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Transformations between Singer-Thorpe bases

in 4-dimensional Einstein manifolds
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Abstract. It is well known that, at each point of a 4-dimensional Einstein Rieman-
nian manifold (M, g), the tangent space admits at least one so-called Singer-Thorpe
basis with respect to the curvature tensor R at p. K. Sekigawa put the question “how
many” Singer-Thorpe bases exist for a fixed curvature tensor R. Here we work only
with algebraic structures (V, (,), R), where (,) is a positive scalar product and R is
an algebraic curvature tensor (in the sense of P. Gilkey) which satisfies the Einstein
property. We give a partial answer to the Sekigawa problem and we state a reasonable
conjecture for the general case. Moreover, we solve completely a modified problem:
how many there are orthonormal bases which are Singer-Thorpe bases simultaneously
for a natural 5-dimensional family of Einstein curvature tensors R. The answer is
given by what we call “the universal Singer-Thorpe group” and we show that it is a
finite group with 2304 elements.
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1. Introduction

Singer and Thorpe, see [8], have proved the following:

Theorem 1 If (M,g) is a 4-dimensional Einstein Riemannian manifold
and R its curvature tensor at some fixed point p, then there is an orthonor-
mal basis B = {e1, ea,e3,e4} in T,M such that the complementary sectional
curvatures are equal, i.e. K19 = K34, K13 = Koy, K14 = Ks3, and all cor-
responding components R;;i with exactly three distinct indices are equal to
zero.

Such a basis is referred to, standardly, as a Singer-Thorpe basis or,
shortly, as an S-T basis. In the following, we shall study S-T bases in a
purely algebraic way. Following P. Gilkey (see [4, p.17]), we introduce the
following

Definition 2 An algebraic curvature tensor on a vector space V with a
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positive scalar product (,) is a tensor R of the type (0,4) on V which satis-
fies the same symmetries and antisymmetries as the Riemannian curvature
tensor of a Riemannian manifold, i.e.

R(UV,W,Z) = -R(V,UW,Z) = R(W,Z,U,V),
R(U,V,W,Z) + R(V,W,U, Z) + R(W,U,V, Z) = 0 (1)

for all U, V,W, Z € V. Further, a triplet (V, (, ), R) as above (or, an algebraic
curvature tensor R on V) is said to be Einstein if the corresponding Ricci
tensor p on V satisfies the identity p = A(,) for some \ € R.

Now, analogously as in [8], one can prove the following algebraic version
of Theorem 1:

Theorem 3 LetV be a 4-dimensional vector space provided with a positive
scalar product (,). Let R be an Einstein algebraic curvature tensor on V.
Then there is an orthonormal basis B = {e1,ea,e3,e4} of V such that the
nontrivial components of R with respect to B are, up to standard symmetries
and antisymmetries, the following:

Ri212 = R3a3a = A, Rizi3 = Rosoa = B, Ris1a = Raz3 = C,
Rig34 = F, Ria23 = G, Rizos = F + G, (2)

where A, B,C, F,G are some constants. On the other hand, all components
Rj1i with exactly three distinct indices are equal to zero.

Definition 4 An orthonormal basis B = {ej,eq,e3,e4} of V with the
properties given above is called an S-T basis on V corresponding to the
curvature tensor R.

Definition 5 Let (V,(,),R) be an Einstein triplet. Then V is called
2-stein if

n

F(X)= > (R(X,e;, X, ¢5))? (3)

4,j=1

is independent on the choice of the unit vector X € V, where B =
{e1,..., e} is any orthonormal basis. (Cf. [1].)
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Then, we have the following (cf. Lemma 7 in [7]):

Proposition 6 An FEinstein triplet (V, (,), R) of dimension 4 is 2-stein if
and only if

+tF=A-1/12, FF+G)=B-r71/12, +tG=C-71/12 (4)

hold with respect to any S-T basis of V. Here 7 =Y, p(ei, e;).

Now, let {Ji, Jo, J3} be a quaternionic structure on (V, (,)) compatible
with a fixed orientation defined by

JlX = —I2€1 + Tr1€9 — Ty4€3 + I3€y,

JQX = —X3e1 + Ty€y + T1€3 — Toey4,

J3 X = —x4e; — x3€0 + X2€3 + T1€4 (5)
for any X = x1e1 + woeq + x3e3 + 464 € V, where {e1,...,e4} is an S-T

basis compatible with the given orientation. Then, the following fact is also
well known ([5], [6]):

Proposition 7 Let (V,(,), R) be an Einstein triplet. Then the following
two assertions are equivalent:

(i) For any quaternionic structure on 'V given by (5) and any unit vector
X €V, the quadruplet {X, J1 X, Jo X, J3X} is an S-T basis for R.
(i) (V,(,), R) is 2-stein.

Motivated by this result and also by research in so-called weakly Einstein
spaces (see [2], [3]), K. Sekigawa put the following, more general question:
Let (M, g) be a 4-dimensional Einstein manifold, not necessarily 2-stein, and
{e1,...,e4} be an arbitrary fixed S-T basis at any point p € M. Determine
the relation between all S-T bases {é1,...,€4} at p and the fixed S-T basis

{61, PN ,64}.

2. Algebraic preliminaries

We first notice that the relation between two S-T bases is characterized
by an orthogonal transformation (i.e., by an orthogonal matrix). Let P =
(pz) € O(4) be the matrix of an orthogonal transformation acting on the set
of orthonormal bases of (V,(,)) in the natural way. Hence, if B = {e;}{_;
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4

is an orthonormal basis, the new orthonormal basis BP = B’ = {e}};_; is

given as e = Zle eipé. Let us denote by P,z{ the 2 x 2 submatrix of the

matrix P formed by the elements in the rows ¢,j and in the columns £, [.
Let us denote by d} its determinant. For each pair ij of indices, by ij we
mean the complementary pair of indices from the set {1,2,3,4}.

Lemma 8 Any matriz P € O(4) satisfies

8 = i,
N2 _ (T2
()" = () (6)
for arbitrary pairs ij and kl of indices from the set {1,2,3,4}.

Proof. We denote by P the transpose of the matrix P and by E the unit
matrix corresponding to the identity transformation of V. We write down
the condition PPT = E in the block form and we obtain

PiF(PIF)T + Psi(Psf)T, PiF(Piy)T + Psi(P5i)T (E N)
PH(PI)T + PR(PIR)T, PH(PET + Pii(pghT) N E)

where N is the zero 2 x 2 matrix. Now, from the condition
P (Ply)" = —P3i (P,
we obtain
12 ;34 12 ;34
dyp - dyy = dgzj - d3y.

In the similar way, we write down the condition P'P = E. We obtain in
particular

- a3 = i a
The last two equations together give us
(d13)? = (d3D)?,  (d51)? = (d13)*.

The formula for arbitrary pairs of indices ij and kl can be obtained easily
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by the permutation of lines or columns in the matrix P. ([

Lemma 9 Let B be an S-T basis for an Einstein algebraic curvature tensor
R in which the components of R are given by (2). Then the components of
the tensor R in the basis B' = BP are given by the formula

b = (dif - did + 3 diy) A+ (di5 - di + d3 - dR)) B
+(dij - dyf +d35 - 7)) C
H(dif - Y+ A+ di R+ i) F
+(dij - di) + d i+ di Y+ dE ) G (7)
Proof. It follows by the straightforward check using formulas

/ / / / !/
Rijkl = R(eivejaekael)a

where the components of the vector e, are p¥ (the i-th column of the given
matrix P). O

Corollary 10 Let B be an S-T basis for an Finstein algebraic curvature

tensor R. For any matrix P € O(4), the components of the tensor R in the
basis B' = BP satisfy

/ _ ! / _ ! R _ p!
1212 — +Y3434> 1313 — +'2424» 1414 — +'2323-

Proof. From Lemma 9 and formula (6) written for the matrix PT, we
obtain

1212 = Rigzq = ((d13)? + (d12)*) A+ ((d13)” + (d33)%) B
+((d13)? + (df3)%) C +2(dy3 - dis +dy3 - dia) F
+2(di3 - di3 + di3 - dis) G,

1313 = Rbyoq = ((dg)z + (di)%)Q) A+ ((dig)Q + (d%)Q) B
+ ((di3)” + (d55)%) C +2(dy3 - dis + di - di) F

F2dld -8+l ) G
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la1a = Rizo3 = ((d}i)2 + (d?i)Q) A+ ((d}i)2 + (d%i)z) B
+ ((d13)? + (d12)?) C + 2(df - dif + diy - d3)) F
+2(di} - dit +di} - dip) G. O

3. The basic finite group of transformations

Let B = {ey,e2,e3,e4} be an S-T basis for an Einstein algebraic curva-
ture tensor R on (V,(,)). We are interested in transformations P € O(4)
such that the components of the tensor R in the new bases B’ = BP have all
components with just three different indices equal to zero, namely R;j e =0
for the following 12 choices of i, j, k, I:

1213,

1214, 1314,

1223, 1323, 1424, 2324,

1224, 1334, 1434, 2334, 2434. (8)

Equivalently, all the bases B’ = BP should be new S-T bases for the tensor
R. Let us denote by H; C O(4) the group of all permutation matrices
(i.e., the orthogonal matrices corresponding to permutations of the vectors
e1,ea,e3,e4) and by Ho C O(4) the group of all diagonal matrices with +1
on the diagonal. We will denote by |H| the number of elements of a group
H. Obviously, |H1| = 24 and |Hz| = 16. We further denote Hz = H; - Ha =
Ho - Hy. We easily see that Hs is a group and |Hz| = 16 - 24 = 384. It is
not hard to verify that, for all P € Hs, BP are S-T bases for R.
Let us consider the two special transformations given by the matrices

-1 1 1 1 0 0
P S p_ 11 -10 0
T 1 -1 1| T V2lo 0 11
1 -1 00 1 —1

The direct calculation using formula (7) shows that the components of the
tensor R in the basis B’ = BP; are
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A" = Rig9 = Ryy3, = 1/2(B+ C — F - 2G),
B' = Rig13 = Ryypy = 1/2(A+C — F + G),
C' = Ry = Rizp3 = 1/2(A+ B+ 2F + G),
F' = Rig =1/2(-B+C+ F),
G’ = Ry =1/2(-A+ B +G). (9)

and Rj;;, = 0 for all ijkl from (8). In the basis B’ = BPs, the components
of the tensor R are

A" = Rip15 = Riyzq = 4,

B' = Rig13 = Rypy = 1/2(B + C + F +2G),

C' = Ry = Rogp3 = 1/2(B+C — F - 2G),

F'= Ry =F,

G’ = Rly93 =1/2(B-C—-F) (10)

and Rjj;,; = 0 for all ijkl from (8). We see that both BPy and BPs are S-T
bases for R. Let us denote by P, the transformation which has the first
three columns same as the transformation P, and the last column with the
opposite sign. Obviously, P; € P,/Hy and BP; is also an S-T basis for R.

Lemma 11 The group Hy generated by Hs and Py is the union of cosets
Hs UH3Py U ngi

Proof. Let x € PyHs. We can write x = Pyps, where p € H;, and s € Hos.
There is an element p’ € H; such that p’P, = P4p and hence z € H3Pys.
If s has an even number of entries equal to —1, then there is an element
y € Hs such that Pys = yP,. If s has on odd number of entries equal to
—1, then there is an element y € H3 such that Pys = yP;. Hence either
x € HgPyorxe HgPi Let x € PyH3P,. Either x € H3 P, Py = HsE = Hs
or x € H3P;Py, = H3Pj, because P;Py = sP) for s € Hs. It finishes the
proof. O

Corollary 12 It holds |H4| = 3 - 384 = 1152.

Lemma 13 The group Hs generated by Hs and Ps is the union of cosets
Hy U H4Ps.
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Proof. By the direct calculations we obtain |HsPsHs| =3-6-8-8 = 1152.
It is not hard to verify that H3PsH3 C H4Ps and H3PsHs C PsHy4, hence
we obtain H4P5 = H3P5H3 = P5H4. Obviously H5 = H4 U H4P5. O

Corollary 14 [t holds |H5| = 2 - 1152 = 2304.

Because the group H;s is generated by the subgroup Hs and the matrices
Py, P;, Ps, we see that the conditions jokl = 0 for the 12 choices of indices
ijkl as in (8) hold for any P € Hs. In other words, for all P € Hs, the bases
BP are S-T bases for R.

4. The universal Singer-Thorpe group

In the following, for a given matrix M € O(4), all matrices from the set
HsMH3 will be called matrices of type M. In other words, a matrix M’ of
type M arises by a permutation of the rows, a permutation of the columns
and by changing the sign of any row or column in the matrix M.

Let us now fix an orthonormal basis B of (V, (,)) and consider the set of
all algebraic curvature tensors for which B is an S-T basis. (These curvature
tensors depend on 5 parameters A, B,C, F,G and they are automatically
Einstein.) Let us denote by S the set of bases which are S-T bases for all
these tensors. Finally, let us denote by G the set of orthogonal matrices cor-
responding to all transformations between the bases from S when expressed
with respect to the basis B. Then, obviously, G C O(4) is a group and it is
independent of the initial basis B.

Theorem 15 The group G is just the group Hs of 2304 elements described
in Section 3.

Proof.  We denote the coefficients in the formula (7) by A}, Bl Clins
Flis Gijp and write the formula in the short form

ikt = Al A+ Bl B+ CiliyC + i F + GG (11)

Because A, B,C, F, G can be considered as independent variables, it is clear
that for P € G it must hold A;jkl = ngkl = C’Z{jkl = Fi’jkl = G;jkl = 0 for
the 12 choices of indices from (8). According to the end of Section 3, we
have the inclusion ‘Hs C G. We only have to prove that G C Hs. This will

be done, step by step, in the rest of this Section.
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Lemma 16  Let the transformation P satisfy A}, = Bjyy = Ciliyy = 0
for all 12 choices of ijkl from (8). Then there exist three pairs of indices,
not necessarily distinct, such that

12 _ 712 _ 334 _ 334 __

di? = diz = d3 = d3 =0,

Al = di¥ = @% = 4% =0,

di = alt = g2 =423 =0. (12)

uv

Proof.  Let A;jkl = 0 for all 12 choices of ijkl from (8). Let us rearrange
the columns of the matrix M corresponding to the transformation P in a
way that di3 # 0. We rewrite the equalities

Al =di7 - dii +d3 - diy] (13)
for the four choices of 17kl = 1213,1214,1223, 1224 in the forms
dyg = —di - dig/dy3,
dij = —di3 - di1/di3,
dys = —diy - di3/di3,
dyy = —dis - d33/di5

We now substitute these formulas into formulas (13) for ijkl equal to
1314,1323, 1424, 2324, which are

a3l + d - d = 0,
di3 - ds + di3 - dis = 0,
dii - di +di; - d33 =0,
d23 ‘ d d34 dgi -
From here we obtain, after elementary operations with fractions, the formu-
las
(@) + (@33)?] - - att = o,
[(d33)* + (d13)*] - dis - d33 = 0,
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[(d2)* + (d13)?] - dis - dzy =

[(dF3)* + (d13)] -

To satisfy these conditions, it must hold d33 = d3f = 0 or d3} = d33 =

According to formula (6), the first of these equalities imply di3 = di3 = 0
and the second equalities imply di3 = d33 = 0, which proves the conditions
in the first line of the statement. The conditions in the second and the third

line of the statement can be proved analogously using conditions B ikt =0
and Cj;;, = 0. 0

d
d3 - d3; = 0.

Obviously, the same statement must be true for the inverse transforma-
tion P”. We can reformulate it in the way that in any two rows, or columns,
there are two complementary subdeterminants which are both zero and in
the remaining two lines, or columns, the same subdeterminants are zero too.
In the sequel, we shall assume that in the lines 12 and 34 these determinants
belong to columns 12 and 34, hence di2 = di2 = d33 = d3; = 0. First, we
exclude the case when pairs of indices in Lemma 16 are not distinct.

Lemma 17 Let the matriz P € O(4) satisfy di3 = di% = d33 = d3; = 0.
If di§ = d3} = dis = d3} = 0 or di5 = dji = d73 = d3} = 0, then the matriz
P either belongs to Hs or it is of the type Ps.

Proof. In the submatrix of P formed by columns 1 and 2, there must be
two independent rows, because this submatrix has rank 2. Let these rows
be the k-th and the [-th. According to the assumptions d}3 = d33 = 0, we
cannot have kl = 12 or kl = 34. Further, according to the assumptions
di3 = d3} = 0, the remaining two rows are simultaneously multiples of the
k-th row and the [-th row. Hence they are zero vectors and the submatrix
P} is the zero matrix. In the same way, for the columns 3 and 4 we obtain
that the submatrix P/ is the zero matrix. Without the loss of generality,
we will assume kl = 23. The matrix P € O(4) is in the form

00

o O
o O

00

Now, we obtain easily that Cj;;;, = 0 for all 12 choices of ijkl from (8) and
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Aliiy = Bijp = 0 for ij = 12 or kl = 34. The nonzero conditions are hence
Al = 0and B.,, = 0 for ijkl = 1314, 1323,1424,2324. Using formula

ijk ijk
(7), these conditions are
diz - dii+dis-diy =0,  diz-dii+diz-dii =0,
di - ds +dis - dy3 =0, dis-do3+di3 - d3z =0,
G =0, dit et di=o
dyj - i + d3g - dyy =0, dyy - doi + d33 - d3) = 0.

Writing down the determinants d?l explicitly, we obtain

(P} p3-pi+ )2 -p5-pi=0, (P} p3-pi+ ) ps-pi=0,
(P2)% - pi-pi+ D)2 - p3-pi=0, (p3)*-pi-pi+ P32 ps-pi=0,

pi-py- (03 + %P3 (3)° =0, pY-p3- (p3)° + 1% -p5- (3)* =0,
piopy 0a) +pi s (03)2 =00 pi-py- (02)° 0t ph - (92)7 = 0. (14)
In the case p§. = 0 for some p§. in formulas (14), we obtain from these

conditions and the condition P € O(4) that P € Hz. In the case p} # 0 for
all p§~ which appear in formulas (14), we obtain by the elementary operations
the conditions

(p3)” - (02)° = (05)* - (0D (3)" = 03)",  (w3)" = ()",

)7 3 =) ) D =m), ) =m)"
From here and from the condition P € O(4) it follows that P is of the type
Ps. O

We are left with the case when the pairs pr, st, uv of indices in Lemma
16 are distinct. Without the loss of generality we can assume pr = 12,
st =13, uv = 14.

Lemma 18 Let the matriz P € O(4) satisfy formulas (12) with pr = 12,
st =13, uwv = 14. Then it must be of the type Pj.

Proof. First, we show that p;'» #0foralli,j =1,...,4. Let us suppose the
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opposite, hence p} = 0. From the condition d}3 = 0 we obtain either p = 0
or p? = 0. From the condition d}3 = 0 we obtain either pi = 0 or p} = 0.
From the condition di} = 0 we obtain either p} = 0 or p} = 0. Using all 12
conditions (12), we obtain a contradiction with P € O(4).

Hence it holds pé- #0forallé,j =1,...,4. We can denote the entries
in the first row and the first column as p} = a, p} = ka, p} = ra, p} = ua
and p} = za, p3 = ya, p3 = za for nonzero a,,y,z,k,r,u € R. From
the conditions di3 = d}3 = di] = 0 we obtain the entries p3,p3, p; and the
matrix P must be in the form

a ka ra wua
za zka
ya - yra
za - - zua

Further, from the conditions d33 = d%3 = d?3 = 0 we obtain the other entries
and the matrix P is in the form

a ka ra ua
za zka xsa zva
ya yla yra yva
za zla zsa zua

for some nonzero [, s,v € R. Now, the conditions di? = di} = di3 = 0 and
dii = d3i = d3} = 0 imply
rv=su, kv=Iu, ks=Ir,

ru=sv, ku=Ilv, kr=Is.

From here it follows 72 = s2, k2 = 2, u? = v2. Each of the possibilities

k=1,r=sand u = v leads to a contradiction with P € O(4), so it holds
k= —l,r = —s and u = —v. From the conditions > _pipl =0 for i # j we
obtain

L+ k= —u? =0,
1—k+r*—u*=0,
1-k —r*+u*=0
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which implies
E=r?=u?=1.

From the conditions ) pjp; = d;; we obtain that we can choose a = 1/2
and we get 22 = y? = 22 = 1. The statement follows easily. ([

This completes the proof of Theorem 15. The group G = Hs can be
called the universal Singer-Thorpe group. H|

5. The set of all S-T bases for a fixed tensor R

In this Section we try to assault the original problem put by K. Sekigawa,
i.e., the question what are the properties of the set of all S-T bases for a fized
FEinstein algebraic curvature tensor R. More precisely, we shall investigate
the structure of the set (B, R) of all orthogonal matrices corresponding
to all transformations between a fixed S-T basis B and other S-T bases
(expressed with respect to B) for a fixed tensor R. In particular, we show
that, in a special case, the set (B, R) may be infinite and not a group. In
any case, from Section 4 we see that always Hs C (B, R). We were unable
to solve the problem in general, and so, we shall conclude our study with a
reasonable Conjecture. We shall start with the easiest special case, where

K(B,R) = O(4).
Lemma 19  For any matriz P = (p§) € O(4) it holds

Ajipr + Bijr + Cijn
= (ZP?W) : (Zﬁﬁ) - <Zp?p7> : (Z%@) (15)
a B Y g

for any fized i, j, k,l from the set {1,2,3,4}.

Proof.  On the left-hand side, there are coefficients from the formula (11).
We use their long form from (7) and continue by the straightforward calcu-
lations:

Alipr + Bijr + Ciin

= (dij g + d35 - diy) + (df - di + di - diy) + (dif - dyf + d5 - diy)
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= (piv; — pip})(ivi — Pivi) + (7P — P3pi) (PP} — Dipk)
+ (pip; — pjpd) (o} — pivi) + (030 — Pipd) (PEpi — k)
+ (pivj — pjpi) (il — pivi) + (0303 — pipd) (ipi — i)

= PiPIDADT + DjPEDIPY — PiPiPIPY. — PiPi PkD; + PiDipip; + PiDipi DN
— PIDjpiDi — Pipipip] + Pipipip] + Pipipi v} — Pipipi P — PjPiDID]
+ PiDiPEP] + PiDiPi Py — Pi PP PR — DIPiDiP] + DipiDipl + DjpiDi DR
— PiDjPI Dk — PiDiPEP] + P D3PRD] + PiiDi Py — DiPiDipi — D3piDiD}

= PiPEPIDL + DjPIDIDY + PipLPID; + PP PiD) + Pipip;ip + PipipiDi
+ PIPRPIDE + PIDiDiPE + Pivipipl + DIpiDipE + Pipp; Pl + P30ipi v
— PiDIDIPE — DiDLDID] — DiDI D3P} — PiDRDiD] — DiDI PPy — DjPRPiD]

— PipIPiDi — D3PRDID] — PIDIDiPE — PiPAPIDI — DipIPiDh — DIDIDiD]
= (Swtat) - (oot ) - (Zo ) (Zoimh) =
a B ol 9

Proposition 20 Let the components of the Einstein algebraic curvature
tensor R in the S-T basis B satisfy A= B = C and F = G = 0. Then
B' = BP is an S-T basis for the tensor R for all transformations P € O(4).
In all S-T bases B' = BP, it holds F' = G' = 0.

Proof.  The right-hand side of the formula (15) is obviously zero whenever
at least three indices among i, j, k, [ are distinct. Applying our assumptions
to formula (11), we get

iimt = (Al + Biji + Cijpg) - A=0
for the 12 choices of ijkl from the list (8) and, moreover, F’ = R/yq, = 0

Proposition 21  The property A = B = C is not invariant under the
transformation group Hs unless ' = G = 0. The property F = G = 0 is
not invariant under the group Hs unless A= B = C.
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Proof. Tt follows for example from formulas (9) and (10) for transforma-
tions Py, Ps € G. O

We conclude this easy special case by a straightforward Corollary:

Corollary 22  Let (M, g) be a 4-dimensional Einstein manifold. The fol-
lowing conditions are equivalent:

1) For any point p € M, and for any S-T basis in T, M with respect to the
curvature tensor Ry, all components of R, with four distinct indices are
zero;

2) (M, g) is a space of constant curvature.

We shall continue by the less special case, which is more interesting.

Proposition 23 Let the components of an Finstein algebraic curvature
tensor R in a given S-T basis B satisfy B = C, F = G = 0 and A be
arbitrary. Let us consider the group of matrices

cos(t) sin(t) 0 0
[ e sin(t) cos(t) 0 0 LER
(s:2) 0 0 cos(s) sin(s) |’ % '
0 0  —sin(s) cos(s)

The bases B' = BM ) are S-T bases for the tensor R and components of
R in all these bases satisfy A’ = A, B =C'"=B, F' =G =0.

Proof.  For the transformations corresponding to the matrix M ;), we have
Al = di7 -dii+d3}-di = 0 for all 12 choices of ijkl from (8). The formula
(15) implies, for the same indices, B ki +C£j 4w = 0 and according to formula
(11) we obtain Rj;;, = 0 for all 12 choices of ijkl from (8). Hence all the
new bases are S-T bases. Using formulas (11) and (15), we calculate easily
A=A B =C"=B,F =G =0. O

Corollary 24 Let the components of an Einstein algebraic curvature ten-
sor R in a given S-T basis B satisfy B=C, F =G =0 and A # B be
arbitrary. Then the set KK(B, R) contains the groups Hs and M), but it is
not a group in itself.

Proof. The first assertion is obvious from the text before Lemma 19 and
from Proposition 23. Let us consider the tensor R in a given S-T basis B
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whose components satisfy the assumptions. Now we apply the transforma-
tion Py € Hs to B. For the components of the tensor R in the basis BP;,
we obtain, according to formula (9), G’ # 0. For the new components we
shall write again A, B,C, F,G instead of A’,B’,C’,F',G’'. Now we apply
the transformation M(, ;) depending on two parameters. Then a simple
generalization of Proposition 23 gives, in such a case,

A = A,

B’ = 2cos(s) cos(t) sin(t) sin(s)(F + 2G) + B,

C" = —2cos(s) cos(t) sin(t) sin(s)(F + 2G) + B,

F=F

G’ = (2cos®(s) cos?(t) — cos?(s) — cos?(t))(F + 2G) + G
and, moreover,

1314 = —cos(t)sin(t)[(4 cos®(s) — 2)G + (2cos®(s) — 1) F],
| 393 = — sin(s) cos(s) [(4 COSQ(t) —2)G + (2 COSQ(t) — 1)F]

Thus the product matrix P = PyM, ;) applied to the S-T basis B gives us
the orthogonal basis B = BP which is usually not an S-T basis with respect
to R, because the components of the curvature tensor R with three distinct
indices in B’ are nonzero, in general. Hence the product P = P, M, (s,t) falls
outside the set KC(B, R), in general. On the other hand, both M, ;) and P,
belong to K(B, R). We see that the basic group property for (B, R) is not
satisfied. O

Proposition 25 If the structure (V,(,), R) satisfies the 2-stein property
from Proposition 6 and B is an S-T basis, then we have the inclusion Sp(1) C
K(B, R), where Sp(1) C O(4) is the compact symplectic group.

Proof. See Proposition 7. g

We shall conclude our study with the following, uneasy

Conjecture 26  We have either K(B, R) = O(4), or K(B,R) = Sp(1), or
K(B, R) contains SO(2) x SO(2) and it is not a group, or K(B, R) = Hs.
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