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A class of nonautonomous two-species competitive system with stage structure and impulse
is considered. By using the continuation theorem of coincidence degree theory, we derive a
set of easily verifiable sufficient conditions that guarantee the existence of at least a positive
periodic solution, and, by constructing a suitable Lyapunov functional, the uniqueness and global
attractivity of the positive periodic solution are presented. Finally, an illustrative example is given
to demonstrate the correctness of the obtained results.

1. Introduction

In recent years, with the increasing applications of theory of differential equations in
mathematical ecology, various mathematical models have been proposed in the study of
population [1-25]. But most of the previous results focused on the dynamical behaviors
(including the stability, attractiveness, persistence, and periodicity of solution) of the systems
which have fixed parameters and there is no impulse. Considering that harvest of many
populations are not continuous and the periodic environmental factor, it is reasonable to
investigate the systems with periodic coefficients and impulse. Impulsive differential systems
display a combination of characteristics of both the continuous-time and discrete-time
systems [26-30]. In 2006, Chen [1] studied the following non-autonomous almost periodic
competitive two-species model with stage structure in one species:
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x1(t) = —ar(t)x1(t) + bi(t)x2 (),
%y(t) = ay(t)x1(£) = ba(£)x2(t) — c(B)x5(t) = Br(E)x2(£)x2 (1) x3 (1), (1.1)
x3(t) = x3(H) [d(t) — e(t)x3(t) = fo(H)x2(H)],

where xi(t) and x,(t) are immature and mature population densities of one species,
respectively; x3(t) represents the population density of another species; a;(t), bi(t), pi(t) (i =
1,2), c(t), d(t), e(t) are all continuous, almost periodic functions. The competition is
between x,(t) and x3(t). Chen [1] obtained sufficient conditions for the existence of a unique,

globally attractive, strictly positive almost periodic solution for system (1.1).
Considering that the harvest is an annual harvest pulse, to describe a system more

accurately, we should consider the impulsive differential equation. Motivated by this point
of view, we revised system (1.1) into the following form:

xX1(t) = —a1(t)x1(t) + br(t)x2(t), t#tx,
X2 (t) = ap(t)xa(t) — ba(t)xa(t) — c(t)x%(t) -Pi()xa(t)x3(t), t #tk,
x3(t) = x3(B) [d(t) —e(t)x3(t) - fo(Hxa(t)],  t#bk,

Ax;(ty) = Xi(tz) —xi(t,;) = —Yikx,'(tk), i=1,2,3, k= 1,2,...,q

(1.2)

where Ax;(tx) = x;(t;) — x;(t,) are the impulses at moments ¢, and t; < f, < --- is a strictly
increasing sequence such that limy_, o, tx = +oo; x1(t) and x,(f) are immature and mature
population densities of one species, respectively, and x3(t) represents the population density
of another species. The competition is between x;(t) and x3(t).

Throughout the paper, we always assume the following.

(Hy) ai(t), bi(t), pi(t) (i =1,2), c(t), d(t), e(t) are all continuous w periodic; that is, a;(t+
w) = a;(t), bi(t + w) = bi(t), it +w) = Pi(t) (i =1,2), ct +w) = c(t), d(t + w) =
d(t), e(t +w) = e(t) forany t € R.

(Ha) ai(t), bi(t), pi(t) (i=1,2), c(t), d(t), e(t) are all positive.

(H3) 0 < yik < 1,i=1,2,3for all k € N, and there exists a positive integer g such that
tkrg =tk + W, Yikrq) = Yik, 1= 1,2,3.

The principle object of this paper is by using Mawhin’s continuation theorem of
coincidence degree theory and by constructing the Lyapunov functions to investigate the
stability and existence of periodic solutions of (1.2). To the best of my knowledge, it is the
first time to deal with the existence and stability of periodic solutions of (1.2).

The organization of the paper is as follows. In Section 2, we introduce some notations
and definitions and state some preliminary results needed in later sections. We then establish,
in Section 3, some simple criteria for the existence of positive periodic solutions of system
(1.2) by using the continuation theorem of coincidence degree theory proposed by Gaines
and Mawhin [31]. The uniqueness and global attractivity of the positive periodic solution
are presented in Section 4. In Section 5, an illustrative example is given to demonstrate the
correctness of the obtained results.
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2. Preliminaries

We will introduce some notations and definitions and state some preliminary results.
Consider the impulsive system

x(t) = f(t,x), t#h, k=1,2,...,

(2.1)
Ax(B)oy, = I (x(£)),
where x € R", f : Rx R" — R"is continuous and f(t + w,x) = f(t,x); Ir : R* — R" are
continuous, and there exists a positive integer g such that tx.4 = tx + w, Ik 4(x) = Ix(x) with
tk € R, tii1 > ti, limg o, = 00, Ax(t)|t:tk = x(t;) —x(t;). For tx #0 (k= 1,2,...), [0,w] N {t} =
{ti,t2,...,t;}. As we know, {t;} are called points of jump.
Let us recall some definitions. For the Canchy problem,

x(t) = f(t,x), tel0,w], t#t,

Ax(t)]iey, = Ik (x(t;)),  x(0) = x0.

(2.2)

Definition 2.1. A map x : [0, w] — R" is said to be a solution of (2.2), if it satisfied the
following conditions:

(i) x(t) is a piecewise continuous map with first-class discontinuity points in t,N[0, w],
and at each discontinuity point it is continuous on the left;

(ii) x(t) satisfies (2.2).

Definition 2.2. A map x : [0, w] — R" is said to be an w periodic solution of (2.1), if
(i) x(t) satisfies (i) and (ii) of Definition 2.1 in the interval [0, w] and

(ii) x(t) satisfies x(t + w —0) = x(t-0), t € R.

Obviously, if x(t) is a solution of (2.2) defined on [0, w], such that x(0) = x(w), then,
by the periodicity of (2.2) in t, the function x*(¢) defined by

X (t) = {x(t_f“’)' te [jw, (j+w] \ {t}, .

x*(t) is left continuous at t = f;
is a w periodic solution of (2.1).

For system (1.2), seeking the periodic solutions is equivalent to seeking solutions of
the following boundary value problem:

x1(t) = —a1 (D x1 () + bi () x2(t), t#t, te[0,w], k=1,2,...,q,
X2(t) = ax(t)xa(t) — ba(t)xa(t) — c(t)x%(t) -pit)x2(t)x3(t), t#tk, te0,w], k=1,2,...,q,
x3(t) = x3(B) [d(t) —e(t)x3(t) - po()x2(t)], t#bk, t€[0,w], k=1,2,...,4,

Axi(tk) = xl(t;) - xl(t;) = _Yikxi(tk)/ i= 1/2/3r xi(o) = xi(w)r k= 1/2/' -/ q.
(2.4)
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3. Existence of Positive Periodic Solutions

In this section, based on the Mawhin’s continuation theorem, we shall study the existence of
at least one periodic solution of (1.1). To do so, we shall make some preparations.

Let X, Y be normed vector spaces; L : DomL C X — Y is a linear mapping; N : X —
Y is a continuous mapping. The mapping L will be called a Fredholm mapping of index
zero if dimKer L = codimIm L < +oo and Im L is closed in Y. If L is a Fredholm mapping
of index zero and there exist continuous projectors P : X — X and Q : Y — Y such that
ImP=KerL,ImL =KerQ =Im(I-Q), it follows that L | DomLNKerP: (I-P)X — ImLis
invertible. We denote the inverse of that map by Kp. If Q is an open bounded subset of X, the
mapping N will be called L-compact on Qif QN(Q) is bounded and Kp(I - Q)N : Q — X
is compact. Since Im Q is isomorphic to Ker L, there exist isomorphisms J : ImQ — Ker L.

Now we introduce Mawhin’s continuation theorem [31] as follows.

Lemma 3.1 (Continuation Theorem [31]). Let L be a Fredholm mapping of index zero, and let N
be L-compact on Q. Suppose

(a) for each X € (0,1), every solution x of Lx = ANx is such that x ¢ 0€.

(b) QNx #0 for each x € Ker L (0L, and deg{JON,Q (" 0KerL,0} #0.

Then the equation Lx = Nx has at least one solution lying in Dom LN Q.

For convenience and simplicity in the following discussion, we always use the
notations below throughout the paper:

_ 1 (@ . - 1 (@
f== fo fodt,  fr=minf@),  fM=maxf®, |f|=5 fo |f(Oldt,  (3.1)

where f(t) is a w continuous periodic function. For any nonnegative integer p, let
CP[0,w;ty, by, ... 1] = {x : [0,w] — R™ | xP)(t) exist for t#t,...,t5; xP)(t +0), and let
xP)(t-0) existatty, b, ..., t,, and x) (tx) = x0) (4 -0), k =1,...,m, j =0,1,2,...,p} with the
norm ||x||, = max {sup,,, [l (t)||}§,]:1, where || - || is any norm of R™. It is easy to see that
CP[0,w;t, to,. .., t4] is a Banach space.

Now we are now in a position to state and prove the existence of periodic solutions of
(2.4).

Theorem 3.2. [n addition to (Hy), (Hy), (Hs), assume further that the following hold:

(Hg) min{Py, P, P3} >0,

q
(Hs) aiw > k; In(1 - yix), (3.2)

_ 9 _ __
(Hp) dw + Z In(1-ys) > p,we™, p,p,#ce,
=1
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where

q
Py =|ay - bo|w + Z In(1 - y2x) — cwe®,
k=1

_ l _
P, = |ay - by|w + Z In(1-yax) - ﬁlweBZ", (3.3)
k=1

q
P; =|a; - by|w + Z In(1 - y2x) - cw,
k=1

and By, Bg, Byg are defined by (3.27), (3.32), and (3.61), respectively. Then the system (1.2) has at
least a w periodic solution.

Proof. According to the discussion above in Section 2, we need only to prove that the
boundary value problem (2.4) has a solution. Since solutions of (2.4) remained positive for
all t >0, we let

ur(t) =Infxr ()], wa(t) =In[x2(5)],  us(t) = In[x3(£)], (34)
then system (2.4) can be translated to

i1 (t) = —ay (t) + by (He™ D= ®) 2y te[0,w], k=1,2,...,4,

uZ(t) = aQ(t) - bZ(t) - C(t)euZ(t) _ﬂl(t)eu3(t)/ t#tk/ te [Olw]/ k= 1/2/- -4,
(3.5)
u3(t) = d(t) —e(t)e™ D - pr(He™V), t#t, te[0,w], k=1,2,...,q,

Aui(t) =In(1-yx), i=1,23, u;i(0)=ui(w).

It is easy to see that if system (3.5) has one w periodic solution (u{(t),u;(t),u;(t))T, then

(xk(t), x5(1), xi(t) = (e, M e g o positive solution of system (1.2). Therefore, to

complete the proof, it suffices to show that system (3.5) has at least one w periodic solution.
In order to use the continuation theorem of coincidence degree theory, we take

X ={ueCl0,w;ti,to,...,t;]}, Y =XxR>*D, (3.6)

Then X is a Banach space with norm || - ||, and Y is also a Banch space with norm ||z| =
llxllo +llyll, x € X, Y € R*.
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Let the following hold:

domL = {x = (ul,uz,u3)T S C[O,w];tl,tz,...,tq},

L:DomLcX —Y, x— (x', Ax(tk);z:l)r

N:X—Y,
—ay(t) + b1 () exp(ua(t) — us (1)) In(1-1y11) (37)
Nu = ay(t) = ba(t) - c()e® = pi (e ® |, | In(1-ya) |, '
d(t) —e(t)es® — y(t)e=® In(1-1ys)
In(1-y12) In(1-114)
In(1-y2) |,....| n(1-yy) |0
In(1-7yz2) In(1-7y3)
Obviously,
KerL = {u ‘u(t)y=heR te [O,w]},
w q
ImL = {z =(f,a,az,...,a5,d) €Y : f f(s)ds + > ax+d :0}
0 k=1 (3.8)
=X x R¥ x {0},
dimKer L = 3 = codimIm L.
So, Im L is closed in Y; L is a Fredholm mapping of index zero. Define two projectors
Px = 1 JW (t)dt
x=—- . x ,
(3.9)

Qz=Q(f ai,a,...,a,,d) = <l[

w

wa(S)ds+zq]ak +d,],0,0,...,0>.
=1

0 k

It is easy to show that P and Q are continuous and satisfy ImP = KerL, ImL = KerQ =
Im(I - Q).

Further, by direct computation, we can find that the inverse Kp of L, Kp : ImL —
Ker P N Dom L has the following form:

t d Lf dsd 3 LS
Kp(z)_fof(s) s+tZak—;J‘0 J‘Of(s) s t—éak+;éaktk. (3.10)

k<t
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Moreover, it is easy to check that

t
lj Fi(s)ds + li In(1 - yix)
ONu = —J Fy(s)ds + —Zln(l Y2x) |,0,0,...,0 |,

;JOF3(S)dS + ;é In(1 - y3x)

f Fy(s)ds + > In(1-yix)

>t

Kp(I-Q)Nu = f Fy(s)ds + D In(1 - )

>t

f F3(s)ds + > In(1-y3)

o (3.11)
—f J‘ Fi(s) dsdt—Zln(l Yik) + —Zln(l Yik)
- —f f Fy(s) dsdt—Zln(l Yok) + —Zln(l Y2k)
—J‘ J. F3(S dsdt—Zln(l }"3]() + —Z 11’1(1 Y3k)
w q
J‘ Fi(s)ds + Z In(1 - yix)
0 k=1
w q
_ (é - %) fo F(s)ds + é In(1-yx) |,
w q
[ Fa(sds + S -y
0 k=1
where
Fi(s) = —ai(s) + by (s)e 7)),
Fy(s) = as(s) = ba(s) — () - pi(s)e™, (3.12)

Fa(s) = d(s) — e(s)e™®) — By(s)e2®.

Obviously, QN and Kp(I — Q)N are continuous. Using the Ascoli-Arzela theorem, it is not

difficult to show that Kp(I - Q)N (Q) is compact for any open bounded set Q C X. Moreover,
QN(Q) is bounded. Thus, N is L-compact on Q with any open bounded set Q C X.
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Now we are at the point to search for an appropriate open, bounded subset Q for
the application of the continuation theorem. Corresponding to the operator equation Lu =
ANu, A € (0,1), we have
i (t) = )L[—al(t) + by (F) et <t>>], tt, te[0,w], k=1,2,...,4q,

i () = A[aZ(t) —by(t) - c(t)e"? —ﬂl(t)e'“(t)], t#ty, te[O,wl], k=1,2,...,q,
(3.13)

is(t) = A di () — e ~ (e V)], t#b, te[O,w], k=12,...,q,

Aui(te) =AIn(1-yix), i=1,2,3, u;(0) = u;(w).

Suppose that u(t) = (1 (1), ux (1), u3 (1))’ € X is an arbitrary solution of system (3.13) for a
certain A € (0,1), integrating both sides of (3.13) over the interval [0, w] with respect to ¢, we
obtain

Jw [b1 (t)e(uz(t)—ul(t))]dt + z‘i: ln(l _ Ylk) — J‘w na (Bt

0 k=1 0

f . [c(t)e”Z(t) + ﬂl(t)e”3(t>]dt = fw(az(t) —by(t))dt + Eq: In(1-yx), (3.14)
0 0

k=1

w w q
f [e(t)eu3<f> +ﬁ2(t)e"z<f>]dt =f dBdt + > In(1 - yx).
0 0 k=1
From (3.13) and (3.14), we obtain

f |u1(t)|dt<f al(t)dt+f [bl(t)e(”Z(t)‘”l(t))]dt
0 0

0 q (3.15)
=2mw - 3 In(1- i),
k=1
[t < [ Taat + vaars [ e+ prper)as
0 0 0
q (3.16)
=2mw + . In(1-yx),
k=1
(st < [ atrar s [ [0« prpeno)]a
(3.17)

_ q
=2dw + Z In(1 - y3c).
k=1
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Let the following hold:

i(&) = min u;(t), (i) = i(t), i=1,23.
ui&i) = min ui(f) u;(1;) maxu(f), i 3 (3.18)

From the second and the third equations of (3.14), we can obtain

q w w
|ay — byl + > In(1 - y2x) >f c(t)e”Z(t)dtzf c(t)e’>® dt,
0 0

k=1
(3.19)
_ q w w
dw+ > In(1-ys5) > f e(t)eWdt > f e(t)e®)dt = ewe®),
k=1 0 0
then
—blw+ 371 In(1-
u (&) < 1n|:|a2 2w ;kzl n( YZk):I, (3.20)
cw
dw+ 37 In(1-
u3(&s) < ln[ Zk:_l (1~ ya) ] (3.21)
ew
Thus
t w
wa(t) = a(@) + | i)t < ua(ee) + [ o)
& 0
(3.22)
las — bolw + 37 In(1 -y _ J
ln[ E(Z_l (1= 72) +2a2w+kz:;‘1n(1—}f2k) =: By.
In the following, we will consider four cases.
Case 1 (if u1(t) > 0, uy(t) > 0). From the first equation of (3.14), we have
qw < I b (t)eDdt + Z In(1-yk) < brwe ) 4 Zln(l Y3k),
k=1 k=1
(3.23)

w q
Elw>I bl(t)e‘”l(t)dt+21n(1—y1k)>f bl(t)e‘”l(’“)dt+21n(1 Yik),
0

k=1



10 International Journal of Differential Equations

that is,
aw-31  In(1-
u(12) > ln[alw Zkf1 n( Ylk):l,
blw
(3.24)
ui (m) > ln[ biw ]
1(m = .
ajw — ZZ=1 In(1 - yix)
Then
n w
Uy (1) = up (1) —f i (t)dt > ur (12) - f it (¢)|dt
t 0
_ (3.25)
-5 In(1- q
> 1n["“w 2 In( Y“‘)] ~ 23w - 31 In(1 - ) =: By,
biw k=1
m w
u(t) = uq (1’11) - J‘ w (H)dt > uy (1]1) - J‘ |21 (8)|dt
t 0
; g (3.26)
>In| = 1w ] -2aiw—- ) In(1-1yik) = Bs.
[alw - 3 In(1 - yi) é ( )
Thus, from (3.22) and (3.25), we obtain
[uz ()| < max{|Bi|, |Ba|} =: Ba. (3.27)
By the first and the third equations of (3.14), we get
w q
f [br(HeP @]t + > In(1 - yix) > @,
0 k=1
(3.28)
w _ q
f [e(t)e”3('13) + ﬁz(t)eB‘*]dt > dw+ > In(1-ys),
0 k=1
then
[ biweP
u1(é1) <In| — ], (3.29)
|@iw - 3] In(1 - yi)
[dw + 37 In(1 - y3) - By
uz(13) >1In WF 2 n(Ew Yor) — Pacoe ] (3.30)
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From (3.15), (3.17), (3.21), and (3.30), we have

t w
w(t) = m (&) + L (Bt < () + fo iy (1) dt

<ln[ byl ] +2a w+zq:1n(1 Yik) = B
_ 1 — Yik ) =: D5,
aiw — ZZ:l 11‘1(1 - Ylk) k=1

t w
u3(t) = us(&) + L 3Bt < us(Es) + fo s (1)t

. ln[aw + Zzzi In(1- y3k)]

_ q
s +2dw+Zln(1 —13k) = Bs,

k=1

3 w
us(t) = us (113) - f 3(£)dlt > s (13) — fo i3 (1) dt

_ q
—2dw + Z In(1 - y3) = By.
k=1

. ln[aw + 37 ln(} - Yak) — ﬁ2weB4]

ew
Thus,
lur(£)| < Bs,  |us(t)| max{[Be|, |B;|} =: Bs.
Case 2 (if u1(t) > 0, ux(t) < 0). By the first equation of (3.14), we have
ajw < J:J by (t)e2Ddt + zq: In(1 - yix) < brwe™™ + zq: In(1-1ys¢),
k=1 k=1

namely,

mw-3)  In(1- )qk):l

blw

uy (12) > ln[
Then

2 w
o (t) = us (1) - f "0t > () - fo o (1)l

. ln[alw - Zzzi In(1- y1k)]
by

q
- 20w — Z In(1 - y2k) =: Ba.
k=1

11

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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From (3.22) and (3.37), we obtain
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|uz(t)| < max{|Bil, |Ba|} =: B3

By the first equation of (3.14), we also have

“ by(t)e”
0 e (t)

“ by (t)e P
0 e (t)

dt+Zh‘l(1 Ylk) > ajw,

q
dt+ > In(1-yi) < arw,
k=1

Zln(l Yik) > a1w,

-+ Zln(l Yik) < @w.

Then
El we
PE)
l_alwe
e (711)
that is,
w1 (&) <In [
ui(m) <In [
Thus,

t w
i (f) = w (&) + L in(0dt < (@) + [ i)

51(06 ]
=: BS/
mw = Zk 2 In(1 - y1k)

ElweB3 ] B
- =! Dg.
ajw — 2221 In(1 - y1x)

q
< Bg + 251(,4] - Z 11‘1(1 - Ylk) =: By,

m w
wr(t) = u () + f i (t)dt > 1 () + fo iy (1)l

k=1

q
> B9 -2a1w — Z 11’1(1 - Ylk) =: By1.

From (3.42), we have

k=1

|u1(t) < max{|Biol, |Bu1|} =: Biz.

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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By the second equation of (3.14), we have

f c(t)eB3dt+j ﬁl(t)e”3(t)dt>|a2—bz|w+ZIn(1 k),

(3.44)
f c(t)e Bsdt + f Br(HesVdt < Ja; — bylw + Z In(1 - y2)-
Then
_ . q
cwe® + prwe” ™) > |a; — bolw + D In(1 - ),
k=1
(3.45)
_ . q
cwe B + ﬂlwe”3(§3) <l|az - bolw + Z In(1- YZk) =: By,
k=1
that is,
|a2 b2|w+z h‘l 1- Dk —Ea)eB"’
u3(113)>1n|: (1= y20) ,
ﬂ1w
(3.46)
a -blw+ Y7 In(1- —Cwe™B
1s(E) < ln[| 2= byl Zk:l_ (1-7y2x) ] . B,
prw
Therefore, we get
t w
wa(t) = s(@) + | i)t < us(ee) + [ i)
& 0
_ q
< By + 2d1(,() - Z 11’1(1 — Y3k) =: Bl5,
k=1
(3.47)

3 w
us(t) = us (13) - j is(t)dt > s (1) - fo 23 (1) dt

_ q
> By — 2d1w - Z 11’1(1 — Y3k) =: Bye.
k=1

Hence, we have

|uz(t)| < max{|Bis|, |Bis|} =: Byy. (3.48)
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Case 3 (if u1(t) <0, uy(t) > 0). By the first equation of (3.14), we have

f bl(t)e‘“l(t)dt+21n(1 y1k)<f ay(t)dt,
0

f [bl(t)e(uz 12)-1 (1)) ]dt + Zln(l Yik) > Jw ar (t)dt
0

k=1

Then
_ q
biwe () 4 Z In(1-yi) < Bw,
k=1
_ q
biwe Brew2n) 4 Z In(1 - yix) > arw.
k=1
namely,
Elw
ui(m) > ln[_ ] =: B,
a -3 In(1 - yix)
ajw — Zq: In(1 - y1x
uz(le) >1In _k 1 ( ) =: Bzo.
blwe‘Bw
Therefore,

M w
u (t) =1u (111) - ft 1 (t)dt >u (1’[1) - J‘O |il1 (t)|dt

q
> Blg - ZElw - Z ln(l - Ylk) = Blg,
k=1

t w
o (t) = ua(&) + L i) < wa(@) + [ Jia()

q
+2arw + Z ln(l - sz) =: By,

cw =1

3 ln[|a2 — byw + ZZ=1 In(1- yzk)]

n w
uy(t) = up (1) - L () dt > up (1) - J‘o |tz ()|t

q
> By — 252(,() - Z 11'1(1 — YZk) =: By.
k=1

(3.49)

(3.50)

(3.51)

(3.52)
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So

Big < uq (t) <0, |u2(t)| < max{|B21|, |B22|} =: Bps. (353)

By the third equation of (3.14), we obtain

w w q
f e(t)e> " dt + f Pa(De>dt > |ar — bylw + D In(1 - yax), (3.54)
0 0 k=1
that is,
a—-blw+ 37 In(1- — B,web»
u3(713) > 1n[| 2 2| Zk:l _ ( sz) ﬂZ ] = B24. (355)
ew
Thus,
|u3(t)| < max{|B23|, |B24|} = Bz5. (356)
Case 4 (if u;(t) <0, uy(t) <0). By the second equation of (3.14), we have
w w q
f c(t)dt + f pr(t)eDdt > |ar — bylw + > In(1 - yx). (3.57)
0 0 k=1
Then
_ - q
cw + ﬁlwe"3(’73) > |ay — bo|w + Z In(1 - y2), (3.58)
k=1
that is,
|az — ba|w + ZZ—l In(1 - yx) - cw
Uus (123) >In — =: Byg. (359)
pyw
Therefore,

t w
us(t) = us(&a) + L iy (t)dt < u3(E) + fo 3 (1)t

_ q
+2dw + Z ln(l - Y3k) = B27,
k=1

3 lnI:Ew + ZZ:E In(1- ygk)]

ew
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3 w
us(t) = s (13) - f it > () - fo 23 (1) dt

_ q
> B26 - 2dw — Z ln(l - ng) =: Bzg.
k=1

Thus,

|uz(t)| < max{|Byy|, |Bas|} =: Bao.

By the second equation of (3.14), we obtain

w w q
f c(t)e2) dr + f pr(te®dt > |ar - bylw + > In(1 - yx),
0 0 k=1

that is,

_ - q
cet2m) 4 B,we > |ay — bylw + Z In(1 - ya).

k=1

Thus,

|az — bo|w + ZZ=1 In(1 - ya) - BlweB29

u (12) > ln[

cw

Then, from (3.16) and (3.20), we get

t w
(1) = ua() + L i (t)dt < (&) + fO o (1) dt

3 ln[|a2 —bylw + ;Zﬂ In(1- sz)]
cw

k=1

M2 w
uz(t) = Uy (1]2) — J; ilz(t)dt Z uz(i’lz) — J;) |112(t)|dt

q
> By — 2a,ww — Z ln(l - YZk) =: Bs,.
k=1

Thus,

[uz(t)| < max{|Bs1|,|Bsz|} =: Bss.

|

q
+ 2aw + Z ln(l —Yak) = Ba,

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
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By the first equation of (3.14), we have

w q w
J b (t)e @7 dt + 3 In(1 - yix) < f ay (t)dt. (3.67)
0 k=1 0
Then
_ q
biwe Bre(m) 4 Z In(1 - y1x) < G1ww. (3.68)
k=1
Thus,
Elwe‘332
u (1]1) > ln[_ ] =: B34. (369)
aw = 3 In(1 - yix)

Hence, we have

B3y < uq (t) <0. (370)

Based on the discussion above, we can easily obtain

u1(t) < max{Bs, Bis,|Big|, |Bzs|},
uy(t) < max{Bs, By, B3, B33}, (3.71)

u3(t) < max{Bs, B17, Bs, By }.

Obviously, B; (i =1,2,...,34) are independent of A € (0,1). Similar to the proof of Theorem
2.1 of [17], we can easily find a sufficiently large M > 0 so that we denote the set

Q= {u(t) = (u1 (1), u2 (1), us(1)" € x : |Jul| < M, u(tf) e, k= 1,2,...,q}. (3.72)

It is clear that Q satisfies the requirement (a) in Lemma 3.1.
When (u1 (1), u2(£), uz(£))T € 0Q N Ker L = 0Q N R3 and u = { (11, up, u3)" } is a constant
vector in R? with ||ul| = ||(u1 (1), u2(£), us(#))T|| = M, then we have

_ q
ap +bie2" + lZh’l(l - Y1k>
Wi ,
_ I |
QNu = a, — by - e 2ﬂ1€3+;éln(1—}f2k) ,0,...,0 | #0. (3.73)

_ _ q
d—ee" — e + lz In(1 - y31)
=
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Letting | : ImQ — KerL,(,0,...,0,0) — r and, by direct calculation, we get

deg{]QN(ul,uz,u3)T; 0Q ﬂ kerL; 0}

—E1€u27u1 E1€u27u1 0
= signdet 0 —ce"? —316"3 (3.74)

0 e —ee"

= sign{ <l_)1ﬁlﬁ2 - Elﬁ> 62”2_”1+”3} #0.

This proves that condition (b) in Lemma 3.1 is satisfied. By now, we have proved that Q
verifies all requirements of Lemma 3.1, then it follows that Lu = Nu has at least one solution

(1 (1), ux (t), u3(1))" in Dom L N Q; that is, to say, (3.5) has at least one w periodic solution in
Dom L N Q. Then we know that ((x1(£), x2(£), x3(£))T = (1@, ex2®), e”3(t))T is an w periodic
solution of system (2.4) with strictly positive components. This completes the proof. O

4. Uniqueness and Global Attractivity of Periodic Solutions

Under the hypotheses (H;), (Hz), (Hs), we consider the following ordinary differential
equation without impulsive:

z1(t) = =1 (i’) [—al (t) + b1(t) H0<tk<t(1 - YZk)Zz(t):I,

H0<tk<t (1 - Ylk)Z1 (1)

Zo(t) = za(t) [az(t) = by(t) = c(t) H (1= y2k)z2(t) = Pa(t) H (1- Ysk)Z3(f)]/ (4.1)

O<tr<t O<tr<t

z3(t) = z3(t) [d(f) —et) [T -y)z®) - [T (- sz)Zz(t)],

O<tr<t O<tr<t

with the initial conditions z;(0) >0,i=1,2,3.
The following lemmas will be helpful in the proofs of our results. The proof of the
following Lemma 4.1 is similar to that of Theorem 1 in [18], and it will be omitted.

Lemma 4.1. Assume that (H1), (Ha), (Hs) hold, then one has the following.

(i) Ifz(t) = (zl(t),zz(t),23(t))T is a solution of (4.1) on [0, +o0), then x;(t) = [Toe < (1 -
Yik)zi(t) (i =1,2,3) is a solution of (2.4) on [0, +o0).

(ii) If x(t) = (x1(£), %2 (), x3(0)T is a solution of (24) on [0,+c0), then z;(t) =
T o<t <t (1 - Yik)’lxi(t) (i =1,2,3) is a solution of (4.1) on [0, +o0).

Lemma 4.2. Let z(t) = (z1(t), z2(1), 23(t))Tden0te any positive solution of system (4.1) with initial
conditions z;(0) >0, i =1,2,3. Assume that the following condition holds,

(Hy) aM >,  daM>el. (4.2)
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Then there exists a Tz > 0 such that
0<zi(t)<M; (i=1,2,3), fort>Ts;, (4.3)

where

H0<tk<t (1 - YZk)MZ

M > MI = ,
a%H0<tk<t(1 - Ylk)
M _ bL
My>My= ——2 "2 (4.4)
c H0<tk<t(1 - YZk)
dM _,L
M > M = ¢

eLHO<tk<t (1 - Y3k) ‘

Proof. From the second equation of (4.1), we can obtain

Z3(t) < za(t) [a2(t) =by(t) —c(t) H (1- sz)Zz(t)]

O<ty<t

45)
< zo(t) |:a§\’I - b} -t H (1- sz)Zz(f)]'

O<ty<t

By (4.5), we can derive the following.
(Al) If ZZ(O) < MZ/ then ZZ(t) < MZ/ t>0.

(A2) If 25(0) > My, let —ay = Mp[a)! — bk — " TToy, o (1 - yax)M2], (a1 > 0). Then there
exists €1 > 0 such that t € [0, £1), then z,(t) > M>, and also we have

Zp(t) < —ap < 0. (4.6)

From what has been discussed above, we can easily conclude that, if z,(0) > M, then z,(t) is
strictly monotone decreasing with speed at least a;. Therefore, there exists a T; > 0 such that
t>Ty, then Zz(t) < M.

From the third equation of (4.1), we can obtain

Z3(t) < z3(t) [d(t) —e(t) H (1- Y3k)23(t)]

O<ti<t

(4.7)

< z3(t) [dM -t - Y3k)z3(t):|‘

O<ti<t

By (4.7), we can derive the following
(By) If z3(0) < M3, then z3(t) < M3, t > 0.
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(Bn) If z3(0) > M3, let —ap = Ms[d™ — e [Tooy, s (1 - y3x) M3], (a2 > 0). Then there exists

& > 0such thatt € [0, &), then z3(f) > M3, and also we have

Z3(t) < - <0.

(4.8)

From what has been discussed above, we can easily conclude that, if z3(0) > M3, then z3(t) is
strictly monotone decreasing with speed at least a,. Therefore, there exists a T, > 0 such that

t > T5, then Z3(t) < Ms.
From the first equation of (4.1), we can obtain

z1(t) < z((t) I:—al(t) +bi () TTo<t, <t (1 = y2k) M2 ]

H0<tk<t(l - Y1k>zl *)

H0<tk<t(1 = Yok) M2
H0<tk<t(1 - Ylk)

H0<tk<t (1 - YZk)MZ
1_[0<tk<t(1 - Ylk)

=—ai(t)z:(t) +

< —afz1(t) +

Then we have

Zl(t) SMl, fOI'tZT1.

Set T3 = max{Ty, T»}, then we have

0<Zi(t) < M;, (l= 1,2,3), for tZTg,.

The proof is complete.

Lemma 4.3. Let (H;y), (Hy), (Hs) hold. Assume that the following condition holds.

(Hs) ay >+ [T (A=yax),  d">eM-pM T (1-ya)-

O<ti<t O<ty<t
Then there exists positive constants T > 0 and m; (i = 1,2,3) such that, forall t > T,
m; < zi(t), (i=1,23), fort>T,

in which

* _ blLH0<tk<t(1 - YZk)mZ

my <m; = ,
a{wHO<tk<t(1 - Ylk)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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a5 = by = BV T Tocret (1= y31)
CMH0<tk<t(l - Y2k)

my < m; =

dt —eM - ﬂéVIHO<tk<t(1 - YZk)MZ
eMHO<tk<t(1 ~Y3k)

ms < my =

Proof. By the second equation of (4.1), It is easy to obtain that, for t > T3,

2o(t) > za(t) [aé -0y =M -y - ] (- Y3k)M3],

O<ti<t O<ty<t

where T3 is defined in Lemma 4.1.

(Cq) If z5(T3) > my, then z(t) > my, t > Ts.
(Cp) If z5(T3) < my and let

1 = z2(Ts) [a§ - -MTT (- sz)mz],
O<ty<t

then there exists €3 > 0 such that t € [T3, T; + ¢3), then z(t) > my, and also we have

Z(t) > pu1 > 0.

21

(4.14)

(4.15)

(4.16)

(4.17)

Then we know that if z;(T3) < my, z2(t) will strictly monotonically increase with speed p5.

Thus, there exists Ty > T5 such that if t > Ty, then z,(t) > m,.
By the third equation of (4.1), It is easy to obtain that for t > T3,

23(t) > z3(t) [dL —MTTA-y)z®) - ] (1- m)Mz],

O<tr<t O<ti<t

where T3 is defined in Lemma 4.2.

(Dy) If z5(T5) > ms, then z3(t) > m3, t > Ts.
(D) If zp(T3) < m3, and let

Uz = z3(13) [dL —eM H (1 - ysx)ms - gt H (1- Y2k)Mz],
O<ti<t O<ti<t

then there exists 4 > 0 such that t € [T3,T; + ¢4), then z3(t) > m3, and also we have

z3(t) > pp > 0.

(4.18)

(4.19)

(4.20)
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Then we know that if z3(T3) < mg3, z3(t) will strictly monotonically increase with speed p5.
Thus, there exists Ts > T3 such that, if t > Ts, then z3(t) > ms3.
Finally, by the third equation of (4.1), we obtain

< 1- m
21(t) > Zl(f)[ M+ bt [ocy (1~ y2)m2 ]
H0<tk<t (1-yi)z1(t)
(4.21)
1- m
_ —a{VIZl (t) + bL H0<tk<t( Y2k) 2
I—[O<tk<t(1 Ylk)zl (t)
Thus, we have
z1(t) > my, (4.22)
fort > Ty. Set T = max{Ty, Ts}, then we have
zi(t) >m;, (i=1,2,3), fort>T. (4.23)

In the sequel, we formulate the uniqueness and global attractivity of the w periodic solution
x*(t) in Theorem 4.4. It is immediate that if x*(¢) is global attractivity, then x*(t) is in fact
unique. O

Theorem 4.4. In addition to (H1) — (Hg), assume further (Ho) lim;_, o, inf B;(t) > 0, where

bM
B t _ t _ t _ 1_ 7
1(1) [C( ) = pa(t) 1 [ Toy < (1 - Ylk)]olt_k[d( ) (4.24)

By(t) = [e(t) = pr(®)] T T (1 -y2)-

O<ty<t

Then system (2.4) has a unique positive w periodic solution x*(t) = (x{(t),x;(t),x;(t))T which is
global attractivity.

Proof. According to the conclusion of Theorem 3.2, we only need to show that the positive
periodic solution of (2.4) is global asymptotical stable. Let x*(f) = (x;(t),x’z‘(t),xg(t))T
be a positive w periodic solution of system (2.4) let x(t) = (x1(8), x2(), x3(£)T be any
positive solution of system (2.4). Then z*(t) = (z’{(t),zﬁ(t),zg(t))T, (z1() = TToctpr (1 =
Y1) x;(8), 25 (1) = Tloct<t (1= y21)X5(8), 25(t) = [Tocto<t (1 —73k)x5(t)) is the positive w periodic
solution of (4.1), and z(t) is the positive solution of (4.1). It follows from Lemma 4.2 and 4.3
that there exists positive constants T > 0, M; and m; (defined by Lemmas 4.2 and 4.3, resp.)
such that, forall t > T,

m; < Z;(t) <M;, m;i< Zi(t) <M, i=1,2,3. (425)
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Define
V(t) = |Inz}(t) - Inzi (t)| + |In25(t) — Inzp(£) | + |In 25 (F) — Inz3 ()| (4.26)

Calculating the upper-right derivative of V(f) along the solution of (4.1), it follows for t >
T that

+ 3 Z:,(t) i, t *

i=1 i

=sgn(z](t) — z1(t)) I:bl(t) H0<tk<t(1 - Y2k) <z;(t) 2o (t) >]

Tloctc(1—116) \ 21~ z1(D)

+sgn(z3(t) — za(t)) [—c(t) ITT @ -rx) =z - 2(1))

O<ty<t

A [T @ =y) (250) - Zs(t))]

O<ti<t

(4.27)
+sgn(z;(t) — z3(t)) [—e(t)ollt(l —y3x) (25 (1) — z3(t))
0 TT (1150 - 20)
< _C(t)ogt(l —12k) |25 (1) — z2(t)| + ﬁl(t)ogt(l = 13) |75 () — z3 (1) |
- e(t)olt_[kd(1 = 13k) | 75 (D) — za ()| + ﬂz(t)oglm(l - 126) |55 (H) - z2(H)| + Da(h),

where

o<, (1~ y2¢) z;(t)_zZ<t>> .
nOy (G 2 020
Dy(t) = (4.28)

H0<tk<t(1 - Y2k) Z; (t) 22 (t)> *
b (t) o 2 (1= 110) <Z,{(t) =0 ) Zi(t) < z1 ().

In the sequel, we will estimate D; (t) under the following two cases.
(i) If 2 (t) > z1(t), then

by (t)HO<tk<t (1 - sz)
27 ()T Toctt (1 = 115)

< bMH0<tk<t(1 - Y2k)
- m1H0<tk<t(1 - Ylk)

Dy (t) < (Z5(t) — za2(t))

(4.29)

|25(t) = z2(t) |-
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(ii) If z}(t) < z1(t), then

b (t)HO<tk<t(1 - sz) o
Pil) < 21 (t)H0<tk<t(l - Ylk) (ZZ(t) ZZ(t))

(4.30)
< bMH0<tk<t(1 - YZk)

a m1H0<tk<t(1 - Ylk)

|25(t) = z2(8)[.
Combining the conclusions of (4.29) and (4.30), we obtain

bMH0<tk<t (1 - YZk)
(1) — . 4.31
Dy (t) < T Tom (1~ 115) |25(t) = z2(t)]| (4.31)

It follows from (4.31) that

DV () <—c(t) [T (1-y2x)|z3(t) = z2()] + Br(t) T ] (1 —ysi) | 25(8) - za(8)|

O<tr<t O<tr<t

—e(t) [T A -ys)|z5(0) —za(®)| + B2®) [T (1= y2x) |25 (1) — z2(t) |

O<tr<t O<ty<t

bMHO<tk<t (1 - YZk)
m1H0<tk<t(1 - Ylk)

|25 (t) = z2(t)|
(4.32)

M )
i [mll_[0<tk<t(1 = Yik) e ﬂz(t)] H (1-126)|25(8) - 22 (1)]

O<ty<t

+[Bi(t) —e®)] TT (1 —y3)|25(t) — z3(t) |

O<ti<t

< —(B1(t)|25(t) — za(t) | + Ba(t)|z5(t) — z3(t)

),

where B (t) and B,(t) are defined in Theorem 4.4.
By hypothesis (Hg), there exist constants a;, (i = 2,3) and T* > T such that

Bi(t) >a; >0, (i=2,3), fort>T". (4.33)

Integrating both sides of (4.32) on interval [T*, t] yields

3 t
V() + D, L Bi(t)
i=2 /T

Zi(t) - zi(t)|ds < V(T*). (4.34)
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It follows from (4.33) and (4.34) that
3 t
Zj Bi(t)|z(t) — zi(t)|ds < V(T*) < o0, for t>T*. (4.35)
.:2 T*

Since z;(t) and z;(t) (i = 2,3) are bounded for t > T*, so |z} (t) — z;(t)| (i = 2,3) are uniformly
continuous on [T*, o0). By Barbalat’s Lemma [32], we have

lim |z (¢) - zi(t)| = lim [ ITa- O NEAGEEI0) |] =0, (i=2,3). (4.36)
o T o<ti<t
Thus,
tlirglo|x?(t) -xi(t)| =0, (i=2,3). (4.37)

By (4.37) and the first equation of (2.4), one can easily obtain that
tlir£10|xf(t) -xi(t)| =0. (4.38)

By Theorems 7.4 and 8.2 in [33], we know that the positive periodic solution x*(t) =
(x3(t), x5 (t),xg(t))T of (2.4) is uniformly asymptotically stable. The proof of Theorem 4.4 is
complete. O

5. An Example

As an application of our main results, we consider the following system:

x1(f) = =2x1(t) + x2(f), t#tk,
X(t) = (4+cost)xy(t) — (24 cost)xy(t) — (1 —sin t)x%(t)

T 5g200m+1 T sintxy(t)xs(t), t#tk,

X3(t) = x3(t) - cos t) xz(f)] , t#t,

. _ 200 3 - —
50 + sin t (50e +1 + sin t>x3(t) <e5033r (5.1)

1

Axy(tk) = x1 (tZ) - X1 (t;) = —Exl(tk), k=1,2,...,
1

A.X'z(tk) = XQ(tZ) - .X'Z(t;) = —§.X'2(tk), k= 1,2,. ey

1
Axs(tg) = x3(t;) - x3(t;) = —Zx3(tk), k=1,2,...,
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in which typ = tx + 20, [0,20] N {t} = {t1, 82}, a1(t) = 2, bi(t) = 1, ax(t) = 4 + cost, by(t) =
2+cost, Pi(t) = (1/2e*971) +sint, fa(t) = (49/e°3xr) —cost, c(t) = 1-sint, d(t) = 50 +sint,
and e(t) = 50e?®7 + 1 + sin t. By direct computation, we can obtain

3 _ a _ — — 1
a=2  @=4 =1, laz—b2| =2,  d=50, p;= 2200741
- 49 - 2007 %
p, = per 50e™ +1, bi=1,
B, =in 2ZF2I0C/S) e oin2 25007,
27T 3
4o —21In(1/2) 2.
B=in T2 i6r o S 24707, (52)
100or — 21n(3/4) 3.
Bs =By =1 2 2In 7 = -0.5754
6 = Bo7 =In 27 (5062007 + 2007 + Ny 0-5754,
27 +2In(2/3) .
Bao = In = = 629.55,

3
Bas = Bag — 2007 ~2In 7 = 2.9362.

Then By = 50.07, By = 2.9362. It is easy to check that (5.1) satisfies all the conditions
of Theorems 3.2 and 4.4; hence, (5.1) has a positive 2or periodic solution which is global
attractivity.
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