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Vector valued inequalities and Littlewood-Paley operators

on Hardy spaces

Shuichi SATO

(Received August 27, 2016; Revised September 7, 2016)

Abstract. We prove certain vector valued inequalities on R" related to Littlewood-
Paley theory. They can be used in proving characterization of the Hardy spaces in
terms of Littlewood-Paley operators by methods of real analysis.
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1. Introduction

We consider the Littlewood-Paley function on R™ defined by

5N = ([ 711 v ta)? f)/ (1)

where ¢;(x) =t "p(t~1z). We assume that ¢ € L'(R") and

/n o(x)dx = 0. (1.2)

If we further assume that |p(z)| < C(1+ |z|)~" ¢ for some € > 0, then
we have

19o()llp < Coll fllpy 1<p<oo,

where || f]|, = || f||z» (see [10], [14] and also [1] for an earlier result). The
reverse inequality also holds if a certain non-degeneracy condition on ¢ is
assumed in addition (see [7, Theorem 3.8] and also [11]). This is the case
for go with Q(z) = [(0/0t)P(z,t)]t=1, where P(x,t) is the Poisson kernel
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associated with the upper half space R™ x (0,00) defined by

t
(2|2 + t2)(nt1)/2

P(x,t) = ¢y

with ¢, = 7~ ("*D/2((n 4 1)/2) (see [16, Chapter I]). Here we recall that
Q&) = —2m|¢|e~?7I¢l where the Fourier transform is defined as

A~

fO =7 = | J@e?™ T de, (2,6 =m&+ -+ oabn.
Furthermore, it is known that

allflar < llge(Hlle < call fllzw (1.3)

for f € HP(R™) (the Hardy space), 0 < p < oo, where ¢1,co are positive
constants (see [4] and also [18]). Recall that a tempered distribution f
belongs to HP(R™) if || f||m» = || f*[|, < 00, where f*(x) = sup, |P¢* f(2)].
Here @ is in . (R™) and satisfies [ ®(z)dz = 1, where .#(R™) denotes the
Schwartz class of rapidly decreasing smooth functions on R"; it is known
that any other choice of such ® gives an equivalent norm (see [4]).

In this note we are concerned with the first inequality of (1.3) for 0 <
p < 1. A proof of the inequality was given by Uchiyama [18]. The proof is
based on real analysis methods and does not use special properties of the
Poisson kernel such as harmonicity, a semigroup property. Consequently,
[18] can also prove

[fllme < cllge ()l 0<p <1, (1.4)

for ¢ € (R™) satisfying (1.2) and a suitable non-degeneracy condi-
tion. Also, a relation between Hardy spaces on homogeneous groups and
Littlewood-Paley functions associated with the heat kernel can be found in
[5, Chapter 7].

On the other hand, it is known and would be seen by applying an easier
version of our arguments in the following that the Peetre maximal function
Fy'p can be used along with familiar methods to prove (1.4) when ¢ €
Z(R™) with a non-degeneracy condition and with the condition supp(¢) C
{a1 < [¢| < as}, a1,a2 > 0, where for a function F' on R™ and positive real
numbers N, R, the maximal function is defined as
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FN,R(JU): sup LF( )

S Wt By (1.5)

(see [8]).

The purpose of this note is to prove (1.4) for a class of functions ¢
including @ and a general ¢ € . (R"), without the restriction on supp(p)
above, with (1.2) and an admissible non-degeneracy condition (Corollary
3.2) as an application of a vector valued inequality which will be shown by
using the maximal function FY'p (see Proposition 2.3, Theorem 2.10 below).
The proof of Proposition 2.3 consists partly in further developing methods
of [17, Chapter V] and it admits some weighted inequalities. Theorem 2.10
follows from Proposition 2.3. Our proofs of Proposition 2.3 and Corollary
3.2 are fairly straightforward and they will be expected to extend to some
other situations (see [12], [13], [15]).

In Section 2, Proposition 2.3 will be formulated in a general form, while
Theorem 2.10 will be stated in a more convenient form for the application
to the proof of Corollary 3.2. In Section 3, we shall apply Theorem 2.10 and
an atomic decomposition for Hardy spaces to prove Corollary 3.2. Finally,
in Section 4, we shall give proofs of Lemmas 2.1 and 2.5 in Section 2 from
[17] and [8], respectively, for completeness; the lemmas will be needed in
proving Proposition 2.3.

2. Vector valued inequalities

Let o), j = 1,2,..., M, be functions in L*(R") satisfying the non-
degeneracy condition

M
inf sugz |.Z (D) (t€)| > ¢ (2.1)

€ER™\{0} ¢>0 T

for some positive constant c. We write ¢ = (¢, ..., M) » = (F(pM),
oy F (M),

Lemma 2.1 Let o), j =1,2,..., M, be functions in L*(R™) satisfying
(2.1). Then, there exist by € (0,1) and positive numbers r1,ry with 11 < ro
such that if b € [bo, 1), we can find n = (n™V,... M) which satisfies the
following:

(1) n € C®(R"), where n € C*(U) means nt) € C*(U) for all 1 < j < M;
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(2) supp F (V) C {r1 <[] <r2},1<j < M;

(3) each F () is continuous, 1 < j < M;

(4) 372 Ap7€), (7€) = 1 for & € R™\ {0}, where (z,w) =
ijvil zjw;, z,w € CM (the Cartesian product of M copies of the set of
complex numbers).

Further, if ¢ € CF(R™\ {0}), then 1) € C*(R™).

See [17, Chapter V] and also [2].
We assume that M = 1 for simplicity. Suppose that ¢ € L'(R™) and
there exist © € C*°(R™) and A > 1 such that

~

D(€) = ¢(§)O(&) on {lg] <A} (2.2)

Suppose that b € [by,1) and let n be as in Lemma 2.1 with M = 1. For
J > 0, define (; by

GO =1->" ¢MOe). (2.3)

Gibi<J

We note that supp(Cy) € {|¢] < roJ ™1}, {5 = 1in {|¢| < r1J'}. By (2.2)
it follows that

P& = D DOGHENBE) + Ca(§)P(9)

jibi<A

= Y s F(@)Ve) + p()B(E),

jbi<A

where o) () = ¢, * n(z) and B() = Ca(§)O(&)-
Let E(¢, f)(x,t) = f*(z), f € S (R") (a similar notation will be
used). Then we have

E@, @] < > B g, )@, V0] + [E@ e, )(z,0)]. (24)

jibi<A

Also, let Ey(x,t) = E(¢, f)(z,t), when f is fixed (there will be a similar
notation).
Define
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00(1/%757 va) = (1 + “TDL

/&(t—lg)ﬁ(g)ez’“@@ d¢|, t>0,L>0.(2.5)
Consequently,

") (@)] = Cow, b, L, x/s)s™" (1 + || /s) ™"
for j € Z (the set of integers). Likewise, we have

|Bs(2)| = D(©, A, L,x/s)s™" (L + |z|/s) 7",

where

D(©,J, L,z) = (1+ |z)*

/ GEOOS 0 &l (26)

Here (; is as in (2.3). We also write C(¢,j, L,z) = Co(¢, ¥, L,x), j € Z.
Let

C,j, L) = o C(,j, L,x)dz, j €L, (2.7)

D(©,J,L) = D(©,J,L,x)dx. (2.8)
Rn
We also write C'(¢, 4, L) = Cy,(¢,4,L), D(©,J,L) = D,(0,J, L) to indicate
that these quantities are based on ¢. See Lemma 2.8 below for a sufficient
condition which implies C (¢, j, L) < oo, D(0, J, L) < oc.
The maximal function in (1.5) is used in the following result.

Lemma 2.2 Let ¢, € L*(R™). Suppose that ¢ satisfies (2.1). Let b €
[bo, 1). We assume that ¢ and ¢ are related by (2.2) with © € C*°(R™) and
A>1. Let N > 0. Then for f € ./ (R"™), we have

B, D)@, <C 3 O j. N, )03 oy 1 (@)

7:bi<A

+CD(O, A, N)E(e, f) (- t)N 11 (2); (2.9)
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(¢,f)( )Nt 1( )SC Z C(¢vjvN)b_jNE(<P7f)('abjt)ﬁ7(bjt)—1(x)

jibi<A

Proof. Using (2.4), we see that

L el -
|Ey(z,t) <C Z /|E (y,'1)| ( vt

jibi<A

x C(¥, 5, N, (z = y)/(¥1))(b"t) " dy

-N
+C/|E<p(y,t)\ <1+ |z;y|> D(©,A,N, (2 — y) /)t dy.

If we multiply both sides of the inequality by (14 | — z|/t)~" and observe
that

LN N e (e
bit t - bit

for all ,y,z € R™ and ¢ > 0 under the condition b’ < A, then we see that

| By (2, )1+ o — 2] /1)~

<c 3 b Nﬂ/yE y,bﬂt)y<1+| b]t‘l")

jibi<A

x C(1, §, N, (z —y) /(1)) (b t) " dy
+C/|E Uit ( L : y‘) D(O, A, N, (= — y)/1)i—" dy,

and hence

By (2, 1) (1 + |z — 2| /t) ™

<C 3 VIV ON gy (o) [ COLN. G- )/ @) dy

jibi<A
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FCEL(0F (@) [ DIOAN, =)/t dy

EC Z C(d}ajaN)b_N]E ( bjt)N(th) 1( )

jbi<A
£ CD(O, A N) Byl )51 (1),
The estimate (2.10) follows by taking the supremum in z over R™. The proof
of (2.9) is easier; putting z = x and arguing as above, we get (2.9). O

Let ¢ € L'(R™). Suppose that ¢ satisfies (2.1). Let L > 0. We consider
the following conditions.

o e CHR™), Oppe L'R™), 1<Ek<n; (2.11)
[B(§)] < Clgl° for some € > 0; (2.12)

sup Cy (Ve J, LYo~ 9t7% < o0 for some € > 0, together with (2.11);
= (2.13)
Dy(L) < 00, with (2.11), (2.14)

where we write Vo = (01, ...,0n¢), Ok = 0y, = 0/0z1, and Cy,(Vy, j, L) =
>orey Co(Okp,j,L); also we define Dy,(L) = > )_; Dy(Zg,1,L) by taking
O(&) = Zx(&) = 2mi&, and J = 1 in (2.8). We note that (2.11) implies the
following (with € = 1):

|p(&)| < ClEI™¢  for some € > 0. (2.15)

Let ¢ € L*(R™). We assume that 1 is related to ¢ as in (2.2) with © €
C>(R™) and A > 1. We also consider the conditions:

sup Co(v,7,L)b™% < 0o for some € > 0; (2.16)
jibi<A

D,(0,4,L) < . (2.17)

Let M be the Hardy-Littlewood maximal operator

M(f)(w) = sup Bl 1/|f )\ dy,
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where the supremum is taken over all balls B in R" such that x € B and
| B| denotes the Lebesgue measure of B. Let 1 < p < co. We recall that a
weight function w belongs to the weight class A, of Muckenhoupt on R™ if

[w%=¥{wwéyumﬁQm*éwm*Wﬂmf4<m

where the supremum is taken over all balls B in R™. Also, we recall that a
weight function w is in the class A; if M (w) < Cw almost everywhere. The
infimum of all such C' is denoted by [w]4,.

For a weight w, the weighted LP norm is defined as

s = ([ 10pu )"

We have the following vector valued inequality.

Proposition 2.3 Let ¢ € L'(R"™). We assume that ¢ satisfies (2.1) with
M =1. Let N >0, n/N < p,q < oo and w € Apnyp. Suppose that ¢
satisfies (2.11), (2.12) and (2.13), (2.14) with L = N. Let ¢ € L'(R").
Suppose that ) is related to ¢ as in (2.2) with © € C*(R™), A > 1 and

(2.16), (2.17) hold with L = N. Then
> dt\ "
(/ | el t)
0

oo 1/q
H </0 |f * 4| a?)

for f € L (R™) with a positive constant C' independent of f.

<C

pb,w p,w
We need the next result to show Proposition 2.3.

Lemma 2.4 Suppose that 0 < q¢ < oo, N > 0 and that ¢ € L'(R")
satisfies (2.1), (2.11), (2.12) and (2.13), (2.14) with L = N. Then

| BNtz @ <c [ Missan@er L =,
0 0

We need the following in proving Lemma 2.4.

Lemma 2.5 (see [8]) If F € C*(R™) and R >0, r > 0, then
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Fy'p(z) < C6~NM(|F|")(2)"/" + CSR™YVF|Y (o)

for all 6 € (0,1], where N = n/r and the constant C is independent of §
and R.

Proof of Lemma 2.4. By Lemma 2.5 we have
E(p, /) )N (@)
< CONM(If * o) (@) + Co|f + (Vp)el 31 (), (2.18)

where f* (V) = (f * (019)t,- -, f * (Onp)t), 7 = n/N. We apply (2.10)
of Lemma 2.2 with ¢ = Ok, ©(&) = 2mik, A =1 in (2.2). Then

% (Vo) s (2) S C D Co(Vep, i, NIV IV E (o, ) V)N (i1 (2)
j=0

+ CDy(N)E(p, f)( )N -1 (2).
Using this in (2.18) and applying Holder’s inequality when ¢ > 1, we see
that
E(@? f)(a t)}k\;k,t*1 (x)q
< C5NIM(|f * o) (@) V"
+Cgd? ) Co(Vip, j, NI INGTT B (o, f) (- W) gy (2)°
Jj=>0
+ CO'D(N)IE(p, [)(- )N 41 ()7, (2.19)
where 7 >0, ¢, =1if¢g>1land ¢, =0if0< g < 1.
If we integrate both sides of the inequality (2.19) over (0,00) with re-

spect to the measure dt/t and if we apply termwise integration on the right
hand side, then we have

| B 6oz g

dt

<o [ a(r ol
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+ C,6° [Z C,(Ve,j, N)Qb_qub—Tqu + Dy,(N)4

j=0
dt
/ Blg, ) )3 (@)1 5 (2.20)

The condition (2.13) with L = N implies that the sum in j on the right
hand side of (2.20) is finite if 7 is small enough. We can see that the last
integral on the right hand side of (2.20) is finite for f € .(R™) by (2.12)
and (2.15). Further, we have (2.14) for L = N. Altogether, it follows that
the second term on the right hand side of (2.20) is finite. Thus, we can get
the conclusion if we choose § sufficiently small. O

Proof of Proposition 2.3. By (2.9) we have
’E(¢a f)(xv t)‘q < Cq Z C(@D,], N)qbichjE(goa f)(a bjt)y\;(,(bjt)*l (.,L.)q
j:bi<A
+ CD(@7 A, N)qE(gO, f)(a t)ﬂj\f*,tfl (x)q7
where 7 > 0 and ¢, is as in (2.19). Integrating with the measure dt/t over

(0,00), we have

| IE@ @0 Y <0, 5 Cts w4 Do, AN
0

Jibi<A

< [T B NE0R @ T (2.21)

The sum in j on the right hand side of (2.21) is finite by (2.16) with L = N
if 7 is small enough; also we have assumed D(©,A,N) < oo ((2.17) with
L=N). Let r=n/N < gq,pand w € A,n/,,. By (2.21) and Lemma 2.4 we
see that

* el ) weyas)
([ oo
</ M(|f il ") ()" )”q

p7w
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—c|([" s eanae )™
<c ( [ (5o )" we dx) U em

where the last inequality follows from the following lemma, which is a version
of the vector valued inequality for the Hardy-Littlewood maximal functions
of Fefferman-Stein [3] (see [9] for a proof of the ¢#-valued case, which may
be available also in the present situation).

1/r

p/rw

Lemma 2.6 Suppose that 1 < u,v < oo and w € A,. Then for appropri-
ate functions E(x,t) on R™ x (0,00) we have

([ )]
<C (/n (/OOO |E(x,t)|" Cilt>y/uw(a:) da;>1/y7

where E'(x) = E(z,t).

This completes the proof of Proposition 2.3. ([

We have an analogous result for general ¢ = (o). .. M) although
Proposition 2.3 is stated only for the case M = 1.

It is obvious that @, Q({) = —27|¢|e?7I¢l | satisfies all the requirements
on ¢ in Lemma 2.4 for all N > 0. To state results with more directly
verifiable assumptions on ¢ and 1, we introduce a class of functions.

Definition 2.7 Let ¢ € L*(R"). Let [ be a non-negative integer and 7 a
non-negative real number. We say 1 € BL if i) € C'(R" \ {0}) and

|8212J(£)| < C,|¢]77 1 outside a neighborhood of the origin

for every v satisfying |vy| <[ with a constant C., where v = (y1,...,7,) is
a multi-index, v; € Z, v; > 0, |[y| =1+ -+, and 9 = 9! ... 0"

Clearly, Q € BL for any [, 7. This is also the case for ¢ € .7 (R").
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Lemma 2.8 Suppose that p € L*(R™) and ¢ satisfies the condition (2.1).
Let 7 >0, J > 0 and let L be a non-negative integer.

(1) Suppose that 1 € BEIAHY pnd b e CLFn/2IHH R\ {0}), where [a]
denotes the largest integer not exceeding a. Then we have

sup Cy (¢, j, L)b ™77 < oo,
Jibi<J

where Cy (1, j, L) = C(, j, L) is as in (2.7).
(2) Suppose that © € C*(R™) and ¢ € CLF/A+L R\ {0}). Then

D,(©,J,L) < o0
where Dy,(0,J,L) = D(0©, J,L) is as in (2.8).
(3) Let ¢*) € LY(R") and F(pM)(€) = 2mi&p(€), 1 < k < n. If ¢ €

pLtn/2+1

Lilts s then we have

sup Cw(w(k),j, L)b*jL*jT <00, Dg(ER,1,L) < oo
Jbi<J

for each k, where Zi (&) = 2mi& as above.

Proof. Part (3) follows from part (1) and part (2) since ¢¥) € Biik@/?Hl

and ¢ € CLTI/2+H1L R\ {0}) if ¢ € Béﬂz/f]ﬂ. To prove part (1), we note
that

(1 + [z)!/FH1Cy (9,8, L, )
<c ] [ e gigenie df]

+C sup
|y|=L+[n/2]+1

/8’7 Dt 1 &) ‘S)} 27i(x,£) d{’

where Cy(t),t,L,x) is as in (2.5). We note that # € CLT/A+(R") by
Lemma 2.1, since ¢ € CEHn/2+ L(R™\{0}). The assumption ¢ € BLH"MJrl
implies

’87[ (t=rE)n( ”<CMtT 0<t<M,
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for any M > 0, if |y| =L+ [n/2] + 1 or v = 0. It follows that
Col(st, Lyx) < C(1+ [a]) /A7 G(x)

with some G € L? such that |G|z < Ct". Thus, since [n/2] + 1 > n/2, by
the Schwarz inequality we have

Co(,t, Lyx)dx < Ct7. (2.23)
RTL

The conclusion of part (1) follows from (2.23) with ¢ = /.
Likewise, we have

D(©,J,L,x)dx < o0
]R'n,
under the assumptions of part (2), where D(0, J, L, x) is as in (2.6), which
proves part (2). O

By Lemma 2.8 and Proposition 2.3 we have the following.

Theorem 2.9 Let ¢ € L'(R") satisfy (2.1) with M = 1. Suppose that
¢ e LYR™) and P(€) = $(€)O(€) in a neighborhood of the origin with
some © € C®(R"). Let 0 < p,q < oo and let N be a positive integer
such that N > max(n/p,n/q). Let w € A,n/,. Suppose that ¢ belongs to

B]J\\,’iyzf]—i_l for some € > 0 and satisfies (2.11) and (2.12). Also, suppose

that ¢ € Bév+[n/2]+1 for some € > 0. Then we have

00 th>1/‘1 (oo th)l/q
H(/O o) [ 1w N

for f e Z(R™), where C is a positive constant independent of f.

<C

Proof. If we have (2.11) and if ¢ € B%iﬁ/f]ﬂ, then (2.13) and (2.14)
hold with L = N by part (3) of Lemma 2.8 with J =1, 7 = ¢, L = N.
Since ¢ € BN T2 and o € ON+I/AHL(RR {0}), if ¥(€) = ¢(€)O(€) on
{l€] < re A7}, A > 1, we have (2.16) and (2.17) with L = N by part (1) of
Lemma 2.8 with J=A, 7 = ¢, L=N and part (2) of Lemma 2.8 with J=A4,
L=N, respectively. Thus Proposition 2.3 implies the conclusion. U
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This immediately implies the following.

Theorem 2.10 Let ¢ € LY (R") satisfy (2.1) with M = 1, (2.11) and
(2.12). We assume that 0 < p,q < oo and N is a positive integer satisfying
N > max(n/p,n/q). Let w € Apnypn. Suppose that ¢ € BJ]\\;IE-GHI for

some € > 0. Then, if p € S (R™) and 1& vanishes in a neighborhood of the

origin, the inequality

oo dt 1/q oo dt 1/q
H(/ ol ) ([Tiree®)

0 0
P

holds with a positive constant C independent of f.

<C

, feZ(R"),

p?w

Proof.  We see that zﬂ(f) = ¢(£)O(£) in a neighborhood of the origin with ©

NS B{V /¥ g0 all the requirements for

being identically 0. Obviously,
@ and ¥ in the hypotheses of Theorem 2.9 are satisfied. Thus the conclusion

follows from Theorem 2.9. This completes the proof. O

We note that @ fulfills all the requirements on ¢ in the hypotheses of
Theorem 2.10 for every IN. Thus, the inequality of the conclusion of Theorem
2.10 with @ in place of ¢ is valid for all p, ¢ € (0,00) and w € Ax 1= Ups14,.
The same is true of ¢ € .7(R") satisfying (2.1) (with M = 1) and (1.2).

3. Littlewood-Paley operators and Hardy spaces

Let s denote the Hilbert space of functions u(t) on (0,00) such that
Julle = ( fo lu(t)|? dt/ t) < 00. We first recall Hardy spaces of functions
on R™ with values in .7, which will be used to prove (1.4) by Theorem 2.10
(see Corollary 3.2 below).

The Lebesgue space L%, (R™) consists of functions h(y,t) with the norm

1/q
”h”q’”:% ||hy||§fdy> |

where h¥(t) = h(y,t). For 0 < p <1, we consider the Hardy space H%,(R")
of functions on R™ with values in .. We take p € . (R"™) with [ ¢(x)dz =
1. Let h € L%, (R™). We recall that h € H,,(R") if [Pl e, = [[P*][Lr < oo,
where
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o dt\ /2
h*(z) = sup ( / \sos*h%:c)r?t) |
0

s>0

with h!(z) = h(z,t).
If a is a (p,00) atom in HY,(R™), we have

() (fy la(z, )2 dt/t)1/2 < |Q|~/P, where Q is a cube in R" with sides
parallel to the coordinate axes;
(ii) supp(a(-,t)) C @ uniformly in ¢ > 0, where @ is the same as in (i);
(iil) [pn a(x,t)z" dx = 0 for all ¢ > 0 and v such that |y| < [n(1/p — 1)],

_ . . . _ ’y1
where v = (71,...,7,) is a multi-index and 27 = x| ...z]}".

We apply the following atomic decomposition.

Lemma 3.1 Let h € L%, (R™). If h € HY,(R"), then there exist a se-
quence {ar} of (p,o0) atoms in HY,(R™) and a sequence {\,} of positive
numbers such that 7~ Xp < C||h|»  with a constant C' independent of h
A
and h =377, Awax, in HY,(R™) and in L2, (R™).
A proof of the atomic decomposition for H?(R™) can be found in [6] and
[17]. Similar methods apply to the vector valued case.

In this section, we prove the following result as an application of Theo-
rem 2.10.

Corollary 3.2 Let 0 < p < 1, N > n/p. Suppose that ¢ € L'(R")
satisfies (2.1) with M =1, (2.11), (2.12) and suppose that ¢ € B%iﬁle
for some € > 0. Then we have

1 llzr < Collge ()l

for f € HP(R")N.L(R™), where C,, is a positive constant independent of f.

This can be generalized to an arbitrary f € HP(R") if o = Q or if ¢ is
a function in ./(R™) satisfying (2.1) and (1.2) (see [18]).
In proving Corollary 3.2, we need the following.

Lemma 3.3  Suppose that n € /(R™), supp(n) C {1/2 < [¢] <4}, 7(&) =
1 on {1 < [¢| < 2} and that ® € S (R") satisfies [p, ®(x)dr = 1. Let
e S (R™) and supp ¥ C {1 < [¢] <2}. Then, for p,q >0 and f € S (R™)
we have
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o dt 1/q oo dt 1/q
(/ suprcbswt*f\Q) (/ \m*f!q>
0 s>0 t ) 0 3 ,

Proof. We note that ®(s€)i(t€) = &(s€)p(t€)H(tE). Thus we have

<C

@ 5 pe e fa)] < (f = nt)}‘\?‘,t—l(ﬂ«")/ | % e (w) (1 + 7 |w]) Y dw

n

()3 (@) / 1B, 0 % ()] (1+ [w]) duw
.
<CON(f )N -1 (2)

for any N > 0, with a positive constant C'y independent of s,¢t. The last
inequality follows from the observation that ®,/, x 1, s, > 0, belongs to a
bounded subset of the topological vector space . (R™), since F (@, x1))(§) =
S(ul)h(€), u > 0, and H(€) is supported on {1 < |¢] < 2}. Therefore, we
have

) l/q (e%] 1/‘1
([Tswiesvosor ) se ([T o)
0 s>0 0 (31)

Thus (3.1) and Lemma 2.4 with 5 in place of ¢ imply
oo dt 1/(] o0 dt l/q
([Tswleasvs s §) <o ([T airmn@@E)
0 s>0 0

with N = n/r. By this and Lemma 2.6, the conclusion follows as in (2.22).
O

We also use the following to prove Corollary 3.2.

Lemma 3.4 Let i) € . (R") be a radial function supported on {1 < |¢| <
2} such that

% . d
/0 |¢<t§)\2;=1 for all € #0.

Let f € HP(R™) N . (R™), 0 < p <1, and put E(y,t) = f *¢(y). Then E
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is in HY,(R™) and we have
1 fllze < ClE| g, -

Let 1 be a function in L'(R") satisfying (1.2). Suppose that h € L?,.
Let hoy(y,t) = h(y,t)X(e,e-1)(t), 0 < € < 1, where xs denotes the charac-
teristic function of a set S. Put

F @) = [ [ e = o0 T

To prove Lemma 3.4 we apply the following.

Lemma 3.5 Let 0 < p < 1. Suppose that 1 € #(R") and supptp C {1 <
€| < 2}. Then

sup ||FS5(R)||ge < C||h|| g2 .
66(071)|l (A 17l z,

Proof. Let a be a (p,c0) atom in H%,(R™) with support in the cube Q
of the definition of the atom. We denote by vy the center of Q). Let @ be
a concentric enlargement of @ such that 2|y — yo| < |z — yo| if y € Q and
x € R™\ @ Let ® be a non-negative C*° function on R"™ supported on
{lz| < 1} which satisfies [ ®(z)dz = 1. Let ¥y, = @4 x 1y, s,t > 0. Then
Uet = (Py¢ %)y and @y, * 1, u > 0, belongs to a bounded subset of the
topological vector space .(R™), as in the proof of Lemma 3.3.

Let P,(y,y0) be the Taylor polynomial in y of order M = [n(1/p — 1)]
at yo for @, * (x —y). Then, if [z — yo| > 2|y — yo|, we see that

1@, % (x —y) — Po(y,y0)] < Cly — ol 1L+ |z — yo|) 7,

where L > n+ M + 1 and the constant C' is independent of s, ¢, x, y, yg, and
hence

Wy (@—y) =t " Poe(y/tyo/t)] < O My —yo MH (14 [z —yol /t) "

Therefore, by the properties of an atom and the Schwarz inequality, for
x € R™\ Q we have
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‘<I>S * Fi(a)(m)’

_n dt
= ’ // (Voi(x —y) =t " Pop(y/t, yo/t)) ace (y, t) dy t‘
R"™ % (0,00)

S/Q</O Wy i(z—y) —t " Pyye(y/t, Z/o/t)|2 it> -
([ )

0o 1/2
<clQIV Wos(e—y)— " Puply/ton/)]> 20) T ay
0 t

Q
<clQrr / ly— oM — gol M dy
Q

< C|Q’71/p+1+(M+1)/n|x _ y0|7n7M71‘

We note that p > n/(n+ M + 1). Thus

/ sup ‘<I> * Fw ‘p dx
R7\Q s>0
< C‘Q|—1+p+p(M+1)/n/ |z — y0|—p(n+M+1) dr < C. (3.2)
R™\Q

Since [;° | O(t€)|2 dt/t < C, by duality we have

sup IF5()ll2 < CllhllLz,,  h e L3p(R™).
ec(0

Thus, applying Holder’s inequality, by the properties (i), (ii) of a we see
that

/2
/sup|<I> « FS(a)(2)| de < C|QI'7/2 (/ M (F(a ))(:1:)|2d:r>
Q

s>0
< clQl- W(// % ) "

(3.3)
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The estimates (3.2) and (3.3) imply

/ sup | @ Fy(a) ‘p dx < C. (3.4)
R

n s>0

Using Lemma 3.1 and (3.4), we have

/ sup | @, « F5,(h) (@) dx < Cl| .
R v

n s>0
This completes the proof. O

Proof of Lemma 3.4. The fact that E € H”,(R"™) can be proved similarly
to the proof of Lemma 3.5 by applying the atomic decomposition for HP(R"™)
(see [18, Lemma 3.6]).

We write

EE@ - [ [ werwh-n0a T = [ 0056,

where 1) denotes the complex conjugate, g(z) = g(—x) and

—1

W) = [ [ vl it

‘We note that

~ et A d
I / SN0 = [ e T

From this and Lemma 3.5 we have

£l < Climt |FZ (E) e < Ol B, - =

Proof of Corollary 3.2. We take a function 7 as in Lemma 3.3. Then by
Lemma 3.3 with ¢ = 2 and Lemma 3.4, it follows that

[f 1l < Cllgn (N,

for f € HP(R") N & (R™). If we use this and Theorem 2.10 with ¢ = 2,



80 S. Sato

w = 1 and with 7 in place of ¥, we can reach the conclusion of Corollary
3.2. O

We can also prove discrete parameter versions of Proposition 2.3 and
Corollary 3.2 by analogous methods.

Proposition 3.6 Let N >0, n/N < p,q < co. Suppose that w € A,n/n,
and that @ and v fulfill the hypotheses of Proposition 2.3 with N. Then, for
f e L R™) we have

© 1/q
H( §jrf*www)

j=—o00

00 1/q
<cl( X irenr)
p,w

Jj=—00 p,w

Corollary 3.7 Let 0 < p <1 and N > n/p. Suppose that ¢ fulfills the
hypotheses of Corollary 3.2 with N. Then, for f € HP(R") N L (R™) we

have

1fllee < C

0o 1/2
(X 1wl

j==—o00

p

Also, from Proposition 3.6 we have discrete parameter analogues of The-
orems 2.9 and 2.10.

4. Proofs of Lemmas 2.1 and 2.5
In this section we give proofs of Lemmas 2.1 and 2.5 for completeness.

Proof of Lemma 2.1.  There exist a finite family {I; }JLzl of compact inter-
vals in (0,00) and a positive constant ¢ such that

M
i i (i) 2 S
dBL e, ol D IF P 2

where S"~! = {¢ : |¢| = 1}. This follows from a compactness argument,
since each .Z () is continuous.
Let by = maxlShSL(ah/bh), where I, = [ah, bh]. Then by € (O, 1) and if
belbg,1),t>0and 1 <h<L,h¢cZ, we have b/t € I, for some j € 7Z.
Let [m, H] be an interval in (0, 00) such that UF_, I; C [m, H]. We take
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a non-negative function € C§°(R) such that § = 1 on [m, H|, suppf C
[m/2,2H]. Then

go() VP =W()>c>0 for £ #£0.

dowlEn>

M
.7
j=—o00 =1

We have W(bF¢) = U(€) for k € Z. Define

F M) (&) = 0(1&])F (D)(E)T(E)™" for £#0

and .Z (n9))(0) = 0. Then, 7 has all the properties required in the lemma.
Also, from the construction, we can see that 7 € C*(R") if ¢ € C*(R™\ {0}).
This completes the proof. O

Proof of Lemma 2.5. Let fB(x B fly)dy= |B(x7t)|_1f3(x B f(y) dy, where
B(z,t) denotes a ball in R™ with center z and radius t. Then, for u,r > 0
and z,z € R",

1/r
Pz - 2)] = (ﬂ ) (P =)~ dy)

1/r
<aff i)
B(z—2z,u)

1/r
vof Fe--Fora)
B(z—z,u)

where C, =1ifr > 1 and C, = 2=1+1/7 if 0 < r < 1. Therefore

1/r
F(z - 2)| < C, (]1 E()I dy)
B(z—z,u)

+C, sup u|VF(y)| (4.1)

yile—z—y|<u

If |z —2z—y| <wu, |z —y| <u+|z|. Thus we have
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VP +(y )
VPG| < S

< |VFIN r(2)(1+6 + Rl2))Y

(1+ R(u+ |2)N

< 2N|VF|§ () (1 + R|2))Y
if we choose u = 0/ R. Consequently,

sup  u|VF(y)| < 2Nu|VF|ﬁ7R(a:)(1 + R|z|)N (4.2)

yilze—z—y|<u

with u = 40/R.
Also, if u=0/R,

1/r 1/r
(f |F<y>|fdy) < <u“<u+ = f |F<y>|’“dy)
B(z—z,u) B(z,ut|z|)

< g |2 (F) (@)
= §~"" (8 + RI=|)""M(IF|") ()"
<ML+ R)YTM(F) (@) (4.3)
From (4.1), (4.2) and (4.3), we see that
|[F(x = 2)] < Co~"/" (14 RI2|)™ " M(|F|")(x)""
+ 2V Cou|VEN g(2)(1+ Rz|)N.
If N =n/r, it follows that

|F(z - 2)

< —-N r 1/r N -1 *3k )
ey < G N M) @)/ + 2N €S RV )

Thus we have the conclusion of the lemma by taking the supremum in z
over R™. O
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