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Remarks on Xia’s inequality and Chevet’s inequality

concerned with cylindrical measures

By Yasuji TAKAHASHI
(Received June 13, 1983)

§ 1. Introduction

In D. Xia has established a certain inequality concerned with quasi-
invariant measures, and thereafter his result was extended to the cylindrical
measure case by W. Linde [2] and the author [4]. On the other hand, in
S. Chevet has established a similar inequality concerned with kernels of
cylindrical measures. :

The main purpose of the present paper is to give the generalizations
of their results. Explicitly stating, we shall prove the following theorems.

THEOREM 1.1. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and suppose that F is barrelled. Let f
be a function defined on E* (but not necessarily everywhere finite) which
satisfies the following two conditions ;

(1) O0=fltx¥) <tf(x*) < oo, for every t>0 and every x*c E¥,

(2) for every yEF, there is a >0 such that the inequality f(x*)<é
implies [{x*, T(y)>| <1, for every x*ecE*.

Then there exists a neighborhood V of zero in F such that for every
x*c E*, the inequality
sup |<x*, T(y)>| < f(x*)

yey

holds.

THEOREM 1.2. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and suppose that F is of the second
category. Let {f,} be a sequence consisting of functions defined on E* (but
not necessarily everywhere finite) which satisfies the following two condi-
tions ; ‘
(1) O0=foltx®) S tfn(x¥) L0, for every t>0, every natural number n
and every x*c E¥*,
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(2) for every yEF, there are a 6>0 and a natural number n such
that the inequality f,(x*)<d implies |{x*, T(y)>| <1, for every x*cE*.
Then there exist a natural number n and a neighborhood V of zero
in F such that for every x*&E*, the inequality
sup [(z*, T())| < fulz¥)

yevy

holds.

We now remark that [Theorem 1.1 holds for a locally convex space F
if and only if it is barrelled, and [Theorem 1l. 2 holds for a locally convex
space F if and only if it satisfies that for every sequence {B,} consisting of
convex balanced closed subsets of F such that F= U B,, some B, contains
a neighborhood of zero in F.

In Section 4, our main theorems are applied for the study of quasi-
invariant measures and kernels of cylindrical measures and then, we obtain
the several inequalities (cf. Theorems 4. 1, 4. 3 and which generalize the
results of S. Chevet [1], W. Linde [2], D. Xia and the author [4].

In Section 5, using these inequalities, we shall show that if a barrelled
locally convex Hausdorff space E admits a cylindrical measure g of weak
p-th order (for 0<p< o) such that the kernel of g contains E, then E is
normable, and the strong dual (E*, ) is isomorphic to a quotient space of
a subspace of L?(v), for some probability space (2, 2,v). In particular, taking
p=2, we obtain that a quasi-complete barrelled locally convex Hausdorff space
E is isomorphic to a Hilbert space if and only if it admits a cylindrical
measure p of weak second order such that the kernel of g contains E.

Throughout this paper except for Section 3, we assume that all linear
spaces are with real coefhicients.

§ 2. Definitions and notations

Let E be a linear topological space, E* be its topological dual space and
¢ be a cylindrical measure on E.

DEFInITION 2.1. For 0<p< oo, the cylindrical measure g is called of
weak p-th order if for every x*&E¥*, the inequality

[ |<a o du@r<eo

holds. In particulavr,. if g is of weak 2-th (;rdevr,»thjen we Silall call it of
weak second order.

DErFINITION 2.2. An element x of E is called an admissible shift for
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the cylindrical measure g if for every ¢>0, there is a §>0 such that the
inequality (Z)<é implies p(Z—x)<e, for every cylindrical set Z of E. The
set of all admissible shifts of g will be denoted by M.,.

If G is an additive subgroup of E such that GC M,, then the cylindrical
measure g will be called quasi-invariant under G.

DEeFINITION 2.3. An element z of E is called a partially admissible
shift for the cylindrical measure g if there are an ¢>0 and a >0 such
that the inequality p(Z)<é implies p(Z—x)<1—e, for every cylindrical set
Z of E. The set of all partially admissible shifts of z# will be denoted by M,

We shall now define the kernel of the cylindrical measure p#. The notion
a random linear functional associated with g. (For random linear functional,
we refer to [3, p. 256].)

DEerINITION 2.4. The inverse image of the topology of the convergence
in probability on L°(%2, Y, v) under L will be called the topology associated
with ¢ and will be denoted by 7,; 7, is a linear topology. The topological
dual of (E*,z,) will be called the kernel of p and will be denoted by K,.

It is clear that r, does not depend on the choice of L, and it is identical
with the weakest one of all linear topologies with which the characteristic
functional of g is continuous (cf. or [6]) If, for each natural number =,
we put

U, Z{x*EE*; ,u{xEE; |<a¥, x>|>%}< i},

n

then {U,} forms a fundamental system of neighborhoods of zero with respect
to the topology z,.

REMARK 2.1. In general, the inclusions M,C M,CK, hold (cf. [4,
Proposition 3.1].) It is obvious that K, is contained in E if 7, is weaker
than the Mackey topology 7; on E*, and K, contains E if and only if ¢, is
stronger than the weak*-topology ¢ on E.

§ 3. Main theorems

In this section, we shall prove the following main theorems.

THEOREM 3.1. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and suppose that F is barrelled. Let
f be a function defined on E* (but not necessarily everywhere finite) which
satisfies the following two conditions ;

(1) O=fltx*)Stf(a*)< oo, for every t >0 and every x*cE¥*,
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(2) for every yEF, there is a §>0 such that the inequality f(x*)<d
implies |{x*, T(y)>| <1, for every x*<E*.

Then there exists a neighborhood V of zero in F such that for every
x* e E*, the inequality
sup [(z*, T())| < flay

yev

holds.

Proor. We put U={zx*cE*; f(2*)<1}, and denote by U? the polar
of Uin E. Then the set U’ is convex balanced close in E, and so 7-1(U")
is also convex balanced closed in F, since T is a continuous linear mapping
~of E.inte E. Here we shall show that T-1(U0 is a barrel in F. For this
it is sufficient to show that it is absorbing. Let y=F be given. Then it
follows from (2) that there is a >0 such that f{x*)<6 (for a*=E*) implies
|{x*, T(y)>| <1, and so from (1) we have dycT-}(U). This means that
the set 77*U" is absorbing, so that it must be a barrel in F. Since F is
barrelled, there exists a neighborhood V of zero in F such that V. T-1(n),
and this also means that for every z*cE* with f(2*) <1, the inequality
sup (=¥, T(y))| <1

yev

holds. From this and (1), we get the desired inequality. This completes
the proof. '

REMARK 3.1. As is shown in this proof, if F is barrelled, then
3.1 certainly holds. Here we can show that the converse is true for every
locally convex space F, that is, if F is a locally convex space for which
[heorem 3.1 holds, then it must be barrelled. In fact, let F be a locally
convex space for which Theorem 3.1 holds. Let E=F, and let T be an
identity mapping of F onto E. Let A be any barrel in E, and denote by
A? the polar of A in E*. Define

flx*) ———inf{a>0; %x*eA"}, for every x*cE* .

Then the function f defined on E* (but not necessarily everywhere finite)
certainly satisfies the conditions (1) and (2) of Theorem 3.1, and it therefore
follows from the assumption of F that there exists a neighborhood V of
zero in F such that for every xz*&E*, the inequality

sup [(z¥, T))| < Ala¥

vey

holds. This means A°C(T(V))’, and so we have T(V)C A, since A is a
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barrel. Consequently, E is barrelled, so that F is also barrelled.

THEOREM 3.2. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and suppose that F is of the second
category. Let {f,} be a sequence consisting of functions defined on E* (but
not necessarily everywhere finite) which satisfies the following two condi-
tions ;

(1) 0=fultx®) Stf(x*) < oo, for every t>0, every natural number n
and every x*&E¥,

(2) for every yEF, there are a 6>0 and a natural number n such
that the inequality f,(x*)<d implies |{z*, T(y)>| <1, for every x*<=E*.

F such that for every x*&E*, the inequality

sup |<x*, T(y)>l = falx*)

yev

holds.

Proor. For each natural numbers m and 7, we put

A= {x* SE*; fu(a¥) < i} ,

m

and denote by Aj, , the polars of A, , in E. Then we have T(F)C U A%, ,.

m,n

For let yF be given. It follows from (2) that there are a 6>0 and a
natural number n such that for every x*€E*, |<{z*, T()>| <1 if f,(x*) <39,

so that, taking m>%, we have T(y)€ A9, ..
Since F= U T-(Aj,,,) and each T-'(AS ,) is convex balanced closed in

F, and also since F is of the second category, there exist natural numbers
m and n, and a neighborhood W of zero in F such that WcC T-1(A¢?, ,), so

that, if we put V=-—W, then it follows from (1) that for every z*=E*

1
m
with f,(z*) <1, the inequality

o*, T <1
| Tw)] = |
holds. From this and (1), we get the desired inequality. This completes the
proof.

REMARK 3.2. As is shown in this proof if F is of the second category,
then [Theorem 3.2 certainly holds. Here we shall consider the converse.
It is shown that if F'is a locally convex space for which [Theorem 3. 2 holds,

then it must satisfy the following; for every sequence {B,} consisting of
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convex balanced closed subsets of F such that F= U B,, there exists some
n

B, which contains a neighborhood of zero in F. For this we use the same
method as in the one of Remark 3.1. We note that if F is a strict (LB)-
space, that is, it can be represented as the strict topological inductive limit
of a properly increasing sequence of Banach spaces, then it is clearly a
complete barrelled space, however, [Theorem 3.2 does not hold.

§ 4. Xia’s inequality and Chevet’s inequality

In this section, we shall apply our main theorems established in Section
3 for the study of quasi-invariant measures and kernels of cylindrical measures
~and tlien, we obtain the following inequalities which generalize the results of

D. Xia [5], W. Linde [2], S. Chevet and the author [4].

THEOREM 4.1. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and 0<p<oco. Suppose that F is
barrelled, and also suppose that there exists a cylindrical measure p on E
such that K,DT(F). Then there exists a neighborhood V of zero in F
such that for every x*EE*, the inequality

(& T)| (] |t o dup

sup
yev

holds.

Proor. If we put
1
fla¥) = (SEl {x*, x>|p dy(x))l’ , for every x*cE*,

then, the function f defined on E* (but not necessarily everywhere finite)
satisfies the conditions (1) and (2) of [lheorem 3.1. For this, since f clearly
satisfies (1), it is sufficient to show that it satisfies (2). As mentioned in
Section 2, the topology 7, is identical with the topology of the convergence
in probability, it therefore follows from a general theorem on measure theory
that for each sequence {x}} CE*, if the sequence {f(z})} converges to zero,
then {z}} converges to zero with respect to r, and since K,DT(F), the
-sequence {{z}, T(y)>} must converges to zero, for every y&F. This means
that f satisfies (2), so that, from [I'heorem 3.1 we get the desired inequality.
This completes the proof.

LeEMMA 4.2. Let E be a linear topological space, F be a linear subspace
of E, and p be a Borel probability measure on E which is quasi-invariant
under F. Then, for every measurable linear subspace G of E with u(G) >0,
the inclusion FCG holds.
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The proof is easy, so we omit it.

THEOREM 4.3. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and 0<p<oo. Suppose that F is
barrelled, and also suppose that there exists a Borel probability measure 7
on E which is quasi-invariant under T(F). Then, for every measurable
subset A of E with p(A)>0, there exists a neighborhood V of zero in F
such that for every x*&E*, the inequality

sup [(=*, T0))| < (SA,@:*, B dp<x>)1‘o

vey

holds.

Proor. If we put
Sflx*) = 6 l(x* x>|pd,u ) , for every x*cE*,

then, the function f defined on E* (but not necessarily everywhere finite)
satisfies the conditions (1) and (2) of [Theorem 3.1. For this, since f clearly
satisfies (1), it is sufficient to show that it satisfies (2). Suppose that f does
not satisfy (2). Then there exist an element ¥ of F and a sequence {z}}
consisting of elements of E* such that |<z¥, T(y)>|=1, for all natural num-
bers 7, and the sequence {f(z})} converges to zero. It follows from a general
theorem on measure theory that there exists a subsequence {7} of {x}}
such that it converges to zero almost surely on A. Here we put

G={zcE; lim {z}, x) =0}

Then, G is a measurable linear subspace of E, and p(G)>0. It follows
from Lemma 4.3 that T(F)CG, since g is quasi-invariant under T(F).
However, this is a contradiction. Thus f satisfies (2), so that, from Theorem
3.1 we get the desired inequality. This completes the proof.

REMARK 4.1. [Theorem 4. 3 must be compared with [Theorem 4.1. As
mentioned in Section 2, if p is quasi-invariant under T'(F), then the kernel
of ¢ contains T'(F). But in general, the converse is not true. It can be
easily verified that if the Borel probability measure ¢ on E is not quasi-
invariant under T'(F), then in general, [Theorem 4.3 does not hold even in

the case of K,DT(F).

THEOREM 4.4. Let E and F be linear topological spaces, T be a con-
tinuous linear mapping of F into E, and suppose that F is of the second
category. Also suppose that there exists a cylindrical measure p on E such
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that K,DT(F). Then there exists a neighborhood V of zero in F such that
for every x*cE*, the inequality '
sup

up (2%, T))| < J. () (2%)
holds, where J,(p) is defined as follows ;
J. (@) (x¥) = inf {a>0'; y{xEE; |<x*, x>|>a}<s} .

Proor. For each natural number n, we put
A, ={x*EE* ; y{xEE; |<x*, x>|>1}< 71{} ,
and define
fn(x*) =inf {a>0 ; %x* EAn}, for every x*&E*,

Then, as mentioned in Section 2, if we put U, Z{x*EE*; fn(x*)<-}1—},

then {U,} forms a fundamental system of neighborhoods of zero with respect
to the topology 7, on E*. Since K,DT(F), the sequence {f,} -certainly
satisfies the conditions (1) and (2) of [Theorem 3.2, so that there exist a
natural number n and a neighborhood V of zero in F such that for every
¥ E*, the inequality

sup
yev

(z*, TW))| = fala®)

holds. Here, if we put e——‘%, then fn(x*):Je(y) (z*), for every zx*eE*.
This completes the proof.

COROLLARY 4.5. Let E be a locally convex Hausdorff space of the
second category. Suppose that there exists a cylindrical measure p on E
such that K,DE. Then E is normable.

This proof follows from [Theorem 4.4 and the fact that for every

natural number n and every x*eE*, f,(x*) < co.

REMARK 4.2. If F is barrelled, then [Theorem 4. 1 certainly holds, but
in general, [Theorem 4.4 does not hold. Here we shall give a counter-
example for which Corollary 4.5 does not hold. Let E be the strict induc-
tive limit of a properly increasing sequence {E,} of finite dimensional spaces.
Then E is a complete barrelled locally convex Hausdorff space, but it is not
of the second category. Let {e,} be a canonical basis of E, and let G be
the additive subgroup of E generated by {e,}. Since G is a countable set,




Remarks on Xia’s inequality and Chevet's inequality concerned with cylindrical measures T1

we put G={z,}. Let {c,} be a sequence consisting: of positive numbers
such that }jc,=1. Define pu{x,} =c,, for all n. Then g is a Borel pro-
bability measure on E such that K,=E. However, since E is not normable,
Corollary 4. 5 does not hold.

§ 5. Applications
In this section, using [Theorem 4.1, we shall prove the following theo-

rems.

THEOREM 5.1. Let E be a barrelled locally convex Hausdorff space,
and let 0<p<oco. Supppose that there exists a cylindrical measure p on
E of weak p-th order such that K,DE. Then E is. normable, and the
strong dual (E*, b) is isomorphic to a quotient space of a closed linear

subspace of L*(v), for some probability space (2,3, v).

Proor. First, we shall prove that E is normable. It follows from
Theorem 4.1 that there exists a neighborhood V of zero in E such that
for every x*e&E*, the inequality

(*) sup [z, 2| < (L]@*, [ dy(x>>§7 < oo

rey
holds. This implies E*= U nV? where V° is the polar of V, so that E

must be normable, since it is a locally convex Hausdorff space. Next, we
shall prove the second assertion. If we put

1
||z*[|, = (SE|<:C*, x>|pdy(x))1’, for every x*cE*,

then it follows from (*) that ||+||, is a quasi-norm on E*, and the topology
on E* defined by ||+||, is stronger than the strong topology & on E*. It
is well known (cf. [3]) that each cylindrical measure determines a random
linear functional, that is, there exists a probability space (2, 2,») and a linear
mapping L of E* into L°(y) such that

uZ)=v{we®; (L(al)(a), - L(z}) (0)) € B]

for every zf, ---, x} €E, and for every cylindrical set Z={zr<=E; Kz, 2y, -+,
{x;, x))E B}, where B is a Borel subset of R®. Consequently, for every
x*e E*, we have

ety = ([ J<at, o duta)p = ([ | Ltz (@ o

This shows that the quasi-normed space (E*,||+||,) is linearly isometric to
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a subspace of L?(), so that, if we denote by G the completion of (E*, [|-||,),
then G is also linearly isometric to a closed subspace of L?(v). Since the
identity mapping of (E*,||+||,) onto (E*, b) is continuous, it can be extended
to a continuous linear mapping of G onto (E*, b). Since (E*, b) is a Banach
space, it follows from the closed graph theorem that it is isomorphic to a
quotient space of G. This completes the proof.

Taking p=2, we get the following theorem.

THEOREM 5.2. A quasi-complete barrelled locally convex Hausdorff
space E is isomorphic to a Hilbert space if and only if it admits a cylindri-
cal measure p of weak second order such that K,DE.

Proor. If E is isomorphic to a Hilbert space, then the canonical Gaus-
sian cylindrical measure y on E certainly satisfies the desired conditions (cf.
[2). On the other hand, the converse assertion follows from [Iheorem 5. 1.
This completes the proof.

ReMARK 5.1. [Theorem 5.1] can be slightly generalized as follows : Let
E be a locally convex Hausdorff space, F be a linear subspace of E, and g
be a cylindrical measure on E of weak p-th order (0<p<oo). If K,DF, and
F is barrelled with respect to the induced topology, then F is normable,
and the strong dual (F*, ) is isomorphic to a quotient space of a closed
linear subspace of L?(v), for some probability space (2,2,v). In this case,
if p=2, then F is isomorphic to a pre-Hilbert space. This proof can be
done by the same way as in the proof of [Theorem 5. 1.

COROLLARY 5.3. Let E be a Fréchet space and F be a closed linear
subspace of E. Then the space F equipped with the induced topology is
isomorphic to a Hilbert space if and only if there exists a cylindrical
measure p on E of weak second order such that K,DF.
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