Hokkaido Mathematical Journal Vol. 46 (2017) p. 189-207

A note on skew group categories

Zhengiang ZHOU
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Abstract. Let G be a finite group, and ¥ a G-abelian category. We prove that the
skew group category ¢ (G) is an abelian category under the condition that the order
|G| is invertible in . When the order |G| is not invertible in €, an example is given
to show that € (G) is not an abelian category.

Key words: G-abelian category, skew group category, idempotent completion.

1. Introduction

Let G be a finite group, and € a preadditive category. By an action of
G on ¥ we mean a group homomorphism from G to the group Aut(%’) of
autofunctors of . Recall that % is called a G-abelian category if € is an
abelian category with an action of G on 4. Then one can form the orbit
category € [G] of € with respect to the given action (compare [10], [7], [14],
[2], the orbit category ¥[G] is called the skew category of € in [7]). We
mention that both works [7] and [2] suggest that the orbit category €[G] is
a more general notion which allow ones to consider the case that the action
of G on ¥ is not free; see [7, Remark 2.9] and [2, Remark 2.2 and Remark
2.14).

In general, the orbit category €’[G| of a G-abelian category € is not
necessarily an abelian category since idempotent morphisms in €’[G] may
not split; see [14, page 255]. This leads ones to consider the skew group
category %' (G) of €, which is defined as the idempotent completion of the
orbit category € [G]; see [14, Section 3]. It is well known that the idempotent
completion 9 of a category Z is the smallest category containing & as a
full subcategory with split idempotent morphisms; see [12].

The aim of this note is to show that: for a G-abelian category %, the
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skew group category ¢ (G), which is the smallest category containing the
orbit category €[G] as a full subcategory, has a natural abelian categorial
structure, under the condition that the order |G| of the group G is invertible
in € (see page 4 for the definition of the order |G| being invertible in %).
The main result is as follows.

Proposition 1.1  Let € be a G-abelian category with the order |G| invert-
ible in €. Then the skew group category € (G) is also an abelian category.

In Section 2, we recall some basic facts of the orbit categories and the
skew group categories.

Section 3 is devoted to the proof of Proposition 1.1.

In Section 4, we present an example where the skew group category
¢ (@) is not an abelian category with |G| not invertible in %

Throughout this paper, the composition of two morphisms f : L — M
and g : M — N in a category ¥ is denoted by gf. For a ring A, we denote
by mod A the category of all finitely generated left A-modules. The quivers
we consider in this paper are finite. Let o and § be two paths in a quiver Q).
We denote by [ a the multiplication of the paths o and § when the terminal
vertex of « is the starting vertex of 8. For the unexplained notions about
quiver algebras and the representation theory of quivers, we refer to [3], [4].

2. Preliminaries

In this section, we recall some basic facts on skew group categories;
compare [7], [14], [2].

The notion of the skew group category for a G-preadditive category with
a finite group G was introduced in [14] for the study of the representation
theory of an artin algebra and its skew group algebra. The skew group
category € (G) for a G-preadditive category ¢ was defined as the idempotent
completion of the category ¥’[G]; see [14, Section 3]. When G is a cyclic
group, the category ¢’[G] is called the orbit category in [10]. For an arbitrary
group GG and a small preadditive category € over a commutative ring R, the
orbit category €’[G] is called the skew category in [7]. When the action of G
on % is free, two alternative constructions for the orbit category were also
introduced in [7]; see [7, Propsition 2.7 and Theorem 2.8]. The notion of the
skew group category for a G-preadditive category over a commutative ring R
with an arbitrary group G was introduced in [2] as done for the finite group
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case in [14]. We mention that the skew group category in [2] was defined as
the basic category of the idempotent completion of the orbit category; see
[2, Definition 3.6].

Throughout this paper, G is a finite group. Let € be a G-preadditive
category, that is, € is a preadditive category with an action of G on %. In
other words, the category € is equipped with the following data. That is,
each element = € GG defines an autofunctor F, : € — % . For an object M
in ¢, the action * M of z on M is the value F, (M) of the functor F, applying
on M. For a morphism f: M — N in ¥, the action *f : *M — *N of
x on f is the value F,(f) of the functor F, applying on f. Moreover, the
action of G on morphisms is subject to the following rules:

(1) “(gf) = (*g)(*f), for x € G, and f, g which can be composed in €.
(2) f="(vf) forz,y € G.
(3) 1f = f, for f in €, and 1 the identity element of G.

Following [10], [7], the orbit category €' |G| of € with respect to the given
action of G on ¥ is defined as follows. The objects of €[G| are the
same as 4. Each morphism set Homeg)(M, N) is given by the direct
sum P, . Home ("M, N) of the abelian groups of morphisms. The com-
position of morphisms is defined in the natural way. More explicitly, let
f: L — M be a morphism in €[G], which is given by a family of mor-
phisms {f; : “’L — M},cq in €, and let g : M — N be a morphism
in €[G], which is given by a family of morphisms {g, : YM — N}ycc
in . The composition g- f : L — N is the morphism in €[G], which
is given by the family of morphisms {>_ .5 gy(Yfy-12) : °L — N}seq
in ¢. It follows immediately that €[G] is a preadditive category, and it
is an additive category provided % is. If € is a G-additive category, one
can consider a morphism f : L — M in €[G] is given by a morphism
Doca fo : Breg™L — M in €.

However, idempotent morphisms in %’[G]| may not split even if idem-
potent morphisms split in % as we have mentioned in the introduction.
This leads ones to consider the skew group category % (G). Let us recall
the definition of the idempotent completion of a category from [12, Pre-
liminaries]. Some authors call the idempotent completion of a category as
Karoubianisation or pseudo-abelian hull of a category; see for instance [5]
and [8, Appendix].

Let 2 be an arbitrary category. A morphism f: M — N in & is said
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to be a retraction if there exists a morphism g : N — M such that fg = 1n.
In this case, the object N is called a retract of M. A full subcategory & of
2 is said to be a cover of Z if every object in Z is a retract of some object
in €.

An endomorphism e : M — M with e? = e is said to be a split
tdempotent provided that there exist two morphisms = : M — L and
t: L — Min &, such that e = vm, and w¢ = 1. A category is idempotent
complete if all idempotent morphisms split. It is well known that abelian
categories are idempotent complete.

Let € be a full subcategory of 2. Z is called an idempotent completion
of € provided that & is idempotent complete and % is a cover for 2.

There is a well known construction of an idempotent completion & of
a category %; see [9, Chapter 2, Exercise B]. The category % is defined
as follows. The objects are pairs (M,e) with an object X in ¥ and an
idempotent morphism e : M — M in €. A morphism from (M,ey) to
(N,en) is a morphism f : M — N in ¢ such that fey = f = en f, which
can be represented by a commutative diagram

M N
leM f lGN
M N

in €. We denote by f: (M, ey ) — (N, en) the morphism depicted above

i\h

/
v

i\h

for simplicity. There is a canonical embedding functor i : 4 — ¥ assigning
M to (M, 1), which makes % as a full subcategory of %. Itisan equivalence
if and only if ¥ is idempotent complete. Since idempotent completions
are unique up to equivalence of categories, we shall call % the idempotent
completion of €. Moreover, if % is an additive category, then so is 2

Remark 2.1 (1) We will write an object M in € to mean the object
(M,1p7) in (5?, and write a morphism f: M — N in % to mean the
morphism f: (M, 1)) — (N, 1) if the situation is clear.

(2) It is worthy to notice that the identity 1(ps.) of an object (M, e) in
€ is the endomorphism e : (M,e) — (M,e). And 1y = 1 if
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and only if (M,e) = (M,1y). Moreover, if € : (M,e) — (M,e)
is an idempotent morphism, then e’ has an epi-mono factorization as
¢/ = with 1o = 1(pe), where 1 = €' @ (M,e) — (M,¢’), and

t=¢€:(M,e)— (M,e).

Let &/ be an idempotent complete category. Then any functor F :
¢ — o can be extended (uniquely up to natural equivalence) to a functor
F:% — o. For an object (M, e), set F(M,e) =Im F(e). For a morphism
f:(M,epn) — (N,en) with ey = ey and ey = iy N, set ﬁ(f) =
F(nn) F(f) F(tar). Moreover, any natural transformation 6 : ' — G can
Ee extended uniquely to a natural transformation 0:F — G by means of
Oy = G(mar) Onr F(enr).

Let &/ be an idempotent complete category, and F : € — &/ be a
functor. It is well known that F' is fully faithful if and only if F:€ — o is
fully faithful. This result implies that & is the smallest idempotent complete
category containing % as a full subcategory.

By now, we have all the needed ingredients to introduce the following
notion, which is due to Reiten and Riedtmann; see [14, Section 3].

Definition 2.2 Let % be a G-preadditive category and %’[G] the orbit
category. Define the skew group category of € as the idempotent completion

‘2[5] of the orbit category, which we denote by % (G) instead of €[G] for
simplicity.

Finally, let us recall the constructions of the two functors F' : ¥ —
¢ (G) and H : €(G) — €, which will be helpful to investigate the rela-
tionship between ¢ and € (G).

From now on, unless otherwise stated, we will always assume that %
is a G-abelian category, and the order |G| is invertible in %, that is, any
morphism f in any Home (M, N) is uniquely divisible by |G|. For example,
if € is an abelian category over a field k, then |G| is invertible in k.

The additive functor F' : ¢ — €[G] is given by F(M) = M for an
object M in €. If f: M — N is a morphism in ¢, F(f) : M — N
is defined to be the morphism f’ in ¢[G], which is given by the morphism
Doca fo Bpee ™™ — N in € with f{ = f and other component mor-
phisms f/ = 0 for x # 1. Compositing F' with the embedding functor
i: %[G] — €(G), then we get a natural functor ¥ — % (G), and also
denote by F.
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The functor F' : € — €|G| admits a right adjoint H : €[G] — €
which is defined as follows. For an object V in €'[G], set H(V) = P .oV
If f:V — W is a morphism in ¢[G], which is given by a morphism
Do fo : Prce™V — Win €, set H(f) : D™V — Dyec W to
be the |G| x |G| matrix (fy,,) of morphisms such that f, , : *V — YW
is ¥ f,-1,. Extending H to €(G), we get a functor €' (G) — ¢, and also
denote by H, which is a right adjoint of the functor F': ¢ — € (G).

Put G = {z1 = 1,29,...,2,}. For the adjoint pair (F, H) on % and
¢|G], the unit n : 14 — HF is defined by nyy : M — HF(M) =
1M @ --- @ % M which sends M to the first coordinate for an object M in
%. Moreover, the unit 7 is a split monomorphism of functors, which has a
splitting £ : HF — 1 such that {y : "M & --- @M = HF (M) — M
is the projection to the first summand.

The counit € : FH — lg|q) is defined by ey : 'V & --- @ "V =
FH(V) — V to be the morphism in ¢’[G] for an object V' in ¥’[G], which
is given by the morphism @@, “(“*V & --- @& * V) — V in €, such that
the component morphism

TEV @ @TV) — V

sends i (“’z‘_lV) to V' by the identity for ¢ = 1,...,n. It is a split epimor-
phism of functors with a splitting (1/|G|)0 : 14jg) — FH. The natu-
ral transformation & is defined as follows. For an object V in €[G], set
Sy :V—FHV)=%V & @2V to be the morphism in ¢[G], which
is given by the morphism @) ; *V — "V @ --- @ *V in ¥, where the
component morphism #V — TV @ ... @V in € sends *V to the ith
coordinate for i = 1,...,n.

Extending this adjunction, we get the split unit n : 1¢ — HF and the
split counit & : FH — lg () of the adjoint pair (F,H) on ¢ and € (G).
Moreover, (H, F) is also an adjoint pair, for details, we refer [14, Section 3,
Theorem 3.2].

3. The proof of proposition 1.1

Let € be a G-abelian category, we will prove Proposition 1.1 under
the assumption that |G| is invertible in %". Let us start the proof with the
following observation.
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Lemma 3.1 Let0— L oM N — 0 be an exact sequence in €.
Then

0— FL -1 FM % FN — 0

is also an exact sequence in €[G].

Here, recall that a sequence 0 — L T M 45 N in an additive

category ¥ is said to be left exact (equivalently, f : L — M is a kernel of
g: M — N) if for any object X in 2, the induced sequence

Hom@(X,f) Hom@(X,g)
- 5 - - 5

0 —= Homg (X, L) Homg (X, M) Homg (X, N)

is exact in the category Ab of abelian groups.

By duality, a sequence L T M £ N — 0 s said to be right exact
(equivalently, g : M — N is a cokernel of f : L — M) if for any object Y
in 9, the sequence

Homg (g,Y Homg (f,Y
g
_— —_—

0 — Homg(N,Y) Homg(M,Y) Homg(L,Y)

is exact in Ab. A sequence 0 — L T M £ N — 0 is said to be ezact
if it is both left exact and right exact.
Proof. Let X be an object in €[G], we have the following commutative

diagram in Ab,

Home (HX,f)

0 — Home (HX, L) Hom¢ (HX, M)
i Home X,F i
0 — Homegye (X, FL) Homeia) (X, 1). Home () (X, FM)

Home (HX,g)

Hom¢ (HX, N)

Hom X,F i
M Homg() (X, FN),
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where the top row is exact from the left exactness of the sequence 0 —
Ltom 2N , and each column is isomorphic by applying the adjunction
of (H,F). Therefore, the bottom row is exact. This gives rise to the left
exactness of the sequence 0 — FL L, FM % FN in ¢'|G]. Dually,
the right exactness of F'L T FM % FN — 0 follows from the right
exactness of the sequence L TN by applying the adjunctions
of (F,H). O

We need the following result about natural transformations of functors
evaluating at split exact sequences, which generalizes the Lemma 20.9 in [1,
Chapter 5].

Lemma 3.2 Let 2 and 2’ be two additive categories. Let Fy, Fy and
F3 be three additive functors from 2 to 2" with natural transformations
0. F, — Fand@ :F — Fy. If€:0 — X 5Y ™5 7 0isa
split exact sequence in &, then

G0 — F(Y) 2% BY) 25 RBy(y) — 0

is an ezxact sequence in 2’ if and only if both (x : 0 — Fy(X) bx,

0% 0z 0%

are exact sequences in 9’ .

Proof. Let mx be a splitting of ix, and iz a splitting of w7 such that
ixmx +1izmz = ly. Since £ is split exact in 2, then each 0 — F}(X) —
F;(Y) — F;(Z) — 0 is split exact in &’ for j = 1,2,3. Note that, we
have the following commutative diagram

Oy

0 Fi(Y)

Fi(mx) Fa(mx) F3(mx)
(Re2) (RC3) (503
0 HFl(X) @F1(Z) E— FQ(X) (&%) FQ(Z) HFg(X) EBFg(Z) —0,

O0x o Gfxo
0 6y 0 0%

where each column is an isomorphism with an inverse (Fj(ix) Fj(iz)) for
j = 1,2,3. Therefore, the top row is an exact sequence in 2’ if and only if
so is the bottom row. Denote by (x & (z the bottom row. For any object

F(Y)

Fg(Y) —(
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E in 2', the induced sequence

0 — Homgy (E, F1(X) ® F1(Z)) — Homg (E, F2(X) & Fy(Z))
— HOIII@/(E,F3(X) @Fg(Z))

is exact in Ab, if and only if both sequences

0 — Homgy (F, F1(X)) — Homa (E, Fy(X)) — Homg: (E, Fy(X))
and

0 — Homg (E, F1(Z)) — Homg (E, F5(Z)) — Homg (E, F5(Z))

are exact in Ab by the fact that the Hom functor Homg (F, —) commutes
with the direct sums. That is, we have that the sequence (x ®(z is left exact
in &’ if and only if both sequences (x and (z are left exact in 2’. Dually,
we have the similar conclusion about the right exactness of the sequence
(x @ (z. Thus the result immediately follows. (]

Corollary 3.3 Let(:0— U v E W — 0 be an ezact sequence
in €|G]. Then the sequence C is also an exact sequence in € (G).

Proof. It is equivalent to show that ( is both left exact and right exact in
% (G). We first show ( is right exact. To this end, let (X, ex) be an object
in € (G), we have to show that the induced sequence

0 — Home(g) (W, 1w), (X, ex)) — Homg ) (Vi 1v), (X, ex))
I Hom%(G)((Uv 1U)7 (X7 eX))

is exact in Ab. Since €[G] is a cover of €(G), then there exists an object
(X',exs) such that Y = (X, ex)® (X', ex-) is an object in €¢[G]. That is, we
have a split exact sequence 0 — (X,ex) — (Y, 1ly) — (X',ex:) — 0
in €(G). Set Fy = Hom%(g)((W, lw),—), Fy = Hom%(g)((v, ly),—), and
F3 = Home ) ((U,1y), —). Observe that the sequence Fi((Y,1ly)) —
Fy((Y,1y)) — F3((Y,1y)) — 0 is just the sequence
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H0m<g[G] (E,Y)
0:0—— HOchg[G] (W, Y) _— HOmcg[G] (Vv, Y)

Hom .Yy
Homee) (1Y) Home e (U, Y)

by the fact that €[G] is a full subcategory of € (G). It follows that the
sequence ¢ is exact in Ab from the assumption that  is exact in €[G]. Now,
we are in the setting of Lemma 3.2. The right exactness of the sequence ¢ in
¢ (G) immediately follows. The left exactness of of the sequence ¢ in €(G)
can be obtained by duality. O

Lemma 3.4 If every morphism f :V — W in €[G] has a kernel (resp.
a cokernel) in € (G), then every morphism in € (G) has a kernel (resp. a
cokernel).

Proof. Let f : (V,ey) — (W,ew) be a morphism in €(G). Let k :
(K,ex) — (V,1y) be a kernel of the morphism f : V — W in €' (G) by the
assumption. Then there exists a unique morphism ex’ : (K,ex) — (K, ex)
such that the following diagram

(K, %) — (V, Ty)) —— (W, Tw)

I
ex’ | \LEV \Lew
\V _ —

(K, e5) — > (V,Ty)) —— (W, Tw)

commutes in € (G). Therefore, we have k-ex’ -ex’ =eyv ey -k=¢ey -k =
k -ex’. This immediately yields that ex’ is an idempotent on (K,efx) by
the fact that k is monic in 4 (G), where ex’ - ex = €x’ = €x - €x -

We now claim that k - ex’ : (K,ex’) — (V,ey) is a kernel of f :
(V,ey) — (W,ew) in €(G). In fact, let h : (X,ex) — (V,&y) be a

morphism in ¢ (G) such that f-h = 0. Then (X, ex) IR (V,ey) ev,

(V,1v) 4, (W, Tw) = 0. Since k : (K,ex) — (V,1y) is a kernel of the
morphism f : V — W in %(G), then there exists a unique morphism
a:(X,ex) — (K,ex) such that ey - h =k - @.

Let 7 (X,ex) — (K,e%') = (X, %) - (K, ei) =5 (K, ex), then
we have that h = (k-ex’)- 3. That is, the morphism & : (X, ex) — (V,ey)
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in €(G) with f-h =0 can factor through k -ex’ : (K,ex’) — (V,&v).
Finally, we have to show that the factorization of h through k - ex
unique. Assume that 7 : (X,ex) — (K,ex’) is a morphism in ¢ (G) such

that b = (k-ex’) -7. It is easy to verify that (X,ex) —— (K,ex’)

" is

ex’

(K, ex) satisfying that ey -h = k-a = k-(ex’-7¥). This yields that ex’-7 = @
since k : (K,ex) — (V,1y) is a kernel of the morphism f : V. — W
in ¢(G). Immediately, we can conclude that ¥ = 3 by composing with
the split epimorphism ex’ : (K,ex) — (K,ex’) on ex’ -5 = @. Hence,
k-ex’ : (K,ex') — (V,ev) is a kernel of f : (V,ey) — (W, ew) in €(Q).

Dually, by switching from % to the opposite category € °P, the statement
about cokernels immediately follows. O

Lemma 3.5 Any morphism f : V. — W in €[G] has a kernel and a
cokernel in € (G).

Proof.  First, we know that the morphism H(f) : H(V) — H(W) has
a kernel k : K — H(V) in ¥. This gives rise to that F(k) : F(K) —

FH(V) is a kernel of FH(f) : FH(V) — FH(W) in %¥[G] by Lemma
3.1. Hence, it follows that F (k) : F(K) — FH(V) is a kernel of FH(f) :
FH(V) — FH(W) in €(G) by Corollary 3.3. Note that the counit € :
FH — lgg) of (F, H) is a split epimorphism of functors with a splitting

(1/|G)d : 14 — FH. Consider the following commutative diagram

F&) 2 prv) ZYL pEOW)

|

in ¢[G]. Immediately, we have erp(v) = (1/|G|)dv - v and eppav) =
(1/|G|)éw - Ew are idempotent morphisms in €[G]. This gives rise to an
idempotent morphism ep () : F((K) — F(K) in €[G]. Since ¢ (G) is idem-
potent complete, then the idempotent morphism epx) : F(K) — F(K)
is the composition of a split epimorphism 7 = epx) : (F(K), lpk)) —
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(F(K),ep(x)) and a split monomorphism 7 = epx) : (F(K),epx)) —
(F(K), Trg) in €(G).

Now, we claim that gy - F'(k) -7 : (F(K),epx)) — (V,1y) is a kernel
of f:V — W in €(G). In fact, let h : (Y,ey) — (V,1y) be a mor-
phism in €(G) with f-h = 0. Then we have that FH(f) - (1/|G|)dy - h =
(1/|G)dw - f - h = 0. Since F(k) : F(K) — FH(V) is a kernel of
FH(f) : FH(V) — FH(W) in €(G), then there exists a morphism
a: (Yyey) — (F(K),1p)) such that (1/|G|)ov - h = F(k) - @. De-
fine 3 : (Y,ey) — (F(K),er(x)) to be the composition of @ : (Y,ey) —
(F(K),1pk)) and 7 : (F(K),1px)) — (F(K),epx)). It follows that
h= (v - F(k)-7)- (3 by a direct verification. Suppose that there is a mor-
phism 7 : (Y,ey) — (F(K),er(x)) in ¢(G) such that h = (v - F(k)-7)-7.
Then the composed morphism 7-7% : (Y,ey) — (F(K),1p)) is just the
morphism @ : (Y,ey) — (F(K),1px)) such that (1/|G|)dv - h = F(k) - a.
This yields that ¥ = ®-7-5% = @-a = (3. We have shown that
the factorization of h through gy - F(k) - 7 in €(G) is unique. Hence,
gv - F(k)-©: (F(K),erx)) — (V,1v) is a kernel of f : V — W in
% (G). The existence of a cokernel can be proved by duality. O

Lemma 3.6 Let f : V. — W be a morphism in €|G]. Then Coim f
and Im f exist in € (G). Moreover, The canonical factorization (V,1y) —
Coimf — Imf — (W,1w) of f in €(G) induces an isomorphism of
Coim f and Im f.

Here, for a morphism f : X — Y in an additive category & with a
kernel £ : K — X and a cokernel ¢ : ¥ — C. If k : K — X has a
cokernel in &, define the coimage Coim f of f as Cokerk. If c: Y — C
has a kernel, define the image Im f of f as Ker c. In this case, the morphism

f + X — Y has a natural canonical factorization X — Coim f 2,

Im f — Y, where the morphism § : Coim f — Im f is called the induced
morphism of the canonical factorization.

Proof. Since f : V — W has a kernel and a cokernel in ¢ (G) by Lemma

3.5. Then we can form the Coim f and the Im f of the morphism f: V —
W in € (G) by carrying a similar proof of Lemma 3.5. That is, we have the
following commutative diagram
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(o3
_ —

Coim FH(f) —_— ImFH(f) -
t i ~t_
— FH JE—
(FH(V),1ruwv)) T <L un (FHW),1paw))
gy Coim f _ - Im f B Tw
_ ‘ [
(V,Tv) ! (W, Tw)
Te7 3v ~ Coim FH(f) i ImFH(f) & w
- - ~X,
(FH(V), Trio) kit (FH(W), Traor)

in ¢(G), where p=7-¢- (1/|G|)ov and § =&w - k-7'; T-T=1¢,,7 and
7T = %; the morphism & is the isomorphism induced by the canonical
factorization of FH(f) with an inverse 7.

Definea =7 -G-tand 3 =7 -7 -7, then f = G- @& -p which means
that @ is the induced morphism of the canonical factorization of f in € (G).
Moreover, It follows that @ and 3 are inverses of each other from a direct
verification. Hence, the canonical factorization of f in 4 (G) induces an
isomorphism @ : Coim f — Im f. O

Proof of Proposition 1.1. To prove that (@) is an abelian category, we
have to show that, any morphism f : (V,ey) — (W, &w) in €(G) has a ker-
nel and a cokernel, and the canonical factorization induces an isomorphism
of Coim f and Im f.

By Lemma 3.5 and Lemma 3.4, we can conclude that any morphism in
% (G) has a kernel and a cokernel. Therefore, the coimage and the image of
the morphism f : (V,ey) — (W, &w) exist in €(G).

Now, we show that for any morphism f : (V,ey) — (W, e&w), whose

canonical factorization induces an isomorphism of the coimage and image.
To this end, consider the following commutative diagram with the canonical

factorization of f : (V,1y) — (W, 1y) in €(G):
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(Coker k, &27) = (Ker¢, €im)

— ' _ f = —
(Ker f,ex) — (V,1v) Pbokerkl \L Kerc (W,1w) —> (Coker f,ec)
®Ker v (Coker k,ez;) = (Ker¢, eim) W ®Coker J
7/ X
—_ & _ K e —_
(Ker f,ex) — (V,1v) (W,1w) —> (Coker f,ec),

where @ is the isomorphism from Lemma 3.6.

Denote by ¢ the split monomorphism ec___ 7 : (Coker k, Clorarn) —
(Coker k,ez;) and by 7' the split epimorphism exez : (Kere, e,,) —
(Ker¢,exerz). Set B : (Cokerk,eq..z) — (Kerc,exerz) be the com-
posed morphism 7’ - @ - . By Lemma 3.4 and carrying a similar proce-
dure of the proof for Lemma 3.6, we have the canonical factorization of

f:(Viey) — (W,ew) in €(G) as follows

k 'cKerT

— cCoker?‘E
Ker fr e, 1) —— (V,&v)

(W, ew) —— (Coker f, €Coker 7)

S=CCoker k pl WtQ'eKerc

— IE] o
(Cokerk,ecgior) — (Kert, exerz),

where (3 is an isomorphism in %'(G) since @ is an isomorphism. We have
completed the proof of Proposition 1.1. O

Corollary 3.7 Let € be a G-abelian category with the order |G| = n
invertible in €. Then F : € — €(G) and H : €(G) — € are exact

functors between abelian categories.

Proof. Combine Lemma 3.1 and Corollary 3.3, we know that F'is an exact
functor. Note that F' is a left adjoint and also a right adjoint of H, it
follows that the additive functor H preserves kernels and cokernels from
[11, Chapter V, Section 5, Theorem 1] and its dual version. Hence, H is
also an exact fucntor. O

Corollary 3.8 Let € be a Hom-finite abelian k-category, G a finite group
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acting on € with the order |G| invertible in €. Then € (G) is also a Hom-
finite abelian k-category, and hence a Krull-Schmidt abelian category.

Proof. Let (V,ey) and (W,ew) be two objects in % (G).
Home () ((V,ev), (W,ew)) is the subvector space of Homegg(V,W)
which consists of morphisms f : V — W subject to f-ey = f = ew - f.
Since Homgg(V, W) is a finite direct sum of €, ., Home ("M, N) of
finite dimensional vector spaces by the assumption that % is a Hom-finite
k-category, then %'(G) is also a Hom-finite k-category. The abelianness of
€ (G) follows from Proposition 1.1 since % is an abelian category.

It is well known that a Hom-finite abelian category is Krull-Schmidt;
see [15, p. 52] also [6, Appendix, Remark A.2]. Then we have completed the
proof of the corollary. O

Remark 3.9 Let G be a finite group, and % a preadditive category. An
action of G on ¥ is called to be free if *M = M for an object M in ¥,
then x = 1. Let € be a free G-preadditive category over a commutative
ring R, that is, € is a preadditive category over a commutative ring R with
a free action of G on %. In this case, the orbit category ¢[G] is equivalent
to the quotient category € /G defined in [7, Definition 2.1]; see [7, Theorem
2.8]. We are interested in the following question which is presented by the
referee: if the action of a group on an abelian category is free, is it true that
the orbit category is abelian? We thank the referee for this question.

4. Example of a non-abelian category ¢ (G)

Let € be a G-abelian category, we have proven that the skew group
category %(G) is an abelian category under the assumption that the order
|G| is invertible in %. This condition seems to be a usual assumption,
which can be traced back to the study of relationships between the module
categories of an artin algebra A and the skew group algebra AG in [14].
However, one might ask that whether the skew group category ¢ (G) an
abelian category or not when the order |G| is not invertible in €7

In this section, we consider a finite dimensional k-algebra A of the
Dynkin type Az with an action of a cyclic group G of order 2 on the quiver
Q 4, where k is an algebraically closed field with the characteristic char k = 2.
The condition char & = 2 means that the order |G| is not invertible in mod A.
Then, we show that the skew group category (mod A)(G) of the finitely gen-
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erated module category mod A is not an abelian category.

Before giving the example, let us recall the definition of skew group
algebras; see [14, Introduction] and [13, Chapter 1, 1.4]. Let k be a field,
and A a finite dimensional k-algebra with a finite group G acting on A. The
skew group algebra AG is defined as a free left module P, Az with the
basis (G, and the multiplication is defined by

(ax)(by) = a “bay

for a,b € A and x,y € G. There is a natural algebra monomorphism
i: A — AG by i(a) = alg with 1g the identity of G. Then we have
the tensor functor F' = — Q) 4 AG : mod A — mod AG, which admits the
restriction functor H : mod AG — mod A both as a right adjoint and as a
left adjoint, we refer to [14, Section 3] for more details.

Example 4.1 Let k be an algebraically closed field with the characteristic
char k = 2, A a finite dimensional k-algebra given by the Dynkin quiver @ 4.

B
"
2
K
1

Let G = {1, 2} be a cyclic group of order 2 with a generator z, which acts on
A by z(er) = ey, x(er) = e1, z(a) = o/, (') = o and x(ez) = es. Then

QA: QBI

2 /
1/ Kll

the skew group algebra AG is Morita equivalent to a basic finite dimensional
k-algebra B given by quiver Qg with the relation 82 = 0. Put ¥ = mod A,
we can form the skew group category ¢'(G), which is a non-abelian full
subcategory of mod AG.

Proof. For computing the quiver Qp, we refer the reader to [14, Section
2], [2, Example 9.1] and [4, Chapter II, Section 3]. The Auslander-Reiten
quiver I'(mod A) is as follows:
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P(1) =79 I(1) =73
P(2) =] 1(2) =3
N= M= S@)=1.
T~ 7
S(2)=! N=

where we identify the two copies of S(2) as one vertex, and also identify the
two copies of N as one vertex in I'(mod B).

It is easy to verify that F'(P(1)) = F(P(1’)), F(P(2)), and F(I(1)) =
F(I(1)), F(I(2)) are the projective modules ¢, 2, and the injective modules
2, 2 in mod AG respectively, under Morita equivalence.

For the tensor functor F' = — ) 4, AG : mod A — mod AG, denote by
Im F' the full subcategory of mod AG consisting of modules that is isomor-
phic to F'(M) for some module M in mod A. Then the orbit category €'[G]
is equivalent to Im F' as we have mentioned in the proof of Remark 3.9; see
also [14, p.255]. Note that, all the modules in mod A are either projec-
tive or injective. Since F' preserves projective and injective modules, then
¢|G] = ¥(Q) is the full subcategory of mod AG consisting of all finitely
generated projective modules, injective modules, and the finite direct sums
of projective and injective modules.

Now, if we suppose that € (G) is an abelian category. Consider the

minimal projective resolution 0 — P(1) <, P(2) — M — 0 of the

B-module M, that is,
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0 (15) (10)
= v v
0 ———> kek —— kak

’ (s9)
J{o 0

| e

k—— k®dk —— &k

) E

where the left hand square is the B-module monomorphism f : P(1) —
P(2). Since the skew group category %' (G) is a full subcategory of mod B,
then f : P(1) — P(2) is a monomorphism in % (G). But it is not an
epimorphism by the fact that P(1) is not isomorphism to P(2) in € (G).

Let @ be the object in € (G) such that 0 — P(1) <, P2)—Q —0

is an exact sequence in ¢(G). Then we have the following commutative
diagram

P(2) ]\IJ 0
y

Q

in mod B. From the Auslander-Reiten quiver I'(mod B), it follows that
dimHompg(M,1(2)) = 1, dimHompg(M,I(1)) = 0, dimHompg(M, P(1)) =
0 and dimHompg(P(2), P(1)) = 0. This implies that the object () must
contain the B-module I(2) as a direct summand and not contain the B-
module P(1) as a direct summand. Thus, we get a contradiction to the

fact that dim P(2) = dim P(1) + dim @ by applying the exact functor H :

¢ (G) — € (see Corollary 3.7) on the exact sequence 0 — P(1) 4,

P(2) — @Q — 0 in ¥ (G). Therefore, we can conclude that ¢[G] = €(G)
is not an abelian category. O
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