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1. Introduction

We consider the convergence of smooth solutions u = u.(t,x) with (t,x) € R* x R? of the
nonlinear partial differential equation

d
O+ divy fo(t, x, u) = ediveb(Vu) + 6Za§jx]_xl_u (1.1)
j=1

ase — O0and 6 = 6(¢),0 = ¢(¢) — 0. Here f € C(R; BV (R} x RY)) is the Caratheodory flux
vector such that

max|fo(t, x,u) - f(t,x,u)| — 0, ¢—0, inLf

ul<! loc

(R+ x Rd>, (1.2)



2 International Journal of Differential Equations

for p > 2 and every I > 0. The aim is to show convergence to a weak solution of the
corresponding hyperbolic conservation law:

ou+divy f(t,x,u) =0, u=u(tx), x€ RY, > 0. (1.3)

We refer to this problem as the zero diffusion-dispersion-smoothing limit.

In the case when the flux f is at least Lipschitz continuous, it is well known that the
Cauchy problem corresponding to (1.3) has a unique admissible entropy solution in the sense
of Kruzhkov [1] (or measure valued solution in the sense of DiPerna [2]). The situation is
more complicated when the flux is discontinuous and it has been the subject of intensive
investigations in the recent years (see, e.g., [3] and references therein). The one-dimensional
case of the problem is widely investigated using several approaches (numerical techniques
[3, 4], compensated compactness [5, 6], and kinetic approach [7, 8]). In the multidimensional
case there are only a few results concerning existence of a weak solution. In [9] existence
is obtained by a two-dimensional variant of compensated compactness, while in [10] the
approach of H-measures [11, 12] is used for the case of arbitrary space dimensions. Still,
many open questions remain such as the uniqueness and stability of solutions.

A problem that has not yet been studied in the context of conservation laws with
discontinuous flux, and which is the topic of the present paper, is that of zero diffusion-
dispersion limits. When the flux is independent of the spatial and temporal positions, the
study of zero diffusion-dispersion limits was initiated in [13] and further addressed in
numerous works by LeFloch et al. (e.g., [14-17]). The compensated compactness method
is the basic tool used in the one-dimensional situation for the so-called limiting case in which
the diffusion and dispersion parameters are in an appropriate balance. On the other hand,
when diffusion dominates dispersion, the notion of measure valued solutions [2, 18] is used.
More recently, in [19] the limiting case has also been analyzed using the kinetic approach and
velocity averaging [20].

The remaining part of this paper is organized as follows. In Section 2 we collect some
basic a priori estimates for smooth solutions of (1.1). In Section 3 we look into the diffusion-
dispersion-smoothing limit for multidimensional conservation laws with a flux vector which
is discontinuous with respect to spatial variable. In doing so we rely on the a priori estimates
from the previous section in combination with Panov’s H-measures approach [10]. Finally,
in Section 4 we restrict ourselves to the one-dimensional case for which we obtain slightly
stronger results using the compensated compactness method.

2. A priori Inequalities

Assume that the flux f in (1.1) is smooth in all variables. Consider a sequence (1), s of
solutions of

d
O + div, f (t, x, u) = ediv,b(Vu) + 6Zail_xjxl_u,
j=1 (2.1)

u(x,0) = up(x), xe€R™
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We assume that (u. ), 5 has enough regularity so that all formal computations below
are correct. So, following Schonbek [13], we assume that for every ¢,6 > 0 we have u,s €
L*([0,T]; H*(R?)).

Later on, we will assume that the initial data 1y depends on €. In this section, we will
determine a priori inequalities for the solutions of problem (2.1).

To simplify the notation we will write u, instead of 1, ¢.

We will need the following assumptions on the diffusion term b(1) = (b1 (1), ..., b,(1)).

(H1) For some positive constants C;, C, we have

CilAP <A-b()) < CyJAP VYV AeR% (2.2)

(H2) The gradient matrix Db(\) is a positive definite matrix, uniformly in A € R, that
is, for every \, ¢ € R4, there exists a positive constant C3 such that we have

o' Db(\)g > Cs|o|*. (2.3)
We use the following notation:

|2 d 2

=Zaz u

XiXk
ik=1

|D2u

. (2.4)

In the sequel, for a vector valued function g = (g1, ..., g4) defined on R* x R4 x R, we denote
2 & 2
1" = D lsil™ (25)
i=1

The partial derivative Oy, in the point (¢, x, ), where u possibly depends on (¢, x), is defined
by the formula

axig(t/ X, u(tr .X')) = (DXig(tr X, Jl)) |)L:u(t,x) . (26)

In particular, the total derivative D,, and the partial derivative 0,, are connected by the
identity

Dy g(t,x,u) = 0x,g(t, x,u) + 0,8 (t, x, u)O0x,u. (2.7)

Finally we use

d
div,g(t, x,u) = ZDxig,-(t, x,u), §=(g1,.--,84),
o (2.8)
Arq(t x,u) = ZDiixiq(t, x,u), qeC? (R* x RY x R>.
i=1
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With the previous conventions, we introduce the following assumption on the flux
vector f.

(H3) The growth of the velocity variable u and the spatial derivative of the flux f are
such that for some C,a >0, p > 1, and every I > 0, we have

. + d .
Iala<i<|f,(t,x,)t)|eU’<R xR >, i=1,...,d,
) ) . (2.9)
Zlaufi(t/xru)l S C/ Zlax,fl(t,x,uﬂ S —‘u !
i1

ij=1 1+ |”|1+a,

where p € M(R* x RY) is a bounded measure (and, accordingly, the above inequality is
understood in the sense of measures).
Now, we can prove the following theorem.

Theorem 2.1. Suppose that the flux function f = f(t,x,u) satisfies (H3) and that it is Lipschitz
continuous on R* xR xR. Assume also that initial data ug belongs to L?(R4). Under conditions (H1)-
(H2) the sequence of solutions (u.),.o of (2.1) for every t € [0, T] satisfies the following inequalities:

t
f lug(t, x)|*dx + gj I |V (¥, x) |2dxdt’
R 0J rd

t u. (t,x)
<Cy U uo (x)Pdx —I f f div, f(, x,v)dvdxdt’),
R4 0J R4J 0

t
Vu(t x)|*dx + g3f I
0J R

(2.10)

D*u.(t, x)[*dxdt

&_2
R4

t d

<GCs <52f |V (x) [P dx +5I j Z|6xkf(t’,x,u£(t’,x))|2dxdt' + ”auf||i°°(R*dexR)>’
R4 0J Rty

(2.11)

for some constants Cy and Cs.

Proof. We follow the procedure from [19]. Given a smooth function 7 = 77(u), u € R, we define

qgi(t,x,u) = J‘ ' (v)0y fi(t, x,v)dv, i=1,...,d. (2.12)
0
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If we multiply (2.1) by 7' (u), it becomes

d d e, d
atrl(ub?) + Zaxilﬁ (t/ X, uE) - Zj aiivfi(t/ X, U)Tl’(v)dv + Zrll(u‘?)axifi(t/ X, uE)
i=1 i=17 0 i=1
d d d
= Ezaxi (ﬂl(us)bi(vue)) - gﬂl,(ue)zbi(vus)aﬂus + 6Zax,- <71,(u6)a§qx,~ue> (2.13)
i=1 i=1 i=1

5 d )
- Eﬂll(us)zaxi (Oxue)”
i=1

Choosing here 7(u) = u?/2 and integrating over [0,t) x R¢, we get

t
I | (¢, x) Pdox + sf f Vue(t',x) - b(Vu. (¥, x))dxdt
R 0J re

d pt u.(t',x)
= j |uo () [P dox + ZJ‘ j ’[ vD,ZC]_vfj (t', x,v)dvdxdt
R4 =170 R4J 0

(2.14)
d ot
- ZJ‘ J‘ ue (¥, x)0x, fi(t, x, us (t', x))dxdt'
i=17 0/ R4
d st u.(t',x)
= f |uo () [P dox — Zj f f O, fi(t', x,v)dvdxdt,
R4 i=17 0/ R4J 0
where the second equality sign is justified by the following partial integration:
t Ug
f I f oD, fi (¥, x,v)dvdxdt
0J rtJ 0 !
(2.15)

t t Ug
:f I U0y, fi (1, x, 1. ) dxdt —I J f Ox, fi(t, x,v)dvdxdt .
0J R 0JriJ o

Now inequality (2.10) follows from (2.14), using (H1).
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As for inequality (2.11), we start by using (2.14), namely,

t
f |ue (¢, x) Pdox + SI J Vu.(t,x) - b(Vu (', x))dxdt
R 0J re

d st u (f,x)
= f |uo(x)|2dx-zf f f O, fi(t, x,v)dvdxdt
R4 i=17 0/ R4J 0

d pt u (f,x)
gf |uo(x)|2dx+zf f j |0, fi (¥, x,0) |dvdxdt (2.16)
R4 =17 0/ R4J 0
tl
gf 1o ()| dx+f f pit,x) SR godxdt
RAJRT + |v

gf |uo(x)|2dx+Cf f u(t, x)dxdt,
R4 0/ R4

where C = [ (dv/(1 + o).
From here, using (H3), we conclude in particular that

t
gf j |Vuue (¢, x) | dxdt’ < Cny, (2.17)
0/ R4

for some constant C1; independent of €.
Next, we differentiate (2.1) with respect to x; and multiply the expression by Oy, u.
Integrating over R?, using integration by parts and then summing over k = 1,...,d, we get:

d
1f Of| Ve [dx — ZI (VOx, ue) - (Ox, fic(t, X, ) + Oy fiOx, Ue ) dx
2 Rd k=1 Rd
(2.18)

d
=_ng (VO 1) Db(Viug) (VO 1. )dx.
k=17 R4

Integrating this over [0, t] and using the Cauchy-Schwarz inequality and condition (H2), we
find

% f |V (¢, )|2dx+gc32f JRd|vaxkuE| dxdt’

(2.19)

1

< EI |Vu0|2dx + Z||V(axkus)||L2(R+de)”axkfk s Ue) + 0y kaxkugllLZ(R+de)
k=1
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where C; is independent of €. Then, using Young's inequality (the constant Cj is the same as
previously mentioned)

:38 2 2
< — R .
ab > a C3 b a, be R, (2 20)

we obtain

1
Ef |Vue(t, )|dx+sC3Zf IRd|vaxkug| dxdt

1

ng |Vuo|*dx + C3= fo |V Oy, ue|*dxdt’ (2.21)

1 ¢ , -
+ ZCBEJ‘OJ‘Rd§|anfk(t/x/ug) + Oy fiOx, Ue | doxdt’.

Multiplying this by £2, using (a + b)* < 2a® + 2b?, and applying (2.17), we conclude

2
dxdt

52 53 t
—J [Vue(t, - )|2dx+C3—j I)Dzug
2 Rd 2 Rd 0

e TR o ) ) 2, 0. Cn 2
<= = — )
<3 fRdIVuol dacdt' + CSIOIdeE_l.laxkfk(tfxf”s(ffx))l dxdt’ + -5 10w fill L (e xror)
(2.22)

This inequality is actually inequality (2.11) when we take Cs = 2max{1,1/C;, C11/
C3}/min{1,C3}. O

3. The Multidimensional Case

Consider the following initial-value problem. Find u = u(t, x) such that

Oru + divy f(t,x,u) =0,
(3.1)
u(x,0) = up(x), x€RY,

where ug € L2(R?) is a given initial data.

For the flux f = (f1,..., fa) we need the following assumption, denoted (H4).

(H4a) For the flux f = f(t, x,u), (t, x,u) € R*xR¥xR, we assume that f € C(R; BV (R*x
R%)) and that for every I € R* we have maXye[-11|f (£, x,u)| € LP(R* x RY),p>2.
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(H4b) There exists a sequence f, = (fio,---, fdo), @ € (0,1), such that f, = f,(t,x,u) €
C'(R* x R? x R), satisfying for some p > 2 and every | € R*:

.. — f(- - in IP(R* 4\ _
Zrer;?lﬁ]lfq(/ ,z) = f( ’Z)|(:60 in L (R XR) 0, (3.2a)
d C
ZI |8, fig (t, x, ) |dxdt < ————, (3.2b)
R*xR¥ 1+ u ™
I |axkle(t x,u)|*dxdt < G, (3.20)
i= 1k R*xR
[0u fio (£, x, 1) | < (3.2d)
Z ! ﬁ( )’
d (:;3
Zf 0% ufio(t X, 1) |dxdt < v (3.2e)
i=1” R*xRd 1+ |u

where éi, i = 1,2,3, and C are constants, while the function p : R — R is such that
lim, of(p) =0

In the case when we have only vanishing diffusion, it is usually possible to obtain
uniform L® bound for the corresponding sequence of solutions under relatively mild
assumptions on the flux and initial data (see, e.g., [9, 10]). In the case when we have both
vanishing diffusion and vanishing dispersion, we must assume more on the flux in order to
obtain even much weaker bounds (see Theorem 3.2). We remark that demand on controlling
the flux at infinity is rather usual in the case of conservation laws with vanishing diffusion
and dispersion (see, e.g., [16, 17, 19]).

Remark 3.1. For an arbitrary compactly supported, nonnegative ¢; € CP(R* x RY) and ¢, €
Cy°(R) with total mass one denote

1 z u
Po(z,u) = Qd+1‘/’< ) ﬁ(q) <m> (3.3)

z € R* xR and u € R, where § is a positive function tending to zero as ¢ — 0. In the
case when the flux f € C(R; BV(R* x R%) ) n BV(R x R* x R%)) is bounded, straightforward
computation shows that the sequence f, = fx¢, = (f1o, ..., fao) satisties (H4b) with f(¢) = ¢

We also need to assume that the flux f is genuinely nonlinear, that is, for every (t, x) €
R* x R% and every ¢ € R? \ {0}, the mapping

R5A—s Zfl(t x,\) I%I (3.4)

is nonconstant on every nondegenerate interval of the real line.
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We will analyze the vanishing diffusion-dispersion-smoothing limit of the problem

Opu + divy fo(t, x, u) = edivyb(Vu) + 6Zax}x]x] (3.5)

u(x,0) = up.(x), x€R?, (3.6)

where the flux f, satisfies the conditions (H4b). We denote the solution of (3.5)-(3.6) by u, =
u.(t, x). We assume that

||u0,5 - u0||L2(Rd) — 0, ||u0/5||L2(Rd) + €||u0,g||H1 (Rd) S C (37)

We also assume that ¢ = ¢(¢) — 0and 6 = 6(¢) — 0as e — 0. We want to prove that under
certain conditions, a sequence of solutions (1),., of (3.5)-(3.6) converges to a weak solution
of problem (3.1) as ¢ — 0. To do this in the multidimensional case we use the approach of
H-measures, introduced in [11] and further developed in [10, 21]. In the one-dimensional
case, we use the compensated compactness method, following [13].

In order to accomplish the plan we need the following a priori estimates.

Theorem 3.2 (a priori inequalities). Suppose that the flux f(t, x,u) satisfies (H4). Also assume
that the initial data ug satisfies (3.7). Under these conditions the sequence of smooth solutions (u.) ..
of (3.5)-(3.6) satisfies the following inequalities for every t € [0,T]:

t
j |ug (t, x)[*dx + gf f |V (x,s)[*dxds < c4<f 1o (x)|*dox + cm>, (3.8)
R4 0/ R4 R4

t 2
62’[ |Vu5(t,x)|2dx+g3ff |D2u£(t',x)| dxdt <Cs szf |Vt (x)*dx + C11+
Rd 0/ Re Q ( )
(3.9)

for some constants Cyg, C11, C12 (the constants Cy4, Cs are introduced in Theorem 2.1).

Proof. For every fixed ¢, the function f, = (fio,..., fao) is smooth, and, due to (H4), we see
that f, satisfies (H3). This means that we can apply Theorem 2.1.
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Replacing the flux f by f, from (3.5) and ug by ug, from (3.6) in (2.10) and (2.11), we
get

t
f |ug(t,x)|2dx+5f f |V (x,s)[*dxds
R4 0/ R4

t u (t,x)
<GC; (J ug,e (x)[*dx —f f f div, fo(, x, v)dvdxdt’),
R4 0/ R4J 0

t 2
szf |V (£, x)[dx + 53I I 'DzuE (t',x)| dxdt
Rd 0J re

(3.10)

<cu( 2] T 1l ey 611

k=1i=1

+£J‘; J.Rd ii [0, fio (', x, us (', x))] 2dxdt > .

To proceed, we use assumption (H4). We have

t u: (t,x) t d
J'J' f div fio (¥, x,v)dvdxdt’ gff j > |0x fio (£, x,v) | dvdxdt
0/ R4J 0 0J rRd

Ri=1
(3.12)

C
< f —11610 < Coo,
R1+ o]

which together with (3.10) immediately gives (3.8).
Similarly, combining (H4) and (3.11), and arguing as in (3.12), we get (3.9). O

In this section, we will inspect the convergence of a family (u,),., of solutions to (3.5)-
(3.6) in the case when

b, ha) = (Ag,. ., Aa) (3.13)

for the function b appearing in the right-hand side of (3.5). This is not an essential restriction,
but we will use it in order to simplify the presentation.

Thus, we use the following theorem which can be proved using the H-measures
approach (see, e.g., [10, Corollary 2 and Remark 3]). We let 8 denote the Heaviside function.
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Theorem 3.3 (see [10]). Assume that the vector f(t,x,u) is genuinely nonlinear in the sense of
(3.4). Then each family (ve(t, x)) .o C L (R* x R?) such that for every c € R the distribution

0:(0(v: — ) (ve — ¢)) + divy (0(ve — o) (f(t, x,ve) — f(E,x,¢))) (3.14)

is precompact in H, | 1 contains a subsequence convergent in Llloc(RJr x R9).
We can now prove the following theorem.

Theorem 3.4. Assume that the flux vector f is genuinely nonlinear in the sense of (3.4) and that it
satisfies (H4). Furthermore, assume that

o=¢, ©6=¢p*(e) withp(e)=0(p(e)), (3.15)

and that ug . satisfies (3.7). Then, there exists a subsequence of the family (u.) .. of solutions to
(3.5)—(3.6) that converges to a weak solution of problem (3.1).

Proof. We will use Theorem 3.3. Since it is well known that the family (u,),., of solutions of
problem (3.5)—(3.6) is not uniformly bounded, we cannot directly apply the conditions of
Theorem 3.3.

Take an arbitrary C? function S = S(u), u € R, and multiply the regularized equation
(3.5) by S'(u,). As usual, put

q(t,x,u) = IOS'(U)Gqu dv, q=(q1,...,94)- (3.16)

We easily find that
0rS(ue) +diveq(t, x, ue) — diveq(t, x,v)| oy, + S'(ue)divy fo(t, X,0) |y,

d d
_ . i " 2 U 2 " 2
= ediv, (S (ue) Vite) — £S" (us) | Ve | + 5§;ij (s (ug)ax]_xl_u5> - 62%5 ()0, 4202 .
i= j=
(3.17)
We will apply this formula repeatedly with different choices for S(u).

In order to apply Theorem 3.3, we will consider a truncated sequence (Tj(u.))
where the truncation function T; is defined for every fixed I € N as

>0/

-1, u<-i,
Ti(u)=<xu, -l1<u<l, (3.18)
I, u>lL

We will prove that the sequence (Tj(u.))..o is precompact for every fixed I. Denote by u; a
subsequential limit (in L; ) of the family (Tj(i)),.o, which gives raise to a new sequence
(u1);51 that we prove converges to a weak solution of (3.1).
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To carry out this plan, we must replace T; by a C? regularization Tj, : R — R. We
define T;; : R — Rby T;;(0) = 0 and

1, lu| <1,
T) () = t%ﬂ,kwdw, (3.19)
0, lul >1+o0.

Next, we want to estimate ||Tl’,’0 (uE)Vuglle (R xR To accomplish this, we insert the

functions T;° for S in (3.17) where T}, are defined by T;° (0) = 0 and

1, u<l,
(Tz}y(”) = HOT_” I<u<l+o, (3.20)
L0, u>l+o,
1, u>-l,
(Tzfa>’(”) =9 HG% l—o<u<-l, (3.21)
0, u<-l-o.

Notice that

() <1,

Tj, ) =T, () for ~1<us<l.

TE ()| < Jul + 2,
’ 2 (3.22)

By inserting S(u) = -T," (u), q = q.(t,x,u) = —fg(le’G)'(v)aqu dv in (3.17) and integrating

yo

over I; = [0,¢] x RY, we get

- _[ Tlfo(us)dx + f Tlfg(uo)dx + EJI |Vug|2dxdt
Rd R4 0 J)J mn{i<u.<l+o)

= ff div.g.(t, x,v) |v:u5 dxdt + J‘J‘ (Txg)’(ug)divqu(t, X, v)lv:ugdxdt (3.23)
I I

5 d
0 J’ f 05,1, uedxdt.
Tin{l<u.<l+o} j=1
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Similarly, for S(u) = (u) q=q-(t,x,u) = fo( )'(v)auf(, duv, we have from (3.17)

j T, (u)dx — I T, (u)dx + fJ'J' Vi, Pdxdt
Rt Rt 0 JJ mn{-l-o<u.<-1}

= J. divyg-(t, x, )|, dxdt - J‘J‘ (ug)dlvqu(t X,0) |y, dxdt (3.24)
I

6
+ —II Zax,ug % u.dxdt.
0 JJ mn{-l-o<u.<-1}

j=1

Adding (3.23) to (3.24), we get

£
—H |Vu,|*dxdt
O JJ mn{i<ju.|<l+o)

B —JRd <le0(“£) - TZTU (u5)>dx " ,[Rd <le0(”0) - Tlfa(u0)>dx

+ f div.q-(t, x, )|, dxdt + f divg.(t, x,0)| ey, dxdt
I

T
’U T, (ug)dlvfo(t X,0)|pey, dxdt + ff (ug)dlvqu(t X,0) |y, dxdt
5 d )
+ — O, ugéx x; u.dxdt — —JI Ox, U0, Usdxdt.
GJ‘J‘th{ o<t <~ 1},2 ! H,n{l<u5<l+a]jz:; ! =
(3.25)
From (3.22) and the definition of 4- and g, it follows
i” Ve Pdxdt < f 2| dx +f 2|uo|dx
O JJ mn{i<ju|<l+o) [14]>1 Juo|>1
+2Jf f Z x,vle(t x,v)|dvdxdt
I/ Rij=1
(3.26)

d
+2ff D 10x fig(t, x, uc) | dxdt

I j=1

5 d
N z_ff Z dxdt.
0JJ mn{i-o<ju.|<1) j=1

2
Oy Ue 6x]_ x;Ue
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Without loss of generality, we can assume that [ > 1. Having this in mind, we get from (H4)
and (3.26)

f” |V, Pdxdt
O JJ mn{i<ju.|<l+o}
d 63

< f 2ludx + f 2|uo*dax + 2j >
[ue|>1 [uo|>1

R 1+ o]

d d
6
+ fo Z|axifio(tr x, ;)| dxdt + 2—ff Z 6xjuga§.x_ug dxdt
Iy =1 OJJ minfi<lu|<i+o) i1 “
(3.27)
< | 2(lucte, OF + fuo(x, O )dx + Ky + Ko + 2i§d;||gl/2a u
RN ’ oe2 & HEN L2 (R xR
3/242
X ||5 axixi 3 LZ(R+XRd)
2 2\ /2
SK5+< 6 7+ (24> K3Ky,
o%et(f(e))” 7€
where K;,i=1,...,5, are constants such that (cf. (3.8) and (3.9))
J ~
[ $ 6 e,
R 1+ o™
d
2J.J‘ Zlaxifi()(tr X, uE)ld-th < KZ/
Iy =1
- 1/2
3.28
;”g O the 12(R*xRY) <K, (3.28)

1 € 1z
12(R*xR) < <(ﬁ(0))2 + 6> Ky,

J' 2(lue (e, ) + o (e, 1) ) dx + Ky + Ko < K.
R4

d

3/242
Z”g ! axixiu-‘5
i=1

These estimates follow from (H4) and the a priori estimates (3.8), (3.9). If in addition we use
the assumption € = ¢ from (3.15), we conclude

6 11 L g & &\ (329)
— |le" Ve 2 (rexray D€ “0% el 12 (me wrey S + K3Kjy. 3.29
&2 ellrz(RexR ); xixi el L2 (RexR) 024 p2(e)  o2et
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Thus, in view of (3.27),

52

2

which is the sought for estimate for ||T}' (1) Vi || LR xR’

Next, take a function U, (z) satisfying U,(0) = 0 and

0, z<0,

= |Vu.[*dxdt < Ks + +
GJJH,n[l<uE|<l+a} ) o%e*fA(e)

15

62 1/2
= 4> K3Ky, (3.30)
(3.31)

Clearly, U, is convex, and U;,(z) — 0(z) in LfOC(R) as p — 0, for any p < oo; as before, 0

denotes the Heaviside function.
Inserting S(u,) = U,(T)o(u:) — ¢) in (3.17), we get

AL, (Tyo(1te) — ) + divi j U(Ty0(0) = )T}, (2)00 fot, x,0)do

_ f U (T (0) - )T, (0)divado fot, %, v)dD

_ U;,(Tl,a(ug) - C)Tl,,g (ue)divy fo(t, x,0) ooy,

(3.32)

+eA U, (Tio(ue) = ¢) — D2, [Up(Tio(ue) = ©)]| Vil

d
+65 Dy, <Du [U,(Tye () - €)] aiixiug)
i=1

d
- 6> D, [Up(Tio(ue) = €)] 0,03, e
i=1

We rewrite the previous expression in the following manner:

01 (O(Ti(ug) — ) (Ti(ue) — ¢)) + divy (0(Ti(ue) — ) (f (£, x, Ti(ue)) — f(t,x,¢)))

= rl,e + r2,£ + r3,s + r4,5 + r5,£ + ré,s + 1—‘7,61

(3.33)
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where

Fl,s =0y (G(Tl (ue) - C) (Tl(us) -c) - up (Tl,o (ue) - C))/

T = div. (BT () = O£t Tie)) = £ 8, %,)
_rg U (Tho (0) = )T}, ()30 folt, %, v)dv),
T3 = fueu;,(:r,,o(v) = OT], (0)divsd, fo(t, x, v)dv
U (T (1) — )T, () dive fo %, 0) (334)

d
Tye = AU, (Tyo (1) = €) + 63 D, (Du [Up (Tyo () = €)] 21 ).
i=1

o

F5,E = _gu;; (Tl,o (us) - C)TI,,, (uE)qu£|2,
d

r6,s = _6ZD12m [up(Tl,o(ue) - C)]axiueaiixiusr
i=1

" ! 2 2
T7e = ~eUp(Tio (ue) - ) (T), (ue) ) Vel

To continue, we assume that o depends on ¢ in the following way:
o=p=0(p)). (3.35)

From here, we will prove that the sequence (Tj(u,)).., satisfies the assumptions of
Theorem 3.3. Accordingly, we need to prove that the left-hand side of (3.33) is precompact in
H!(R* x R%)

loc '

To accomplish this, we use Murat’s lemma ([22, Chapter 1, Corollary 1]). More
precisely, we have to prove the following.

(i) When the left-hand side of (3.33) is written in the form divQ,, we have Q. €
(R* x RY) forp > 2.
(ii) The right-hand side of (3.33) is of the form M,.p + H -1

loc,c’
a set of families which are locally bounded in the space of measures, and H, . is a set of

LF’

loc
where Mo g denotes

families precompact in H 1C

First, since T;(u,) is uniformly bounded by [, we see that (i) is satisfied.

To prove (ii), we consider each term on the right-hand side of (3.33). First we prove
that

T1e = 0:(0(Ty(ue) — ) (Ti(ue) — ¢) = U, (Tio(ue) —¢)) € H!

loc,c*

(3.36)



International Journal of Differential Equations 17

We have

O(Ti(ue) — o) (Ti(ue) — ¢) = Up(Ti,o(ue) - €)
= 0(Ti(ue) — ) (Ti(ue) — ¢) = O(Ti,o (ue) — ) (Th,0 (1) — €) (3.37)
+ Q(Tl,o (us) - C) (Tl,o(us) - C) - up (Tl,o(us) - C)-

Since the function 8(z — ¢)(z — ¢) is Lipschitz continuous in z with the Lipschitz constant one,
and, according to definition of U, it holds |U,(z) — 08(z)z| < 1/2p, we conclude from the last
expression

|6(Tl(u£) =) (Ti(ue) — ) = Up(Tho(ue) - C)l <Ti(ue) = Tio (ue)| + O(P) <O(o) + (9(,0)
(3.38)

From this and assumptions (3.15) and (3.35) on 0 = o(¢) and p = p(¢), it follows that
ase — 0

G(Tl(us) -c) (Tl(ue) - C) - Up(Tl,o(us) -c)—0 (3-39)

inL?

loc for all p < oo. Thus, (since we can take p = 2 as well) we see thatI'; . € H -1

loc,c*
Next, we will prove that

Iy, = div, (em(ug) O (f (%, Ty(we)) - £(t,x,0))
(3.40)

_Iueu;(Tl,G(v) - c)Tl’,U(v)avf(,(t, x,v)dv) € Hl:)1c,c + Mioe,B-
Indeed,
O(Ti(ue) — ) (f(t, x, Ty(ue)) - f(t,x,¢)) - J EU'p(Tz,o(v) = )T} ,(0)0u fo(t, x,v)dv
= 0(T1(ue) — o) (f (£, x, Ti(ue)) = f(t,x,¢)) = O(Tio(ue) — ) (folt, x, Tio () = fo(t, x,c))

+0(Tyo(ue) = ) (f(t,x, Tio(ue)) = f(t,x,¢)) = IuEU}, (Th,o(v) = )T} ()00 fo(t, x, v)dv

_ I U (Tyo(0) - 0) (T1,0) = T;(0) 0o folt, x, 0)d.
(3.41)

Since Tj(u) = wif [u| <Tand T;(u) = 0if |u| >,

j UL (T (0) = O)T}(0)3, folt, x,0)do = f UL (T4 (0) = T} (@) folt, x, Ti(0))dv,  (342)
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from which we conclude

O(Ti(ue) — o) (f(t, x, Ti(ue)) = f(t,x,¢))
. f U (T (0) - T, ()00 ot x, 0)do
=0(Ty(ue) — o) (f(t, x, Ti(u.)) — f(t,x,¢))

= 0(Tyo(ue) = o) (f(t,x, Tio(ue)) - f(t,x,¢))
+0(Tyo(ue) — o) (f(t,x, Tio(ue)) — f(t,x,¢))

_ f ugl,[;,(Tz,U(v) — )T/ ()3 folt, x, Ty(v))dov
_ j UY(Ty0(0) - ) (T}, (0) = T;(0) 0o fot, x, 0) 0

(3.43)
=0(Ti(ue) — ) (f(t/ x, Ti(ue)) - f(t/ X, C))

= 0(Tyo (ue) = ) (f (£, x, Tio (ue)) = f (£, x, )

+0(Tyo(ue) — ) (f(t, x, Tio(ue)) — f(t,x,¢))

_ f 0T (0) - Dy [folt, x, Ty(0))] do
- f U (Ty0(0) ~ ) (T}, (0) = T}(0) o ot x, 0)d0

[ (U000 - 0(T1a0) - ) TSt 3, T

_ 7l 2 3
=L +15.+15,,

with
Iy, = 0(Ti(ue) — o) (f(t, x, Ty(ue)) = f(t,x,0)) = O(Tio(ue) — o) (f(t,x, Tio(ue)) - f(t,x,0)),
r%,g =0(Tio(ue) —c) (f(t/ x, Ty o (ue)) — f(tr X, C)) - J‘uEQ(Tl,G(U) -¢c)Dy [fo(t/ x/Tl("U))] do,
Fg,g = _f eu,’a(Tl,o(U) ) <T;,G(U) - T,'(U)>avf(,(t, x,v)dv

_ J‘”f (U;, (T1,5(v) —c) = 0(T16(v) - c))Tl’(v)ava(t, x,T(v))dv.
(3.44)
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Consider now each term on the right-hand side of (3.43). Since T; is a continuous

function and T;(u) € [-1,1], the function f(t, x,T;(u)) is uniformly continuous in u € R.
Therefore, we have pointwise on R* x R4:

1
' FZ,E

= |0(Ti(ue) - o) (f (£, x, Ti(ue)) = f(t, x, ))

—0(Tyo () — ) (f(t, x, T1,o(us)) = f(t,x,¢))| — 0 as o — 0.

(3.45)

Since maxye[11 f (t, x,u) € LP(R* x R9), p > 2, Lebesgue’s dominated convergence theorem
yields |l"§,g| = 0417 (1), where fR+XRd|oo,Lp(1)|”dxdt — 0as o — 0. Thus, we conclude

div,I}, € H, .

loc

(R+ x Rd>. (3.46)

We pass to I3 . We have to distinguish between different cases depending on the
relative size of ¢ and [I. Consider first the case when |¢| < I, in which case we have T;(c) = ¢
and T;,(c) = c. Thus,

2
| r2,s

- ‘em,a(ua CO(f (% Tio (1)) ~ (%))

—f%e(:r,,o (0) = Dy [folt, x, Ty (0))] do

- \em,a(ug) O (f (% Tio () - (%))

(T, () - c)jue Do [fo(t x, Ty(0))] do

= [0(Ty0 (ue) = ©) (f (%, Tro (ue)) = f(t,%,€))
~0(Tio (1) = ) (folt, x, Ti(ue)) = folt, x,))|
<|O(Tio(ue) — ) (f (£ x, Tio(ue)) — folt, x, Ti(ue))) |
+ |9(T,,G(u€) -0) (f(t,x,c) - folt,x, c))|
<|O(Tio(ue) — ) (f (t x, Tio (ue)) = folt, x, Tio(ue))) |
+0(Tio(ue) = ) (folt, x, Tio(ue)) — folt, x, Ty(ue))) |
+]0(Ti0 (ue) = ) (f(t, x,€) = folt, x,0))|

(3.47)

o

= Oo,Lfoc(l) + o(ﬂ(@) > + oQ,LfM(l) =0Q1) + OQ:Lﬁc(l)’

where 0017 (1) appears due to (3.2a), and O(1) comes from (3.35).
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For ¢ > I we have ¢ > | + o for a 0 small enough, and therefore 0(T; (1) — c) = 0. On
the other hand, for ¢ < -l we have ¢ < -l -0, and so 0(T} (1) — ¢) = 1. Thus, the problematic
case is when ¢ < —I. In this case, we have instead of (3.47)

13, = 0(Tio (1) - o) (f(t, %, Tho(ue) — £(£,%,)) —f O(Ty0 (0) - €) Dy [fo %, Ty(v))] do

= f(t/ x/Tl,o(us)) - f()(t/x/Tl(uE)) + fQ(trxr _l) - f(trx/ C)
(3.48)

implying

div,I5, € Hyl + Mioc3, (3.49)

since f(t, x, T,o(ue)) = fo(t, x, Ti(u:)) — Oin LfOC(RJr xR%) for p > 2, and folt,x, =)= f(t,x,c) €
BV (R* x R9).
It remains to estimate Fg,s' Noticing that [U|, |T; | < 1, we get

[ty o) - ) (T30 Ty fot 3,010

(3.50)
' ) (3.15),(3.35)
< T, ,(v) = T/(v)|dv = (9< ) =0(01),
* 5o )J [ | p(e)
where C is the constant given by (3.2d).
Similarly, from (3.2d) and since |T;(v)| < 1, we have
[ (00 - 0 - 0110 (0) - ) @10 fot 3, T o
(3.51)

_ﬂ( )_[ |LI’ (Ti,6(v) —¢) = 0(Ty6 (V) - C)|dv 0<ﬁ(@)>(315) o),

from which we conclude that Fg is bounded in L2 From assumptions (3.15) and (3.35), as

well as for the estimates (3.46)—(3.51), it follows that the expression from (3.43) is bounded

in L120c from which it follows that I',. € H 1C o
The next term is

Iy, = J' UL (T (0) - )T}, (0)divsdo fo %, v)d0
‘ (3.52)

_ LI’p(Tl,C,(uE) - c)Tl’,a(uE)difo(,(t, X,0) |ymy.
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According to (H4), it is clear that I's, € Mjop. Indeed, since |LI'p|, |Tl’,a| < 1 we have from
(3.2b) and (3.2e)

T3, |dxdt < LS RN Ci <K (3.53)
” 1+a
R* xR R1+ ||

for a constant K¢, implying the claim.
Next, we claim that

d
Tye = > D (eD Uy (Tyo (1) = €) + 8D, [Uy (T (1) = 0)] 8% 180 ) € H)

loc,c*
i=1

(3.54)

Due to a priori estimates (3.8) and (3.9) and, again, the fact that [T} |, |U,| < 1, we see that for
everyi=1,...,d

€D U, (Ty6 (1) = €) + 6Dy, [Up (Tyo (1e) = €)] 03, e — 0 (3.55)

in L2(R* x R?). Therefore, Ty, € le)lcc
Further, we claim that

Tse = e}, (Tro (1) — O)T), (1) | Vite|* € Mioe,p. (3.56)

0

Since |U},| < 1 and [T} | < 1o we have from (3.30) (recall (3.28) for the definition of the
constants K; for j = 3,4,5)

of Uy et - T ()| 19 P
R+xR4
(3.57)
£ 2 (3.30) 6 6 v
< —f |Vue|"dxdt<™VKs + ( —— + 3 K3K4 < K,
O J I<juc|<l+o o o’ (:6(@)) et

for some constant K, according to assumptions (3.15) and (3.35) on 6 = 6(¢), 0 = o(e),
0 =0(¢), and (o) = ﬂ(£3). Thus, we see that I's . € Mo 5.
Next, we need to show

d
Iﬂ6,£ = 6ZDL2m [up (Tl,o (us) - C)] axiusaiixius € ./nloc,B- (358)
i=1
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In view of a priori estimates (3.8) and (3.9), and assumptions (3.15) and (3.35), it holds
d
> D5 (U (Tyo (ue) = )] 0,03, e | dxdt

o0l
R*xR4 |[5=1
1/2
(G )L losscPasar) ([
i o p R+ xR R+ xR
d 1/2
(+ )3 Jomaxar) (2
E°O E°p i—1 R*xR4 R+xRd
1/2
(e )z ) s
g0 &p/\e ((9)

for some constants K7 and Kg. The second estimate holds since llg <1/pand T/ < 1/c
implying |Dy,, [U,(Ti,c(u:) — c)]| < (1/0 +1/p). Therefore, I's e € Mioc,5-
Finally, we will prove that

M=

Il
—

2
Oy, x, Ue

dxdt>

2 D (3.59)
dxdt)

2
ax,-xi Ue

2
I7e = =eUj (Tyo(1te) = ) (T (1)) Vatel” € Mo (3.60)
First, notice that supp U}, = (0,¢), and therefore
Uy (Tio(ue) =) 20  for ¢ < Tio(ue) < c+p. (3.61)

Assume first that |c| > I. Since we can choose p = o (see (3.35)) arbitrarily small, we can
assume that [c| > [+ 0. In that case U} (Ti,o(ue) —c) #0 only if | + 0 < Ty 5(u,) < I+ 0+ p which
is never fulfilled according to the definition of T}, (see (3.22)). So, in this case,

T7: =0 € Moep. (3.62)

Next we assume that |c| < I. As before, we can assume that |c| < | — p since we can
choose p = o arbitrarily small. From (3.61), we see that ll;; (T1o(ue)—c) #0if -1 < ¢ < Ty o (ue) <
¢+ p < limplying that U (T;,0(ue) — ¢) = Uj (ue — c). Thus,

T7e = —eUp(u, - )| Vue|* € Mioc s, (3.63)

according to (3.30) (we put there [ = ¢).
Finally, assume that |c| = I. From (3.61) and (3.19), we conclude

2
(T, () ) Up(Tio () =) #0if (I Ty(ee) <1+ p and u, <1+ 0) o,

iff (I <u. <Il+o0).
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From here and since |Tl’,a| <1, it follows (recall that we assume p = o)

2
” U} (Tyo (ue) — ) <Tl'o(u5)> |Vug|*dxdt < 5” |Vu*dxdt < oo,  (3.65)
I, ’ O JJ mn{i<ju.|<l+o)

according to (3.30). From here, (3.62) and (3.63), we conclude (3.60).
Collecting the previous items, due to the properties of I'i ., i = 1,...,7, it follows from
(3.33) that

010(T (ue) — c)(Ti(ue) — c)

3.66
+div,O(Ti(ue) — ) (f(t, x, Ti(u.)) = f(t,x,¢)) € Miocp + H. . 00

Therefore, we see that (ii) is satisfied and we can use Murat’s lemma to conclude that

010(Ty(ue) — ) (Ti(ue) — c) +divy0(Ti(ue) — ¢) (f(t/ x, Ty(ue)) - f(t/ X, C)) € H,}

L. (367)
Thus we conclude that the conditions of Theorem 3.3 are satisfied, and we find that for every
1> 0 the sequence (T;(u,)),-q is precompact in Llloc(R+ x R).

Since the sequence (i), is uniformly bounded in L2(R* x R%), from [23, Lemma 7],
we conclude that (u,),., is precompact in L] (R* x R%). O

4. The One-Dimensional Case

We will analyze the convergence of the sequence (u;),., of solutions to (3.5)—(3.6) in the one
dimensional case. Unlike the situation we had in the previous section, we will assume that
the flux is continuously differentiable with respect to u. This will enable us to optimize the
ratio 6/¢%. We will work under the following assumptions on the flux f = f(t,x,u) denoted
(H4').

(H4a') For the flux f = f(t,x,u) we assume that f € C}(R; BV(R* xRy))NL®(Rx R* x
Ry) and 0, f € L*(R x R* xRy).

(H4b') There exists a sequence ( fQ)Q>0 defined on R* x R xR, smooth in (¢, x) € R* xR,
and continuously differentiable in u € R, satisfying for some p > 2 and every [ > 0:

max|fo(t, x,z) - f(t,x,z)] — 0, ¢—0in L] (R"xR),

|zl

Jf |0x fo(t, x, u) |dxdt < Ll, JT 0|0xfolt, x,u)|2dxdt <Gyt x),
R*xR 1+ |u| ™ R*xR

I

(4.1)
G
02, folt, x,u)|dxdt < —>—,
fQ( )| 1 + |u|1+(1

|aqu(t/xru)| S C/

where 6,-, i=1,2,3, and C are constants independent on (¢, x, ) € R* x RY x R.
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Under these assumptions we will prove the following.

(i) Without assuming nondegeneracy of the flux, the sequence (u,),.., converges along
a subsequence to a solution of (3.1)-(11) in the distributional sense when 6 = O(£?)
and ¢ = O(¢) (less stringent assumptions than in the multidimensional case).

(ii) If, in addition, we assume f € C?(R;BV(R* x R,)) N L*(R x R* x R,), and that
f is genuinely nonlinear in the sense of (4.12), the sequence (), of solutions of
problem (3.5)—(3.6) is strongly precompact in Llloc(R+ x R) when 6 = O(¢?).

Remark 4.1. The proof relies on a priori inequalities (3.8) and (3.9). Notice that thanks to
(H4a'), we can take () = 1 in inequality (3.9).

We will need the fundamental theorem of Young measures.

Theorem 4.2 (see [24]). Assume that the sequence (ug,) is uniformly bounded in LfOC(R+ x R%)),
p > 1. Then, there exists a subsequence (not relabeled) (u,,) and a sequence of probability measures

Vi € MR),  (t,x) ER*xR? (4.2)
such that the limit

8(t,x) = lim g(t, X, ug, (£, x)) (4.3)

exists in the distributional sense for all ¢ measurable with respect to (t,x) € R* x R%, continuous in
u € R and satisfying uniformly in (t, x):

|g(t x,u)| <C(1+ul?), (4.4)

fora constant C independent of u, and q such that 0 < q < p. The limit is represented by the expectation
value

3(t,x) = f gt %, ) (1), (4.5)

R*xR4

for almost all points (t,x) € R* x R%,

One refers to such a sequence of measures v = (V. x)) as the Young measures associated to the
sequence (Ug, ) jen-

Furthermore,

uy, —u in L (R"xRT), 1<r<p, (4.6)
if and only if

vy = 6u(y) a.e. (4.7)
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Before we continue, we need to recall the celebrated Div-Curl lemma.
Lemma 4.3 (Div-Curl). Let Q C R? be a bounded domain, and suppose that

1 =1 2 2

v, =T, v =T,

1 =l 2 =2 (4.8)

w, =W, w. —w’,

in L2(Q) as € | 0. Assume also that the two sequences {div(v},v2)} .., and {curl(w}, w?)},., lie
in a (common) compact subset of H; ! (Q), where div(v},v2) = 3y, 0} + 0,,0% and curl(w}, w?) =
Oy, w? — Oy, w?. Then along a subsequence

<vi,v?> . <w§,w§> — <51,52> . (wl,wz) ind(Q)ase 0. (4.9)

Lemma 4.4. Assume that (u.)., € L>(R* x R) converges weakly in L>(R* x R) to a function
u € L2(R* x R). Assume that n(t,x, \), (t,x,\) € R* x R?, is a function satisfying (4.4) with q = 2
such that 1 € C*(Ry; L* N BV (R] x Ry)).

By n,, one denotes the truncation of the function #:

n(t,x,A), |\ <n,
M (t,x,A) = (t,x) eR* xR, (4.10)
0, |A] > 2n,

and g, (t, x, A) the corresponding entropy flux.
If for every n € N one has

dive (a(t, X, ue), gu(t, x, 1)) € Hlj)lclc(R+ x R), (4.11)

then the limit function u is a weak solution of (1.3).
Furthermore, if the flux function f = f(t, x, ) is twice differentiable with respect to A, and is
genuinely nonlinear, that is, for every (t,x) € R* x R? the mapping

R > M — 0,f(t,x, A) is nonconstant (4.12)

on nondegenerate intervals, then (u),. converges strongly along a subsequence to u in L; _(R* xR).

Proof. We will apply the method of compensated compactness as in [13].
First, notice that according to Theorem 4.2 there exist a subsequence (u,,) C (#,) and a
sequence of probability measures

Vix) € MR), (t,x) eR" xR (4.13)

such that the limit

gt x) = lim g(t, x, ue, (¢, x)) (4.14)
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exists in the distributional sense for all g measurable with respect to (¢, x) € R*xR, continuous
in u € R, and satisfying (4.4) for some q € R such that 0 < g < p, and is represented by the
expectation value

g(t,x) = j Rg(t, X, M)dvi (L), (4.15)

R*x

for almost all points (¢, x) € R* x R. Next, notice that the function f satisfies (4.4) for g = 1.
Indeed, from (H4a'), it follows 0,|f| = sgn(f)0.f < C, and from here |f| < C(1 + |ul]), for a
constant C which depends on the constant C and the L* bound of the function f. From this,
we conclude that for the flux function f(t, x, v) we have

klim ft,x,u, (t,x)) = f f(t,x, 1)dv ) (L). (4.16)
—® R*xR
To continue, notice that

u(t,x) = J‘)L Av( x)(1). (4.17)

Take r7(u) = I(u) = u in (4.10), and consider the vector fields (I,,(u.), f»(t, x, u;)) where
0y fu(t, x,u:) = L, (0)0yf(t, x,ue), and (—¢, (t, x,ue), Pn(u:)), where ¢ € C'(R) is an arbitrary
entropy, and ¢, is the entropy flux corresponding to ¢,. Here I, and ¢, denote the smooth
truncation functions of I and ¢, respectively (cf. (4.10)).

According to (4.11), we can apply the Div-Curl lemma on the given vector fields.
Hence, we get after letting ¢ — 0 along a subsequence:

f (L)t %, 1) = (L) fu(t, %, 1)) ey (1)
(4.18)

_ f(ﬁn(t,x)(pn(t, x,0) = F, (6, 2 (1) ) dvie (1),
where

7n(t,x) = ffn(t, x, M)dvi V), Uu(t,x) = J‘In()t)dv(t,x) ). (4.19)
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Then, put ¢(1) = |A — u(t,x)|. Notice that for |A| < n it holds ¢, (t,x,1) = sgn(A —
u(t,x))(f(t,x,A) = f(t,x,u(t,x))). Therefore, we have from (4.18)

J_ (A sgn(d —u(t, x)) (f(t,x,4) = f(t,x,u(t, x))) = [u(t, x) = A|f (£, x, 1)) dv.0 ()
— I_ (u(t,x) sgn(A —u(t, x))(f(t, x,A) = f(t,x,u(t, x))) —|u(t,x) - )L|7n>dva,x) (L)

(J w g °°> (L)t %, 1) = Pu() fult, %, 1)) v (1)

+

(
(

f } +jw> Ut )@ (t, x, 1) = fdpn(L) >dv(tx)()t)

f "y Jmo) (In(X) = X)dv(e,) (L) fwn(t, %, 1)dv(i,) ().

ee]

(4.20)

It is clear that for every fixed (t,x) € R x R4 the right-hand side of (4.20) tends to zero as
n — oo implying (due to the Lebesgue dominated convergence theorem)

J(/\ sgn(A —u(t, x)) (f(t,x,X) = f(t,x,u(t,x))) — |u(t,x) = A[f(t, x, 1)) dv. (L)

- f(u(t,x) sgn(d—u(t, x))(f(t,x, 1) = f(t,x,u(t, x))) (4.21)

Ju(t, x) - A[f(t, x))dv(t,x) () =0 in 9’(R+ x Rd>.
Now, a standard procedure gives (see, e.g., [6, Remark 2.3])

(f(t,xu(t,x) - F(t,x)) IM ~u(t, x)|dvxy () =0, (4.22)

where 7(t, x) = [ f(t,x,1)dv(x)(L). From here, it follows that u is a weak solution to (3.1).
This concludes the first part of the lemma. For the details of the procedure one should consult,
for example, [13].

Now, assume that f € C*(R;BV(R* x Ry)) N L®(R x R* x Ry), and that it is genuinely
nonlinear in the sense of (4.12).

Then, take arbitrary entropies 7 (, x, ) € C'((R; L* N BV(R; x R,))) and 7, € C}(R),
and denote by g1 (t, x, u) and g (u), respectively, their corresponding entropy fluxes. Assume
that 7;, gi, 1igi, i = 1,2, satisty (4.4) for g < 2. Notice that 0,71 depends explicitly on (¢, x),
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while D, 1, does not. Denote by 7, and 75, the appropriate smooth truncations (cf. (4.10))
and by g1, and g, the corresponding entropy fluxes, that is,

A
Gun(t,x, ) = f Dot %, 2)0.f (1, %, 2)dz,

A (4.23)
Bunlty %, ) = [ Ot (200:50, %, 20,
Due to (4.11) and the Div-Curl lemma the following commutation relation holds:
[ G2, 202005, = 12010, %, b
K (4.24)
= [t v [ gt Vv | Ha@vien [ @t Vv,
R R R R
Letting n — oo as in (4.20), we get
f (m(t, x, M)qa(t, x, X) = 12 (M) g (t, x, 1) ) dv(e )
a (4.25)

=j mt,x, A)dv(t,x)f g2(t, %, V) viex, —f nzmdv(t,x)f gu(t, %, V) v ).
R R R R

Next, recall that the function f satisfies (4.4) for g = 1. Therefore, the following
entropy-entropy fluxes are admissible:

A

m (t/ X, )t) = f(t/ X, )‘) _f(t/ X, u(t/ JC)), n (t/ X, )t) = f " )(avf(tr X, U))zdvl (4.26)

m(A) = A —u(t, x), qa(t, x,A) = f(t,x,A) = f(t, x,u(t, x)).

Then, following [6], we insert the last quantities in (4.25) which yields the following relation:

(IR (ft,x,\) = f(t, x,u(t,x)))dV(t,x)>2

A
s j <<A ~u(t, ) f (3of (t,%,0))do - (f(t,x,1) - £(t, x,u>)2> v (L) = 0.
R u(t,x)
(4.27)
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By the Cauchy-Schwarz inequality

1 2
Gaxn-saxn)=([ arerod)

u(t,

(4.28)

A
< (- u(t, ) . oof (tx,9) dodvi (1,

with the equality only if f(t, x, ) is constant for all ¢ between u(t, x) and A. Still, this is not
possible according to the genuine nonlinearity condition (4.12). Thus, from this and (4.27),
we conclude that

A
(A —u(t,x)) f . [00f (t,x,0)]*dodv(,)(A) = 0, (4.29)

that is, that v(,x) = Sy a.e. on R* x R implying strong L| convergence of (i), along a
subsequence (see Theorem 4.2). O

Now we are ready to prove the main theorem of the section.

Theorem 4.5. Assume that

5=06(e) = 0(52>, 0=0(), € = 0, (4.30)

and uy € H'(R).

Assume that the flux function f from (3.1) with d = 1 satisfies (H4'). Assume also that the
function b from (3.5) satisfies (H1) and (H2). Then a subsequence of solutions (u.,) C (u.) of problem
(3.5)—(3.6) converges in the sense of distributions to a weak solution of problem (3.1).

If the flux function f € C>(R;BV(R" x Ry)) N L®(R x R* x Ry), and if it is genuinely
nonlinear in the sense of (4.12), then a subsequence of solutions (u,,) C (u.) of problem (3.5)—(3.6)
converges strongly in L' (R* x R) to a weak solution of (3.1).

Proof. Assume that 7(t,x,\), (t,x,1) € R* x R? is a function such that 7 € C*(R;L* N
BV (R; x Ry)). As usual, denote by 7, the truncation given by (4.10), and let the entropy
flux corresponding to 7, and f be

gn(t,x,u) = fuavqn(t, x,0)0.f (t,x,v)dv. (4.31)

According to Lemma 4.4, it is enough to prove that for every fixed n € N the expression
div (1, (t, x, us(t, x)), gn(t, x, uc(t, x))) is precompact in Hl’olc(R+ x R).
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In order to prove the latter, take the following mollifier 7, (¢, x,u) = 1,(-, -, u) *
(1/€?)w(t/e*)w(x/e'/*), where w is a nonnegative real function with unit mass. Denote
the entropy flux corresponding to 7, and f by

e (b, %, 1) = f Botine (1, %,0)30 fo(t, x, 0)do. (4.32)

Recall that here (and in the sequel) we assume that ¢ = O(¢). Actually, we can take ¢ = ¢
without loss of generality.

Notice that according to the assumptions on 7 and the choice of the mollifier 7, . we
have

” (|0imm,e (t, 2, w)| + |Oxtne (t, 2, 1) | + |Oxolne (t, x, )| ) dxdt < Cs,
R*xR

2
” <|ax71n,g(t/ x,u)|”+
R*xR
for a constant 64.

Then, applying (3.17) with S replaced by 7,, ., we find

(4.33)

2
aivrln,s(t/x,u)| )dxdt < %/

Dtrln (t, X, ue) + DxCIn (t/ X, ue)
_ J‘ (B folt %, 0001t %,0) + B folt, %, 0 et x,0) ) do

= OpMne(t, x, Ue)Ox fo(t, X, Ue) + Otn e (t, X, Ue)
+ €Dy (avrln,s (t,x, ue)b(axug)) - 5ag)v7]n,£(t/ X, Ue)b(Oxu,)Oxut, (4.34)
- sb(axug)aivqn,g(t, X, u,) — 5a§xuga§,,qn,5(t, X, Ug)

+6Dx (av?ln,g (t, x, ub‘)a?cxu6> - gaivnn,s(t/ X, ue) Dy (axue)z
+ Dy (_qﬂ,s(t/ X, Ug) + dn (t x, us))
+ Di (e (t, X, ue) + 11 (t, X, Ue)).

Now, we apply a similar procedure as in the multidimensional case.
Combining (H4b’") and (4.33), we get

[

dxdt < Cs,
(4.35)

j E <afwfq(t, X,0)00Mne(t, x,0) + Oy folt, x, V)02, e (t, X, v))dv

for a constant Cy, implying boundedness of the subintegral expression in the sense of
measures.
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Similarly, for a constant Cy
H |=Butme (t, X, )3 folt, %, 112) — Dutpe(t, %, 1s)|dxclt < C, (4.36)
R*xR

implying boundedness of the subintegral expression in the sense of measures.
Then, combining (4.33) with (3.8) and (3.9) we infer (see estimation of I's.) that

—€b(0x1he) D2y M e (t, X, 1e) — 6O%, 0% M e (t, X, 1) (4.37)

is bounded in M (R* x R).
Next,

D, <£av11n (£, 1 )b(Dxtte) + 60 (t, X, Us, )6§xu5k> (4.38)

is precompact in H™'(R* x R) since |7,| < C, 6 = O(e?), ¢ = O(¢), and from (3.8) and (3.9)
(see also Remark 4.1) we have

eb(d,u,) + 50%.u; — 0 as ¢ — 0 in L*(R* x R). (4.39)
Similarly, by (3.8) and (3.9) (see the estimation of I'¢, again)
Eavvrln,s (t/ X, us)b(axus)axus + gavvrln,e (t/ X, us)Dx(aqu)z € ./,(loc,B (R+ X R) (440)

Next, due to (H4b') and the well-known properties of the convolution, it holds for a
constant C independent on &:

|Gne(t, x, 1) — qu(t, x,ue)| < Ce — 0in LY, (R* xR) as e — 0 (4.41)

loc
for arbitrary p > 0 implying
Dy (qn(t, x, 1) = gu(t, x, 1)) € Hi\ . (4.42)
Similarly, it is easy to see that

max_ (~1ue(t, x, ue) + 1 (t x, 1)) — 0 in L*(R* x R), (4.43)

—2n<v<2n
and thus

Di(~1ne(t, x, ue) + 1a(t, x,ue)) € H- (R x R). (4.44)
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From (4.35)—(4.44) and the fact that (7,,(t, x, u¢), ga (t, x, 1)) € L*(R*xR), we conclude
using Murat’s lemma that

div (17, (t, x, ue), gu(t, x, 1e)) € le)lclc(RJr x R). (4.45)
Finally, relying on Lemma 4.4 we conclude the proof of the theorem. O
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