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We present new oscillation criteria for the differential equation of the form [r()U(t)]' +p(t)ka (x(t),

X (D)X OPUE) + g Px(g1 (1)), X' (82(D)) f(x(1) = 0, where U () = ki (x(t), x' (1)l (H|* %' (8),
a <P, v=(p-a)/(a+1). Our research is different from most known ones in the sense that H
function is not employed in our results, though Riccati’s substitution and its generalized forms
are used. Our criteria which are established under quite general assumptions are an extension for
previous results. In particular, by taking 8 = a, the above-mentioned equation can be reduced into
the various types of equations concerned by people currently.
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1. Introduction

The existence of the oscillatory solutions of the nonlinear differential equation with damping,
[r(H)x' (D] +p()x'(t) + q(t)g(x(t) =0, >t (1.1)

has received considerable attention from researchers for a long time.

People previously focused on the cases r(t) > 0, p(t) > 0, g(t) > 0. In recent years,
people concerned that r(t) > 0, p(t), g(t) may change sign for t € [ty, o), regarding work in
this area can be seen in literature [1-4].

Recently, Li [5] has extended (1.1) to more general equations of the form

(r()x' (1) +pH)X (t) + q()g(x(®) f (X' (1)) =0, t >t (1.2)
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Yamaoka [6] has studied the following class of particular equation:
] p-2_1 ! 2]{) -1 ] p-2_
(X022 ®) + =¥ O " O +aOgx®) =0, t2t, p>1. (13

Tiryaki and Zafer [1] and other authors [2, 7] have considered the following equation of the
form

(r(ORE®)X' 1)+ pHx' () + (1) (x(t)) = 0. (14)
Zheng [8] has discussed the oscillation problem for the following equation:
(r(Hhx )y (x' (1)) + p(t)g (X' (D) +q(t) g (x(1) = 0. (1.5)

Itis worth noting that (1.1), (1.2), and (1.3) can transform into an undamping equation.
For example, the equation

(rx ) |“‘1x'(t)>' +p®) | (O] X () + gt g(x () = 0 (1.6)
can transform into the undamping equation
(FOl 0] % ®) +G0gE)f (K1) =0, t>1h, (1.7)

where 7(t) = r(t)eftr(’”(s)/’(s))ds, qgt) = q(t)eftT(P(s)/’(S))dS. Although (1.4) and (1.5) can
not be transformed into the undamping equation, but from the conditions 0 < ¢ <
h(x) < 1 < oo given by [1, 8, 9], if h(t) is changed into ¢ or ¢, the above-mentioned
equations consistent with (1.6). This shows that under the above conditions, there is no
essential difference between (1.4), (1.5), and the undamping equation. We note that the
condition | Z?(l / r(s))l/ “ds = oo must be used for (1.5); however, at this point the condition
f;?(l/?(s))l/“ds = oo cannot be guaranteed.

We have removed the condition f?:(l / r(s))l/ ds = oo, considered the oscillation
problem for the following equation:

[r()x (X )] +a®)P(x(g1(1), ¥ (1)) f(x(t)) =0, (1.8)

applied the results to the above-mentioned equation, and obtained a very good result.
In this paper, we consider the oscillatory behavior of the following differential
equation of the form:

[rOUB] + p()ka (x(8), < (1) ()] P2 @DU () + g(0)p(x(g1(5)), X' (g2(5)) f (x(1)) =0,
(1.9)

where U (t) = ky (x(8), x' (1) (£)|* % (¢).
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Today, Riccati transformation, and its generalized forms are one of the most effective
method in the oscillatory theory of nonlinear differential equations. Most obvious merits of
Riccati’s approach is that g(t) may change sign in (1.8). For getting the more general results
[10, 11], a lot of authors have introduced to a class of Y function

Y = {cp € CY(E,R) | ®(t,t,1) = O(t,1,1) =0, D(t,5,1) #0, 1 < 5 < t},
(1.10)
E={(ts]) |ty<I<s<t<oo),

where 0®/0s exists on E and is integral with respect to s. By using this method, peoples
have obtained some general results, but its shortcoming is that the property of g(t) can be
weakened ast — oo. We use the method similar to [4], that is, replace the above-mentioned
function @(t,s,1) with p € C'([ty, ), R"). Perhaps the reason that people like to use this
method is that integrating by parts with respect to s on [/, t] can employ ®(t,t,1) = D(t,1,1) =
0.

For (1.9), we make the following assumptions:

(A) xf(x) >0, x#0, f/(x)|f(x)|TP/P >Cy, a,>0,p € C(R%RY), 0<ny < P(x,y) <
N¢,‘

(B) 0 < Cp < ki(u,v) <Cy, 0<C3 < ka(u,v) < Cy;
(C)reCY(I,R"), g€ C(I,R"),0<gl(t),i=1,2,1=[ty, ), p,q € C([to,»), R).
In the paper, a solution of (1.9) is called oscillatory if it has zeros unbounded set. If the

solutions are oscillatory, (1.9) is called to be oscillatory equation.

2. Main Theorem
We establish some lemmas which are useful in our discussions.

Lemma 2.1. Let a,b,y, A > 0, then

Y y+1
at—ptire L & (2.1)
(Y + 1)Y+1 bY
at™ + bt > (.)L + y)A -/ (“Y)y‘Y/ 1) g1/ p/ QAsy) (2.2)

Lemma 2.1 can easily be proved by using the extremum of one variable function. For
the sake of convenience, we denote

g-(t) =min{q(t),0}, q.(t) =max{q(t),0}, §(t) =nyq.(s) + Nyg-(s), 03

p1(t) = Caps(t) + Cap_(t), p2(t) = Cap(t) + Cap_(t).
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Theorem 2.2. Assume that a = p holds and there exists p € C!([to, ), R*), VT € [to, o), such
that

s __Ga'r(s) p'(s)
L<q(s) Coa+1)*"

p(s)

a+1
>ejt(](pi(T)/r(T))dTP(s)ds o, oo i=12,  (24)

t S
Jim Q(t) = f G(s)el M@/ 44 5 . (2.5)

If any one of the following two conditions holds, then the solution x = x(t) of (1.9) is oscillatory.
(1)

t S
R(t) = I R O L g ) (2.6)
to

(2) R(0) < oo, and

t . 1/a
I <Q(s)r‘1(5)e—L0 (pl(T)/T(T))dT> s
T

2.7)
t s . 1/a
:I <r_1(s)f q(g)e*f%"’lWf“””dg) ds — o6, |00,
T T
lim QV/# (1) (R(c0) - R(1)) 2 Cic;/“. (2.8)
— 00 1

Proof. Let x = x(t) be a nonoscillatory solution of (1.9). Then, there exists T > t; such that x =
x(t) #0, t € (T, o0). Without loss of generality, we may assume that x = x(t) >0, t € (T, o).
Define the Riccati Transformation by

p(B)r (ki (x (1), %' (1)) (8)|* %' (1)

Wi = FD) ‘

t>T. (2.9)

From conditions (A) and (B), we have

LLOIREIGTING
" (pyr)''* ~

1/a a
|x'(£)] > CL‘;‘ZE?LVL’;(;'M, |f(x)| > (%) x|, t>T. (2.10)
2
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Differentiating W (t), and applying (1.9) and (2.10), we have

) PO gy - POR(x(), X' (1)
Wit = CE W - S
P(t)q(t)lf(x(t))l aW (X' (1)
2O P(x(81(H), ¥ (82(H)) - ()
Pt pit) alW ()|« @1D)
1
<W_W) - ( ) POIO = oy V<"
<
PO _pat) (& alw ()]’
(G~ o= () a0 W=
By (2.1), we have
(G Cor(t) /p'(b) () arl
(( ) it - 0 (25 -2 >p<t>, W <o,
W'(t) < ) (2.12)
(G Cor(t) (P() p()\™
<< )P(t) q(t) - @ +1)a+1<p(t) r(t)> >p(t), W(t) > 0.

Integrating the above inequality from T to t > T, we have

(T (C\ 5, Car(s) (P(s) pils)\" -
W(t) < W(T) J‘T<<a>q(s) (a+1)“+1<p(s) r(s)> >p(s), i=12  (213)

Condition (2.4) shows that lim;_,,,W(t) = —oco. Without loss of generality, we may
assume that W (t) <0, t > T, by applying (2.11), we have

q(t)eﬁo(p](s)/r(s»ds + G GG ) o~/ (p1(5)/7(5))ds 7 (a+1) /a ) < Z'(b),

Wi . (2.14)
Zt) = - VO fesrendas Loy
p(t)

Integrating the above inequality from T to t > T, we obtain

t T
Z(T) +Q(t) + C:1 G, j V() gV, &)/ roDds Zat) /a0y g < 7 (h). (2.15)
T
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Let

t T
F(t) = J- r’l/”‘(T)e_(l/“)jfo(’”1(S)/T(S))dsz(““)/“(s)ds >0,

T
F'(t) _ r—l/a(t)e—(l/a)fio (P1(s)/r(s))dsZ(a+1)/a(t) (2.16)
t>T.
We will discuss in the following two cases.
(1) By (2.1) and (2.5), we see that
t
Ciﬂ”)/acg(a*'l)/ﬂzr—l/a(t)e—(l/a)ftg (p1(s)/r(s))ds < Pl(t)F—(zx+1)/a (t), t>T;>T. (2.17)
Integrating the above inequality from T; to t > T;, we have
aF V%(T)) > aFV/%(Ty) — aF1/2(t)
(2.18)

ds — oo, t— oo.

t
S Cim—l)/acz—(ml)/:xzj‘ ,Va (S)e—(l/a)ff0 (pr(7)/7(T))dT
Ty

But, it is impossible that the above inequality holds.

(2) Observe that W (t) < 0 and by (2.8), we have x'(t) <0, so that x = x(t) is monotonic
decreasing function for t > T, and if lim;_, ,,x(t) = ¢, then ¢ = 0. Otherwise, if ¢ > 0, by (2.15)
and (2.9), we have

Q)F(0) < Z(1) f(e) < Z(D) f(x(t)) = —elo® OO (i (), X' (1) [X'(1)]", £2T.
(2.19)
By condition (B), we have
-xX'(t) > Cgl/“fl/a(C)Ql/“(t)r_l/a(t)e_(l/a)ﬁo(Pl(s)/r(s))ds, t>T. (2.20)

Integrating the above inequality from T; to t > T; leads to

t T
x(T) - ¢>x(T) - X(t)ZC;l/afl/a(C)’[ Ql/a(s)r—l/a(S)e—(l/a),f,o(Pl(s)/r(s))dsds — o0, t— .
T

(2.21)

But, this is impossible. We choose p(t) = 1, thus (2.15) has the following form:

t T
Z(T) + Q(t) + Clcz—l/ﬂ(J‘ r—l/a(T)e—(l/DC)Lo(Pl(S)/T(S))dSZ(p(+1)/a(T)d,r S Z(t),
T (2.22)

Z(t) = —l PO/ TN sy )
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When J’tTr’l/“(T)e_(l/a)ﬂo(Pl(S)/T(S))dSZ(“”)/“(T)dT < M*"!, by considering Holder's

inequality and (2.10), we have

0 XD ey
lnx(T)_,[T x'(s)x " (s)ds

¢ . , a1 1/(a+1) ¢ . a/(a+1)
S(f T(S)eijtﬂ(p] (s)/7(s))ds |x (S)l dS) <I r—l/a(s)e(1/a)f,o(P1(s)/r(s))dsds>
T

xa+1 (S) T

t . 1/(a+1)
< Ca(pﬁl)/“ <f r—l/a (S)e*(l/‘l)LO (p1 (5)/r(s))dsz(a+1)/a(s)ds> (R(t) _ R(T))a/(a+1)
EN

< MCB(“"‘l)/ﬂRa/(aJrl) (t),
(2.23)

such that MC(;(“H)/“R"‘/("‘”)(OO) > MCS(MW“R“/(“*D (t) > -In(x(t)/x(T)) — oo, t — oo.
However, this is also impossible.

If ftTr‘l/“(T)e_(l/a)ﬁo (Pi(8)/r(Dds 7 (@) /a(7ydr — o0, t — oo, then by (2.8), we see that
lim; _, xQ(t) = o0. From (2.15), we obtain

Z(t) 2 Z(T) + Q(T2) + C1C,Y*F(t), t>Tr 2T,
CiG VP (5 (Z(T) + Q(T2) + clc;““p(t))’("“” ’ (2.24)

> C1 G5V 1) e WD P& /r@)ds s
Integrating the above inequality from T, to t > T,, we have

—1/11(! ) > <Z —1/u —1/a 1/Ll
ﬂ(? 2 24 (T) Q(TZ) + C1C2 F(TZ)) > C1C2 (R(OO) - R(T2)), TZ > T

Let T, — oo; the above inequality contradicts (2.8); this completes the proof. O

Theorem 2.3. Suppose that a < fand

© 9 ﬂN ~ C2“alpl(5)|a+l ) N
fto (( ,B ) q(S) (a + 1)“+1ﬂuru(s) ds=co, =12 (2.26)

If there exists 0 < € < ((a + 1)[3/0{)C51/”, to<ti<tr<---<t,<--- — oo,such that

t t 1/a
f 0(s)ds>0, t>t,, lim <I 9(5)ds> (R(o0) = R()) P/ M@l — o =12,
tn -*® tn
(2.27)
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where

a+1

o= (S qw - 0L

a+1 E“r“(t)

R(t) = fﬁ r 1% (s)ds,

(2.28)
(a+1)/a _
_ A/a €4 _ (S _p6-1) _ &b
_<’6C2 a+1>’ 6_<C2) ’ A= a 1 a+1’
then every solution of (1.9) is oscillatory.
Note
From (2.27), it is easy to obtain the following equation:
! 1/a ¢ 1/a (Oo)
lim <I 9(5ds)> (R(o0) = R(t)) =00, lim <f 9(5)ds> In——=>=00, n=1,2,....
t— oo tn t— oo tn R(t)
(2.29)

Proof. Let x = x(t) be a nonoscillatory solution of (1.9). Then, there exists T > t; such that
x =x(t)#0, t > T. We may assume that x = x(t) >0, t > T.

Introduce the Riccati transformation W (t) = r(t)U(t)/ x(t)ﬂ ,t > T. From conditions
(A) and (B), we have

W i 1/a , W B 1/a
(B0 o (S ot e o

Differentiating W (t), and applying (1.9) and the above inequality, leads to

p(ka(x(t), X' (1) xE @D HW(H)  qt)P(x(g1(H), X' (g2(H)) W (B)X'(H)

W =- r(t) xP(t) x(f)
[ P1®) e (G
Lenowe - () a0
_pcgl/ar—l/a(t)x(ﬂ—a)/a(t)|W(t)|(a+1)/a, W(t) <0
< 4

Pz(t) )/ (et G
B e ) - ( ﬂ)qa)

—BC; VA () x P x(yW D A, W(t) >0

(2.31)
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By (2.1), we see that

Z'(t) <0

(G g0 SOl
(a+ 1) prra(t)’

~ Coa®|pa (1) )
( ) e (a+1)* para(t)’ Z=0

W'(t) < (2.32)

‘m|ﬁ ‘m|0

The following proof is similar to that in Theorem 2.2, using (2.26), we find that lim;_, ;W (t) =
—o00. Thus there exists Ty > T, such that W(t) < 0, x'(t) < 0,t > T;. Because x = x(t) is
monotonic decreasing function on [T}, o0); hence lim; _, . x(t) = ¢ > 0. By (2.31), we have

|P1( )| LB/ () (G
wi < 2 wwm|(ﬂ>w>

— BCM AV () x PO/ @D (1) W (1)*D/T, W) <0, £ > T

(2.33)

By using of weighted mean inequality, we can transform the above inequality into

a+l)/a
W'(t) < —0(t) — Cor™/2(t) x<ﬂ-“>/<“+1>(t)W(t)( ! , W) <O0. (2.34)

We need to show that ¢ = 0. Otherwise, if ¢ > 0, by the above inequality, we have

W'(t) < =0(t) — Coc P/ @D Va iy W ()@ D/2 W) <0. (2.35)

By choosing N > 1, such that f5 > T, integrating the above inequality from T to t > Ty and
by (2.27), we can get

ty

t
W (H<W (tn) - Q(S)ds—Cgc(ﬂ_“)/(“”)f ()W (s)| @V %ds, > t,, n> N, W(t)<0,

tN tN
(2.36)
or
Cgc(ﬁ—a)/(cwl)r—l/a(t)IW(t)|(11+1)/0c
a a (a+1)/a
(IW(tN)I + [ir 8(s)ds + Ceclb-0/ @D [ p=1/a(5)|W ()| ds) 03

> CocPo/Dp=lagy - t>t, n>N.
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Differentiating the above inequality on the interval [t,, o], we have

ty tn -1/a
zx<|W(tN)|+ I 9(5)ds+C£c(ﬂ‘“)/("‘+1)I r-l/“(s)|W(s)|<“+1>/“ds>
N

EN

(2.38)

> CocP @/ D(R(o0) — R(t,)), t>t,, n>N.

This is a contradiction to (2.29); hence, we have lim;_,,x(t) = 0. According to the above
discussion, we have

ty
W (B 2 W (tx)|+ f 0(s)ds

(2.39)
t (a+1)/a
+cgf r-l/“(s)|x<ﬂ-“>/<“+1>(t)W(s) = ds, t>t,, n>N, W(t) <0,
N
fn b (a+1)/a l/a
W (tn)] + 9(s)ds+C€J‘ r‘l/”‘(s)|x(ﬁ‘”‘)/(“+1)(t)W(s)| ds
tN tN
(2.40)

> CEI r /e (s)x D/ @D (5)ds, n> N.

tn

We will discuss in the following two cases.
If there exists M > 0, such that jiNr’l/"‘(s)x(ﬁ"")/"‘(s)|W(s)|(’”1)/“ds < Mt > ty, by
considering Holder’s inequality and (2.39), we have

1
=l

x(@ P/ @) (§) _ y(@=p)/@+D) (tN))

t
= f - x/ () P/ @D (5)ds

EN

et N ey 2.41
< <ftNr(S)—xﬂ+1(S) ds> Lf Va(s)ds (241)

t 1/(a+1)
< C(;(a+1)/11 (I T—l/u(s)x(ﬂ—a)/u(s)|w(s)|(u+1)/ads> (R(t) _ R(tN))a/(a+1)
N

< Mca(ﬂ*'l)/dRu/(aﬂ) ).
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By choosing n > N, such that 2@ /(B x(t) < x(tn), t > t,, n > N, from the above inequality,
we have x#-/@ ) (§) > (a+1)CS* % /2(B - a) M)R/ @D (t), t > t,, n > N. Inserting it in
(2.40), we can get

tN In tn R(S)rl/a(s)

th —1/a th e S (a+1)/a -1/a
< 9(5)ds> 2<|W(tN)|+ 0(s)ds + %ds>

242
(a+l)/a ( )

65 R(o0) - (a+1)c(()a+l)/a
P (A M CE< 2(p-a)M

This is contradiction to (2.29).
If [ (x P02 (s) W (5)| D%/ (p(s)7(s))"/*)ds = oo for t > t,, n > N, along with (2.39)
and (2.30), we have

Cor ()X ()| @ya(t X (s)*
—— 2" > |W(t)| > [W(tn)| + C.C r(s)————ds, t>t,, n>N, (243)
x(t))? o o Jx(s) P!
leading to

a ! a -1 !
clarn/aT (D @) + <|W(tN)| i C(a+1)/aft r(s) %' ()] ds> s _Ce clarny/aX'(H)
E~0 =

T Ror o e ESRERIO)
(2.44)
Integrating the above inequality from t, to t > t, and by (2.40), we can get
1n C2r DX ()] > %C(()a+1)/alnx(tn)’ (2.45)
“Wtn)lxF *®)
or
_x/(t)x(ﬂ/afg/(wrl))ﬁfﬂ/a(t) > |W(tN)Il/acgl/ax(ﬂ/afg/(wrl))ﬁ(tn)(r(t))—l/a. (246)

Integrating the above inequality on the interval [t, o0), we have

x(t) > CY4(R(o0) = R(E)Y,  C = MW (i) [V oC; *xPlame/@xiDE(p (2.47)
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If R,(o0) = oo, the above inequality cannot be satisfied; hence, R,(o0) < oo. Inserting it
in (2.40), we can get

1/a
ﬂ —° (P-a)/A(a+1) " (B—a) / Ma+1)+1

> - . .
(A(a " 1) 2 C.C tNG(SdS) (R(o0) = R(tn)) (2.48)

This is contradiction to (2.26).
Hence, we complete the proof of Theorem 2.3. O

3. Some Examples

Example 3.1. Let us consider the oscillatory behavior of the following differential equation:
XAt a-1_, ! A | A a=1_, A a-1 '
(t [x'(5)|" x (t)> +ptt X ()T () + gt x ()T x () (x(t), X' () =0, t>t. (3.1)

Comparing (3.1) with (1.9), we can find that

r(ty=t', Ca=Co=1, pt)=pt'', p>0, Ci=1 C3=Cs=1,

(3.2)
gty =qt", B=a, pi(t)=pt", p(t)=0, G(t) = qnyt".
Let p(t) = t#, (2.4)—(2.7) are transformed into the equations
t a+1 5 i)
f <q”¢ - JW“—AZ_”_%MM Wstds — oo, o, (3.3)
to
t RS
f sh2eP™ T ds > 0, (3.4)
T
t S A1
R(t) = f sV T g o, s o, (35)
to
t s Sy 1/a
f (s‘)‘J‘ ghePhT ng) ds — o0, t— oo, (3.6)
T T
t . 1/a Cl/lx
lim f s ™ s ) (R(oo) - R(E)) > 2. (3.7)
t—oo\ J 1 qnyCy

We will discuss inthe following cases.

(1) Ay +1 < A, choosing y = —min{A, + 1,0}, provided that A < a, A -y < a+1, or
qny > ut/ (a+ 1)%*! is satisfied for @ > A = A, + a + 1, then (3.3)—(3.5) hold, and the solution
of (3.1) is oscillatory.
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2)A=M+1,p+Lr+a>0, choosing g = —-min{\, + 1,0}, provided that A < a, and
A=l <a+lorgny > |p—p|™"/(@+ 1), a > 1 = Ay +a+1, then (3.3)~(3.5) hold, the
solution of (3.1) is oscillatory.

B)A=M+1 p+L+a<0, wecan see that R(co) < oo, choosing y = —-min{\, + 1,0},
and therefore, (3.6) and (3.7) are transformed into the following equation:

t qn¢ 1/
’[ <— <S—A+Az+1 B S—)L—PT)Lz+p+1>> ds — o, t— o0, lh+p+1>0,
r\AL+p+1

N clve (3.8)
tliﬁrg}t()‘f““”)/“ > %()&2 +p+ 1)1/(1’ A +p+1>0,
provided that ., + p+1 > Oand A < L +a+1, or A = L+a+1 (A+p-
a)Cy/*/qnyCi)(Az + p+1)"* < 1, then (3.3)-(3.4) and (3.6)-(3.7) hold, the solution of (3.1)
is oscillatory.

In particular, we chose a =1, p =0, 1 =0, \y = -2, ¢(x(t),x'(t)) =1=ng, pu=1,q >
1/4, thus the conditions of the case (1) can be satisfied. This is the sufficient condition for all
solutions of x"(t) + (q/?)x(t) = 0 to be oscillatory.

Ifwechoosea=P-1,p=2(P-1),A=0, A =-1, L, =P, ¢(x,y) > (P - 1)/P)P +
X/ln2|x| > ((P-1)/P)" = g, 1>0, u =P-1,q > 1, the conditions of the case (2) can be
satisfied. Compared with the conditions: g = 1, 1> (1/2)((P -1)/P)"*! in [6], our results are
more general.

Example 3.2. Let us consider the oscillatory behavior of the following differential equation:

1+cost
x"(t) —sintx'(t) + —
1 + sin“t

x(t) (1 + |x(t)|2>, t>0. (3.9)

Comparing (3.9) with (1.9), we can see that g(t) = (1 +cos t)/(1 + sin’t), a = 1, r(t) =
1, f(x) =x(1+x2),C; =3/v2,Co=Cr=C3=Cs=1, p1(t) = pa(t) = —sint, p = 3. Choosing
€ = 1, clearly, the conditions (2.26) and (2.27) of Theorem 6 can be satisfied. Therefore, we
may conclude that (3.9) is oscillatory. Example 3.2 is Example 2 of [5]. It is easy to verify that
Example1 of [5] also satisfies with Theorem 6.

Example 3.3. Let us consider the oscillatory behavior of the following differential equation:

[1 i E x’(t)] - w{(t) +q(B)x®)F " x(t), t>0. (3.10)

Comparing (3.10) with (1.9), we can see that §(t) = g(t), a =1, r(t) = 1/(1+#?), f(x) =
|x|ﬂ_1x, Ci=p,Ch=Cy =C3=Cyq =1and pi(t) = p2(t) = (a + bsint)/t. Thus, we have
R(t) =t—to+ (1/3)(t3 - tg) — oo, I — oo, so the second condition of Theorem 2.3 in (2.27) is
satisfied. Therefore, another condition is

* (a+bsins)? 1 3
fto (q(S) T (1 - ?>>ds =, (3.11)
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and there exists 0 < e <2, t) <t <ty <---<t, <.+ — oo such that

t N2
_ (a+bsins) ( 1 ) B
ft,. <q(s) — 1+ 2 ds>0, t>t,,n=12,.... (3.12)

Ifonly [}*(q(s)~(2a*+b%)/8p)ds = oo, [} (q(s)~(2a*+b?) /4e)ds > M, where M is a sufficiently
large constant, then the conditions (3.11) and (3.12) can be satisfied, the solution of (3.10) is
oscillatory.

By taking q(t) = sin’t, provided that 2a + b*> < 4f, ¢ = (1/2f+1/(2a> + bZ))_l, (3.11)
and (3.12) hold. By the way, we also note that for (3.10), the example given in [3],

2
3+t 2 1+# 7
on—-4r<t<|(6n-—=
4 [t—(61’l—4)]2'+ t ]' (6n —4)r < _<n 2>Jr'
q(t) = , n=1{1,2,...}
3+¢2 2 1+ 7
- —Z\r<t<(6n-
4 |:(6n—3)7r—t t ] <6” 2>‘”— < (bn=3)7,
(3.13)
are not continuous at t = (n —4)x, (bn-3)or, n=1,2,...,and
[t/6ar] (6n—7/2).7r3 + tZ 2 1+ tz 2
f + dt = oo,
T’lzl (6n—4).7r 4 t - (61’1 - 4).7[ t
(3.14)
697 34 2 2 1+£]"
+ dt = co.
,[ on-7/3x 4 | (6n—=2)m -t t

Though (3.11) and (3.12) hold, but it is the general requirement that for fixed t, f:oq(s)ds is
bounded; hence, this example is not appropriate.

References

[1] A. Tiryaki and A. Zafer, “Oscillation criteria for second order nonlinear differential equations with
damping,” Turkish Journal of Mathematics, vol. 24, no. 2, pp. 185-196, 2000.

[2] O. G. Mustafa, S. P. Rogovchenko, and Y. V. Rogovchenko, “On oscillation of nonlinear second-order
differential equations with damping term,” Journal of Mathematical Analysis and Applications, vol. 298,
no. 2, pp. 604-620, 2004.

[3] E Lu and E Meng, “Oscillation theorems for superlinear second-order damped differential
equations,” Applied Mathematics and Computation, vol. 189, no. 1, pp. 796-804, 2007.

[4] E. M. Elabbasy, T. S. Hassan, and S. H. Saker, “Oscillation of second-order nonlinear differential
equations with a damping term,” Electronic Journal of Differential Equations, vol. 2005, no. 76, pp. 1-
13, 2005.

[5] W.-T.Li, “Interval oscillation criteria for second order nonlinear differential equations with damping,”
Taiwanese Journal of Mathematics, vol. 7, no. 3, pp. 461-475, 2003.

[6] N. Yamaoka, “Oscillation criteria for second-order damped nonlinear differential equations with p-
Laplacian,” Journal of Mathematical Analysis and Applications, vol. 325, no. 2, pp. 932-948, 2007.

[7] J. V. Manojlovi¢, “Oscillation criteria for sublinear differential equations with damping,” Acta
Mathematica Hungarica, vol. 104, no. 1-2, pp. 153-169, 2004.



International Journal of Differential Equations 15

[8] Z. Zheng, “Oscillation criteria for nonlinear second order differential equations with damping,” Acta
Mathematica Hungarica, vol. 110, no. 3, pp. 241-252, 2006.
[9] Y. G. Sun, “Oscillation of second order functional differential equations with damping,” Applied
Mathematics and Computation, vol. 178, no. 2, pp. 519-526, 2006.
[10] Q. Yang, “Oscillation of self-adjoint linear matrix Hamiltonian systems,” Journal of Mathematical
Analysis and Applications, vol. 296, no. 1, pp. 110-130, 2004.
[11] Q. Yang, “On the oscillation of certain nonlinear neutral partial differential equations,” Applied
Mathematics Letters, vol. 20, no. 8, pp. 900-907, 2007.
[12] O. G. Mustafa, S. P. Rogovchenko, and Y. V. Rogovchenko, “On oscillation of nonlinear second-order
differential equations with damping term,” Journal of Mathematical Analysis and Applications, vol. 298,
no. 2, pp. 604-620, 2004.



