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SIMPLE GROUPS OVER LOCAL FIELDS

SIMPLE GROUPS OVER LOCAL FIELDS

by

J. Tits

This is a report on results obtained during the Institute, and which
will be the subject of a forthcoming paper by F. Bruhat and J, Tits. De-
tailed proofs have not yet been written down, and several steps must still

be checked, so that the theorems are presented here with a certain degree
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of incertainty. Discussions with other participants, in particular N, Iwahori,

M. Kneser, T. Springer and R. Steinberg, have been of great help.

1. Notations. Terminology.

k is a field, K a Galois extension, I' the Galois group, v a discrete

valuation of K invariant under I' , k and K the residue fields of k and
K with respectto v, G a simply counected simple groub defined over
k and split over K, O the ring of integers in K, A the set of vertices
of the '"extended Dynkin diagram' of G (i.e. the set consisting of the
simple roots and the opposite of the maximal root). An algebraic group
and the group of its rational K-points are denoted by the same symbol,
The field k is assumed to be perfect, although this hypothesis may be
unnecessary.

Let there be given a '"standard" (Chevalley) O-structure on G,

let T be a maximal torus which splits over O, and let B be the inverse

image under the reduction £: G 0o — G_K of a Borel subgroup of G_
K

I-G-1
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1-G-2

containing / (T3) . We call Iwahori subgroups the conjugates of B in

G and parahoric subgroups all proper subgroups containing an Iwahori

subgroup., A parahoric subgroup P and a maximal torus T' are associated

g

if there is an element g ¢ G suchthat "B< P and 8T = T' ; if K

has 'enough' elements, this is equivalent to saying that P ~ T' = T! 6 =
(t [ teT', X (t)e O forall X c x*(T')} .

The conjugacy classes of parahoric subgroups are in 1l -1 corres-
pondence with the proper subsets of A , the Iwahori subgroups corres-
ponding to the empty set. Through its action on these conjugacy classes,
I" operates on A , Two parahoric subgroups, corresponding to two sub - v
sets & 1 and /_\2 invariant by I will be called k-similar, if there is a
bijection A ; —» A 2 compatible with the action of I , and which is
an isomorphism of the Dynkin diagrams having the elements of Al and
A\, as vertices. Par abus de langage, a parahofic subgroup invariant

under I will be called a k-parahoric subgroup.

2. Results.
Theorem 1.

a) To each maximal k-torus which splits over K is associated a

k-parahoric subgroup.

b) All minimal k-parahoric subgroups are k-similar,

c) More precisely, if P; and P, are two minimal k-parahoric

subgroups, there exists a bijection of the set of k-parahoric subgroups

containing P; onto the set of k-parahoric subgroups containing P, ,

which preserves inclusions and such that corresponding subgroups are
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k-similar, _If_Alis the subset of A associated with the conjugacy class

_(:w_)‘.'_lP1 , the number of maximal k-parahoric subgroups containing P

1

equals the number of orbits of I' in A -Al .
It is likely that in b), ''k-similar'' may be replaced by ''conjugate
over K ',

Theorem 2. Suppose k complete, let L be the maximal uhrami-

fied extension of k contained in K, assume that G is quasi-split over

L and that K is the minimal extension of L over which G splits, Then:

a) G contains at least one k-parahoric subgroup. Every such sub-

group is associated with a torus containing a maximal k-split torus,

b) Two minimal k-parahoric subgroups are conjugate by an element

32. Gy »

c) If G is anisotropic over k , there is a unique k-parahoric

subgroup and it contains Gk . In particular, if AO is the subset of A

associated to the conjugacy class of this subgroup, A - A consists

of a single orbit of T,

Corollary 1. Under the assumptions of theorem 2, G possesses

a maximal torus, defined over k , which splits over K.

Remarks, Keep the assumptions of theorem 2, let P be a minimal
k-parahoric subgroup associated with a maximal k-torus containing the
maximal k-split torus S, and let N = N(S) be the normalizer of S , It
is to be expected that Pc, Nk form a BN-pair in Gk ,» whose Weyl group

is an affine Weyl group, extension of the relative Weyl group, At the

present stage, we seem to dispose of a method to prove this fact, but have
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not yet gone through particulars, In the non-complete case, the analogous
result seems to be that, perhaps under suitable additional conditions (the
conjugacy over k of the minimal k-parahoric subgroupsfthe double cosets
of Py (P a minimal k-parahoric subgroup) in G; have all the formal
properties of the double cosets of the B of a BN-pair, but that in general,
there exists no suitable N (this situation can be axiomatized and gives
rise to a generalisation of BN-pairs),

Theorem 3, Assume that G is quasi-split over an unramified ex-

tension L _q£ k contained in K, and that it possesses a maximal K-split

torus defined over k. Then, if the cohomological dimension of Kk is 21,

the minimal k-parahoric subgroups are Iwahori subgroups.

Corollary 2. If k is complete and dim k < 1, every aniso-

tropic absolutely simple group G is of type A “re

Proof, By theorem 2 c) and theorem 3, I must be transitive on
the extended Dynkin diagram, and this can happen only for An .

Corollary 3. If k is complete and dim k <1l Hl(k, G) = 0.

This gen;aralizes a theorem of M. Kneser.. A simple proof of the
fact that the existence of a k-Iwahori subgroup implies the nullity of H1
has been indicated by Springer, There is an alternative proof, using corol-
lary 1 and the classification,

3. Methods,

3.1, Geometric representation. Let T be a maximal K-split

torus, There exists a canonical representation of the parahoric subgroups

associated to T, by the simplexes (of all dimensions >0) of a cellular
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decomposition of an affine space A over &, which is a principal homo-
geneous space over V = X*(T) ®Q. If T is defined over k, I operates
on A and leaves the cellular decomposition invariant, Since only a finite
quotient of I’ operates on A, I has a fix point, which belong to a sim-
plex representing a k-parahoric subgroup, This proves theorem 1 a).

If there exist two distinct k-parahoric subgroups associated with
the given k-torus T, I has two fix points in A , therefore a line of
fix points, and it has also a line of fix points in V from which follows that
T eannot be anisotropic. This is the main argument in the proof of theorem 2c).
3.2. Reduction, Let P bea parahoric subgroup and Aj] be the
subset of A which represents the conjugacy class of P, There exists
an O-structure in G for which P is the group of integral points. After
reduction, this gives a group P defined over R, which is in general not
semi-simple, The Dynkin diagram of the semi-simple quotient ; of P
is the diagram whose set of vertices is £\; . The homomorphism :
P— EK can be defined "intrinsically', without reference to the O-structure
mentioned above; it establishes a 1-1 correspondence between the para-
horic subgroups contained in P and the parabolic subgroups of EI-{_ .
One of the main tools is the Galois descent on the reduction/o, when P
is a k-parahoric subg?oup.' Roughly, theorem 3 is proved as follows:
assume P is a k-parahoric subgroup; since k is of dimension 61 4 g
is quasi-split over k , that is, it contains a k-Borel subgroup whose inverse
image in P is then a k-Iwahori subgroup of G . One main difficulty to
be overcome is that, when K is ramified over k, some elements of I’

operate on P as rational automorphisms,
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3.3. Projective limit. An essential use is made of the fact that,
in the complete case, parahoric subgroups can be viewed as projective
limits of algebraic groups defined over K. This is used for instance to
show by’ a limiting process that k-parahoric subgroups are associated to
k-maximal tori,

4. Dictionary. One notices a formal analogy between the usual
theory of parabolic subgroups and the theory of parahoric subgroup, ex-

pressed by the following dictionary:

Parabolic Parahoric

Borel Iwahori

Connecied Simply connected

Dynkin diagram Extended Dynkin diagram
Weyl group Affine Weyl group

Finite fields p-adic fields
Inseparability Ramification

etc, etc,
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