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This paper is concerned with the existence, uniqueness, and stability of the solution of some impulsive fractional problem in a
Banach space subjected to a nonlocal condition. Meanwhile, we give a new concept of a solution to impulsive fractional equations
of multiorders. The derived results are based on Banach’s contraction theorem as well as Schaefer’s fixed point theorem.

1. Introduction

It is well known that the theory of fractional calculus deals
with the concepts of differentiation and integration of arbi-
trary orders, real and complex. Actually, the real importance
of fractional derivatives lies in their nonlocal character which
gives rise to a long memory effect and thus to a better insight
into the modelled processes. On the other hand, since models
using classical derivatives are just a special case of those
using fractional derivatives, then most of the investigators
in different areas such as electronics, viscoelasticity, satellite
guidance, medicine, anomalous diffusion, signal processing,
and many other branches of science and technology have
revisited some classical dynamic systems in the framework of
fractional derivatives to get better results; see the references
[1-8]. We point out that most of dynamic systems are
naturally governed by fractional differential equations; for
further applications of fractional derivatives in other areas
and useful backgrounds we refer the reader to the works [1-
5,7-12].

As far as we are concerned with impulsive fractional
differential equations, we intend to improve and correct in
this paper some existence results established earlier in [4, 13-
18] for impulsive fractional differential equations. There have
been in the last couple of years several concepts of solutions
satisfying some fractional equations subjected to impulsive
conditions, see [13, 14, 18,19], while the authors of [18] claimed

that their new concept is the more realistic than the existing
ones. Actually, we believe that nobody holds all the truth
about this subject and a lot of dark sides of these approaches
are not yet well elucidated.

Regarding the concept of a solution for impulsive frac-
tional equations introduced by [18] we point out that Lemma
2.6 which has been used by the authors to obtain the equi-
valence between an impulsive fractional problem and an
integral equation is false as we see in the following counterex-
ample.

In the famous book of Nagy and Riesz [20, page 48],
there is an example of monotonic continuous function F :
[0,1] — R which is not constant in any subinterval of [0, 1]
and satisfies F' = 0, almost everywhere in [0, 1]. So, in terms
of Caputos derivative we would have formally for any o €
(0,1)

t

1 et
mjo(t—s) F(S)dS—O,

“DLF(t) = tef0,1],

F(a)=F, 0<a<]1, with F; being the value of F at a.

@

However, there is no apparent equivalence between this
problem and the fractional integral representation of F
defined in Lemma 2.6 [18]; otherwise the function F(t) would
be constant and equal to F, throughout the interval [0, 1]



which is a contradiction! Moreover, since in the same work
Lemma 2.7 is based on the latter lemma then it is not correct
and may lead to apparent contradiction.

Our main contribution in this paper is the study of
new fractional problems of several orders in a Banach space
subjected to some impulsive conditions of the form

D% ut)
=A(t,u)u(t) +F<t,u(t),

Jt h(t,s,u(o(s)))ds,
tk+1 (2)
J k(t,s,u(t(s))) ds>,

tE]k, k:(),---)ma
u(a) =u, € E,
u(ty)=u(ty)+ L (u(t)), k=1,...,m.

Let us first give a concrete example of such a problem in R;
namely;

“Dpu®)=tP -1, tej,=[0,1],

“Dru() = (-1 tej =Tl -
u(0) =1,
u(1M) =u(17)+2,

where 0 < « < 1,0 < < 1,T > 1,and p,q € R". So, we

look for a piecewise continuous function u : [0,T] — R
satistying (3). Solving the subproblem
C _ 4P
D+M(t)—t _1) tE],
' ' (4)
u(0) =1,
we obtain
ut)=1+ 1 Jt (t—s)* 'sPds
F(oc) 0
b Jt (t—s)*ds (5)
['(a) Jo
_ T(P+1) arp 1
T(a+p+1) [(a+1) ’

from which we getu(1) = 1+(T(p+1)/T(a+p+1))—(1/T(a+
1)).
On the other hand, the solution of the subproblem

c, B

Dpu@®)=@¢-1% te],

I'(p+1) 1 (©)

u(l )zu(1)+2=3+1"((x+p+1)_F(oc+1)
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is given by
u(t)=u(1)+ ! jt(t—s)ﬁ_l(s— 1)9ds
r(B) 1
r(p+1 1
_y, L+l -
F(a+p+1) T(ax+1)
r 1
(q+ ) (t— 1)ﬁ+q'
F(B+q+1)
Hence, the piecewise continuous function
( r 1
1+ (p+ ) t0c+p_ tDC, tE ]0’
F(a+p+1) I(a+1)
r 1
u(t)=43+ (p+1) B (8)
F(e+p+1) T(ax+1)
r 1
+£(t _ 1)ﬁ+q, tel,
F(B+q+1)
is a solution to the impulsive fractional problem (3).
A particular problem of (3) is as follows:
“Dpu@®)=t' -1, tej,
CnY _ q
D.u(@)=0(-1)% te],
pu()=(-1) 1 )
u(0) =1,
u(1M)=u(17)+2
corresponding to the case y = = 3 whose solution is
( r 1
1+ (p+1) VP — ! t, te
T(y+p+1) T(y+1)
r 1
uy= {3+ L2¥D 1 (10)
F(y+p+1) T(y+1)
r 1
+ﬂ(t — 1)1’*‘1, te ]1.
T(y+qg+1)

The paper is organized as follows. We present in Section 2
our problem as we establish some equivalence between the
the given problem and a nonlinear integral equation. Next,
we state a piecewise-continuous type of the Ascoli-Arzela
theorem as well as Schaefer’s fixed point theorem in order
to apply them subsequently in our proofs. In Section 3 we
use the Banach contraction theorem to establish an existence
and uniqueness theorem of a quasilinear impulsive fractional
problem in an abstract Banach space. In Section 4 we apply
Schaefer’s fixed point theorem to some semilinear impulsive
fractional problem in a finite dimensional Banach space to
obtain the existence of a piecewise continuous solution; on
the other hand we prove the stability of the obtained solution
with respect to the initial value. Finally, we conclude the paper
by a concrete example illustrating one of our results.

2. Preliminaries

The main purpose of this paper is the investigation of the
existence and uniqueness of solution corresponding to the
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following impulsive fractional integrodifferential equation in
a Banach space (E, | - [I)

CD:;u (t)

:A(t,u)u(t)+F<t,u(t),

Jt h(t,s,u(o(s)))ds,

795 (11)
J k(t,s,u(r (s)))ds),

a
tE]k,kZO,...,m,

u(a) =u, € E,

u(ty)=u(ty)+ L (u(t)), k=1,...,m,

where
(i)J = [a,T]with0 < a < T < coand J, = [a,t,],
]k = (tk’thrl];k = 1,...,m,
(ii) CD‘:f is Caputo’s fractional derivative of order o €
k
0,1,k=0,...,m,

(iii) A : ] x E — 9B(E) is a continuous operator, where
9B (E) is the Banach space of bounded linear operators
on E in itself,

(ivi, :E - E,ty=a <t <-<t,<t,, =T
u(ty) = limy, _, geu(ty + €) and u(ty) = limy, _, o-u(t; +
€) = u(ty,) are, respectively, the right and left limits of
u(t) at the discontinuity point t = .

We set the following hypotheses:

(j) the functionso,7:] — J are continuous with a <
o(t)<tanda < 7(t) <t,foreveryt € J,
(jj) the nonlinear function F : J x EX ExXE — Eis
continuous, and
h:DxE—E, D={ts) eR*:a<s<t<T},
k:Dyx E — E, (12)

where DO:{(t,s) € RZ:tE],aSsST},

are two continuous functions over D x E and D, x E,
respectively.
We will use in the sequel the following notation:

Hu (t) = Jt h(t,s,u(o(s)))ds,

%

"kt su@)ds, k=0,1,...,m,

K, u®) = J 13)

@, (tLu(®) =F(tu(t),Hu(t),K,_ u(t)),

k=0,1,...,m.

We recall that € = €(J; E) is the Banach space of continuous
functionsu : ] — E endowed with the norm

Ulle = sup ||u (f)] .
lils = sup Ju (1)) (14)

Next, we introduce the definition of the fractional derivative
in the sense of Caputo. We have the following.

Definition 1. We define the left-sided fractional Riemann-
Liouville integral of order « € (0, 1) of a function f : [¢,d] —
E as follows:

t
I F(8) = ﬁ j t=9 ' f(s)ds, t>c  (15)

We define the left-sided fractional derivative of order o €
(0,1) of a function f: [c,d] — E in the sense of Caputo by

Do f(t) = r (t—s)“f (s)ds, t>c. (16)

rl-ow J.
Remark 2. (1) We point out that the previous integrals are
understood in the sense of Bochner.

(2) We assume of course that the function f satisfies

the necessary conditions for which those integrals are well
defined.

Next, we consider the linear functional space

€ (J;E)
={u:]—E ue@((tptinlE),
17)
k=0,....mst u(t) and u(t])
exist with u () =u(ty), k=1,...,m}
equipped with the norm
u =sup |ju(1)] .
lull 2 te}’ llue (@)l (18)

We obtain a Banach space (€ (J; E), || - [l »g)-
Now, we recall the definition of the solution of the
problem (11).

Definition 3. A function u € PE(J; E) is said to be a solution

of the problem (11) if CD(:fu(t) exists in J;, fork = 0,...,m,
k

and satisfies

(i) the equation CD‘:fu(t) = Alt,)u(t) + D
k
]k’k = 0,...,m,

(tu(t) in

78

(ii) the initial condition u(a) = u,,

(iii) the impulsive conditions u(ty) = u(ty) + L(u(t;)),
k=1,...,m.



Lemma 4. A function u € PE(J;E) satisfies the following
nonlinear integral equation

t (t =) A(s,u) u(s)ds

1 ap—1
+m L (t-ys) O, (s,u) ds,

Uy +

telat],
k
Ug + Zli (u (tz_))

1 ‘ og—1
u(t) = 1 +m L t-9)*"A(s,u)u(s)ds
k

+ ﬁj; (t; —s)™" YA (s,u) u(s)ds
i=1 i—1 1
1
t—s)% ,u)d
1;<ak>lL‘ e
Ay oo om
i=1 i-1 iy

tE]k, k= 1,...,m,
(19)

if and only if it is a solution to problem (11).

Proof. Since we have u(t;) = u(t;), then u(ty) = u(t;) +
L (u(ty)).

Now, for t € J, = [a,t,], the solution of the problem

‘Diu(t) = At,wu(t) + O, (tu), te]y, 00
u(a)=uy, €E
is given by

(t) = +—i—fa—fﬂA(> (5)d

u —uo r((xo) 3 S S,Uu)uls S
(21)

- I%t—)%*® (s,u)ds, te],
r(%) ) s t, (s, u)ds, o

We have for t = t, the following relation wu(t]) = u(t;) +
I, (u(t))), and so

W) = s [ -9 Ao

1 b oy—1
— t,—s)° @, (s,u)d
+F((x0) L (t; - s) ., (s, u)ds

+ug+ 1 (u(t])).

(22)

International Journal of Differential Equations
Next, for ¢ € J; = (¢;,¢,], we have

u®)=u(t])+ Jt (t—)TA(s,u) u(s)ds

_L
T(a) Je

t
J (t - s)"‘l_lCI)t2 (s,u)ds
f

T(o)

1 2 o
mj.a (£ —9)" YA (s, 1) u(s)ds

1

= Uy +

+

@) Ll (t - s)%_l(bt1 (s,u)ds

' (ll)fl -

—
R

)Y A(s,u)u(s)ds

—
Q

1 ! - -
" () L =97 1quz (ssu)ds+ I (u(t, )i |
23
from which we infer that
+ h ap-1
u(ty) = uy + m L (t; =) A(s,uw)u(s)ds
1 h P
" T (a) L CEDARUNCINEE
1 t o
*rwJLKQ—91%@MW@Ms 24
1 t o
m L (62 =)™ 1(th (s,u)ds

+ 1 (u () + L (u(1))-

Arguing as before we obtain for ¢ € J,

u)=u(t;)+ F( 3 L (t =) A(s,u)u(s)ds

t

(t - s)“z_ICDt3 (s,u)ds
1 h ay—1
=%+__4-@—@°AmmM@m

0_1®t1 (s,u)ds

*régf““”a

t
+ ! J (tz—s)“lflA(s,u)u(s)ds
t

1 t
Sl MR
t

(t—s)A(s,u)u(s)ds

171®t2 (s,u)ds
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(t-9)""'D, (s,u)ds

1
r (“2) '|-f2
+ 1 (u () + L (u (1))

(25)
Reasoning by induction we get, forany t € J,,k = 1,...,m
the general expression
1 ! =1
u(t) =uy+ —J (=) A(s,u)u(s)ds
I ((Xk) tk
i 1 J’t" (t = 5)*17!
+ Yy — t;—s) " A(s,u)u(s)ds
i=1 r (“i—l) iy
+— ! J (t—s)* D, (s,u)ds
T (o) Je, o (26)

k

Z ) Jti t; —s)a""_ICDti (s,u)ds

1

Y1),

Conversely, we assume that u satisfies (19). If t = g, then
u(a) = u,.

Now, using the fact that Caputo’s derivative of a constant
is zero, then, for every t € J;, k = 0,...,m, we get

Cfo u(t)
k

- CDak [F (Lk) Lk (t— )% A(s,u)u(s) ds]

C % 1 j o=
+ D, t—s s,u)ds
e L oron e
=-<p i ( JEA (L, u)u(t)) + D (]:gkcl)tk+1 (t,u)).
(27)
So
“Diu(t) = At uu(t) + @, (tu), (28)
foreveryt e Ji,k=0,...,m
Also we can easily show that
u(ty)=u(ty) +L (u(ty)), k=1,....m (29)
O

We conclude this section by introducing some useful
theorems which will be used in the sequel.

Theorem 5 (PE-type Ascoli-Arzela theorem [21]). Let E be
a Banach space and W < PE(], E). If the following conditions
are satisfied

(i) 7 is a uniformly bounded subset of P€(], E);
(if) W is equicontinuous in (t, ty,), k=0,1,2,...,m

(i) 77°(t) = {u(t) cu e W, t € J\{t ), W(ty) = {ulty) :
ue Wy, and W(t,) = {u(ty) : u € W'y are relatively
compact subsets of E,

then W' is a relatively compact subset of € (], E).

Theorem 6 (Schaefer’s fixed point theorem). Let E be a
Banach space and let T : E — E be a completely continuous
operator. If the set

X={ueE:u=AJu, A€(0,1)} (30)

is bounded, then I has at least a fixed point.

3. A Quasilinear Impulsive Fractional Problem

We begin our investigation by the following result which
ensures the existence and the uniqueness of the solution of
the following impulsive quasilinear problem:

CDf{u t)

=A(twu@)+0, Gu(), te],k=0,...,m
u(a) =u, € E,

w(te) =u(te) + I (u (),

k=1,...,m.
(31)

We assume that A : ] x E — 9B(E) is continuous and there
exists a constant M > 0 such that

IA(t,u) — At V)| < Mllu—-v|l, Vte],VuveE (32)

Weset M' = max, ;[ A(t, 0)[.
It is not hard to establish the following estimates.

Lemma 7. Let the functions h(t, s, u) and k(t, s, u) be contin-
uous with respect to the variables s and t, and there are two
positive constants C, and C, such that

Ih (¢t s,u) —h(t, s,V <Cyllu—v,
Vt,s € ], Yu,v € E,

(33)

Ik (£, s,u) =k (&5, V)| < Cy lu =,

Vt,s € J, Yu,v € E.
Then, there exist two positive constants C| and C), so that

IHu )]l < (T - a) (Cylullp + C}).

(34)
1Hu (t) = Hv (Ol < C, (T = a) llu = vl gg>
and, fork = 0,...,m, one has
|K,.,u®)] < (T - a) (Cyllullpe + C5).
(35)

<

[738)

u(t) =K, v®| < Cy (T -a) u—vlge

foreveryu,v € PE(J,E) andt € ].



We assume the following hypotheses:

(H1) o, ..., 00, € (0,1). We set T = maxy;.,, {(T — a)*}
and I’ = ming;,,{T'(e; + 1)}

(H2) There is a positive constant L, such that

||(Dtk+1 (t’u) - (Dtk+1 (t’ V)”
<L, +(C, +C) (T - a)} |u—lpg  (36)
Vte],Vu,ve PE, k=0,...,m.

Weset L = L, + (C; + C)(T —a) and L, =
sup,e, IF(£,0,0,0)].

(H3) There is a positive constant ¢ > 0 such that

I ) - L, )] < pllu =i,

(37)
VYu,ve E,k=1,...,m.
(H4) The positive real number
T/
y=my+(m+l)(L+2rM+M')F (38)

satisfies 0 < y < 1.

Next, we state and prove the existence and uniqueness result
for the quasilinear integrodifferential problem (31); we have
the following.

Theorem 8. If the assumptions (HI)-(H4) are satisfied, then
problem (31) has one and only one solution u € PE€(J, E).

Proof. Since we are concerned with the existence and unique-
ness of the solution of (31) then, it is wise to use the Banach
contraction principle in order to establish such results.

Let B, = {u € PE(J,E) : |ulgpe < r} be the closed
ball of P€(J,E) centered at 0 with radius r satisfying the
following inequality:

m+1)T
9 ()= ol + DL
(39)
m+1)T )
+ T(rM+M +L)+mpt r<r,
where
L'=(C+Cy)(T-a)+L,. (40)
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Endowing &, with the metric d(u, v) = |u — V|| »g, for every
u,v € AB,, we obtain a complete metric space (%,,d). Next,
we define the operator ¥ : 8, — %, by

Yu (t) = uy +

o
T (o)
X Jt (t— )% A (s,u) u(s)ds

t,

i

)
+ —
a<Zi<tr((xi71) ti1

(t - s)“"“_lA (s,u)u(s)ds

1 Jt oy—1
+ t—8)* O s,u)ds
D) b 79 P
+ ! Jti (t;— )" 7' D, (s,u)ds
T(etiy) Joy "

tE]k,kZO,...,m.
(41)

It is understood that the sum Y, , is zero if t € J.
First, we prove thatifu € PE(J; E), then Yu € PE(J; E).
Indeed, foreacht € (ty,t, ), u € €((ty ty,1), E), and any
sufficiently small § > 0, we have

[Wu (t +68) — Yu (@)

(Mllull g + M + L) [ull gy + L'

- T (o)
t
x t—)% " —(t+8-95)%"]ds
J o meromas
(Mllullgg + M + L) [ull oy + L'
T (o)
t+6
X J (t+6—5)%'ds.
t
Calculating the integrals we find that
Mr+M +L)r+L
IWu (t +8) - Pu )| < 3 I ) ]5"‘k. (43)

rl

Thus, the right-hand side tends to zero as § — 0. Likewise
one gets limg _, ([ Yu(t) — Yu(t — 8)|| = 0; this shows that Yu
is continuous at t. Hence Yu € G((ty, ty,1), E).

Next, for the right endpoint t = t;,,; we get for any
sufficiently small § > 0

[(Mr+M +L)r+L'
FI

[Wer (trpr) = Y (tyy —0)|| < 3 5%,

(44)
which shows that the right-hand side tends to zero as § —

0, and accordingly, Yu is continuous at ;. Therefore Yu €
FE(], E).
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To prove that Y%, C &, we see that, for any u € 9B, and
teJ,,k=0,...,m, wehave

¥ Ol < o] + ——

T (o)

X L (t =) A (s wll - lu(s)l ds

1
* 2 T

a<t;<t -

) Li (t; = 9" AWl - lu ()l ds

i-1

t (t — )% ! ||q>

1
" Tl L
1 f X1~
+ Z m L (t;—s) ! ”‘Dt,. (s, u)" ds

a<t;<t i-1

(s, u)" ds

[738)

SN IO
a<t;<t
(45)
Estimating the right-hand side we find
¥ ()]

m+1)T
< ol + 20T

1
X (Mllull g + M") - [ull g + ——
T (o)

X Jt (t =)™ " [Liull gy + (T —a) (C} +Cy) + L, ] ds
2%

1
' Z T (o)

a<t;<t

X J:i (t; = )" [Llullge + (T - a) (C} +C}) + L, ds

i-1

+ mpt|[u| gogs -
(46)
So
[Wu (8)]
m+1)T
< Juof + DT
(47)

!
+ M(rM+M’+L)+m;A r

<@(r)<r.

Therefore, | Vul|»e < 1, and consequently Y%, C 3,.

Next, we prove that ¥ is a contraction mapping; indeed,
foranyu,v € $,andt € i,k =0,...,m, we have

NWu () = ¥v (D)

ST (iék) Li (t =) A (s w)u(s) = Als,v) v ()l ds
1
+ a;<tr (041'_1)

X r (t; =) A (s w) u(s) = A(s,v) v (s)l ds
t

i-1

1 o
+—F(ock) L(t—s) 1||<1>

-

a<t<t r (‘Xi—l)

(su) =@, (s, v)“ ds

738}

y J;ti (ti B S)Oé,'fl_l ||(Dt,- (t, M) - q)t,- (S’ V)“ ds

i-1

Y @) - L (v ()]

a<t;<t

(48)

Taking into account the previous assumptions we get the
following estimate:

[Wu () = ¥v (@0

< myllu = vl e

_ t
Iu =Vl J (t— ) [Mr +M + Mr] ds
1—‘(ock) 123

et = Vg

a<t;<t r ((Xi—l)

ti
X j (t;—s) [Mr +M' + Mr] ds
t,

i-1

Llu — vl gg Jt (t — )% \ds
I (“k) tk
Lilu -4 fi .
+ ) Ll = vlze J (t;—s) ds.
a<t;<t Iﬂ(oci—l) i

(49)
Thus,
[Wu (t) —Fv (0l

T/
< [m,u+ (m+ 1)(L+2rM+M') F] lu = vl g

< Ylu = vige-
(50)

Accordingly, the mapping ¥ has a unique fixed point u =
Yu € AB,, which completes the proof. O



4. A Semilinear Impulsive Fractional Problem

In this section we consider a semilinear impulsive fractional
integrodifferential problem subjected to a nonlocal condition
in a finite dimensional normed space (E,| - [). Actually,
the finite dimension requirement is due to some technical
difficulties in order to prove some compactness properties.
The problem is as follows:

CDf::ku(t)
=AU+, (tLu(),
u(a)+gu) =u, € E,

w(te) = u(t) + I (u(t))

tE]k, kZO,...,m,

[738)

k=1,...,m.
(51)

We assume that the mapping A : | — 9B(E) is continu-
ous and we put

M" = max|A (). (52)

We need the following hypothesis:

(H5) there exists a constant G > 0 such that the mapping
g: PE(],E) — E satisfies

lg @) - g )] < Glu-vigg, Vuve PEUE). (53)

Now, we are ready to state and prove the following result.

Theorem 9. If the assumptions (H1)-(H3) and (H5) are
satisfied, then problem (51) has at least one solution u €

PE(],E).

Proof. Let us define the operator Q : €(J,E) —» PE(J,E)
by

1
Qu(t) = ug— g ) + ()

X Jt (t— )% A (s)u(s)ds

1 £ .
Y s [ g auea

a<t;<t i-1
(54)
+ ! Jt (t-—9)*'®, (s,u)ds
r(O‘k) tr et 17
+ Z ! Jti (t,— )" 7' D, (s,u)ds
a<t,-<tr(“i—l) iy ' W

+ z Ii(”(ti_))r te], k=0,...,m.

a<t;<t

First, we notice that by using the same technique as that in the
proof of the Theorem 8 we can establish thatif u € PE(], E),
then Qu € P€(J, E); that is, the operator Q maps the space
PE(], E) into itself.
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To prove that Q has a fixed point we use Schaefer’s fixed
point theorem. We proceed in four steps.

Step 1(Q is continuous). Let {u,},., ¢ PE(],E) such that
u, — uin PE€(J,E); then

lQu, (1) - Qu(®)]

1
<|gu,) - g@)| + (o)

x L (t =)™ A (s) (u, (5) - u(s))] ds

1

a<t;<t r (‘Xi—l)

<J =9 IO 0 - u )] s

i-1

1 g og—1
o ™ L (-9 o

1
’ Z T (1)

a<t;<t

(s u,) = D@ (s u)“ ds

7981

X Lti (t; - 5)“1;171 ||®t,~ (s,u,) — @y, (s, u)“ ds

i

+ 2, () = L (w ()]

a<t;<t

te]k,kZO,...,m.
(55)

Taking into account the assumptions (H2)-(H3) and (H5)
and using Lemma 7 we get

[Qu, (t) - Qu (1)

< Glluy, — ] gy + m“”n — 1 gg

t
X J (t—s)*'ds+ M" 14, = 1] e
bk

1 jt" o -1
X e t.—s) " ds
a<t,~<tr (ai—l) fi ( 1 )

L ! oy—1
— |, - t—s)%'d
+ T (‘xk) "un u”@% J;k ( s) S

] t o -1
+Llu, —u —.[ e
” n ||93?€a<;<tf(06i_1) fiaa =)

+m[4||un—u||9,%, teJ,k=0,...,m.

(56)
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Calculating the integrals in the right-hand side we obtain

|Qu,, - Qull e
m+1)T
< |G+mpu+ T (M" + L) [, ””mg'
(57)
So
|Qu, — Qu| 4y — 0, asn— oo, (58)

and accordingly, Q is continuous.

Step 2. Lete > 0Oand B, = {u € PB(J,E) : |ulpy < €}
Define 7#" = {Qu : u € B,}; then for any u € B, we have

IQu @) < fup — g W)

1 .
T (o) L (=)™ NAG)I u(s)l ds

Y et G A LYCT ST R

a<t;<t r (‘xi—l) ti

1 t .
i | 9 o s as
1 t o
' “;«r (“i—l) J’t,;1 (t; =) ”(Dt,. (s, u)" ds

+ ) L@@,

a<t;<t

t e ]k’ kZO,...,m.
(59)
Estimating the right-hand side we obtain

IQu @I < [uo| + Gllull g

m+1)T

"
7 M el

+g ] +

t
| =95 (Ll + ') as
Iy

) I“(ot-_l) J:

a<t;<t i-

(t; = )% [Llull g + '] ds
+ myllul g,
(60)
implying that
1Qulls < ]| + g (O]

nr’'
L DT

o (M”s+Ls+L')+Gs+mpte =p.

(61)

Hence 7 is uniformly bounded.

Step 3 (we prove that 77" is equicontinuous). Let # € B,; then,
forany t;, < 1, < 1, < t;,, we have

lQu (z,) - Qu ()]

1

"~ T (o)

X j (=) = (5= ) A )] () s

+ r (ixk) J;Z (T2 - 5)“k_1 A (S)" [lu (S)" ds
1 7 o .

+ r (‘xk) th [(Tl - S) L (1-2 _ S) 1] “q)tk“ s u)" e
1 T .

g ), @9 o sl

(62)
So

”Q” (1,) — Qu (Tl)"

(M” + L) e+ L J

o) (1, —s)™ ds

[(M"+L)e+L']

<3 =

(Tz - Tl)ak-

(63)

As 1, — T, the right-hand side of the previous inequality
tends to zero, which means that 7" is equicontinuous.

We point out that the closures of the subsets 7'(t) :=
{Qu(t) :ue B, te J\{ty}, k=1,...,m}, W(t;) := {Qu(t) :
u € B}, and 7/(t}) = {Qu(t{) : u € B}, k = 1,...,m, are
bounded in E (dim E < c0); hence they are compact.

As a consequence of the previous steps and the SPE-
type Arzela-Ascoli theorem we conclude that Q is completely

continuous.

Step 4. Now, we show that the set
X={ue PE(J,E):u=2AQu, L (0,1)}  (64)

is bounded.
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Let u € X;then u = AQu, for some A € (0, 1). Thus, for
eacht €],

le (O < Aug]| + A ]lg @)

A ' og—1 .
+WL (t =) A - lu ()] ds

+/\Z !

altet (1)

t; -
o ICED R VCT AT

[738)

t
(t —s)%7! ||c1>

A
+ Tl @) th (s, u)” ds

—1 N a1
" /\a;qr (‘Xiq) L,l (ti N S) "CDti (s, u)“ ds

A Y )
T
<2 [l oo+ 22T

X (M"e + Le + L') + Ge + mue

(65)

This shows that the set X is bounded.

We conclude by Schaefer’s fixed point theorem that the
operator Q has a fixed point u € PE(]J, E) such that Qu = u,
which means that u is a solution to problem (51). O

Next, we establish the continuous dependence of the
solution upon the initial value. We have the following.

Proposition 10. Under the hypotheses (H1)-(H3) and (H5)
the solution of problem (51) depends continuously upon its
initial value if

!
G+my+(m+1)(L+M")%<l. (66)

Proof. Since u is a solution to (51), then it satisfies the integral
equation (19). Let v be a solution to problem (51) with initial
value v(a) = v,—g(v). Then v(t) satisfies the integral equation

v(t) =vy—g)

1 ! o1
+ () L (t—=5)*A(s)v(s)ds

1 L _—
’ Z () L_l (=) A(s)v(s)ds

a<t;<t
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1 t )
+—— | =90, (s,v)ds
r ((Xk) th ( ) tk+1 ( )

1 ti .
' Z m Jt (ti B S) 1®ti (s,v)ds

a<t;<t i-1

+ Z L(v(t)), te€lok=0,...m.

a<t;<t

(67)

Estimating the difference between solutions u(¢) and v(f) to
(19) and (67), respectively, we get

lu (8) = vl < [ug = vo|| + Glltt = VI e

MII 1 TI
. (m+1)

I e = Vg
Lm+1)T
S e = Vi
+mulu—vlpg te€,k=0,...,m
(68)
Taking the supremum over the interval J we find that
1
lu = Vllpg < ; ||u0 - v0|| , (69)
where
TI
p:l—G—mM—(m+1)(L+M")F, (70)

which proves that the mapping v, — u is continuous from
E — P€(],E). O

5. Example

Consider the following impulsive fractional integrodifferen-
tial problem

DY u(t)

|u (#)]
(lu ()] +2) (£ +12)

= iu (t)cosu (t) +

t —lu(s)l/6 1/2 o
J € dS+J Mds, te]o’

+
o (t+2) 0 el +6
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3/4
D (12 Y t)

lu (t)]
(lu@®)]+2) (2 +12)

= iu (t) cosu (t) +

t ,—luls)l/6 1o
+Je ds+J wds, te],

o (t+2) 0 et +6

u(0) =1,
)l

We set J, = [0,1/2], J; = (1/2,1], and J = [0, 1]. We take
E=R,a=t,=0,t, =1/2,T =1, a5 = 1/2, «; = 3/4, and
B, ={u € PE(],E), |ull e < r}. Define

a2
[u((1/2)7)]+6
(71)

L
24

t e—lu(S)I/G

A(t,u) = — (cosu) I,

ds,

Hu(t) = L (t +2)

tei1 g
K, u(t)= J ‘ Sm(f‘ﬂd&
0 et +6

) lu ()] t plus)l/e
Py, Gut) = (Ju@®)]+2) (£ +12) " L (t+2)° &

. th“ sin (u (s) /4)

0 et +6

k=01,

ds, k=0,1,

< 1—> Ju((1/2))]
Ilu = = .
2/ Ju(@/27)]+6
(72)
Forany u,v € &, and t € ], we have
1
\Hu () - Hv (t)] < = fju = viige. (73)
Hence C, = 1/24. Likewise, one has, for k = 0, 1,
1
K, u@) - K, v(t)| < L (74)
then C, = 1/24.
By (H1), we have
T = max {(T —a)™, (T - a)"} =1,
' = min {T (et +1),T (e + 1)} (75)

o fe(3)5()} -+ (3)- 5

1

On the other hand, using (H2) we obtain
|CDtk+1 (t’ l/l) N CDtkH (t’ V)'

Ju (1) ) v (1)
O+ E 1) o+ E )]

6)

+ [Hu (t) - Hv (t)] + K, u () - K, v(t)|

2981

<2 u-v

Thus
1 3
L, = — L=—. 77
Y 24 @7)
Assumption (H3) gives
1
lIl (w) -1, (v)| < g||u — Vg (78)

sou =1/6.

Due to the definition of A(t,u) we have M = M’ = 1/24.
Let us now find a threshold for the value of r for which
condition (H4) is satisfied. We should have

2 r

1
0<y=—+——+——<1,
Y= T 3vr T 3vm

(79)

so r is any positive number such that r < (5+/m — 4)/2 =
2.4311. We conclude by Theorem 8 that problem (71) has a
unique solution u € P€([0, 1], R) such that [[ul| »¢ < 1.

6. Concluding Remarks

In this work we have first noticed that most of the pub-
lished papers dealing with impulsive differential equations
of fractional orders are not mathematically correct, so we
have proved through a concrete counterexample that the
concept of solution proposed recently by some authors is
not realistic. On the other hand, we introduced a new
class of impulsive fractional problems with several fractional
orders and we established an equivalence with some integral
equation. Moreover, we derived two existence results by using
two different fixed point theorems as we proved the stability
of the solution of the given problem with respect to the initial
value. Finally, we illustrated our first theorem of existence and
uniqueness by a concrete example in R.
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