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Pavr T. BATEMAN

I. Introduction
Let

Lis,x) = 35 X

be the L-function corresponding to a Dirichlet character function x(n) modulo
k. Incase k > 1 and x(—1) = 1 the L-function is the transform of

Y(r, x) = _wa(n)ei”z’/k

in the sense that, for Re s > 1,

s/2 ®©
or (g)(%) L(s,x) = fo w7y (iu, x) du.

In view of the importance of the L-functions in analytic number theory it is
of interest to give a function-theoretic definition of their transforms ¢(r, x),
that is, a definition of ¢ which will depend on its characteristic properties
rather than on any special representation. Earlier work of Hamburger [2,
3, 4], Siegel [11], and Hecke [5, 6] can be interpreted as contributions in this
direction. The results of Hamburger and Siegel, which are stated in terms of
the L-functions rather than their transforms ¢, are in part function-theoretic.
It was Hecke who systematically investigated this and related questions about
modular functions. For some integers k, all of which are divisors of 24, Hecke
[6] has shown that ¢(r, x) is determined up to a multiplicative constant by
certain functional equations which it satisfies. It is not clear how the methods
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of these authors can be extended to answer the questions which are to be in-
vestigated.

The present note is an attempt to define the functions ¥(r, x) by means of
certain functional equations which they satisfy, (8) below. Although much
of the analysis can be extended to the case in which k is any positive integer,
we shall, for the sake of simplicity, consider the case & = p where p is an odd
prime. Also x(—1) = 1. Thus

© V(0 = 3 e, x(=1) = 1.

It is clear that Y(r, x) is regular in Im(7) > 0, and it satisfies
(2) ¥z 4y, x) | = AQ +y7°), y >0,

where A, ¢ are some positive numbers. (It can in fact be shown that we may
take ¢ = 1.)
Let H(1) be the group of transformations (ar + 8)/(yr + 8) where o, 8,
v, & are integers with
ad — By =1, a+sd=8+v=0 (mod2).

Consider the following subgroups of H(1):

R(p), =0 (mod p),
H(p), y=8=0 (mod p),
T'(p), y=8=0, a=90= =1 (mod p).

It is clear that I'(p) is an invariant subgroup of H(1). Write Dg(1), Dz(p),
Dx(p), Dr(p) for fundamental domains of the corresponding groups. Thus
Dy(1) may be taken as the set

Im(r) 2 0, —1 = Re(r) = 1, IT| = 1,

where boundary arcs are identified in pairs by the transformations —1/7
7 + 2 which generate H(1).

The function
(3) 0(7) — Z eirn"’r

satisfies the functional equations
S(r+2) =d(r), S(=1/7) = (—ir)"3(s).

Here and elsewhere the square root has nonnegative real part. It is also
known that if (ar + 8)/(yr + 8) is any transformation belonging to H(1)
then

ar+ 86 — 1/2
@ 9 (S748) = S+ 9)"0(o),
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where

(—}) PRl if B,vareeven, &> 0,
(5) S =

(%) gDy if a,dareeven, y > 0.

Here (%) is the Jacobi symbol, and (%) = 1. Defining

o(r) = 9(7/p)
it follows from (4) that if (ar + 8)/(y+ + &) ¢ R(p) then

ar+8\ _ 1/2
®) 8 (27E8) = 51rrt9)"0(o),

where

(ﬂ) T it By areeven, 8> 0,

)
(7) S =
<—§—> TP it o sareeven, v > 0.
V.
It will be shown that if (ar + B)/(y7 + 8) ¢ H(p) then
(8) ¥ (%E::—g,x> = S'x(8) (yr + 8)""¥(r, x).

A question which now arises is whether the functional equations (8) and the
order relation (2) determine y(7, x) up to a multiplicative constant. In the
case of the principal character function x, some qualification must be made.
For

Iﬁ(‘l’, X0) = 0("/1’) - 0(177')7

and both the functions #(r/p) and #(pr) transform according to (6) in H(p).
It is more convenient to state the question for transformations in I'(p). In
case (ar + B)/(yr + &) belongs to I'(p) we have x(§) = 1, so the (p + 1)/2
functions ¢(r) and ¢ (7, x) transform according to the same rule in T'(p).
The question to be investigated in the present note is the following: If ¥(r)
18 regular in Im(7) > O where 1t satisfies

(9 v (SE8) = 5 rr 0
yr+ 68

in T'(p) and the order relation

(10) lg(x +dy) | £ AQ +y7°),

must Y(r) be a linear combination of the (p + 1)/2 functions ¢(7), ¥ (=, x)?
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Relations (6), (8) show that the (p + 1)/2 functions
L (7, x)/é(7)

are automorphic under the group I'(p), and they are regular in the funda-
mental domain Dr(p) of T'(p) except for poles at the places where ¢(r) has
a zero of higher order than does ¥(r, x). It will be shown that there is a
divisor @ on Dr(p) which consists of poles of total multiplicity

(" = D — 1)/16

such that if ¢ is any function which satisfies (9), (10) then ¥(r)/¢(r)
is a multiple of . If it can be shown that the (p + 1)/2 functions
1, ¥(r, x)/¢(7) are a complete set of linearly independent multiples of Q’
then it will follow that any function ¢(7) which is regular in Im(7) > 0
and satisfies (9), (10) is a linear combination of the (p + 1)/2 functions

o(7), ¥(7, x)-
Now the genus of Dr(p) will be shown to be

9g=3P"—4p" —p+12) =3p —3)(p — p — 4).

In order to find all multiples of Q' there is defined on Dr(p) another divisor Q
consisting of poles of total multiplicity

Q| =310 — 1)(p —2),

which includes all poles of '. It is a consequence of the Riemann-Roch
theorem that if | Q | > 2g — 2 then there are precisely | @ | — g + 1 linearly
independent multiples of . The divisor @ to be defined does satisfy the
condition | Q | > 2¢g — 2, so it has precisely

1Ql —g+1=(p"—p)/8

linearly independent multiples. In this paper there are exhibited (p* — p)/8
multiples of @, but I.do not know if they are linearly independent. In case
they are linearly independent, then all multiples of @' are contained in the
linear space of these (p° — p)/8 functions, and it remains to show that there
are precisely (p + 1)/2 such linearly independent functions. The proof can
readily be completed in the special cases p = 3, 5.

There is a connection between these questions and the problem of finding
all irreducible representations of the quotient group H(1)/T'(p). These rep-
resentations have been determined by Kloosterman and others; cf. [7, 8] where
the history of the problem is discussed.

There is also a connection between these questions and the problem of find-
ing the number of representations of an integer as the sum of three or more
squares; cf. Bateman [1] where further references are given.

Il. The fundamental domain

The genus, a complete set of inequivalent vertices, and local uniformizers
are to be found for the fundamental domain Dr(p) of T'(p). Some of the
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results of this section overlap those of Newman [9] and Hecke [5, 6]. We
consider the transformations (ar 4 8)/(yr + 8) and (—ar — B)/(—yr — §)
equal; and if a transformation (ar + B)/(yr + §) is in a group, we shall also

. . fa B
speak of its matrix (7 5

There are p -+ 1 right cosets
0 -1 1 2
of R(p) in H(1). There are p right cosets

Gy

of H(p) in R(p). The group H(p)/I'(p) is eyclic of order (p — 1)/2. In-
deed let a be an odd primitive root modulo p, and define d by

ad =1 (mod 4p*).

v-(3)

is the matrix of a transformation in H(p). Then

as in that group.

IIA
~
IIA
=
|
-

I\
I\

j p_l’

There are b, ¢ such that

¢ d,
are cosets of T'(p) in H(p). For a, = o’ (mod p); and if
(ar + B)/(yr + 8) e H(p),

(13) zﬂ=(“bﬁ, L=< (p—1)/2

then
a B d —=b\ _ (A B
vy 8)J\—¢, a /) \C, D,J’
where
D, = éa, = 6a’ (mod p).
There is thus a unique » in the range 1 < » < (p — 1)/2 such that
D, = £1 (mod p),

and, since 4, D, = 1 (mod p), the transformation belongs to I'(p).
Choose for the fundamental domain Dy(1) of H(1) the set

Im(r) 20, —1=Re()s=1 |r|2],

where the line segments Re(r) = =1, Im(r) = 0 are identified by the trans-
formation  + 2, and the parts of the unit circumference in the first and second
quadrants are identified by the transformation —1/7. The boundary of
Dy(1) lies on ares of three circles. The domain Dz(p) consists of p + 1
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images of Dg(1) by the transformations with matrices (11). Thus the
boundary of Dz(p) lies on arcs of p -+ 3 circles. The transformations by
which these boundary points are identified have matrices

G166 )

wherel <5,k < p — land4jk + 1 = 0 (mod p). If p = 3 (mod4), then
J # k, so there are no elliptic vertices. If p = 1 (mod 4), then there are two
solutions of the congruence 4k> = —1 (mod p), so there are two elliptic
vertices, each of period 2. They are fixed points of transformations with

matrices
—2k 1 + 4K
-1 2k

where 45’ + 1 = 0 (mod p),0 < k < p.

The domain Dg(p) is the sum of p copies of Dx(p) by transformations with
matrices (12). Thus the boundary of Dx(p) lies on arcs of p* + p + 2
circles. If p = 3 (mod 4), there are no elliptic vertices, and these arcs are
identified in pairs. If p = 1 (mod 4), then for each k that satisfies 4k + 1 =0
(mod p) there is a unique » in the range 0 < » < p such that

1 0\/—-2k 1+ 4K 1 0
2 1 -1 2k -2 1

is the matrix of a transformation belonging to H(p). Thus there are two
elliptic vertices. If p = 1 (mod 4), then the domain Dx(p) has p* + p + 4
boundary arcs which are identified in pairs, it has two elliptic vertices, each of
period 2, and it has p* + p + 2 parabolic vertices.

The domain Dr(p) is the sum of (p — 1)/2 images of Dx(p). Let these
images be contiguous. Then the boundary of Dr(p) lies on arcs of

@ —p+4)/2

circles. These arcs are identified by transformations in I'(p). There are no
elliptic vertices in Dr(p). For if 7, is a fixed point of

(ar + B)/(yr + 8) € T(p)
and Im(7) > 0, then

2yro = a — & + V(a + 0)? —4.

Since o + 8 is even, this implies that « + 6 = 0. But « = § = =1 (mod p),
50 & + 6 = =2 (mod p), which is impossible, since p is odd. Thus the funda-
mental domain Dr(p) of T'(p) is bounded by (p* — p -+ 4)/2 arcs which are
identified in pairs, and there are exclusively parabolic vertices which are at
rational points on the real axis and at .

A transformation in H(p) that has a rational point r/s fixed, where
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(r, 8) = 1, must be of the form

2
(14) (1 — vprs)r + vpr ’
—vpsit + 1 + vprs

where » is even in case rs is even, while » is any integer in case rsis odd. For
if (ar 4+ B)/(yr + 6) ¢ H(p) and has r/s fixed, then

(15) (a—p)r+Bs=0, v+ (6—p)s=0,
where p is rational. The determinant of these equations is
P = pla+8) +1=0,
80 p = x1. Without loss of generality take p = 1. Then
a+d=2

Since « — 1 = — (8 — 1), equations (15) show that the transformation is of
the form (14).

This shows that any such transformation belonging to H(p) must belong
to I'(p). It also shows that the local uniformizer ¢ in Dr(p) may be taken

(16) [ tmilmelr if rs is odd,
e immeler if rsiseven.

(Here and henceforth we suppose that (r, s) = 1 without explicitly stating so
each time.) For let

_ (1 — vprs)r + vpr®

¢ —ypstr + 1 + vprs’
If
o = -1
T —r/s’
then
E_:'—];'—./S = W + Vp82 .

Let v = 2if rsis even, and » = 1if rsis odd. Then ¢ is as given in (16).
Two rational points /s and 7'/s’ where (r, s) = (v, s’) = 1 belong to the
same cycle of Dx(p) if and only if the following two conditions are satisfied:

(17) (s,p) = (¢,p), rs=1's" (mod2p).
For if (ar + B)/(vr + &) belongs to H(p) and maps r/s onto »'/s’, then
(18) ar + Bs = pr, yr + 8s = ps,

Where p = :l:l Then
r's' = (ar + Bs)(yr + 8s) = rs (mod 2p),

and conditions (17) are necessary. For the converse it is sufficient to show
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that under conditions (17) the points 7/s and 7'/s’ can be mapped into the
same point. Thus consider the following cases:

(i) If (s,p) = pandrsisodd,let zr + 2psy = 1. Then

(xr + 2py)/(yr + §)

belongs to H(p) for some v, 8, and it maps r/s onto 1/kp where k is odd.
Then 7/(2vpr + 1) belongs to H(p), and for some » it maps 1/kp onto 1/p.

(i) If (s, p) = p and rs is even, then (ar + B)/(—sr + r) belongs to
H(p) for some «, 8, and it maps r/s onto «.

(iii) If (s,p) = 1let xpr + s = 1 where 6 or zis even. Then
(ar + B)/(xpr + 8)

belongs to H(p) for some «, 8, and it maps r/s onto ». Then, by translation,
take 0 = » < 2p. Since conditions (17) have been proved necessary,

v =rs (mod 2p).

The parabolic vertices of Dx(p) thus fall into 2p + 2 cycles which can be
represented by the points
(19) @, l/py 07 1; 2: 3, B 217 - 1

Two points r/s and 7'/s’” where (r, s) = (¢', ') = 1 belong to the same
cycle of Dr(p) if and only if the following conditions are satisfied:
(20) 7= w' (mod p), s = pus’ (mod p), rs = r's’ (mod 2),

where u = #+1. For since @« = 6 = +1 (mod p), relations (18) show that
conditions (20) are necessary. Conversely, if conditions (20) are satisfied,
then conditions (17) are also satisfied, so there is a transformation

(ar + 8)/(yr +8)

belonging to H(p) which maps r/s onto r'/s’. But this transformation must
belong to T'(p), for (18) and (20) show that, modulo p,

or' = ar = aur’, ps’ = s = ous’.

Since either 7’ or &' is relatively prime to p, it follows that « or 8 is congruent
to =1 modulo p. But ad = 1 (mod p) since the transformation is in H(p),
and it follows that & = 6 = &1 (mod p). Thus the transformation belongs
to T'(p).

It may be shown from (20) that the parabolic vertices of Dr(p) fall into
p° — 1eycles. Or one can show that corresponding to each vertex (19) there
are (p — 1)/2 vertices of Dr(p) which are in distinet cycles in Dr(p). Let

Vi, Ve, ooy Ve
be cosets of T'(p) in H(p). Every rational number r/s can be mapped by
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I'(p) onto one and only one of the p* — 1 points
Vi(v)

where 1 = j < (p — 1)/2 and v is one of the vertices (19). For let N be a
transformation in H(p) which maps r/s onto a vertex » of (19). Then

Vj N e F(p)

for some j since I'(p) is a normal subgroup of H(p), and V; N maps r/s onto
Vi(v). On the other hand, suppose v, , v; are vertices in the set (19), possibly
the same vertex, and suppose there is a transformation W e I'(p) which maps
V;i(n) onto Vi(vs). Then

WVi(v) = V()
implies that

VitWVi(n) = vs.

Now Vi'WV; e H(p), but distinct vertices (19) belong to distinct cycles of
Dxu(p). Tt follows that v, = v,. Then Vi'WV; has v as a fixed point and
must then be of the form (14). Hence this transformation belongs to I'(p).
Since I'(p) is a normal subgroup of H(p), the condition1 < 5,k < (p — 1)/2
implies that j = k.

The genus gx of Du(p) is

_ {(zf — 3p)/4 if p=3 (mod4),
Ir =\ —3p—2)/4 if p=1 (mod4).

For if p = 3 (mod 4), then the boundary of Dx(p) lies on p° + p + 2 circular
arcs which are identified in pairs. There are p* + p + 2 vertices which fall
into 2p + 2 cycles, each parabolic. If p = 1 (mod 4), then the boundary of
Du(p) consists of p* + p + 4 circular arcs which are identified in pairs.
There are p° + p + 2 parabolic vertices, which fall into 2p + 2 cycles, and
two elliptic vertices, each of period 2. The genus gr of Dr(p) is

(21) gr = (p" — 4p’ — p + 12)/8.

For the boundary of Dr(p) consists of (p° — p + 4)/2 circular arcs which
are identified in pairs. There are (p° — p + 4)/2 parabolic vertices, which
fall into p* — 1 cycles.

[Referee’s remarks. In obtaining (21) the author has used the relationship
g=73(mn—Fk+1),

where ¢ is the genus of a subgroup of the modular group whose fundamental
domain, before corresponding sides and vertices are identified, is simply con-
nected and contains 2n sides identified in pairs and & cycles of vertices. A
different approach to the determination of the genus of the group I'(p) is as
follows.

Let G(n) be the principal congruence subgroup of level n of the full modular
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group. ¢ Then it is known [ef. F. KLEIN and R. Fricke, Vorlesungen tiber die
Theorie der elliptischen Modulfunktionen, vol. 2, p. 654, Leipzig (1892) and
E. HeckE, Zur Theorie der elliptischen Modulfunktionen, Math. Ann., vol. 97
(1926), pp. 210-242] that the genus g of G(n) is given by

_ p(n — 6)
g=1+ =55

where u is the index of G(n) in @. For n > 2, u is given by

1
sm (- 5)

pln
(here a matrix and its negative are identified). When 7 is an odd prime p,
this gives
p=3p(p" = 1)
and consequently

9=(@+2)(p—3)(p—5)/24=(p’—6p° — p+ 30)/24.

Further, the shape of the fundamental region of G(p) has been fully described.
Now I'(p) is a subgroup of G(p) of index 3, and for a set of right coset rep-
resentatives for G(p) modulo I'(p) we may choose, for example,

GO G (7D

Thus the fundamental domain of I'(p) consists of three copies of the funda-
mental domain of G(p) by the representatives above, and the calculation of
the genus of I'(p) can be carried through on this basis.)

ll. The functions

In this section certain modular functions are defined, it is shown how they
transform under H (1), and their expansion about rational points is deter-
mined. Part of this is known; equations (23), (24) were obtained by Kloos-
terman [7, 8] using the method of Hermite, but I do not know where to find
all that will be required. The starting point is the Poisson summation
formula

Saw = 3 [ awér

This formula is valid, for example, if ¢(¢) is absolutely integrable and
>~ q(t + u) has a derivative at ¢ = 0.
If A, u, a, N are real numbers with N > 0, then

00
Z eiarN)\('n+a) e(iﬂlN)(a+uN/2+nN)2 lei(a+uN/2+nN)z

n=—o

g(z, 7) =
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is a regular function of = in Im(7) > 0 for every finite 2, and it satisfies

-\ 1/2
z —1 _ -7 / itNz2/r _imNla
0(2,=) = (5F) & e
T T N

(22) ]
Z e—(21ri/N)(a+MN/2)('n+)\N/2) e(i'ir‘r/N)(n+)\N/2)2 621ri(n+)\N/2)z
—c0
For
z -1 -~
- —_— = (n
g (T’ T ) .Z.::‘ a(n),
where

3 t — (7 tN)2 ] ¢
q(t) — eur)\N( +a) e (tw/N7)(a+uN/2+IN) e2m(a+pN/2+ N)zlt

The Poisson summation formula is valid, and making the successive changes
of variable

oN =a+ uN/2 + N, u=0v—\r/2—nr/N — 2,
we have
foo q(t)e21int dt — eierzlreiir)\Nanriz(n+)\N/2)
Lo

o
.e—(21rilN)(a+ltN/2)(n+)‘N/2) 6(i‘)l'rlN)('n+)\N/2)2 f e—(iﬂ'Nl‘r)u2 du.

? (irNinur ir\'”
— (1w N|[T)u -
e du = | ——
.Lo (N) ’

where the square root has positive real part, so (22) follows.
Now let A, a be integers, and define

.

/— 00

Now

falz, T, \) = Zw (— 1))\(n+u) e(iwr/p)(a+)\p/2+np)z e2riz(a+)\p/2+np),
—c0
*® . 2 .

¢(z, T, )\) — E (__1))\1; eurr()x/2+n) e2wtz(k/2+n)'
—0

Then we have
fa+p(z’ Ty )‘) = fa(Z’ Ty >\), f—a(_z) Ty )‘) = (—l)xfa(z: Ty )\))
falz, 7+ 29, N\) = e@rIP @hpiD? 2(2, T, \),

and, by (22),
z —1 —ir\? iperte —imipa BN —ariablp
fu 2,22 0) = - e ¢ e fo(z, 7, \).

b=0

Likewise for the function ¢(2, 7, A) we have

é(—z,1,\) = (—=1)" ¢(z, 7, \),
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¢(z) T+ 21’, )‘) = 61.”)‘2/2 ¢(z) ) )‘)7
¢<§, B *) = (=in)" ™ ™ gz, 7, ).

The object now is to find how the functions f,(z, 7, A\) transform under a
transformation on 7 in H(1) with an appropriate corresponding transforma-
tion on z. This will be accomplished by finding how the functions

_ fa(z, Ty )\)
ha(zy ) = m

transform under H (1), then how the functions ¢(z, , \) transform under H(1).
The dependence of h,(z, ) on A is not indicated because it will appear that
the rule of transformation of A under H (1) is independent of \.

Now we have from the preceding,

ha_,_,,(z, T) = h'a(z) T)’ h—a("'z; T) = ha(z7 T))
ha(Z; T+ 2”) = e21riva2/p ha(z7 7'))

—1
z —1 1 e —p)j2 X~ —Gni
ha (_’ > - _ ewr(p 1)/4 1_(1 P)/2 E ¢ (2mi/ p)adb hz,(z, 'r).
V'p

T T b=0

If L(r) = (ar + B)/(y7 + 8) is a transformation belonging to H(1), define

_ (p—1)/2 2 ar + B
ha |L = (vr + 5) ha(w_'_a,ij).

It is to be shown that for transformations L ¢ H(1) we have

(23) ha | L = (%) eI hoo(2, T)
in case y = 0 (mod p), and

(24) ha ] L = _L; (Z) PLDIC ) PZ"I e(Zwiv'/p)(aa‘a’—Zabez)hb (z, )
\/ p \P b=0
in case (v, p) = 1. Here ' is defined by 2yy' = 1 (mod p).

The proof of (23), (24) is by induction. Now (23) is true for the identity.
If (23) or (24) is true for a transformation L ¢ H(1), then it is also true for
the transformation L*(7) = L(r 4 2»). If (23) is true for some L(7) ¢ H(1),
then writing L*(r) = L(—1/7) = (8r — a)/(8r — v) we have

ha(27 7') I L* = ’J'(p—l)/2 <§‘> eariaﬂazlphaa ('z° ) _—1>
P T

T

-1

1 (8 Grme-n S~ @ris’ I9) (Ba2—2ab—1b?)

=—=|=)e IR hy (2, 7),
Vp \p =

where 266’ = 1 (mod p). This is (24) for the transformation L*(r).



DIRICHLET SERIES 491

If (24) is true for L(7) belonging to H(1), again writing
L*(r) = L(—=1/7) = (B7 — a)/ (87 — v)

we have
—1
ha lL* — 7_(zn—l)/2 1 (Z) e<i7r/4)(p—1) pz e(2ri7'/p)(aa2~2ab+8b2)hb (ﬁ , ___1)
(25) \/5 D =0 T T

1/—~\2ztet s —ari
_ 1 Y Z Z e(Zarw ) (2a2—2ab+35 )e (ml:o)bchc(z’ T).
p p c=0 b=0

There are two cases to consider, § = 0 (mod p) and é§ # 0 (mod p). In the
first case the sum on bis zero unless ¢ = — 2y'a (mod p). But if §= 0
(mod p), then 8 = —2¢' (mod p), so we have

he|L* = (;p'!) ¢ iIPeBaty (2 1).

This is (23) for the transformation L*(7).
Thus consider the case (8, p) = 1. For any ¢ define the integer k = k(c) by
(26) 2v'8k = 2vy'a + ¢ (mod p).

Then in (25) we have, using a well-known expression for the Gaussian sums

p—1 p—1
Z e<21m'/p>(—2ab+sb2)e—<2m/p)bc - Z e(21ri8'y'/p)(b2-2bk)
b=0 b=0

= \/“ 207 (im/4) (1—p) —(2mi[p)dy k2
= p T e e .

Hence (25) becomes

, =l
halL* = ,\%: (%) QLI (p=1) E{, TP (=8 (1Y,
p o=

where & = k(c) is defined by (26). Let & satisfy 266’ = 1 (mod p). Then

—y'8k = —d' (2¢'0k) = —8 (2v'a + ¢)°
= 8/ (—2v'a’ — 2ac — ~c') (mod p),
and
Ya =402 = 298 (1 + By) = 2¢'8' + &8 (mod p).

Thus we have

1 (8 ; gy B 5’ 2 9gc—ryc?
he [ L* = 7_ ;) e("r/4)<p 1 Z e(2ma ) (Ba?—2ac—vc )hc (z, 1’)
P c=0

which is (24) for the transformation (8r — a)/(8r — v). This completes
the induction since the transformations r + 2 and —1/7 generate H(1).
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Since
fa(z) Ty )‘) = ha(zy 'r)d’p(z; Ty )‘);

the rule of transformation of the functions f,(z, 7, \) depends on how the
functions ¢(z, 7, A) transform under this group. It is clear from the definition
of ¢(2, 7, \) that

#(0, 7,0) = 3(r) =2 ™.
The transformation of ¢(z, 7, A) under H(1) can be inferred from the rule of

transformation of #(7) under H(1).
For this purpose define

_ ¢(z,n,N)
q(z,7,\) = W .
Then

Q(z, T + 2, >\> = eiﬂ)\2/2Q(z’ Ty )\)’ Q(—Z, Ty >\) = (—1))\Q(z7 ) x))

q (_z_ ) -1 , )\) = ™1™ (5 7 0).

T T

If (ar + B)/(yr + &) e H(1), then

(27) q (’YT':_ = z: i ‘;, )\) = e D (Y

where

if B, are even,
(28)

e(iﬂ'/4) (BO—78+26—2)A2
K {6(ir/4)(a1+78+21—4)>\2

if e, 6 are even.

Relation (27) may be proved by induction, since if it is true for some trans-
formation belonging to H(1) then it remains true when 2, r are replaced by
2z, 7+ 2vor by /7, —1/7. It is clear that (27) holds for the identity, so it
holds in general.

We have

fa(z: 7, N) = ha(z, T)qp(z, ) )‘)01,(7)7

so the transformation of f, under H(1) is determined by the transformation
of kg, q, ¢ under that group. If L = (ar + B8)/(yr + 8)e H(1), then, col-
lecting results, we have

P ar+ 8
i)

= (ha| L)nPe ™2 ™D 2, 7, 0) 8 (yr + 8)07(r),

(29)
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where S is defined by (5). The expansion of h, | L in terms of functions
ho(2, 7, \) is given by equations (23), (24).
Now let z approach zero, and henceforth write

0

(30) fa('f, }\) = Z (_1)X(n+a)e(iﬂ"r/p)(a+7\:nl2+np)2

-—00

in place of f,(0, =, N). If A is odd, then ¢(0, 7, A\) vanishes identically in =,
80 ¢(0, 7, ) also vanishes when A is odd. These functions are of course can-
celled from the right-hand side of (29) before letting z approach zero. Then
(23), (24), (29) show that if (ar + 8)/(yr + 8) e H(1), then

(31) fa ("j_::‘j_:_%; )\) — Rl('YT‘l" 6)1/2e(ixaﬂ/p)a2 aa(T, )\)
if y = 0 (mod p), and
p~1 .,
(32) fa (a‘r+ B , )\) =R, (’YT‘I' 5)1/2 E e(zxw /p)(aaﬁ—zab+6b2)fb(7_, ’Y)
y7 -+ 8 =0
if (v, p) = 1, where 2yy’ = 1 (mod p). Here
(33) Ri= <§> S”
P
1 Y (in/4)(p—1)_p qp
34 R, = — (—-—) e UM R
(84 TV \p
and
{e(“/”(ﬂ Bri+20- if B, are even,
(35) n= |oCr1® - if e 5 are even,
(}) i e if B,y areeven, &> 0,
(36) S =
(%) gDy if « 6areeven, v > 0.

Having determined in (31) (32) the transformation of the functions
fo(r,\) in H(1), we now find their expansion about rational points r/s. Now
every rational point can be mapped by transformations belonging to H(1)
into r = 1or 7 = «. Thus the expansion of a function f,(7, A) near any
rational number can be referred to an expansion near 1 or «, In order to
find the expansion of f,(+, A\) near » = 1 write (30) in the form

0

fa (T -1 , )\) - e(in'/p)a2 gl (—1)° Z (- 1)n+a o~ im/ e (athp/24np®)

T —0
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Then, using (22), it follows that

. 1/2 o
T—1 inip)a® imAipla [ — 1T —(2ri/p) (- ; 2
fa( ,>\> = imlPat im\ip) ( ) 3 T erID @R ki) il (oI

T P pury

Then, replacing r by —1/(r — 1), we have

f ( )\) 1 \1/2 e(ir/p)azeiwxzp/‘i
T = ————

ah -1

(37) w

. E e—-(21ri/p)(a+)\pl2)('n+11/2) e—(ir/p(r—l))(n+17/2)2

—00

Thus the definition (30) of f,(7, A) and equation (37) give the expansion of
fa(7, N) in the neighborhood of « and 1 respectively. It will be convenient
to write equations (31), (32) in the form

B 1 Y2 iraipar ( or — 8 >
(38) fa(T, )\) - Rl (Tm) € aa m ’ )\
ify = 0 (mod p), and
1 Y22 nin o) aat—2abtabd) or—@
(39) fa(T, )\) = R2 (:m) b;o e fb (:m ) )\)

if (v, p) = 1, where 2yy' = 1 (mod p).
To find the expansion of f,(7, A) about a vertex r/s we suppose (r,s) = 1
and s > 0. Let u be the local uniformizer, and consider the following cases.

(i) If rsis even and (s, p) = 1, choose 3, & such that
(rr + B)/(st +8) e H(1)

with 6 > 0. Then by substituting the series for f,((6+ — 8)/(—sr + r), A)
defined by (30) into the right-hand side of (39) we obtain

(40) fa(T; )\) —_ R2 o ( _ 1))\me(21rz's’/p) (ra2—2am+8m2)u(m+)\p/2)2
(o7 + P2 %

H

where

— e—-iwﬁ/pse—ir/ps(sf—r)
and 2ss’ = 1 (mod p).

(i) If rsis even and p|s, let (rr + B)/(st + &) e H(1) with § > 0.
Then by (30), (38) we have

(41) fa(‘l', }\) — (—81131_ r)l/z e(im‘ﬁ/p)a? Z (_1))\(n+ra)u(ra+)\:p/2+np)2,

where

u = e—iw&/pse—ir/ps (s7—r) .
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(iii) If rsis odd and (p, s) = 1, we define a transformation

(67 = B)/(—v7 + @)

which belongs to H(1) and maps r/s onto + = 1. For this purpose let 3, 6
satisfy 6r — Bs = 1 and define o = r — 8,y = s — 4. This determines &
only in a residue class modulo s, so let & be such that vy = 0 (mod 2p) and
8 > 0. Then (ar 4+ B8)/(yr + &) e H(1), and from (38) and (37) we have
after some simplification

. 1/2
falr,\) = B ( L4 ) plimar/p)a? (ir/N2p
'\/;) ST — T

(42)

0
—(27i/p) (aa+Ap/2)(n+p/2), (2n+D)2/8
e U ,

—00

where

w = e2ri7/ pse—2‘m' | ps(sT—r) .

(iv) Ifrsisoddand p|s,letér — s = land definea =r — 8,y = s — 4.
Choose & such that v is even and 8 > 0. Then (ar + 8)/(yr + 8) e H(1),
and since (v, p) = 1 we use (37) and (39). These give

R, v )1/2 imA2p/d & @7iy’[p) (aa?—2ab+5b2)
A) = —= ¢ ¢
fa( ) ) ,\/p (sq— —7r I;) ”=Z‘*°°

. e(iﬂ'/?)b 26—(21ri/p) (b+Np/2) (n+p/2)u(2n+p) 2/8’

where

w = e21ri'y/pse—21ri/ps(sr—r).

In order to simplify we sum first on b, noting first that
296+ 1=2¢y(s—y)+1=—-29y+1=0 (mod p).
The sum on b is thus
p—1 o (o , p—1 . .
E em’b e(wz/p)b(—4a7 —2n—p) _ Z e—-(21rz/p)(2a'y +n) ,
b=0 b=0

which is zero unless 2ay’ + n = 0 (mod p). The congruences 2vy' = 1,
vy = — 4, or = 1 (mod p) imply that 29 = —r (mod p). Thus writing
n = ar + mp we have

_ a —irara?l/p o
(43) fa(’r, )\) = Q( 1) € Z (_l)k(aﬁn)u(Zar+p+2mp)2ls’

Vst —r -

Q — \/1—) R, e(iﬂ/4)(7\2?—2)\p+1)

Thus the expansion of the functions f,(r, A) near rational points has been
determined. There remains the function

o(7) = 9(7/p).

where
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But from (3) and (30) it follows that
¢(r) = fo(r/p", 0)

so the expansions for ¢(7) can be obtained from the preceding. It will be
sufficient for our purpose to find the order of the zeros of the function

(s7 = )" (7)
at the rational points. If r approaches r/s, the variable r/p’ approaches
r/p’s = R/S,

where (R, 8) = 1. In case rs is even, it follows from (40), (41) that the
function (st — r)"?¢(r) is regular and not zero at r/s. If rs is odd and
(p,7) = 1, then S8 = p’s, so (43) shows that

(st — 1) "o(r) = u™fao + -}
near + = r/s where a, 0 and u is the local uniformizer. If rs is odd and
p|r, then (42), (43) show that (sr — 7)"%¢(r) has a zero of order p*/8 at
T = r/s, that is,

(s7 = 1)(r) = u" a0 + -+,
where ao > 0 and u is the local uniformizer.

We now find that the total number of zerosof the functions (sr — 7)"*f,(r, \)
at the vertices of the fundamental domain Dr(p). According to (20) the
vertices

v/p, 0<v<op,

belong to different cycles of Dr(p), and every vertex r/s where p | s can be
mapped by I'(p) into one of them. The (p — 1)/2 vertices with » odd
correspond to the cycle 1/p of Dy(p), while the (p — 1)/2 vertices with »
even correspond to the cycle « in Dy(p). Each of the vertices

O; 17 2’ ) 2})-1

of Dx(p) corresponds to (p — 1)/2 distinet cycles of Dr(p) at vertices r/s,
(p, s) = 1, and at the (p — 1)/2 cycles r/s of Dr(p) corresponding to the
cycle k of Du(p) we have k = rs (mod 2). Thus there are (p* — p)/2 cycles
r/sin Dr(p) in which rsiseven and (s, p) = 1, and the same number of cycles
for which rs is odd and (s, p) = 1. The following table gives the order of
the zeros of the functions (sr — r)"*f,(r,\) and (st — r)*?¢(r) at the various
vertices.

/b, r odd /b, r even /s, rsodd, (s, ) = 1 '{_f" ;; e:e{) ’
Falr, 0) 4@ra + p + 2np)? (ra + np)? 3 0
Jalr, 1) 3Q2ra + p + 2np)? | 1@ra + p + 2np)? i
#(7) 3 0 tif (p,7) =1, 0
/8 if plr
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In each case n is to be chosen so as to minimize the term in which it occurs.
Also a £ 0 (mod p) in the case of the function f,(+, 1). In the case of the
vertices 7/p we have 0 < r < p.

Then it follows that for each of the functions f.(r, 0), f.(r, 1), #(+) we ob-
tain (p° — p)/16 zeros at the vertices of Dr(p). For consider a function
fa(r, 0) where a = 0 (mod p). At the vertices r/p, where risodd, 0 < r < p,
write

2ra +p + 2np = &, —p < & < P.

Then &, is odd, and «2/8 is the order of the zero at this vertex. The numbers
«; are distinet, for if there were another vertex r;/p in this set such that

2ra + p + 2mp = £«

then 7, &= 7 = 0 (mod p),r = r;. Thus the total order of zeros at the vertices
r/p,rodd, 0 < r < p,is

HUE A3 +5° 4+ -+ (p—2)") = p(p — 1)(p — 2)/48.
For the vertices r/p where r is even, 0 < r < p, write
ra + np = »,, —p/2 < v < p/2.

Then the order of the zero is »? , and one shows that the (p — 1)/2 numbers
v2 are distinet and », % 0. Thus the total order of the zeros at these vertices is

P+22 438+ 4+ ((p—1)/2)" = p(@* — 1)/24.
Thus for the function f,(+, 0) where a $% 0 (mod p) the total order of zeros
at all parabolic vertices is
p(p — 1)(p — 2)/48 + p(p* — 1)/24 + (p" — p)/16 = (p° — p)/16,
and likewise for the functions fy(r, 0), f.(r, 1), ¢(7).
Now

fo(r,0) = 8(pr),  6(r) = & (5)

It can be shown by considering the integral
1[0
2wt J &)

around the fundamental domain of the group H(1) that the only zeros of

&#(r) in the fundamental domain of H(1) are at the vertices + = 1. [Ref-
eree’s remark. This is evident also from the infinite product

dr

)

0(7) — H{(l _ eri(f+l)n)(1 + em’(‘r+l)n)—l}‘]
n=1
Thus #(r) has no zero in Im(+) > 0, and so fo(7, 0) has no zero in Im(+) > 0.
But (31) shows that the function f,(r, 0)/fo(r, 0) is automorphic under the
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group T'(p), 8o fo(r, 0) and fo(7, 0) have the same number of zeros in Dr(p).
Thus f,(r, 0) has no zeros in Dr(p) except those at the parabolic vertices.

The function
{f a("': 1)}8
fO(T’ O)

is automorphic under the group I'(p), so f.(7, 1) has the same number of
zeros in Dr(p) as does fo(7, 0). Thus the only zeros of f,(r, 1) in Dr(p) are
at the vertices. This could also be proved by considering the representation
of fo(7, \) as an infinite product.

IV. The divisors

We prove first that the functions ¢/(r, x) defined by (1) transform in H(p)
according to (8), where x(n) is a Dirichlet character function modulo p with
x(—1) = 1. For this purpose we note that

p—1)/2

p—1 (
¥(r x) = ;x(a)fa(f, 0) =2 ; x(@)fa(r, 0).

Then (31) shows that for transformations in H(p) we have

¥ (i%::_‘_l; ’ X> = Ri(yr + 8)"x(8)¥(r, ).

But R, = §' for transformations in H(p) if A is even, so (8) follows.
The functions ¢(r, x)/¢(7) where x(—1) = 1 are automorphic under
I'(p). Each of them has a pole of order (p* — 1)/8 at each of the cycles

(44) p/s, §=135--,(p—2).

Thus let @ be a divisor which has poles of order (p° — 1)/8 at each of these
(p — 1)/2cycles. Then the (p + 1)/2 functions ¢(7), ¥(r, x) are a complete
set of linearly independent functions satisfying (9), (10) if and only if the
(p + 1)/2 functions 1, ¢(r, x)/é¢(r) are a complete set of linearly inde-
pendent multiples of @’.

The order | Q' | of Q is (p* — 1)(p — 1)/16 which, when p > 3, is less
than 29 — 1, where

g=0" -4 —p+12)/8

is the genus of Dr(p). To define a divisor @ of order | Q| = 2¢ — 1, first
note that the functions

fa(T 1)
45 Fo(r) =522 12a=p—1,
( ) (T) fl(T, 1) H p
are automorphic under I'(p). The poles of these functions lie at the cycles
(46) 7’/2’7, 7'=1,2,3,'~,(p—1).

Now fi(r, 1) has zeros of total multiplicity (p® — 3p* 4 2p)/16 at these cy-



DIRICHLET SERIES 499

cles. At each of the cycles r/p there is an a such that f,(r, 1) has a zero of
precise order % in case 7 is odd, and a zero of precise order % in case r is even.
Thus all the functions F,(r) are multiples of a divisor having poles at the
vertices (46) of total multiplicity

(0" — 39" — p + 3).

Define
_ fa(7" 0) —
oa(T) —W, 1=as= (p 1)/2,
and write
oo(r) = 1.

Then the functions ¢,(7) are multiples of a divisor having poles of order
(p* — 1)/8 at each of the vertices (44). This divisor then has poles of total
multiplicity

(" — D(p —1).
Now consider the functions
(47) Fa(r)Fy(r)oe(7), 1 Sa =bs=s(p—1)/2 0=c¢
and
(48) Fo(r)op(r)oe(7), 1 S a= (p—1)/2, 02b=c= (p— 1)/2

Each of them is automorphic under I'(p), and each is a multiple of a divisor @
which has poles at the vertices (44), (46). The order | @ | of @ is

Q=3 -3 —p+3) +3p — (»-1)
=1p' =20 —p+2) =3 - 1)(p— 2).

Then | @ | > 29 — 2 so it follows from the Riemann-Roch theorem that there
are precisely

A

1@l —g+1=(p"—p)/8
linearly independent multiples of Q.
There are

Zs(p — D (p + 1)°
functions (47), and

s(p — D(p + 1)(p + 3)

functions (48). However F; = g9 = 1, so there are

i =1
functions common to the two sets. The total number of functions (47), (48)
is then

@' - p).
If they are linearly independent, then they are a complete set of linearly inde-
pendent multiples of Q.
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The poles of Q' are among the poles of Q, so if there are (p* — p)/8 linearly
independent functions among (47), (48) then the multiples of @’ are linear
combinations of the functions (47), (48).
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