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Abstract

This paper presents a number of new generating functions for several
interesting classes of polynomials whose coefficients involve the H-function
of C. Fox [Trans. Amer. Math. Soc. 98 (1961), 395-429]. The first of
these main results stems from an attempt to provide a generalization of
certain bilateral generating functions, due to H. M. Srivastava and R. Panda
[J. Reine Angew. Math. 283/284 (1976), 265-274] and R. K. Raina [Proc.
Nat. Acad. Sci. India Sect. A 46 (1976), 300-304], for a general class of
hypergeometric polynomials or polynomials with essentially arbitrary coeffi-
cients ; the other results are natural further generalizations of (or motivated
by) the first one.

It is observed how readily these new generating functions can be extended
to hold for the H-function of several complex variables, which was defined
in the aforementioned paper by Srivastava and Panda.

1. Introduction

In an earlier paper H. M. Srivastava and R. Panda [6] gave a bilateral
generating function, involving the H-function of C. Fox [1], for a general
class of hypergeometric polynomials and also considered its multivariable
analogue associated with the H-function of several complex variables. If,

for convenience, we let (ap), {(ap ap)} and {(ay; ap, a})} abbreviate the p-
parameter arrays

Ay *cc, dp (al’ al), Tty (ap, ap) 5
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and
(al » Qi a’oa ) (ap 5 ps a;?) ’

respectively, with similar interpretations for

(B, {(Bo B} {(Bas B B}

et cetera, we may recall the aforementioned result of Srivastava and Panda
in the following (essentially equivalent) form (cf. [6], p. 267, Eq. (2.1)):

4d(m, —n), (ap);

- (1 —A— n, 5), {(Cu» Tu)} n
(1.1) Z_Om+qu x| Hpy [?/ ‘ 1
e (b)) {(dw du)}] 7
q
f_[lf (5;)
=(1-t"%; 0 (o.a ik fu
ﬂ I'(a;)

.
il
—

(. 8

_x(m) A=25 me):  {(l—ap 1)} {(cw7a)

K].zf)‘ : (0, 1), {(1 _bq, 1)}: {(dv, 50)}

where m, p, q, 7, s, u, v are integers such that m=1, p=>0, ¢=0, 0<r=<o,
and 0=s=<u, ¢>0, 4(m, —n) abbreviates the m-parameter array
(—“n_{_]—l)/m’ ]:lr ey m,

{(ap, ap»jl 1 S 0(5) zfdf ’
{6y, B2} “

T 21

(1.2) Hr [z

with, of course,

(1 1= 88 11 P —ay+ay8)
(1 3) 0(5) - q]:l 1= P ’
j:gﬂf(l—bﬂ—ﬁﬁ) 1 I'aj—a;é)

J=n+1

is the familiar H-function of Fox ([1], p. 408; see also [6], p. 265, Eq.
(1.1) et seq.), and the function on the right-hand side of (1.1) is an H-func-
tion of two variables (cf., e. g., [6], p. 266, Eq. (1.5)). For a natural further
extension of (1. 1) to hold for a multivariable H-function defined by Srivastava
and Panda ([6], p. 271, Eq. (4.1) et seq.), see [6], p. 273, Eq. (4. 10).

Now, for Wright’s generalized hypergeometric function defined by
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b4
. {(ap, a’p>} oo ]I;[l(aﬁnaj on
- o §0~q b n!’
{(bfP 1811)} | Jl—=[1( j)npj
where, as usual,

T 2414+ n—1), ¥nef1,2,3, -},
a;>0 (j=1,-,p), B;>0 (j=1, -, q), and either

q P
(1. 6) A=1+ jzlﬁj— Zlaj>0, l2| < o0,
= j=
or
y q
(1.7) A=0 and [2|<R=]]a;%][] ‘3}%‘,
j=1 j=1

it is easily verified that

(—n, m), {(ap ap)} ;

ey 5 R x|
{(bq’ /Sq» >
(2, m), {(ap ap)} s .
:(l—t)—zp+1F:1k x(t_t_1> ’ ftl<1,
{(bg, Bo)} 5

m being a positive integer.

Making use of (1. 8), instead of its well-known special case (cf., e. g., [6], p.
268, Eq. (2. 4)) when a;=1 (j=1, ---, p) and §;=1 (j=1, ---, ¢), We can readily
find an obvious generalization of (1. 1) in the form:

. (—n, m), {(ap, ap)} ’ (1—2—n, 0, {(Cus Tu)} .
(1.9 ZzopﬂF&k H;f_ﬂ,[ ] fz'
{(bo B} 5 {(d 80} ] ™
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A natural unification of the bilateral generating functions (1. 1) and (1. 9)
is due to R. K. Raina who gave the result [op. cit., p. 301, Eq. (2.1)]

m rostl (1—2—n,¢), {(cu ra}] ¢=
i) i ly {(dy 0 )}]

RPN

(1 —1— mk, 8), {(Cu, Tu)}]
{(dw o)} ]

(1. 10)

TDMs

0

. r,8+1 y .
Hu+l,v l (1 _t)e

where, for convenience,

[n/m]l [ M
v =)o
mk

k=0

the coefficients £; being arbitrary. Indeed, Raina also stated an erroneous
version of (1.1) [3, p. 302, Eq. (3.2)] as a special case of the result (1.10),
and further derived an extension of (1.10) involving the (Srivastava-Panda)
H-function of several complex variables [op. cit., p. 303, Eq. (4.1)].

In an attempt to provide a generalization of the bilateral generating
functions (1.1), (1.9) and (1.10), we first introduce the following class of
polynomials whose coefficients obviously involve Fox’s H-function :

(1.12)  P@d(g,y) = [":ﬁ’(‘)](_n)mk 0,2
.Hzfl.{_é_‘_l [yl(_a_(ﬁ_*_l) n, 8)9 {<Cus Tu)}] ,
' {<dm 50)}, ( —— ‘37’! - mk, 8)

and let @[z] possess a power series expansion given by
(1. 13) Olz] =3 Q,2", 2,0,
n=0

where a, 8, ¢; (j=1, .-+, ), and d; (j=1, -+, v) are arbitrary complex parame-
ters, {Q2,}2_, is an arbitrary complex sequence, ¢>0, y;>0 (=1, ---, u), ;>0
(j=1, --+, v), and (as before) m, r, s, u, v are integers such that m=1, 0=r=v,
and 0<s<wu. The proposed generalization of (1.1), (1.9) and (1.10) may
then be stated as

(1. 14) ?QOP;“%’( ,Y) f,n! = <11+_C2921 o[ (-]

{(cw Tu)}]
{(dus 8} 1

where { is a function of ¢ defined by

-H;: [y(1+c)'
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(115}~ | L=¢(14Q¥, Z(0)=0:

- In order to recover the bilateral generating relation (1.10) as a special
case of (1.14), we set a=2—1 and B=0, so that {=¢/(1—¢); and appeal to
a certain elementary operational technique involving Laplace transforms,
which augments a desirable numerator parameter in the H-functions occur-
ring in (1.12) and (1.14). And, of course, the reducibility of (1.10) to (1. 1)
and (1.9) demands appropriate specializations of the coefficients 2;, £=>0.

2. Derivation of the generating function (1.14)

In view of the definition (1.2), the H-function occurring in (1.12) may
be replaced by a Mellin-Barnes contour integral, and we have

S 'y

271
n/ml ['(1+a+(8+1)n-+ef)
{ ICZ=;0 I'(14a+ pn+mk+ef) (_”)kakxk} dg,

(2.1) Peb (z,y) =

where, for convenience,
(d;j—a f)fj (1 —c;+758)
I(1—d;+3,8) 1] Tlej—748)

=r+l J=s+1
0Zr=<v,0s=5Zu,

[r
(2.2) .= zj;z
1

an empty product being interpreted to be 1.

Substituting from (2. 1) into the left-hand side of the generating relation
(1. 14), and formally inverting the order of integration and summation, we find
that

oo n 1

23  0=F Py ar =g | T
Joo (oz-l—e& (B+ )n) Sl (g Q)
B s ) B etk

where I, is given by (2. 2).
By appealing to a result due to Srivastava (¢f. [4], p. 232, Eq. (11))

i a-I-(,B—l-l)n tnl’.n/m] (__n)mkck Xk
n=0 n k=0 (l—l—a—I—ﬁn)mk k!

_ (149 = [x(=Qm
B 2 ey S

k=0

(2. 4)
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with a replaced by a-+e€ and Cy=k! 2, k=0, we obtain from (2. 3)

25 o=EEL S o g

1
- f Faf(l+o7de,
&L

" 2ri

where { is a function of ¢ defined by (1.15), and I, is given, as before, by
(2. 2).

Now we interpret the infinite series and contour integral in (2.5) by
means of the definitions (1. 13) and (1. 2), respectively, and the second member
of the generating relation (1.14) follows at once.

This evidently completes our derivation of (1.14) under the hypothesis
that the series and integral involved in (2. 3) are absolutely convergent. Thus,
in general, the generating relation (1.14) holds true for such values of the
various parameters and variables involved for which each of its members
has a meaning. {See also the various conditions surrounding our general

result (4. 6) below.}

3. A mild generalization of (1.14)

An interesting generalization of Srivastava's formula (2. 4) was given sub-

sequently by Srivastava and Buschman (¢f. [5], p. 361, Theorem 2) in the
form :

e (et @B+ n\ tvmd (gt at(B+D) W o
(8.1) :é‘o ( n ) ‘ kZ:IO (1+a+Bn)wims £

= o[a-orar o],

which evidently reduces to (2.4) when the complex parameter w=0, and

In view of (3.1), we may define the system of polynomials

32 QR nY= 2 (e
HJ:;_})H [y (_a_(ﬂ+1) n — ok, 5)’ {(Cu’ Tu)}]
{(dw 0,)}, (—a—pn—(w+m)k, ¢

and the method of derivation of (1.14), detailed in the preceding section,
can be applied mutatis mutandis to obtain the following (slightly more general)
result :
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3.3 508w my) oy = 0[e(—m (14

{(cus 7))
{(dw, 6.}
where { and @[z] are given by (1.15) and (1. 13), respectively.
Since
(3.4) (05 2,y) =P (x,y),

as we indicated above, (3.3) would reduce to the generating relation (1.14)
in its special case when w=0.

4. Further generalizations

In this section we give a general class of generating relations for the
polynomials Q% (w; x,v), which can be derived by applying Theorem 3
(p. 366) of Srivastava and Buschman [5] or as a direct consequence of Gould’s
identity [2, p. 196]

o a+(B+1)n
. ( (8+1) )tn

(4.1) nZ=:o r+(B+1)n

o oax— 1\t n
:(1+C)a2(_1)’n< 7’) (ﬂ‘i‘?‘/(ﬁ‘i‘ )) <1§_C> ,‘

n=0 n n

n

where a, 8 and y are arbitrary complex numbers, and { is defined by (1. 15).
Our generalizations are contained in the following

TueorREM. Corresponding to the power series given by (1.13), let

(4. 2) On,m; a, b1, 05 ,Y)

_e y n+mk+r/<ﬁ+1>.)“ ‘

= B (B 1) mk ( 7 Qe
(r—a—wk, ¢), {(cuw Tu)}]

{(dvs 00)}, (r—a—wk+n,e¢) ’

where a, B, 7, 0, ¢; (j=1,-,u) and d; (j=1,---,v) are arbitrary complex

numbers, ¢>0, r;>0 (j=1,---,u) and §;>0 (j=1,---,v), and the integers

m, n, v, s, u, v are constrained by m=1, n=0, 1=<r=v, and 0=<s=u, such

that either

(4. 3) X=2,0,—
j=

1 J

r,$+1
w1041 I:'!/

DM

75>0 and 0<[y|<oo,

il

or
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(4. 4) 1=0 and 0<l|y|<S= ﬁl;«;w]ﬂlap,
sl

it being understood, as before, that the various exceptional values of the
parameters and variables involved are tacitly excluded. Also let the poly-
nomials Q%P (w; x,y) be defined by (3.2), and suppose that

(4.5) Vizy; 2= 560 m; apr0; 5y
Then
4.6) 5 ol 0Ed s )y
: o 7+ (BH1) n emm 19 By

=14+ T [a(=Om 1+ yA+0; ~L/A+8)],
where { is given by (1.15).

Proor. The proof of the theorem is fairly straightforward. We start
from the first member of the generating function (4. 6), replace Q% (w; x, Y)
by its definition (3. 2) in terms of the Mellin-Barnes contour integral obtain-
able from (1. 2), change the order of summations and integration, and then
make use of Gould’s identity (4.1). Interpreting the resulting expressions
by means of (1.2), (4.2) and (4. 5), successively, we arrive at the righthand
side of (4.6).

Alternatively, as we suggested above, the theorem can be deduced as an
application of a result due to Srivastava and Buschman ([5], p. 366, Eq. (27)),
and we skip the details involved.

Some special or confluent cases of our theorem are worthy of mention
here. For y=a, the generating relation (4.6) would simplify considerably.
On the other hand, its confluent case when 7—oo corresponds formally to
our generating function (3.3). Obviously, therefore, for bounded 7, r¥a.
our theorem may be looked upon as being independent of the generating
function (3. 3).

5. An associated system of polynomials

We define the system of polynomials
[n/m]
(5.1) RENw; ,y)= )] (=7 0 2*

k=0

[ ‘(1—a—(ﬁ+ 1) n—wk, &), {(c, ru»]
N 09}, (—a—pr—(w+m) k¢

where @, 8 and ® are arbitrary complex numbers, m is a positive integer,
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and the coefficients 2, k£=0. are given by (1.13). For these associated
polynomials we give here a new class of generating functions of type (4. 6)
with y=a. Indeed, if we let

(5.2) Blx,y]l = kZ=:0Qk xF

(1—a—(B+1) mk— wk, ¢), {(cu ru)}]
{(dw 30}, (—a—(B+1) mk—ok,¢) |’

and apply the identity (4.1) with y=a, we shall readily obtain the generating
relation

7r,8+1
¥ 3 P [?/

tn

(5. 3) > Red(w; 7,7)

nl
= (140 E[2(—Om 1+, yA1+0)],

which incidentally is not contained in the substantially more general result
(4.6) given by our theorem ; { is defined by (1.15) and the various parame-
ters and variables involved are constrained as in the theorem.

6. Extensions involving H-functions of several variables

Each of the generating functions given in the preceding sections admits
itself of a straightforward generalization involving the multivariable H-function
defined by Srivastava and Panda ([6], p. 271, Eq. (4.1) et seq.). Following
the various conventions, notations and abbreviations explained fairly fully in
Section 4 (pp. 271-272) of the aforementioned paper by Srivastava and Panda
[6], we content ourselves by merely stating the multivariable extensions of
the generating functions (4. 6) and (5. 3).

If we let
[n/m]
(6- 1) Sé?r’rf)(w; T Y1 yr) = Z (—n)mkgkxk
k=0

[—a—(B+1)n—owk:g, -, &),
[—a—pn—(ot+m)k:e, -, &l
(0:0,-000: () 15 0008005
[(€):dfy ey o1 [(@): 8155 d?) e8] 7))

0,2+1: (g/, v'); = PLamees
. HA+1,C+1: [B',D'];...;’[B(T),D(’I‘)]

and define

(6 2) O* (n’ m; «, ‘8, 7y @5 LYy, ooy yr)

ey b k(8D
=2, r+(B+1) mk ( Qe

n
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o H, 01 (ury w0)s s (u ) [r—a—wk:e, - e,
A+1,0+1: [B’ DA LB O]
[r—a—wk+n:e, -, ¢l

(@): 0,071 ()3 15 [67): 60
[€): g/, s @1 (@)1 915 05 [d) 1 5]

then the generating function (4.6) can easily be generalized to the form :

L Yr)

n

Sri?ﬁf)(w s LYy o0y yr)‘ﬁ

(6. 3) i_(ﬂ
=1+ T*[a(—m 1+0%, 1+, -, g L+
—g(1+9],

where { is given by (1.15) and, for convenience,

(6 4) W* [x> Yis **0» Yr; Z]
2"

=nZ=0@*(n,m; & Bty @5 YY)

Similarly, for the associated system of polymomials defined by

[n/m]
(6 5> Tﬁﬁ;,‘?((l), X Y15 0 yr) = Z (_n)mkgkxk
k=0

Hass [ J L
[a):6,---,07]:[(): F1; -5 [(67) : 671 5
[(c) . ¢," ey ¢<r>] . [(d') . 5,] s [(d‘“) . 5_("')] ;yl, eey r) ’

we have the multivariable generaﬁng function

n

(6. 6) S TED (03 Y U)o
n=0 n

=140 S [a(=Om (140" 1 A+, 0 (140,

where, for convenience,

(6' 7) g% [x’ Yis o0 ?/'r] = Z ‘Qkxk

[1—a—(+1) mk—wk:c, -, ],
[—a—(8+1) mk—wk &, -, e],

[(@): 0 -, 0C] [(&): F]5 -+ 5 [(BM) : 6] o )

[(C) s, e ¢(r)] : [(d’) 28] [(dD) s 501" 1Y,

0,i+1: (p’, ') ; ((7‘) (T))
'HA+1 C+1: (B, D13 i 0BT, (Y
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and { is given, as before, by (1.15).

In the generating functions (6.3) and (6.6) we assume, among other
conditions analogous to those given in the preceding sections, that the mul-
tivariable H-functions are well defined. Thus we require, for example, that

4 Jre)) c P43
(6.8) Y0P+ ¢ — X 9P — 16 =0, viell, 1),
j=1 i=1 i=1 i=1

where the equality holds for suitably restricted values of the complex varia-
bles ¥y, -+, Ys, the &’s, ¢’s, ¢’s, &’s and ¢’s are positive real numbers, and
the integers 2, p®, v®, A, B®, C and D® are constrained by the inequali-
ties 0<SA<A, 1Zp®<D®, C=0, and 0=v? <B®, Vi€{l, -, 7}.

Finally, we record a confluent case of the multivariable generating func-
tion (6.3) when y—oco. In terms of the power series @ [2] given by (1.13),
and with ¢ defined by (1.15), this multivariable extension of the generating
relation (3.3) may be stated in the elegant form :

0 . . Al . (1 +C)a+1 " .,
(6‘ 9) nZ:OSé,ﬂf)(w’ x’ yl’ '..’y’l') n! - 1_ﬁc @[x(—C) (1+C) ]
) (r ?/1(1 +C)“
o H Q& (i e gend) : ,
r(]- +C)¢r

which is valid under essentially the same conditions as those given above
for (6.3) and (6.6), and where the parameters of the H-function of several
complex variables are those that are displayed in the defining equation ([6],
p. 271, Eq. (4.1)) with, of course, n replaced by r.

It may be of interest to conclude by remarking that the confluent cases
of the various results of this section [viz (6. 3), (6.6) and (6. 9)], when ¢;--0,
vj#!l, will obviously yield generating functions in which the parameters
corresponding only to the H-function variable ,, 1<[<r, are affected.

References

[1] C.Fox: The G and H functions as symmetrical Fourier kernels, Trans. Amer.
Math. Soc. 98 (1961), 395-429.

[2] H.W.GOULD: A series transformation for finding convolution identities, Duke
Math. J. 28 (1961), 193-202.

[3] R. K. RAINA: A formal extension of certain generating functions, Proc. Nat.
Acad. Sci. India Sect. A 46 (1976), 300-304.

[4] H. M. SRIVASTAVA: A class of generating functions for generalized hyper-
geometric polynomials, J. Math. Anal. Appl. 35 (1971), 230-235.

[5] H. M. SRIVASTAVA and R. G. BUSCHMAN: Some polynomials defined by gene-
rating relations, Trans. Amer. Math. Soc. 205 (1975), 360-370.



New generating functions for certain polynomial systems associated with the H-functions 45

[6] H. M. SRIVASTAVA and R. PANDA: Some bilateral generating functions for
a class of generalized hypergeometric polynomials, J. Reine Angew. Math.
283/284 (1976), 265-274.

Prof. H. M. SRIVASTAVA Dr. R. K. RAINA
Department of Mathematics Department of Mathematics
University of Victoria S.K.N. Agriculture College
Victoria, British Columbia (University of Udaipur)

Canada V8W 2Y2 Jobner-303329, Rajasthan, India



	1. Introduction
	2. Derivation of the generating ...
	3. A mild generalization ...
	4. Further generalizations
	THEOREM. Corresponding ...

	5. An associated system ...
	6. Extensions involving ...
	References

