UF.4). Leta,beA;setq = Aan Ab. Wehave Aqg = Aan Ab
([10], VIII, §4, Corollary 2 to Theorem 11), whence there exists ¢’ ¢ A such
that Aq = Ac¢’. Let ¢ be an element of q which is congruent to ¢’ modulo
Amg; since ¢ generates Aq modulo Amgq, it generates Aq by Nakayama’s
lemma, (ibid., Theorem 9, (f)). Hence g = Adgn A = Ac n A = Ac (ibid.,
Theorem 9, (a’)), proving that g is principal.

Lemma 1.3.  Let A be a noetherian ring, m an ideal contained in the Jacobson
radical of A, and E a finitely generated A-module. For E to be a free A-module,
it s necessary and sufficient that E/mE be free over A/m and that m ® 4 E — E
be a monomorphism (i.e., Tori(A/m, E) = 0).

The necessity is clear. Conversely, let (x;) (7 ¢ I) be a finite family of
elements of E such that the (mE)-residues &; form a basis of E/mE over
A/m. Let F be the free A-module A, (e;): its canonical basis, and u the
homomorphism of I" into ¥ defined by u(e;) = x;. By Nakayama’s lemma,
u is an epimorphism. Let R be its kernel: an element (a;) of R is a system
of elements of A such that Y ;a;2; = 0. Since the Z; are linearly inde-
pendent over A/m, we have a; e m for every ¢, whence, by hypothesis,
> ia;®x; = 0in m ® E. Using the exact sequence

MOR->-mM®F->m® L—0,
we see that 2_;a; ® e;isin Im(m ® R— m ® F), whence
(ai) = Zq, a; eiemR,

and R = mR. From Nakayama’s lemma, we conclude that B = (0), i.e.,
that u is a monomorphism, and that £ is free.

Remark 1.4. It follows from Lemma 1.3 that a finitely generated projec-
tive (or flat) module over a noetherian local ring is free. Thus, for a finitely
generated module E over a noetherian ring A to be projective, it is necessary
and sufficient that it be locally free, i.e., that E. be free over A, for every
maximal ideal m of A.



ON UNIQUE FACTORIZATION DOMAINS 3

The following easy lemmas show that products of prime elements are
“harmless” with respect to unique factorization. Notice that, if p is a prime
element of a domain A, then A 4, is the ring of a discrete valuation v, (normed
by v,(p) = 1).

Lemma 1.5. Let A be a domain, a, b elements of A, x and y products of prime
elements of A. For Aa n Ab to be principal, it is necessary and sufficient that
Aax n Aby be principal.

By induction on the number of prime factors in « and y, we are reduced
to comparing Aa n Ab and Aa n Apb (p prime). Suppose Aa n Ab = Ac;
then one sees easily that Aa n Apb is equal to Apc if v,(a) =< v,(b), and to
Ac if v,(a) > v,(b). Conversely, if Aa n Apb = Ad, Aa n Ab is equal to
Adp™ if vy(a) = v,(b), and to Ad if vy(a) > vu(b).

CoroLLARY 1.6. Let A be a domain, a an element of A, and y a product of
prime elements of A. Then the ideal Aa n Ay s principal.

Take x = b = 1 in Lemma 1.5.

Lemma 1.7 (Nagata; see [5]). Let A be a domain, and S the multiplicative
system generated by any family (x:):x of prime elements. If As is a UFD,
so1s A.

Let v; be the normed valuation having A4 .., as valuation ring. Writing
every element a’ of A in the form o’ = a]]. 2%“” (almost all exponents are
0 since A is noetherian), Lemma 1.5 shows that it is sufficient to prove that
Aa n Ab is principal whenever v;(a) = v;(b) = 0 for all . We then have
AsanA = Aa and Asbn A = Ab (if ad/s e A with s € S and d € 4, then
v:(d) = vi(s) for every 7, and s divides d in A). On the other hand
As(Aa n Ab) = Asa n Agb is a principal ideal A c; we may assume that
¢ ¢ A and that v,(¢) = 0 for every 7. Then

AanAb = AndgsanAghb = AnAge = Ag,

proving Lemma 1.7.

Remark 1.8. Lemma 1.7 may be used for proving the classical result that
a polynomial ring R[X] over a UFD is a UFD: the prime elements of R re-
main prime in R[X]; we take for S the set of nonzero elements of R; then
R[X]s is K[X] (K: quotient field of R) and is a UFD (since it is a PID);
hence R[X] is a UFD. This method does not work for power series.

2. Regular unique factorization domains

We say that a ring A is regular if, for every maximal ideal m, A, is a regular
local ring.

TaeoreMm 2.1. If A is a regular UFD, then A[X] and A[[X]] are regular
UFD’s.
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We first prove that B = A[X] is regular. Let 3¢ be a maximal ideal in B;
set m = A n I Then By contains B’ = A, [X], and is equal to B{mnz.
Since a quotient ring of a regular local ring is regular [9],' it is sufficient to
prove that B’ is regular; in other words, we may assume that A is a regular
local ring, and that m is its maximal ideal. Then 9¢/Bm is a maximal ideal
in B/Bm = (A/m)[X], and is therefore principal; since m is generated by
d = dim(A4) elements, I is generated by d + 1 elements. On the other
hand, we have in 4 a chain py < p; < -+ < p; = mof d + 1 prime ideals,
whence, in B, the chain Bpy < Bp; < --- < Bm < I; therefore the height
h(M) is = d + 1. It follows that A(IMM) = dim(Bmw) = d + 1, and that
By is a regular local ring.

We now prove that C = A[[X]] is regular. Since the elements of 1 4+ CX
are invertible, every maximal ideal I of C contains X, and may therforee be
written as M = CX + Cm where m is a maximal ideal of A. Then Cy is
a dense local subring of 4., [[X]]. As above A4, [[X]] is a regular local ring.
Thus Cx is also a regular local ring.

Let us now prove that B = A[X] and € = A[[X]] are UFD’s. Tor B, it
is well known since Gauss. Let a, b be two elements of C'; we set ¢ = Ca n Cb.
Since Cq 18 a UIF'D for every maximal I [1], and since Cp g = Cpa n Cq b,
g is a “locally free” C-module, i.e., a projective C-module (Remark 1.4). To
prove that g is principal, we may, since X is prime in C, assume that X does
not divide a or b (Lemma 1.5); then ¢/Xq = q/(CX nq) = (9 + CX)/CX,
and q/Xq is a projective ideal in A. Since A is a UFD, q/Xq is principal,
i.e., free (over A). Applying Lemma 1.3, we see that q is free over C, i.e.,
principal, Q.E.D.

CoroLLARY 2.2. If A is a PID, then A[[X,, ---, X.|| 7s a regular UFD.

In fact A is obviously a regular UI'D, and our assertion follows from
Theorem 2.1 by induction on n.

Remark 2.3. If A is a regular UI'D, so is every ring obtained from A by
a finite number of polynomial and power series adjunctions of indeterminates
(in any order.)

3. Power series over a UFD; reduction properties

Let A be a ring (noetherian, as usual) and let B = A[[X]] be the power
series ring in one variable over A. Given a series u € R, we shall denote by
u; the coefficient of X7 in u, so that u = > gou; X°. Let S be a multipli-
cative system in A; then Ry is a subring of A [[X]] (which we shall denote
by R®), in general distinct from Rj ; in fact R is the (X)-adic completion of
Rs , and is therefore a flat R-module.” The ring Rs is not a Zariski ring for

1 See also M. AusLANDER AND D. A. BucasBauM, Homological dimension in local rings,
Trans. Amer. Math. Soc., vol. 85 (1957), pp. 390-405.

2 See J-P. SERRE, Géométrie algébrique et géoméirie analytique, Ann. Inst. Fourier,
Girenoble, vol. 6 (1955-1956), pp. 1-42.



ON UNIQUE FACTORIZATION DOMAINS 5

its (X)-adic topology; but, if we denote by S’ the set of all power series the
constant term of which is in S, S’ is a multiplicative system in R, Ry is a
Zariski ring for its (X)-adic topology, and R” is its (X)-adic completion.
The proofs are straightforward, and may be left to the reader.

TuaeoreMm 3.1. Let A be a UFD such that A, [[X]] ©s a UFD for every maxi-
mal ideal m of A. Then A[[X]] is a UFD.

Let u, » be any two elements of R = A[[X]]; we shall prove that ¢ = Run Rv
is principal. As in Theorem 2.1, the maximal ideals I of R are the ideals
M = Rm + RX, with m maximal in A. For such a maximal ideal, we set
S = A — m, and we use the previous notations. Since R® = A, [[X]] is a
UFD, and since it is the (X)-adic completion of the Zariski ring Ry = R,
Ry is a UFD (Lemma 1.2); thus gRw is principal, i.e., free over Ry , whence
q is locally free, i.e., projective, over B. As at the end of the proof of Theo-
rem 2.1, we conclude, using Lemma 1.3, that q is principal, Q.I2.D.

Theorem 3.1 shows that, in order to prove that a power series ring over a
UEFD A is a UID, we may assume that A is local. We are now going to
perform a partial reduction to the case in which A has dimension 2. We say
that a noetherian ring A is a Macaulay ring if, for every maximal ideal m,
A is a local Macaulay ring ([10], Appendix 6). The reduction we have in
mind is as follows:

TuroreEM 3.2. Let A be a Macaulay UFD such that A, [[X|} is a« UFD for
every prime ideal p of height 2. Then A[[X]] s a UFD.

By Theorem 3.1, we may assume that A is local. We then proceed by
induction on the dimension d of A. Our assertion is true for d = 0, 1, 2.
Assume that our assertion has been proved for dimensions 0, 1, --- , d — 1,
and let A be of dimension d. Let S be a multiplicative system in 4, con-
taining a nonunit. Then Agis a UFD (Lemma 1.1). Ivery prime ideal P
of Agis of the form P = pAy, where p is a prime ideal of A disjoint from S,
and we have (Ag)g = A,. Since p is not the maximal ideal of A, we have
h(B) = d — 1. Since every 4, is a Macaulay ring ([10], Appendix 6, Theo-
rem 2, Corollary 4), Ag is a Macaulay ring. On the other hand (As)¢ [[X]]
is a UI'D for every prime ideal P of height 2. Thus it follows from Theorem
3.1 and from the induction hypotheses that A [[X]] s @ UFD; with the nota-
tions introduced in the beginning of the section, Rs is therefore a UFD
(Lemma 1.2). I'rom this we are going to deduce that & = A[[X]} is a UFD.
We may assume that dim(A4) = 3. We shall prove that, for any u, v € R,
the ideal Ru n Rv is principal; since RX is prime, we may assume (by Lemma
1.5) that the constant terms u, vo of u, v are = 0.

I'or every prime element p of A, we shall denote by n, the normed valua-
tion having A ., as valuation ring, and set

(1) n(u, 0) = 2 p(np(un) + nyp(m0)).
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We shall prove that Ru n Rv is principal by induction on the integer n(u, v).
The case n(u, v) = 0 is settled by the following lemma:

LemMa 3.3. Let A be any local UFD, and u, v two elements of R = A[[X]]
such that their constant terms uo , vo are relatively prime in A. Then u, v are
relatively prime, i.e., Ru n Rv = Ruw.

Since « and v have no common divisor, it is sufficient to prove that they
have a lem., ie., that dh(Ru + Rv) = 1. We set u = u + Xu'
and v = vo + Xv’. Since Ru + Rv + RX = Ruy + Rvy + RX, and since
(o, 0o, X) is a prime sequence ([10], Appendix 6), we have

dh(Ru + Rv + RX) = 2
([10], Chapter VII, §13, Lemma 6). If we prove that
(Ru + Rv) : RX = Ru + Ry,

then the same Lemma 6 will prove that dh(Ru + Rv) = 1. Now if
Xw = au + bv, with a = a9 + Xa’ and b = by + Xb' in R, we have

X(w — a'u — bv) = aug + bove + X(aou' + bov');

this implies ao w0 + bovo = 0, whence (since u, and v, are relatively prime)
there exists ¢ in A such that @y = covo and by = — coug. We thus have

X(w — a'u — bv) = Xeo(vou' — uv’)
= Xeo((v — X)) — (v — Xu')v') = Xeo(vu' — w').

Dividing by X we see that w belongs to Ru + Rv, and this proves Lemma 3.3.

We now come back to Theorem 3.2. For proving that Ru n Rv is principal
by induction on n(u, v), we may assume that « and v have no common factor,
and also (by Lemma 1.5) that neither « nor v has a nontrivial constant factor.
Let s be a prime element of A, distinet from the prime divisors of uy and v, ;
let S be the multiplicative system generated by s, and S’ the set of all power
series having their constant term in S. Since Ry is a UFD, u and v have a
Le.m. w® in Rs ; we may assume that w® is in R, and that it is not a multiple
(in R) of any element of S’. We write w® = w® = vu°; then u* and v* are
in R by the following lemma:

Lemma 3.4. Let A be a UFD, S a multiplicative system in A, and z an ele-
ment of R = A[[X]] such that zy is prime to every element of S. Then we have
:R°n R = :R.

Suppose we have (20 + 21 X + ---)(bos;" + bisT'X + ---) ¢ R, with
b. e R, s, € S, b, and s, relatively prime. We have to prove that s, is a unit
for all n. This is true for n = 0 since 2z, by € Rso and since 2, and b, are prime
to so. Suppose it is true for 0, 1, --- , n» — 1. Then, computing the co-
efficient of X", we see that 2o b, s, € R; since 2 b, is prime to s, , this implies
8n is a unit. This proves Lemma 3.4.
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. . ’ s ’ roye .
This being so, we have u§ = sy and vy = s%, , where uo divides 4 and
. . . s . . . S
vodivides vy . Since u e Ry u”, there exist ¢ in S’ and @ in R such that tu = au”;
S .
we then have also &v = av”. The constant terms verify

r 7 v r o
(2) a = Sap, th=s", Uy = Go Uo , Vo = Qg Vo .

Let P be the set of common prime factors of u, and v, ; then a is (up to a
unit) a product of elements of P. If ug is a multiple of some p e I’, then
np(ag) < np(uo), whence n(a, v) < n(u, ). By the induction hypothesis on
n(u,v), a and v have a l.e.m., whence also a g.c.d. d, and we can write a = da”
and v = dv” with a”, v” relatively prime. Since tu = da”u®, and since d and ¢
are relatively prime by Lemma 3.3, d divides . Since it divides also v, and
since we have assumed that » and v have no common factor, we have d = 1,
whence a and v are relatively prime. Then the relation & = av® shows that
v divides v*; hence » and »*® are associates in Ry ,whence Ry un Ry v = Rg uv,
and Ru n Rv = Ruv by Lemma 3.4.

We are thus reduced to the case in which wo has no factor in I’, and simi-
la;rly for v . Then, using (2), we see that we may assume that ao , uo , and
vo are parrwise relatively prime. This implies that they are uniquely deter-
mined by w and vy, and therefore independent of s. This being so, we are
going to use the hypothesis that 4 is a local Macaulay ring.

Let A be a ring, s an element of A, and ¢ = ¢y + ¢; X + --- a power series
over A. We say that ¢ is an s-series if ¢, ¢ As”™ for every n. The s-series are
the elements of A[[sX]], and therefore sums and products of s-series are
s-series. We need the following two lemmas:

LeMMa 3.5, Let A be a local ring, s an element of A, a = ag + a; X + ---
and b = by + by X + .- lwo power series over A such that ab is an s-series
and that (aq, by, s) s a prime sequence in A. Then there exists an tnvertible
power sertes y = 1 4+ y; X + --- over A such that yb is an s-series.

Weset aob, + a1 bpy + -+ 4+ a,bo = ¢, 8" (c, € A), and we suppose that
the elements ¥, -:-,y,-1 have already been found; we then have
b;+biay+ - +boy; =28 withz;edforj=1,--- ,n—1. Wehave
to prove the existence of y, in A such that b, + b,_1 1 + -+ + boyn € As”,
ie., that b, + bpath + --+ + byyn1 e As" + Aby. Since (ao, by, s) is a
prime sequence, (ao, by, s”) is also a prime sequence ([10], Appendix 6), so
that ao is prime to As™ + Aby. It then suffices to show that

aO(bn + by it o+ b yn—l) e As™ + Ab, .

Sinceap b, = — (a1 buy + -+ + @n1 b)) (mod. 4s™ + Aby), we are reduced
to proving that

Up = bn——l(ao Y1 — al) + e + b1(ao Yn—1 — U/n.,l) € ASn + Abo .

Let 3’ be the polynomial 1 + » X + -+ + y,a X "' and y” the power
series such that 3’y” = 1. The element v, is the coefficient of X" in the series
(b —bo)(aoy” — a). Forn = 1, we thus have v, = (ao by’ — ba), mod. Ab, .
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Consider the polynomial z = by + 2z sX + -+ 4+ 2,1 8" X" it is an
s-series. Moreover we have y’'b = zmod. X", whence b = y”z2mod. X".
Now, since the series ap ¥’ — a has no constant term, the seriesv = b(aoy’ — a)
verifies » = y”2(a0y’ — a) mod. X", whence v = z(ap — ay”) mod. X"
Notice that y”a = (ab)(y'b)™"; since y'b is congruent to an s-series mod. X",
and since its constant term b, is prime to S, (y’d)~" is congruent mod. X” to
an s-series over A[b;'], whence also over A. Therefore 3”a is congruent
mod. X" to an s-series, and so is z(ao — ay”) (since z is an s-series). The
coefficient of X" in this series has been seen to be equal to v, ; since it is
bo(ao — ay”)n + 2or12; 8 (a0 — ay”)u_; , We see that v, € Aby + As". This
concludes the proof of Lemma 3.5.

Lemma 3.6. Let A be a local UFD, s an element of A, S the multiplicative
system generated by s, S’ the multiplicative system in R = A[[X]] formed by the
series having their constant terms in S. Let u and u' be two elements of R such
that

(1) uo = aocho, ug = ass, (ao,by,s) being a prime sequence in A;

(2) U e RS' .

Then there exists u” = ao + w1 X + --- in R, associate of v’ in Rs , and di-
viding w tn R. We then have u' ¢ Ru”.

Let us write u(X) = #(X)uw'(X), where {(X) = bys " + 4t X + --- isa
series with coefficients ¢, in As. Notice that s"t,—; € A: in fact it is true for
n = 1; supposing it is proved for 1, --- , n — 1, we see, by expressing that
the coefficient of X" in ¢(X)u(X) is in A, that t,, as e As™"; hence
ti € As " since ao is prime to s and since f,—; e As. We can thus write
tay = bpas “withb,_;ed. Weset X = s¥. Then

w(sY) = s (b + b Y + - )W (sY) = (bo+ b Y 4 - )(a+w ¥+ ).

Since u(sY') is an s-series with respect to Y, the two series in the right-hand
side verify the hypotheses of Lemma 3.5. Thus there exists an invertible
element y(Y) =14 3y ¥V + --- of A[[Y]] such that

y(Y)(ao+wm Y + ) = s"y(Y)w'(sY)
is an s-series with respect to Y. Now,
sTyY(Y) = sy(s7'X)

is an invertible element of R® = A [[X]], and s 'y(s'X)w/(X) is an element.
u” of R. Since w' and u” are associates in the completion R® of the Zariski
ring Ry , and since they belong to Ry , they are associates in Es ([10], VIII,
§4, Theorem 9, (a’)). It is clear that us = ao ; since u ¢ R°u”, Lemma 3.4
shows that w e Ru”. Similarly we have that ' e Ru”. This proves
Lemma 3.6.

We can now rapidly terminate the proof of Theorem 3.2. Just before
Lemma 3.5, we were reduced to proving that two series u, » have a l.c.m. in
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R = A[[X]] under the following additional hypotheses: we have uy, = a, ug
and vy = ao vo with a, , ug , %0 pairwise relatively prime; for any prime element,
s of R which does not divide uy or v, w and » have a l.c.m. w in RSI (8
set of serle% having a power of sas constant term); we have w® = w® = vu
with »% v® in R and 4§ = s%q , 5 = s . Since 4 is a Macaulay ring of
dimension = 3, we may choose s prime to Aug + Aao , s0 that (u() , (o, 8) 18
a prime sequence; then (uq , ao, s°) is also a prime sequence. In Lemma 3.6,
we replace u by u, w’ by u®, a0 by us , bo by ay and s by s’: we see that there
exists u” in R, associate of u° in Rg , such that u ¢ Ru” and u* ¢ Ru”. Then
w = vu” is a l.e.m. of u, v in Rg , and its constant term ao g o 1S prime to s.
By Lemma 3.4, we have w e Ru n Rv; if z ¢ Ru n Rv, we have

2eReyunRgyvnR =Ry wnR = Rw

(Lemma 3.4) ; therefore Ru n Rv = Rw, and this concludes the proof of Theo-
rem 3.2.
Theorem 3.2 admits the following interesting corollary:

S

COROLLARY 3.7. Let A be a Macaulay UFD such that A, is a regular local
ring for every prime ideal v of height 2. Then A[[X]] i¢s a UFD.

Remark 3.8. It would be interesting to know whether the property that A
is a Macaulay ring such that A, is regular whenever A(p) = 2, is transmitted
to A[[X]]. It is true for the partial property of being a Macaulay ring. On
the other hand, if P is a prime ideal of height 2 in B = A[[X]], P n A isa
prime ideal of height 2, 1, or 0; if A is a complete local ring of equal character-
istic 0, the fact that Rg is regular follows from the classical jacobian criterion
[4]; the general case could possibly be handled in a similar way, in spite of the
difficulties caused by the inseparable derivations. On the other hand, if 4
has the above-said property, so has the polynomial ring A{X]: no trouble for
being a Macaulay ring; if B is a prime ideal of height 2 in A[X], then p = 4 n P
has height 1 or 2, whence A4, is regular; and also (A[X])q is regular, since it
s a quotient ring of 4, [X] (see proof of Theorem 2.1).

4. Power series over a UFD. The two-dimensional case

Theorem 3.2 almost reduces the question, as to whether a power series ring
over a UFD 4 is a UFD, to the case in which A has dimension 2. At any
rate this two-dimensional case is the crucial one for our problem. The answer
is that there exists a two-dimensional UFD A (which may be assumed to be
local) such that A[[X]] is not a UFD.

THEOREM 4.1. Let A be a domain, a, b, ¢ three elements of A, and <, j, k
three integers. We assume: b is prime, b and ¢ are relatively prime,

a7 e Ab 4+ Ae,  a'e AV + A, Gk — i — jk — ki = 0.
Then R = A[[X]] ¢s not a UFD.



10 PIERRE SAMUEL

Let S be the multiplicative system generated by ¢ in A, S’ the set of all
power series having their constant termsin 8. We set R® = A [[X]]; it is the
(X)-adic completion of the Zariski ring Rs: . Consider the series

(1) v =cb —a"'X eR.
The proof is in three steps.

(a) No power series b + a; X + a2 X° + --- ¢ R is an associate of v in
R® (nor, a fortiori, in Rs).

In fact, if (¢b — @' X) (¢ + dic¢™X + --+) e R, the coefficient of X
must be in 4, i.e., dibe'™? — a" ¢ € A, whence ¢** divides d; b. Since ¢ is
prime to b, ¢ divides d; , and there exists d in A such that d, = . We
thus have dbc™" — a'¢" € A, whence o’ ¢ Ab + Ac, in contradiction with

the hypothesis.
(b)  There exist an integer t and a series
V' =bet 4+ o b "X
in R® (b;e A) such that ' ¢ R.

We have to find elements b, , ---, b,, --+ of A such that
(2) bby — a” b e Ae,  bb, — @ Du_y e Ac” for n = 2.
We take by = a0, by = a®b"%, and so on until b;;_; = (DG =i,

this is possible, provided ¢ = 7j. The next relation (2) is
bb.: — @ Dl g it
L% .
Let us write @’ = db* + ec’ with e, d e A. We thus get the relation
bbiy — (db* + ec’)’ Vb T € AT
In the binomial expansion of (db* + ec’) "(H),' the terms in which ¢ appears
with an exponent < 7j may be written as b*7“ "7V (b, ¢), where F, is a
form of degree ¢ with coefficients in 4. Our relation is thus equivalent to
bb;; — I.)."]k_.]k_'.”_._”H“Fl(bk., ¢)eAc”™. It may be solved by taking
bij = bPFTFTREERR (B ¢7); notice that the exponent of b is = ¢ since we
have assumed that ¢jk — jk — ki — 25 = 0.
In general suppose we have determined by, - - -, b1 in such a way that
bonis = """ TVF,1(b", ¢’), where t(n — 1) = t = 7j and where F, is a
form of degree (n — 1)z with coefficients in A. We may then take

i~17 t(n—1)—1 kg
binnyijnr = a” b F.(b", ¢’)

and so onuntil b,y = a“VERITEHR (b, ¢7) (multiplying each time

by a”'b"). The next relation to be fulfilled is then
bb.i; — (db* 4 ec?)™ VB TITIVER, (VY ¢7) € A
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In the form (db* + ec’)’“ P F,_,(b", ¢’), the sum of the terms in which ¢ has
an exponent < n4j may be written as ¥V VIR (BF09) where F, is a
form of degree mi. Thus our congruence may be solved by taking
by = bUTHTIRIRRRG bk 7). Since 4k — i — jk — ki = 0, the ex-

ponent #(n) of bis = t(n — 1). Thus b,;; satisfies the same conditions as
bu1y; , and the coefficients b, may therefore be found by induction on gq.

(¢) R cannot be a UFD.

Suppose R is a UFD. Set w = w’. Let u = w -+ u, be the decomposi-
tion of u in irreducible factors in R; since the constant term of w is a power
of b, and since b is prime, the constant term of each u, is a power of b. Since
b is prime to ¢, each u, remains irreducible in the UFD Ry . On the other
hand, we have u = w’ e vR° n Ry = vRg (since Re is a Zariski ring, and
R? its completion), whence v’ ¢ Rg since R® is a domain. Since v is obviously
irreducible in Rg (its constant term being irreducible in Ay), the relation
w’ = w --- u, and the unique factorization in Rs show that v must be an
associate of some u; in Rs- . This contradicts (a), Q.E.D.

Remark 4.2. The condition ¢k — ¢j — jk — ki = 0 is surprisingly sym-
metric in the exponents 7, 7, k. I have tried to find weaker conditions by
replacing the series v = bc — ¢ "X by a more complicated one; but, for
v = be — b’X — a"'X* (s large; the analogue of (a) works), the analogue
of (b) requires again the same inequality ¢k — ¢ — jk — ki = 0. It may
thus be possible that, to every UFD A, is attached a numerical invariant /
(generalizing 47k — 77 — jk — ki) such that A[[X]] is a UFD for [ < 0 and
isnot for / = 0. At any rate, in a regular UFD, there cannot exist elements
a, b, c and exponents ¢, j, k verifying the assumptions of Theorem 4.1.

Now, in order to disprove the conjecture that a power series ring over a
UFD is a UFD, it is sufficient to construct a UFD containing three elements
verifying the assumptions of Theorem 4.1. This is done in the following
theorem:

TaroreEM 4.3. Let k be a perfect field of characteristic 2. The ring
B = klz, y, 2], where & — 2* — y' = 0, is @ UFD, and so is the local ring
B(x,y,Z) .

The proof is divided into two lemmas:
LemMmA 4.4.  Let k be a perfect field of characteristic 2, and A the polynomial
ring klz, yl. Weset p==a,q=19"f=ap +yd =2+ 4. Let a, b be

two relatively prime elements of A. Then every divisor of @’ + fb° is an element
of the same form (i.e., a’® 4 fb’*).

(a) Since a product of elements of the form a® + fb° is of the same form,
it suffices to prove the lemma for irreducible divisors. Let us write

a + 6 = w,
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with u irreducible. In A the squares are the elements ., ai; 2°4;
they form a subring A® of A; the ring A is a free module over A%
with (1, 2, y, xy) as basis. Let us write

(3) w=ul+ usx + usy + uixy, v =0} + sz + viy + 0 ay.

Since wv = a® + (bp)*x + (bg)’y, the fact that (1, z, y, 2y) is a basis of A
over A® gives the four relations:

(4.1) a = UV + U V2T 4 Us V3 Y + Ug vy Y,
(4.2) bp = wve + ue vy + y(usvs + usvs),
(4.3) bg = wvs + usvy + (U vs + ugv2),
(4.4) 0= Uvy + Us¥; + U V3 + UV, .

Multiplying (4.2) by v;, (4.3) by v, , adding, and using the relation
U V3 + Us Vo = U Vs + Ug ¥y
(this is (4.4) since A has characteristic 2), we get
(vsp + v2@)b = vy(urvs + Us ) + vs(usvsy + Us o) + wa(viy + vs2)
= v(a — wgvazy) + w(v — vizy) = vsa + ugv;
setting v’ = vsp + v2 ¢ and ¥’ = us p + us ¢, we thus get
(5.1) ' = via + wo,
and similarly
(5.2) ' = uga + vy u.

It follows from (5.1) and (5.2) that a(viu + uiv) = b(v/vsu + wusv);
since a and b are relatively prime, there exists ¢ in A such that v u + uj v = t'b.
Hence t'bu = vi o’ + ui(d® + f0') = b*(w* + fui), and b divides t'u.
Since u is irreducible, it is prime to b (otherwise it would divide b, whence
also @’ (= w — fb%), contradicting the hypothesis that a and b are relatively
prime). Thus b divides ¢/, and we may write ¢’ = bt with ¢ in 4; hence
viu 4+ usv = tb>. The above formula for tub’ = t'bu, and the analogous
one for t'bv, thus give

(6) = u’® + fui, ="+ fo .

(b) The first formula (6) has the same form as vu = o’ + fb°; let us
write ¢t = 6§ + th2 + tay + tiay. In formulae (3), (4), (5), we replace u
by itself, u, by itself, v by ¢, v; by t; , a by v/, and b by s ; then ' is unchanged,
and the analogue of (5.2) is us v’ = usw' + # u; this implies £, = 0 since
u # 0. The analogue of (5.1) is w(tsp + t2q) = tsw' + ust, whence
us(t — tsp —taq) = 0. If t £ tsp + {2 g, we have u, = 0, and, similarly,
vy = 0. We will see later that the relation us = v, = 0 suffices for reaching
our conclusion.
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(¢) We now prove that, if ¢t = t;p + 2 q, we also have u, = vy = 0.
Here we use the fact that p = z and ¢ = y°. We thus have

(7) t=t+tae+ty =tz +ty’

Let j be the maximum of the degrees of ¢, and ¢; . Since the monomials with
nonzero coefficients in ¢1 , ¢ «, and {3 y are all distinet, the degree of ¢ is at
least 2/ + 1. On the other hand, since ¢t = & « + t y’, the degree of
tisat most j + 3. Hence 2/ + 1 =7 4+ 3, j < 2, and we can write
b = ao + a1 + as, t; = by + b + by, where a; and b; are forms of degree
7. Comparing terms of degrees 1, 3, 5in (7), we get

(8) asa+biy=boz, aiax+bly=brx+ any ax+biy = ay’.

The first relation implies by = 0, whence ay = 0. The third shows that y
divides as, say as = ye; (¢ : form of degree 1), whence zyci + b = ¢ y/°;
this implies that y divides by, say by = dy y, whence ¢} + ydi = ¢ ¢°; ap-
plying the same process, we get ¢; = yco, di = ydo, and zcy + yds = yeo ;
this shows that ¢y = dy = 0, whence a; = b, = 0. The second relation (8)
is now aj z + b1 y = 0; since z and y are linearly independent over A°, this
implies a; = b; = 0. Therefore we have t, = ¢, = 0, t = 0, and, by (6),
W 4 (p'r + ¢'y)ui = 0; the linear independence of 1, z, y over A* shows
that us = 0; similarly v, = 0.

(d) We finally show how us = v, = 0 implies the conclusion of our lemma.
By (5.2) we have ' = 0,1i.e.,, usp + u2¢ = 0. Since p and ¢ are relatively
prime, there exists ¢ in A such that u, = ¢p and u; = ¢q. By (3) we con-
clude that u = ui 4+ (P’ + ¢*y) = ui + ¢f, as asserted.

LemmA 4.5. Let A be a UFD, and f an irreductble element of A such that if
a and b are relatively prime in A, then every divisor of a® — fb* is of the form
a” — fb”*. Then B = Alz], where & = f, is a UFD.

Since f is irreducible, it is not a square in the quotient field K of 4, whence
B is a domain. We give the proof in characteristic 2 (inseparable case); the
separable case is analogous, and slightly simpler. We first prove that B is
integrally closed. Let ¢ + dz (¢, d e K) be an element of K(z) which is
integral over B. Then its square is in K and is integral over A, whence
belongs to A. The cases ¢ = 0 and d = 0 are easy. We write ¢ = ua/v,
d = ub/v with a, b, u, v in A, a, b relatively prime, and u, v relatively prime.
We thus have w*(a® — fb°) € Av®. Since v is prime to u, it divides a® — b’
whence is of the form v = w* — ff’; we also have (a® — f0°) /0" = w” — ft”
(w', ¢ in A), whence o> — fb° = (vw')* — f(ot')”. Since f is irreducible, 1
and f are linearly independent over A*, whence a = vw’, b = vt’. Since a
and b are relatively prime, this implies» = 1, whencee¢, d e A and ¢ + dz ¢ B.
(In the separable case, the proof is easier and classical, since one can use the
trace of ¢ + dz, not only its norm.)

For proving that B is a UFD, we show that every prime ideal p of height
1 of Bis principal. The ideal p n A is a prime ideal of height 1 of 4, i.e., an
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ideal Ac where ¢ is irreducible. Since B is the integral closure of 4 in a
purely inseparable extension, p is the only prime ideal of B over Ac; hence
Be is a symbolic power p™ of p. Let v be the normed valuation having B,
as valuation ring, and let @ + bz (a, b € A) be a uniformizing element for v.
We have (a + b2)’ = o> + fb° ¢ A n B = Ac, whence n = v(c) < 2. If
v(c) = 1, we have p = Be, and our assertion is proved. We thus suppose
that v(¢c) = 2, so that Bc = p®. We have b = 0, for, otherwise, a + bz ¢ 4
and v(¢) = 1. If a = 0, we easily see that p = Bz, since f is irreducible.
We thus assume that a and b are £ 0, and write a = da’, b = db’ with o/, b’
relatively prime. We have 2 = v(d’ + b0f) = 20(d) + v(a”® + b7f); if
v(d) = 1, we see that v(¢) = 1, case already treated; thusv(d) = 0,a’ + b’z
is a uniformizing element for v, and ¢ divides a’* + b’ in A. Since a’ and b’
are relatively prime, the hypothesis shows that ¢ = o* + w’f with v, w e A.
Thus ¢ = (v 4+ wz)®, p is the only prime ideal of height 1 containing v + wz,
and therefore p = B(v 4+ wz). This concludes the proofs of Lemma 4.5 and
of Theorem 4.3.

Now we apply Theorem 4.1 to the ring B = klz, y, 2] (£ — 2* — 3 = 0)
of Theorem 4.3 (or to the local ring B, ): we replace the elements a, b, ¢
of Theorem 4.1 by x, y, 2. The exponents 7, j, ¥ may then be taken to be
3, 7, 2. The decisive inequality 4jk — 4 — jk — ki = 0 is verified since
42 — 21 — 14 — 6 = 1. We have thus found a UFD A (which may be
assumed to be local) such that A[[X]] is not a UFD.

Remark 4.6. The completion of the local UFD (klz, v, 2, X]) @y,
(where 22 — 2° — y' = 0) is the ring kllx, y, 2, X]]. It is not a UFD by
Lemma 1.2, since it is the completion of the local ring A[[X]], where A =
(]C[Z, Y, z])(%:l/,z) .

Remark 4.7.  Other equations than 2 — 2° — 3" = 0 (over a perfect field
of characteristic 2) give rise to UFD’s: except in part (c¢) of Lemma 4.4 the
only hypotheses which have been used are “ = feklz, y], f irreducible,
f = p x + ¢ y with p, ¢ relatively prime”. The computation made in part
(¢) of Lemma 4.4 may be extended to the following equations:

2 3 5 2 3 11

-2 —y =0, =2 -y =0,

2 3 13 2 3 17

= —y =0, - —y =0,
2 5 7 2 5 9 2 5 11
Z—x —y =0, - —y =0, s —x —y =0.

All these systems of exponents, except the first one, verify the inequality
gk — 4 — jk — ki = 0. It seems likely that a great number of equations
of the form 2° — 2" — 4™ = 0 give rise to UFD’s, but, for the time
being, I have not been able to find a general procedure. Notice also that
everything in Theorem 4.3, except again part (¢) of Lemma 4.4, works if the
polynomial ring k{z, y] is replaced by the power series ring k[[x, y]]; however
I feel that the possibility of extending part (¢) to power series is much less
likely than the possibility of extending it to more general exponents; at any
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rate it would be interesting to know whether the complete local ring
Kz, y, 2l] (£ — 2* — 3’ = 0 or more general exponents, & perfect of charac-
teristic 2) is a UFD. It would also be interesting to extend Theorem 4.3 to
other characteristics p # 0 (the equation between z, y, z being a purely insep-
arable equation 2* — f(z,y) = 0): the computations in Lemmas 4.4 and 4.5
(especially 4.4) would be more complicated, but there is a fair chance that one
should be able to handle them properly; on the other hand, very different
methods would have to be used in characteristic 0. In this case, Mr. Mumford
has proved recently that the complete local ring k[[x, y, 2]] (k: complex field)
isa UFDif 2> — 2* — ¢’ = 0, and is not a UFD if 2> — 2° — 3/ = 0.

Remark 4.8. The existence of a complete two-dimensional local UFD A
such that R = A[[X]] is not a UFD would have the following, rather strange,
consequences. Every prime ideal P of height 2 of R verifies A n B = (0),
for, otherwise, we would have a monomorphism of the two-dimensional com-
plete local ring A into the one-dimensional local ring R/, carrying maximal
ideal into maximal ideal, and such that A and R/P have the same residue
field; this would contradict the existence of two analytically independent
elements in A. Therefore, if we denote by S the set of nonzero elements of
A, every prime ideal in Rs has height < 1, whence Rs is a Dedekind domain
(since it is obviously noetherian and integrally closed). However Rg is not
a PID, for, otherwise, R would be a UFD by Lemma 1.7. Now, since R is a
local ring, every finitely generated projective R-module is free (Remark 1.4),
whereas this property is not shared by Rs .

5. Ground-field extensions

In this section we are going to show that unique factorization is preserved
neither by ground-field extension, nor by ground-field restriction. Of course,
our rings will remain integrally closed domains. The examples we give are
taken from the theory of plane conics. We thus discuss first the conditions
under which the affine coordinate ring of a conic is a UFD.

TueoreMm 5.1. Let C' be an irreducible conic in the affine plane, defined
over a field k, let A be its affine coordinate ring (over k), and let C be the projec-
tive extension of C'.

(a) If C has no rational point over k, then A is a UFD;

(b) #f C carries rational points over k, but if the points at infinity of C are
not rational over k, then A is not a UFD;

(¢) if the points at infinity of C are rational over k, then A is a UFD.

Let X be a positive divisor on C, rational over k. This divisor is a “com-
plete intersection’ (i.e., there exists a positive divisor D in the projective
plane, defined over k, such that X = (-D) if and only if it has even degree:
this comes from the facts that C has order 2, genus 0, and is normal. To
every prime ideal p # (0) in A corresponds a positive divisor X’(p) on (',
which is prime-rational over k. For p to be principal, it is necessary and
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sufficient that there exist a positive linear combination I of the points at
infinity of C, rational over k, such that X’(p) + I is a complete intersection,
i.e., has even degree.

In case (a), every rational divisor on €’ has even degree (for, otherwise, C'
would carry a rational point; see [2], p. 33); we thus take I = 0, p is princi-
pal, and 4 is a UFD. In case (b), let p be the prime ideal in A correspond-
ing to a rational point of C’; then X’(p) has degree one; on the other hand,
if a rational divisor / has the points at infinity as components, its degree is
even (if the two points at infinity are distinet, they must occur in I with the
same coeflicient since they are conjugate over k; if there is only one point P
at infinity, k() is a purely inseparable extension of degree 2 of k, and the
coeflicient of I’ in / must be a multiple of the order of inseparability, i.e., of
2). Thus no X'(p) + I can have even degree, showing that p is not prin-
cipal, and that 4 is not a UFD. Finally, in case (¢), any linear combination
of the points at infinity is rational over k, showing that every prime ideal
p &£ (0) in A is principal, and that A is a UFD.

Now the examples are quite simple:

(1) Let €' be defined by a* 4+ 24 + 1 = 0 over Q. Then Q[z, y] is a
UT'D by case (a), and Q(¢)[x, y] is not a UFD by case (b) (# = —1).

(2) Let €’ be defined by 2° + 3> — 1 = 0 over Q. Then Q[z, y] is not a
UTFD by case (b), but Q(<)[x, y] is a UFD by case (c¢).

6. Open problems

Some open questions, closely related with this paper, have been described
in Remarks 3.8, 4.2, and 4.7. 1 will now describe another one.

The UFD’s constructed in §4, as well as Mumford’s k[[z, ¥, 2]] (k complex
field, 22 — 2° — 3 = 0), are not the first examples of nonregular UFD’s.
The first examples came from the following geometric origin: if V is an arith-
metically normal projective variety such that every divisor on V is a complete
intersection, then the homogeneous coordinate ring A of V is a UFD, and so
is the local ring A . of the vertex of the projecting cone of V. The following
are examples of such varieties:

(a) generic surface of order 4 in 3-space [6],

(b) Grassmann varieties [7],

(¢) nmonsingular hypersurfaces in a projective space of dimension = 4

([8]; algebraic proof in [5], in the case of hyperquadrics).
The last example seems to be the most interesting one, at least from an
algebraic point of view. It leads to the following question:

“Let A be a local domain of dimension = 4, which is a factor ring R/(f)
of a regular local ring by a principal ideal. Assume that A, is regular for
every nonmaximal prime ideal . Is A a UFD?”

One could try to weaken the hypothesis “A = regular/principal” to “A is
a Macaulay ring”. Under this weaker hypothesis the question could be
more manageable by homological methods.
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All the examples of UFD’s I know are Macaulay rings. Is this true in gen-
eral?
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