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Introduction

Let \Omega be a convex domain in the n-dimensional real number space R^{n} ,

not containing any affine line, and let G(\Omega) be the Lie group of all affine
transformations on R^{n} leaving the domain \Omega invariant. If the group G(\Omega)

acts transitively on \Omega , then f2 is said to be {affine) homogeneous. By using
the characteristic function \varphi of \Omega , we can define a G(\Omega) -invariant Riemannian
metric g_{\Omega} on \Omega as follows :

g_{\Omega}= \sum_{1\leq i,j\leq n}[mathring]_{\frac{\partial^{2}1g\varphi}{\partial x^{i}\partial x^{j}}}dx^{i}dx^{j}\eta

,

where (x^{1}, x^{2_{ }},\cdots, x^{n}) denotes a system of affine coordinates on R^{n} . The
Riemannian metric g_{\Omega} is called the canonical metric of f2 (cf. [7], [8]). A
homogeneous convex domain is said to be reducible if it is affinely equivalent
to a direct product of homogeneous convex domains. A homogeneous
convex domain is said to be irreducible if it is not reducible. We note
that a homogeneous convex cone is a special case of a homogeneous convex
domain.

For a homogeneous convex domain \Omega , we denote by I(\Omega) the group of
all isometries of the homogeneous Riemannian manifold (\Omega, q_{\Omega}) . Then, it
has been proved that the groups G(I^{7}) and I(V) for an irreducible hom0-
geneous convex cone V have the same connected component containing the
identity element ([3], [6]).

The aim of the present paper is to extend the above result to hom0-
geneous convex domains. Namely, we will prove the following statement :

If a homogeneous convex domain \Omega is irreducible and not affinely equivalent
to an elementary domain, then the groups G(\Omega) and I(\Omega) have the same
connected component containing the identity element (Theorem 6. 1). The
definition of an elementary domain will be given in \S 3. In order to prove
the above result, we will need the theory of T-algebras developed by Vinberg
[8], [9], and also, we will make use of the results obtained in [5], [6] and [7].
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\S 1. Preliminaries.

In this section, we recall some of fundamental definitions and results
on homogeneous convex domains and T-algebras. The details for them may
be found in Vinberg [8], [9].

1. 1. From a homogeneous convex domain \Omega in R^{n} , a homogeneous
convex cone V=V(\Omega) in R^{n+1} can be constructed as follows:

V=\{(tx, t)\in R^{n}\cross R;x\in\Omega, t>0\}

The convex cone V=V(\Omega) is called the cone fifitted onto the convex domain
\Omega (cf. [8]). The natural imbedding \sigma from \Omega into V defined by
(1. 1) \sigma:x\in\Omegaarrow(x, 1)\in V

is equivariant with respect to the groups G(\Omega) and G(V). Moreover, \sigma is
an isometric imbedding with respect to the canonical metrics. Therefore,
the homogeneous Riemannian manifold (\Omega, g_{\Omega}) can be regarded as a Rie-
mannian submanifold of (V, g_{V}) (cf. [7]).

1. 2. We now recall a relation between homogeneous convex domains
and T-algebras. Let \mathfrak{A}=\sum_{1\leq i,j\leq r}\mathfrak{A}_{ij} be a T-algebra of rank r(r\geq 2) provided
with an involution * . General elements of the subspace \mathfrak{A}_{ij} will be denoted
as a_{ij}, b_{ij}, c_{ij}, \cdots , and also, an element a of \mathfrak{A} will be denoted by the matrix
a=(a_{ij}) , where a_{ij} is the \mathfrak{A}_{ij}-component of a.

Throughout this paper, we will use the following notation :

n_{ij}=\dim \mathfrak{A}_{ij}=\dim \mathfrak{A}_{ji} , n_{i}=1+ \frac{1}{2}\sum_{k\neq i}n_{ki} (1\leq i, j\leq r) .

e=(e_{ij}) , e_{ij}=\delta_{ij} (Kronecker delta)

Let us define subsets T=T(\mathfrak{A}) , X=X(\mathfrak{A}) and V=V(\mathfrak{A}) of \mathfrak{A} by

(1. 2)
T=\{t=(t_{ij})\in \mathfrak{A};t_{ii}>0(1\leq i\leq r) , t_{ij}=0(1\leq j<i\leq r)\} ,

X=\{x\in \mathfrak{A};x^{*}=x\} and V=\{tt^{*} ; t\in T\},\cdot

respectively. Then the set V is a homogeneous convex cone in the real
vector space X and the set T is a connected Lie group having the element
e as the identity element. The Lie group T acts linearly and simply tran-
sitively on V in the following manner:

(t, ss^{*})\in T\cross Varrow(ts)(ts)^{*}\in V

The Lie algebra t of T can be identified with the subspace_{1\leq i\backslash }\sum_{<j\leq r}\sigma \mathfrak{U}_{ij} of \mathfrak{A}
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provided with the bracket product [a, b]=ab-ba (cf. [8]).
1. 3. We next define subsets T_{0}=T_{0}(\mathfrak{A}) , X_{0}=X_{0}(\mathfrak{A}) and \Omega=\Omega(\mathfrak{A}) of \mathfrak{A} by

T_{0}=\{t=(t_{ij})\in T;t_{rr}=1\} , X_{0}=\{x=(x_{ij})\in X;x_{rr}=0\}

and

(1. 3) \Omega=V(\mathfrak{A})\cap(X_{0}+e)=\{x=(x_{ij})\in V(\mathfrak{A}) ; x_{rr}=1\} ,

respectively. Then \Omega is a homogeneous convex domain in the affine subspace
X_{0}+e of X such that V(\mathfrak{A}) is the cone V(\Omega) fitted onto \Omega . The set T_{0} is
a closed (normal) subgroup of T acting affinely and simply transitively on
f2 in the following manner:
(1. 4) (t, ss^{*})\in T_{0}\cross\Omegaarrow(ts)(ts)^{*}\in\Omega .
Conversely, every homogeneous convex domain is affinely equivalent to a
convex domain of the form \Omega(\mathfrak{A}) by means of a T-algebra 2\mathfrak{l} . The subspace
t_{0} of t defined by

t_{0}=\{t=(t_{ij})\in t;t_{rr}=0\}

is the Lie subalgebra of t corresponding to the subgroup T_{0} of T (cf. [8]).
1. 4. For a T-algebra

\mathfrak{A}=\sum_{1\leq i,j<_{\sim}r}\mathfrak{A}_{ij} of rank r(r\geq 2) , we define a set I
of indices by I=\{1,2, \cdots, r\} . A permutation \epsilon of the set I is said to be
admissible to \mathfrak{A} if the condition n_{\epsilon(i)e(j)}=0 holds for every pair (i,j) of indices
satisfying i<j and \epsilon(j)<\epsilon(i) . Using a permutation \epsilon admissible to \mathfrak{A} , we
have a new T-algebra

\mathfrak{A}^{\epsilon}=\sum_{1\leq i,j\leq r}\mathfrak{A}_{ij}^{\epsilon} which is different from \mathfrak{A} only in the
grading as follows :

\mathfrak{A}_{ij}^{\epsilon}=\mathfrak{A}_{\epsilon(i)\epsilon(j)}

Then the cone V(\mathfrak{A}) is linearly equivalent to the new cone V(\mathfrak{A}^{e}) under the
permutation of the coordinates on X(^{b}2\mathfrak{l}) by \epsilon . As for homogeneous convex
domains, we can easily see that a convex domain \Omega(\mathfrak{A}) is linearly equivalent
to the domain \Omega(\mathfrak{A}^{\epsilon}) if \epsilon(r)=r .

We now state a necessary condition for a homogeneous convex domain
\Omega=\Omega(\mathfrak{A}) to be irreducible in terms of a T-algebra \mathfrak{A} . The following pr0-
position will be used in \S 4.

PROPOSITION 1. 1. If a homogeneous convex domain \Omega(\mathfrak{A}) is irreduci-
ble, then for every pair (i,j) of indices 1\leq i<j\leq r-1 , there exists a series
i_{1} , i_{2}, \cdots , i_{m} of indices 1\leq i_{1} , i_{2}, \cdots , i_{m}\leq r-1 satisfying the conditions i_{1}=i,
i_{m}=j and n_{i_{\lambda-1}i_{i}}\neq 0(2\leq\lambda\leq m) .
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PROOF. Let us suppose that there exist proper subsets J_{1} and J_{2} of
J=\{1,2, \cdots, r-1\} satisfying the conditions

J=J_{1}\cup J_{2} and n_{ij}=0(i\in J_{1}, j\in J_{2}) .
Then, the domain \Omega(\mathfrak{A}) is reducible. In fact, if

J_{1}=\{i_{1}, i_{2^{ }},\cdots, i_{p}\}(i_{1}<i_{2}<\cdots<i_{p}) and J_{2}=\{j_{1},j_{2^{ }},\cdots,j_{q}\}(j_{1}<j_{2}<\cdots<j_{q}) ,

then the permutation \epsilon of the set I define by

\epsilon(k)=

’

i_{k} (1\leq k\leq p)

j_{k-p} (p+1\leq k\leq r-1)

. r (k=r)

is admissible to \mathfrak{A} . As was stated above, the convex domain \Omega(\mathfrak{A}) is linearly
equivalent to \Omega(2\mathfrak{l}^{\epsilon}) . So, without loss of generality, we may assume that
J_{1}=\{1,2, \cdots, p\} and J_{2}=\{p+1, p+2, \cdots, r-1\}(q=r-p-1) . We now define
two subspaces \mathfrak{A}^{(1)}=\sum_{1\leq i,j\sim<p+1}\mathfrak{A}_{ij}^{(1)} and \mathfrak{A}^{(2)}=\sum_{1\leq i,j\sim<q+1}\mathfrak{A}_{iJ}^{(2)} of \mathfrak{A} by

\mathfrak{A}_{ij}^{(1)}=\{

\mathfrak{A}_{ij}(1\leq i, j\leq p)

\mathfrak{A}_{ir}(1\leq i\leq p, j=p+1)

\mathfrak{A}_{rj}(i=p+1,1\leq j\leq p)

\mathfrak{A}_{rr}(i=j=p+1)

and

\mathfrak{A}(i 2)=

’

\mathfrak{A}_{kl}(1\leq i, j\leq q, k=i+p, l=j+p)

\mathfrak{A}_{kr}(1\leq i\leq q, j=q+1, k=i+p)

\mathfrak{A}_{rl}(1\leq j\leq q, i=q+1, l=j+p)
’

\backslash \mathfrak{A}_{rr}(i=j=q+1)

respectively.
Then \mathfrak{A}^{(k)} is closed with the multiplication and invariant under the involution
*(k=1,2) . We now introduce a new multiplication in \mathfrak{A}^{(1)} as follows: For
arbitrary elements a, b\in \mathfrak{A}_{ip+1}^{(1)}(1\leq i\leq p) , we employ a multiplication (n_{r}/m)a^{*}b

in \mathfrak{A}^{(1)} instead of a^{*}b in \mathfrak{A} , where m=1+ \frac{1}{2}\sum_{1\sim<k\backslash <p}n_{kr} , and we do not change

other relations of multiplication between elements in \mathfrak{A}_{iJ}^{(1)}(1\leq i, j\leq p+1) .
Then it is easy to see that \mathfrak{A}^{(1)} is a T-algebra of rank p+1 with this multi-
plication and the involution * . Similarly, \mathfrak{A}^{(2)} becomes a T-algebra of rank
q+1 (For the definition of a T-algebra, see p. 380 of [8].). Next, let us
show that the domain \Omega(\mathfrak{A}) is affinely equivalent to the product domain
\Omega(\mathfrak{A}^{(1)})\cross f2 (\mathfrak{A}^{(2)}) . For an arbitrary element x\in \mathfrak{A} , we write



On the group of isometries of an affine homogeneous convex domain 35

x=\{\begin{array}{lll}x_{1} 0 x_{2}0 x_{3} x_{4}x_{5} x_{6} x_{7}\end{array}\} ,

where x_{1} \in\sum_{1\leq i,j\leq p}\mathfrak{A}_{ij}, x_{2}, x_{5}^{*} \in\sum_{\sim\sim}52\mathfrak{l}_{ir}1<i<p’ x_{3} \in\sum_{p\dagger 1\leq i,j\leq r-1}\mathfrak{A}_{ij} , x_{4}, x_{6}^{*} \in\sum_{\sim p+1<i\sim<r-1}\mathfrak{A}_{ir} and
x_{7}\in \mathfrak{A}_{rr} . Then the mapping:

\{\begin{array}{l}t_{1} 0 t_{2}0 t_{3} t_{4}0 0 1\end{array}
\in T_{0}(\mathfrak{A})arrow(\{\begin{array}{ll}t_{1} t_{2}0 1\end{array}\} , \{\begin{array}{ll}t_{3} t_{4}0 1\end{array}\})\in T_{0}(\mathfrak{A}^{(1)})\cross T_{0}(\mathfrak{A}^{(2)})

is a Lie group isomorphism, and the following affine isomorphism:

\{\begin{array}{l}x_{1} 00 x_{3}x_{2}^{*}x_{4}^{*}\end{array}
x_{4}x_{2}1 \in Yarrow(\{\begin{array}{ll}x_{1} x_{2}x_{2}^{\epsilon} 1\end{array}\} , \{\begin{array}{ll}x_{3} x_{4}x_{4}^{*} 1\end{array}\})\in Y^{(1)}\cross Y^{(2\rangle}

maps the domain \Omega(\mathfrak{A}) onto the product domain \Omega(\mathfrak{A}^{(1)})\cross\Omega(\mathfrak{A}^{(2)}) , where
Y=X_{0}(\mathfrak{A})+e, Y^{(k)}=X_{0}(\mathfrak{A}^{(k)})+e^{(k)} and e^{(k)} is the unit element of \mathfrak{A}^{(k)}(k=1,2)

(cf. (1. 2), (1. 3) and (1. 4)). q . e . d .
It should be noted thath for homogeneous convex cones, the above pr0-

position has been proved by [1].

\S 2. Canonical metric and curvature tensor.
In this section, by following [6], we define an R-derivation for the

curvature tensor R on a Riemannian manifold. Furthermore, for a hom0-
geneous convex domain, we recall fundamental formulas on the curvature
tensor in terms of a T-algebra.

2. 1. Let M be a connected homogeneous Riemannian manifold. Let
us take an arbitrary point e\in M and denote by 1\mathfrak{n} the tangent space of M
at e. Then, by using the Riemannian metric at the point e, we have an
inner product \langle _{\eta},\rangle on \iota \mathfrak{n} and the norm ||x||=\langle x, x\rangle^{1/2} for x\in \mathfrak{m} . Let us
consider the Riemannian curvature tensor R at the point e as a trilinear
mapping

R : \mathfrak{m}\cross \mathfrak{m}\cross \mathfrak{m}arrow \mathfrak{m} by R(x, y, z)=R(x, y)z ,

and define a quadrilinear function

(2.1) K:\mathfrak{m}\cross \mathfrak{m}\cross \mathfrak{m}\cross \mathfrak{m}arrow R by K(x, y, z, w)=\langle R(x, y, z) , w\rangle

Then the following identities are well-known (cf. e . g. , p. 201 in vol. 1 of [2]):
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K(x, y, z, w)=-K(y, x, z, w)=-K(x, y, w, z) ,

(2. 2) K(x, y, z, w)+K(y, z, x, w)+K(z, x, y, w)=0 ,

K(x, y, z, w)=K(z, w, x,y)

for all x, y, z, w\in \mathfrak{m} . Let D:\mathfrak{m}arrow \mathfrak{m} be a skew-symmetric linear mapping.
Then, D is called an R-derivation if R is D-invariant, that is, D satisfies
the following identity :

D(R(x, y, z))=R(Dx, y, z)+R(x, Dy, z)+R(x, y, Dz)

for all x, y, z\in \mathfrak{m} . For an arbitrary linear mapping D:\mathfrak{m}arrow \mathfrak{m} , we define
a function DK : nt \cross nt \cross \mathfrak{m}\cross \mathfrak{m}- R by

(DK) (x, y, z, w)=K(Dx, y, z, w)+K(x, Dy, z, w)
(2. 3)

+K(x, y, Dz, w)+K(x, y, z, Dw)

for x, y, z, w\in \mathfrak{m} . Then, a skew-symmetric linear mapping D:\mathfrak{m}arrow \mathfrak{m} is an
R-derivation if and only if D satisfies the following identity:

(2. 4) (DK) (x, y, z, w)=0\tau

for all x, y, z, w\in \mathfrak{m} . From now on, we denote by \mathfrak{D}(M) the Lie algebra of
all R-derivations on \mathfrak{m} . It should be noted that the structure of the Lie
algebra \backslash \mathfrak{D}(M) is invariant under an isometric equivalence and independent of
choosing the point e.

Let \dot{\tau}=i(M) be the Lie algebra of the group I(M) of all isometries, and
\mathfrak{h}=\mathfrak{h}(M) the isotropy subalgebra of i at the point e. Then the infinitesimal
linear isotropy representation \theta:\mathfrak{h}arrow \mathfrak{g}\mathfrak{l}(\iota \mathfrak{n}) at the point e is injective and the
condition

(2. 5) \theta(\mathfrak{h})\subset \mathfrak{D}(M)

is sa\dot{t}ish.ed .
2. 2. We now want to describe the curvature tensor for the canonical

metric on a homogeneous convex domain in terms of a T-algebra. Let
\mathfrak{A}= \sum \mathfrak{A}_{ij} be a T-algebra of rank r(r\geq 2) . Then, the unit element e of

1\leq i.’ j\leq r

the L_{1}e group T=T(\mathfrak{A}) is contained in the homogeneous convex cone
V=V(\mathfrak{A}) . Hence, the tangent space T_{e}(V) of V at the point e can be
naturally identified with the ambient space X=X(\mathfrak{A}) and also with the Lie
algebra t=t(\mathfrak{A}) by the following linear isomorphism:

\xi : t\in t-- t+t^{*}\in X=T_{e}(V)

By using the canonical metric \mathcal{G}r and the linear isomorphism \xi , we have an
inner product \langle , \rangle on t as follows:
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\langle x, y\rangle=g_{V}(e)(\xi(x), \xi(y))

for x, y\in t . Then, the inner product \langle , \rangle satisfies the following conditions
(cf. [8], [6]) :

(2. 6) \langle \mathfrak{A}_{ij}, \mathfrak{A}_{kl}\rangle=0((i,j)\neq(k, l), 1\leq i\leq j\leq r, 1\leq k\leq l\leq r) ,

(2. 7) ||a_{ij}b_{jk}||^{2}= \frac{1}{2n_{j}}||a_{ij}||^{2}||b_{jk}||^{2}

and

(2. 8) \langle a_{ij}b_{jk}, c_{ik}\rangle=\langle b_{jk}, a_{ij}^{*}.c_{ik}\rangle=\langle a_{ij}, c_{ik}b_{jk}^{*}\rangle

for a_{ij}\in \mathfrak{A}_{ij}, b_{jk}\in \mathfrak{A}_{jk} and c_{ik}\in \mathfrak{A}_{ik}(1\leq i<j<k\leq r) . Let us put

e_{i}= \frac{1}{2\sqrt{n_{i}}}e_{ii} ,

where e_{ii}=1 is the unit element of the subalgebra \mathfrak{A}_{ii}=R(1\leq i\leq r) . Then
||e_{i}||=1 .

For a homogeneous convex domain \Omega=\Omega(\mathfrak{A}) , similarly as in the above
case, we can identify the Lie algebra t_{0}=t_{0}(\mathfrak{A}) with the tangent space T_{e}(\Omega)

of \Omega at the point e and also with the real vector space X_{0}=X_{0}(\mathfrak{A}) by the
following linear isomorphism :

\xi_{0} : t\in t_{0}arrow t+t^{*}\in X_{0}=T_{e}(\Omega) .
By using the canonical metric g_{\Omega} and the linear isomorphism \xi_{0} , we have an
inner product \langle , \rangle_{0} on t_{0} as follows :

\langle x, y\rangle_{0}=g_{\Omega}(e)(\xi_{0}(x), \xi_{0}(y))

for x, y\in t_{0} . Since the inclusion mapping from \Omega into the cone V(\mathfrak{A}) coin-
cides with the isometric imbedding \sigma defined by (1. 1), we have the following
relations :

\xi_{0}(x)=\xi(x) and \langle x, y\rangle_{0}=\langle x, y\rangle

for all x, y\in t_{0} . So, we may omit the subscript zero in \langle , \rangle_{0} .
2. 3. Let \beta (resp. R) be the connection function (resp. the curvature

tensor) for the canonical metric on a homogeneous convex domain \Omega=\Omega(\mathfrak{A}) .
Then \beta and R are given by the following formulas (cf. [4]) :

\beta : t_{0}\cross t_{0}arrow t_{0} ,
(2. 9)

2 \langle\beta(x, y) , z\rangle=\langle[z, x] , y\rangle+\langle[z, y] , x\rangle+\langle[x, y] , z\rangle
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and
R : t_{0}\cross t_{0}\cross t_{0}arrow t_{0} ,

(2. 10)
R(x, y, z)=R(x, y)z=\beta(x, \beta(y, z))-\beta(y, \beta(x, z))-\beta([x, y] , Z)\backslash .

respectively. The connection function
\alpha:t\cross tarrow t

and the curvature tensor
\tilde{R} : t\cross t\cross t-t

for the canonical metric g_{V} of a homogeneous convex cone V=V(\mathfrak{A}) are
given by the same formulas as in the above (2. 9) and (2. 11), respectively.
We note that the relations between the connection functions \alpha and \beta have
been clarified by Lemma 2. 1 of [7],

Let \gamma : t_{0}\cross t_{0}arrow \mathfrak{A}_{rr} be the second fundamental form. Then, by the
formula (2. 6) of [7], \gamma is given by

(2. 11) \gamma(x, y)=\frac{-1}{2\sqrt{n_{r}}}\langle x_{1}, y_{1}\rangle e_{r}

for all x, y\in t_{0} , where x_{1} and y_{1} are the\sum_{<1\leq i\backslash r-1}\mathfrak{A}_{ir}- components of x and y,

respectively. Let
K:f_{0}\cross \mathfrak{t}_{0}\cross t_{0}\cross \mathfrak{t}_{0}arrow R and K : t\cross tXt\cross tarrow R

be the functions defined by (2. 1) from the curvature tensors R and R,
respectively. Then, from the equation of Gauss (cf. vol. 2 of [2]) and the
formula (2. 11), it follows that the identity

(2. 12) K(x,y, z, w)=K(x,y, z, w)+ \frac{1}{4n_{r}}(\langle x_{1}, z_{1}\rangle\langle y_{1}, w_{1}\rangle-\langle x_{1}, w_{1}\rangle\langle y_{1}, z_{1}\rangle)

holds for all x, y, z, w\in t_{0} .

\S 3. Elementary domains.

Let ( ,\cdot ) be an inner product on the n -dimensional real number space
R^{n}(n\geq 2) . Then the homogeneous convex domain \Omega(n) in R^{n} defined by

f2 (n)=\{(x, y)\in R\cross R^{n-1} ; x-(y, y)>0\}

is called an elementary domain. It is known that the elementary domain
\Omega(n) is affinely equivalent to a domain of the form \Omega(\mathfrak{A}) given by means of
a T-algebra \mathfrak{A} of rank two satisfying the condition n_{12}=n-1([8]) . In this
section, we determine the Lie algebra \mathfrak{D}(\Omega(n)) of all R-derivations on \Omega(n) .
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It is easy to see that the group G(\Omega(n)) is generated by the following
three types of transformations:

(x, y)arrow(x+2(y, a)+(a, a) , y+a) (a\in R^{n-1}) ,

(x, y)arrow(\lambda^{2}x, \lambda y) (\lambda\in R, \lambda>0) ,

(x, y)arrow(x, Ay) (A\in O(n-1)) ,

where O(n-1) is the orthogonal group of degree n-1 .
Let us put a point e=(1, O)\in\Omega(n) . Then, an affine automorphism f of

\Omega(n) leaves the point e fixed if and only if f has the following form: f(x, y)
=(x, Ay)(A\in O(n-1)) for all (x, y)\in\Omega(n)

On the other hand, it is known in Proposition 2. 4 of [7] that \Omega(n) is
a simply connected hyperbolic space form of the sectional curvature -1/(2n
2). Therefore, \Omega(n) is isometric to the Riemannian symmetric space SO^{0}(1 ,
n)/SO(n) (cf. p. 268 in vol. 2 of [2]). Since the covariant derivative of the
curvature tensor vanishes, the Lie algebra \mathfrak{D}(\Omega(n)) coincides with the linear
isotropy subalgebra \theta(\mathfrak{h}(\Omega(n))) (cf. chap. VI in vol. 1 of [2]). Hence, summing
up the results stated above, we have the following

PROPOSITION 3. 1. For the elementary domain \Omega=\Omega(n) of dimension n,
the isotropy subalgebra f(\Omega) of \mathfrak{g}(\Omega) is isomorphic to the Lie algebra o(n-1)
of O(n-1) . Both the Lie algebra \mathfrak{D}(\Omega) of all R-derivations and the isotropy
subalgebra \mathfrak{h}(\Omega) of i(\Omega) are isomorphic to the Lie algebra 60(n) of SO(n).

\S 4. Some lemmas on R-derivations.

In this section, we study general properties of R-derivations on a
homogeneous convex domain. Let \Omega be a homogeneous convex domain.
Then, according to the result of Vinberg recalled in \S 1, we can assume
that \Omega is a domain of the form \Omega(\mathfrak{A}) given by means of a T algebra \mathfrak{A}=

\sum_{1\leq i,j\leq r}\mathfrak{A}_{ij} of rank r(r\geq 2) (cf. (1. 3)). We denote by \mathfrak{D}(\Omega) the Lie algebra of
all R-derivations on 12.

4. 1. We first remark that the value of the curvature tensor can be
calculated explicitly by using Lemma 2.2 of [5], Lemma 2. 1 of [7] and the
formula (2. 10). The following lemma can be proved by the same formulas
on the curvature tensor as used in the proofs of Lemmas 3. 1, 3. 2 and 3. 3
of [6]. So, we may omit the proof.

Lemma 4. 1. Every D\in \mathfrak{D}(\Omega) satisfifies the following conditions:
(1) \langle D\mathfrak{A}_{ij}, \mathfrak{A}_{kl}\rangle=0 for all indices 1\leq i\leq j\leq r-1 and 1\leq k<l\leq r sat-

\iota.sfying \{i,j\}\cap\{k, l\}=\phi .
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(2) \langle D\mathfrak{A}_{ij}, \sqrt{n_{i}}e_{i}+\sqrt{n_{j}}e_{j}\rangle=0 for all indices 1\leq i<j\leq r-1 .

(3) \frac{1}{\sqrt{n_{i}}}\langle e_{i}, De_{k}\rangle=\frac{1}{\sqrt{n_{j}}}\langle e_{j}, De_{k}\rangle for all indices 1\leq k\leq r-1 and 1\leq

i<j\leq r-1 satisfying n_{ij}\neq 0 .
For each D\in \mathfrak{D}(\Omega) , we define a skew-symmetric element a=(a_{ij}) of \mathfrak{A}

(i. e. a_{ij}^{*}.=-a_{ji}) by

(4. 1) a_{ij}=\{
-\sqrt{n_{i}}P_{ij}(D(e_{i})) (1 \leq i<j\leq r)

0 (1\leq i=j\leq r)
’

where P_{ij} is the projection from \mathfrak{A} onto the subspace \mathfrak{A}_{ij} . By the condition
(2) of Lemma 4. 1, we have

a_{ij}=\sqrt{n_{j}}P_{ij}(D(e_{j})) (1 \leq i\leq j\leq r-1)

We next show the following lemma which is quite similar to Lemma
6. 1 of [6].

Lemma 4. 2. Every D\in \mathfrak{D}(\Omega) and the element a=(a_{ij})\in \mathfrak{A} defifined by
(4. 1) satisfy the following three identities:

(1) \langle Dx_{jk}, x_{ij}\rangle=\langle a_{ik}, x_{ij}x_{jk}\rangle ,
(2) \langle Dx_{ik}, x_{ij}\rangle=\langle a_{jk}, x_{ij}^{*}x_{ik}\rangle ,
(3) \langle Dx_{jk}, x_{ik}\rangle=\langle a_{ij}, x_{ik}x_{jk}^{*}\rangle

for x_{ij}\in \mathfrak{A}_{ij}, x_{jk}\in \mathfrak{A}_{jk} and x_{ik}\in \mathfrak{A}_{ik}(1\leq i<j<k\leq r) .
PROOF. By using (2. 2), (2. 3) and the following formulas:

R(e_{i}, x_{jk})=0, \cdot R(e_{i}, x_{ij}, e_{i})=\frac{1}{4n_{i}}x_{ij}, R(e_{i}, x_{ij}, x_{jk})=^{\frac{-1}{4\sqrt{n_{i}}}}x_{ij}x_{jk} ,

we have

\{DK) (e_{i}, x_{jk}, e_{i}, x_{\iota j})=K(e_{i}, x_{ij}, e_{i}, Dx_{jk})-K(e_{i}, x_{ij}, x_{jk}, De_{i})

= \frac{1}{4n_{i}}(\langle Dx_{jk}, x_{ij}\rangle-\langle a_{ik}, x_{ij}x_{jk}\rangle)

Therefore, the identity (1) follows from the condition (2. 4). For the proof
of the second identity, we use the condition

\{DK) (e_{j}, x_{ik}, e_{j}, x_{ij})=0 .

From the formulas :

R(e_{j}, x_{ik})=0 , R(e_{j}, x_{ij}, e_{j})= \frac{1}{4n_{j}}x_{ij}, R(e_{j}, x_{ij}, x_{ik})= \frac{-1}{4\sqrt{n_{j}}}x_{ij}^{*}x_{ik} ,

it follows that
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(DK) (e_{j}, x_{ik}, e_{j}, x_{ij})=K(e_{j}, x_{ij}, e_{j}, Dx_{ik})-K(e_{j}, x_{ij}, x_{ik}, De_{j})

= \frac{1}{4n_{j}}(\langle Dx_{ik}, x_{ij}\rangle-\langle a_{jk}, x_{ij}^{*}x_{ik}\rangle) ,

which implies the identity (2). Similarly as in the above cases, the identity (3)
follows from the condition (DK) (e_{i}, x_{jk}, e_{i}, x_{ik})=0 . q. e . d .

From the above lemma, we have the following

Lemma 4. 3. For each D\in \mathfrak{D}(\Omega) , the element a=(a_{ij})\in \mathfrak{A} defifined by
(’4.1)\backslash satisfifies the following four identities:

(1) \langle x_{ij}^{*}a_{ik}, x_{ij}^{*}x_{ik}\rangle=\frac{1}{2n_{i}}||x_{ij}||^{2}\langle a_{ik}, x_{ik}\rangle ,

(2) \langle a_{ik}x_{jk}^{*}, x_{ik}x_{jk}^{*}\rangle=\frac{1}{2n_{k}}(1-\delta_{kr})||x_{jk}||^{2}\langle a_{ik}, x_{ik}\rangle ,

(3) \langle x_{ik}a_{jk}^{*}, x_{ik}x_{jk}^{*}\rangle=\frac{1}{2n_{k}}(1-\delta_{kr})||x_{ik}||^{2}\langle a_{jk}, x_{jk}\rangle ,

(4) \langle a_{ij}^{*}x_{ik}, x_{ij}^{*}x_{ik}\rangle=\frac{1}{2n_{i}}||x_{ik}||^{2}\langle a_{ij}, x_{ij}\rangle

for x_{ij}\in \mathfrak{A}_{ij}, x_{jk}\in \mathfrak{A}_{jk} and x_{ik}\in \mathfrak{A}_{ik}(1\leq i<j<k\leq r) .
PROOF. By Lemma 2. 1 of [7] and the formula (2. 10), we can see that

the following identities hold:

R(x_{ij}, x_{ik}, e_{j})=-R(e_{j}, x_{ij}, x_{ik})= \frac{1}{4\sqrt{n_{j}}}x_{ij}^{*}x_{ik} ,

R(x_{ij}, e_{j}, x_{ij})= \frac{1}{4n_{j}}||x_{ij}||^{2}e_{j}-\frac{1}{4\sqrt{n_{i}n_{j}}}||x_{ij}||^{2}e_{i}

and

R(x_{ij}, x_{ik}, x_{ij})= \frac{1}{4n_{i}}||x_{ij}||^{2}x_{ik}-\frac{1}{4}x_{ij}(x_{ij}^{*}x_{ik}) .

From these formulas, (2. 2) and (1) of Lemma 4. 1, it follows that

(DK) (x_{ij}, x_{ik}, x_{ij}, e_{j})= \frac{-1}{4\sqrt{n_{j}}}(2\langle x_{ij}^{*}x_{ik}, Dx_{ij}\rangle+^{\frac{1}{\sqrt{n_{i}}}}||x_{ij}||^{2}\langle e_{i}, Dx_{ik}\rangle)

Hence, by (1) of Lemma 4. 2 and (2. 4), the identity (1) holds. Using the
following formulas :

R(e_{i}, x_{jk})=0 , R(x_{ik}, x_{jk}, e_{i})= \frac{1}{4\sqrt{n_{i}}}x_{ik}x_{jk}^{*} ,

R(x_{jk}, x_{ik}, x_{jk})= \frac{1}{4n_{k}}(1-\delta_{kr})||x_{jk}||^{2}x_{ik}-\frac{1}{4}(x_{ik}x_{jk}^{*})x_{jk}
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and the condition (1) of Lemma 4. 2, we have

(DK) (e_{i},x_{jk}, x_{jk}, x_{ik})

= \frac{-1}{4\sqrt{n_{i}}}\{2.\langle a_{ik} , (x_{ik}x_{jk}^{*})x_{jk} \rangle-\frac{1}{n_{k}}(1-\delta_{kr})||x_{jk}||^{2}\langle a_{ik}, x_{ik}\rangle\} .

Hence, by (DK) (e_{i}, x_{jk}, x_{jk}, x_{ik})=0 and (2. 8), the identity (2) holds. The
identity (3) can be proved similarly from the condition (DK) (e_{j}, x_{ik}, x_{ik}, x_{jk})=

0 and the identity (2) of Lemma 4. 2. Moreover, as in the above cases, the
identity (4) follows from the conditions (DK) (e_{j}, x_{ik}, x_{ij}, x_{ik})=0 and (3) of
Lemma 4. 2. q . e . d .

By using the above lemma, we can prove the following

LEMMA 4. 4. The element a=(a_{ij})\in \mathfrak{A} defifined by (4. 1) satisfifies the
condition a_{ir}=a_{jr}=0 for every indices 1\leq i<j\leq r-1 with n_{ij}\neq 0 .

PROOF. Putting k=r and x_{ir}=a_{ir} in the identity (1) of Lemma 4. 3 and
using the condition (2. 8), we have

(4. 2) \frac{1}{2n_{i}}||x_{ij}||^{2}||a_{ir}||^{2}=||x_{ij}^{*}a_{ir}||^{2}=\langle a_{ir}(a_{ir}^{*}x_{ij}) , x_{ij}\rangle

On the other hand, by putting k=r and x_{ir}=a_{ir} in the identity (2) of Lemma
4. 3, we get

a_{ir}x_{jr}^{*}=0

for every x_{jr}\in \mathfrak{A}_{jr} . Therefore, by putting x_{jr}=x_{ij}^{*}a_{ir} in (4. 2 , we have
a_{ir}=0 . From the identity (3) of Lemma 4. 3, it follows that

x_{ir}a_{jr}^{*}=0

for every x_{ir}\in \mathfrak{A}_{ir} . By (2. 7) and (2. 8),

\frac{1}{2n_{j}}||x_{ij}||^{2}||a_{jr}||^{2}=||x_{ij}a_{jr}||^{2}=\langle x_{ij}, (x_{ij}a_{jr})a_{jr}^{*}\rangle=0

for every x_{ij}\in \mathfrak{A}_{ij} , which implies that a_{jr}=0 . q . e . d .
Summing up the results obtained in the above lemmas and Proposition

1. 1, we have the following

PROPOSITION 4. 5. Let \mathfrak{A} be a T-algebra of rank r(r\geq 3) and let the
homogeneous convex domain \Omega=\Omega(\mathfrak{A}) be irreducible. Then the conditions
\langle De_{i}, e_{j}\rangle=0 and \langle D\mathfrak{A}_{ij}, \mathfrak{A}_{kr}\rangle=0 are satisfified for every D\in \mathfrak{D}(\Omega) and all
indices 1\leq i, j, k\leq r-1 .

PROOF. If i=j, then \langle De_{i}, e_{j}\rangle=0 since D is skew-symmetric. If i\neq j ,
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then by Proposition 1. 1, there exists a series of different indices 1\leq i_{1} , i_{2}, \cdots ,
i_{m}\leq r-1 satisfying the conditions i_{1}=i, i_{m}=j and n_{i_{\lambda-1}i_{\lambda}}\neq 0(2\leq\lambda\leq m) . Then,
by (3) of Lemma 4. 1, the identity

\frac{1}{\sqrt{n_{i}}\lambda-1}\langle e_{i_{\lambda-1}}, De_{j}\rangle=\frac{1}{\sqrt{n_{i}}\lambda}\langle e_{i_{\lambda}}, De_{j}\rangle

holds for every index 2\leq\lambda\leq m . Therefore, by \langle De_{j}, e_{j}\rangle=0 , we have \langle De_{i}, e_{j}\rangle

=0. Moreover, by Lemma 4. 4, a_{i_{\lambda-1}r}=a_{i_{\lambda}r}=0(2\leq\lambda\leq m) . Thus, a_{ir}=0

(1\leq i\leq r-1) , and hence, the condition \langle D\mathfrak{A}_{ij}, \mathfrak{A}_{kr}\rangle=0 follows from (1) of
Lemma 4. 1 and Lemma 4. 2. q . e . d .

4. 2. Finally, we prepare two lemmas which will be used in the next

section. The following lemma can be proved by computation quite similar
to the method in the proof of Proposition 5. 1 of [6].

Lemma 4. 6. Every D\in \mathfrak{D}(\Omega) satisfifies the following identity:

P_{ik}(D(x_{ij}x_{jk}))=P_{ik}(D(x_{ij})x_{jk}+x_{ij}D(x_{jk}))

for x_{ij}\in 2\mathfrak{l}_{ij} and x_{jk}\in \mathfrak{A}_{jk}(1\leq i<j<k\leq r) .
PROOF. If n_{ij}=0 , then the identity holds trivially. So, we may assume

that n_{ij\nabla}\simeq 0 . Let us calculate the condition

(DK) (e_{i}, x_{ij}, x_{jk}, x_{ik})=0

by using the following formulas:

R(x_{jk}, x_{ik}, x_{ij})= \frac{1}{4}\langle x_{ij}x_{jk}, x_{ik}\rangle(\frac{1}{\sqrt{n_{i}}}e_{i}-\frac{1}{\sqrt{n_{j}}}e_{j}) ,

R(x_{jk}, x_{ik}, e_{i})= \frac{-1}{4\sqrt{n_{i}}}x_{ik}x_{jk}^{*} , R(e_{i}, x_{ij}, x_{ik})= \frac{1}{4\sqrt{n_{i}}}x_{ij}^{*}x_{ik} ,

R(e_{i}, x_{ij}, x_{jk})= \frac{-1}{4\sqrt\overline{n_{i}}}x_{ij}x_{jk} .

Then, by (3) of Lemma 4. 1, we have
K(x_{jk}, x_{ik}, x_{ij}, De_{i})=01

Therefore, by (2. 2) and (2. 8),

(DK) (e_{i}, x_{ij}, x_{jk}, x_{ik})

=K(x_{jk}, x_{ik}, e_{i}, Dx_{ij})-K(e_{i}, x_{ij}, x_{ik}, Dx_{jk})+K(e_{i}, x_{ij}, x_{jk}, Dx_{ik})

= \frac{-1}{4\sqrt{n_{i}}}(\langle x_{ik}x_{jk}^{*}, Dx_{ij}\rangle+\langle x_{ij}^{*}x_{ik}, Dx_{jk}\rangle+\langle x_{ij}x_{jk}, Dx_{ik}\rangle)

= \frac{-1}{4\sqrt{n_{i}}}\langle\{D(x_{ij})x_{jk}+x_{ij}D(x_{jk})-D(x_{ij}x_{jk})\} , x_{ik}\rangle q . e . d.
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LEMMA 4. 7. For each D\in \mathfrak{D}(\Omega) , the element a=(a_{ij})\in \mathfrak{A} defifined by
(4. 1) satisfifies the following four identities:

(1) (x_{ik}^{*}a_{ij})x_{jr}=Xik\{xijXjr)

(2) (a_{ik}^{*}x_{ij})x_{jr}=a_{ik}^{*}(x_{ij}x_{jr}) ,
(3) (a_{ik}x_{jk}^{*})x_{jr}=a_{ik}(x_{jk}^{*}x_{jr}) ,
(4) (x_{ik}a_{jk}^{\star})x_{jr}=xik (a% xjr)

for x_{ij}\in \mathfrak{A}_{ij}, x_{jk}\in \mathfrak{A}_{jk}, x_{ik}\in \mathfrak{A}_{ik} and x_{jr}\in \mathfrak{A}_{jr}(1\leq i<j<k\leq r-1) .
PROOF. By using the formula (VII’) in p. 380 of [8], we have x_{ij}(x_{jr}x_{kr}^{*}.)

(XijXjr) x_{kr*}^{*} From this and the condition (2. 8), it follows that the equality
(x_{lk}^{*}x_{ij})x_{jr}=x_{ik}^{*}(x_{ij}x_{jr}) holds. Therefore, we have the identities (1) and (2).
We next show the identity (4). In order to do this, we consider the condition
{DK) (e_{k}, x_{jr}, x_{ik}, x_{ir})=0 . Then, by the following formulas :

R(e_{k}, x_{jr})=0 , R(x_{ik}, x_{ir}, x_{jr})= \frac{-1}{4}(x_{jr}x_{ir}^{*})x_{ik} ,

R(x_{ik}, x_{ir}, e_{k})=^{\frac{1}{4\sqrt{n_{k}}}}x_{ik}^{*}x_{ir} ,

we get

(DK) (e_{k}, x_{jr}, x_{ik}, x_{ir})=K(x_{ik}, x_{ir}, e_{k}, Dx_{jr})-K(x_{ik}, x_{ir}, x_{jr}, De_{k})

= \frac{1}{4\sqrt{n_{k}}}\langle x_{ik}^{*}x_{ir}, Dx_{jr}\rangle+^{\frac{1}{4}}\langle(x_{jr}x_{ir}^{*})x_{ik}, De_{k}\rangle\tau

Hence, by (3) of Lemma 4. 2, we have the identity (4). By using the identity
(1) of Lemma 4. 2, we can similarly verify that the identity (3) follows from
the condition (DK) (e_{i}, x_{jk}, x_{ir}, x_{jr})=0 . q . e . d .

\S 5. Extension of an \bm{R}-derivation.

In this section, we study an extension of an R-derivation on a hom0-
geneous convex domain \Omega=\Omega(\mathfrak{A}) to an R-derivation on the homogeneous
convex cone V=V(\mathfrak{A}) fitted onto \Omega . We remark that the structure of the
Lie algebra \mathfrak{D}(V) of all R-derivations on V has been clarified by [6].

5. 1. For a T algebra \mathfrak{A}=\sum_{1\leq i,j\leq r}\mathfrak{A}_{ij} of rank r(r\geq 2) , we define subspaces
\mathfrak{A}_{k}(k=0,1,2) of \mathfrak{A} by

\mathfrak{A}_{0}=\sum_{1\leq i\backslash <j\leq r-1}\mathfrak{A}_{ij}, \mathfrak{A}_{1}=\sum_{1\leq i\leq r-1}\mathfrak{A}_{ir} and \mathfrak{A}_{2}=\mathfrak{A}_{rr} .

Let us assume that the domain \Omega=\Omega(\mathfrak{A}) is irreducible and r\geq 3 . Then, by
(2. 6) and Proposition 4. 5, the conditions
(5. 1) D(\mathfrak{A}_{0})\subset \mathfrak{A}_{0} and D(\mathfrak{A}_{1})\subset \mathfrak{A}_{1}



On the group of isometries of an affine homogeneous convex domain 45

are satisfied for every D\in \mathfrak{D}(\Omega) . By (2. 8) and (3) of Lemma 4. 2, the iden-
tities

\langle Dx_{ir}, x_{kr}\rangle=(akixir, x_{kr}\rangle(k<i) and \langle Dx_{ir}, x_{kr}\rangle=-\langle a_{ik}^{*}x_{ir}, x_{kr}\rangle(i<k)

hold for all x_{ir}\in \mathfrak{A}_{ir} and x_{kr}\in \mathfrak{A}_{kr} . We now denote by D_{1} the grade-pre-
serving part of D, that is,

D_{1}= \sum_{1\leq i<j\leq r}P_{ij}\circ D\circ P_{ij} .

Then, by (5. 1), we have

(5. 2) Dx=D_{1}(x)+ \sum_{k<i}a_{ki}x_{ir}-\sum_{i<k}a_{ik}^{*}x_{ir}

for every x= \sum_{\sim}x_{ir}\in \mathfrak{A}_{1}1\leq t<r-1^{\cdot} By (4. 1), (5. 1) and (1) of Lemma 4. 1, it is easy

to see that the identity

(5. 3) De_{ii}=2 \sum_{k<i}a_{ki}-2\sum_{i<k}a_{ik}

holds (1\leq i\leq r-1) . By using (5. 1) and Lemma 4. 2, we can similarly verify
that the identity

(5. 4) Dz=D_{1}(z_{ij})+^{\frac{1}{\sqrt{n_{i}}}} \langle a_{ij}, z_{ij}\rangle e_{i}-\frac{1}{\sqrt{n_{j}}}\langle a_{ij}, z_{ij}\rangle e_{j}

+ \sum_{k<i}(a_{kj}z_{ij}^{*}+a_{ki}z_{ij})+\sum_{i<k<j}(z_{ij}a_{kj}^{*}-a_{ik}^{*}z_{ij})

-

\sum_{j<k}(z_{ij}a_{jk}+z_{ij}^{*}a_{ik})

holds for every z=z_{ij}\in \mathfrak{A}_{ij}(1\leq i<j\leq r-1) .
Now, we prove

Lemma 5. 1. Let \Omega=\Omega(\mathfrak{A}) be an irreducible homogeneous convex d0-
main and rank \mathfrak{A}=r\geq 3 . Then every D\in \mathfrak{D}(\Omega) satisfifies the following con-
dition :

\langle D(zx) , x\rangle=\langle D(z)x, x\rangle+\langle zD(x) , x\rangle

for z\in \mathfrak{A}_{0} and x\in \mathfrak{A}_{1} .

PROOF. We first consider the case z=e_{ii}\in \mathfrak{A}_{ii}(1\leq i\leq r-1) . Putting
x= \sum_{\sim}x_{kr}\in \mathfrak{A}_{1}1\leq k<r-1 ’ we have zx=x_{ir} . Therefore, by (5. 2) and \langle D_{1}(x_{ir}), x\rangle=

\langle Dx_{ir}, x_{ir}\rangle=0 , it follows that the identity

\langle D(zx) , x \rangle=\sum_{k<i}\langle a_{ki}x_{ir}, x_{kr}\rangle-\sum_{l<k}\langle a_{ik}^{*}x_{ir}, x_{kr}\rangle

holds. By (5. 3), we have
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\langle D(z)x, x \rangle=2\sum_{k<i}\langle a_{ki}x_{ir}, x_{kr}\rangle-2\sum_{i<k}\langle a_{ik}x_{kr}, x_{ir}\rangle .
Again, by (5. 2), the identity

\langle zD(x) , x \rangle=\sum_{i<k}\langle a_{ik}x_{kr}, x_{ir}\rangle-\sum_{k<i}\langle a_{ki}^{*}x_{kr}, x_{ir}\rangle

is satisfied. Therefore, from these identities, we have

\langle D(e_{ii}x) , x\rangle=\langle D(e_{ii})x, x\rangle+\langle e_{ii}D(x), x\rangle

We next consider the case z=z_{ij}\in \mathfrak{A}_{ij}(1\leq i<j\leq r-1) . Then, zx=z_{ij}x_{jr} .
Therefore, by (5. 2),

(5. 5) \langle D(zx) , x\rangle=\langle D_{1}(z_{ij}x_{jr}) , x_{ir}\rangle-\langle a_{ij}^{*}(z_{ij}x_{jr}) , x_{jr}\rangle

+ \sum_{k<i}\langle a_{ki}(z_{ij}x_{jr}) , x_{kr} \rangle-\sum_{i<k<j}\langle a_{ik}^{*}(z_{ij}x_{jr}) , x_{kr}\rangle

-
\sum_{j<k}\langle a_{ik}^{*}(z_{ij}x_{jr}) , 1x_{kr}\rangle

By (5. 4), we can similarly verify that the identity

(5. 6) \langle D(z)x, x\rangle=\langle D_{1}(z_{ij})x_{jr} , x_{ir} \rangle+\frac{1}{2n_{i}}||x_{ir}||^{2}\langle a_{ij}, z_{ij}\rangle

- \frac{1}{2n_{j}}||x_{jr}||^{2}\langle a_{ij}, z_{ij}\rangle

+ \sum_{k<i}(\langle(a_{kj}z_{tj}^{*})x_{ir}, x_{kr}\rangle+\langle(a_{ki}z_{ij})x_{jr}, x_{kr}\rangle)

+ \sum_{i<k<j}(\langle(z_{ij}a_{kj}^{*^{1}})x_{kr}, x_{ir}\rangle-\langle(a_{ik}^{*}z_{ij})x_{jr}, x_{kr}\rangle)

- \sum_{j<k}(\langle(z_{ij}a_{jk})x_{kr}, x_{ir}\rangle+\langle(z_{ij}^{*}a_{ik})x_{kr} , x_{jr}\rangle)

holds. By using (5. 2), we have

zD(x)=z_{ij}D_{1}(x_{jr})+ \sum_{j<k}z_{ij}(a_{jk}x_{kr})-\sum_{k<j}z_{ij}(a_{kj}^{*}x_{kr})

and hence,

(5. 7) \langle zD(x) , x\rangle=\langle z_{ij}D_{1}(x_{jr}) , x_{ir}\rangle-\langle z_{ij}(a_{ij}^{*}x_{ir}) , x_{ir}\rangle

-
\sum_{k<i}\langle z_{ij}(a_{kj}^{*}x_{kr}) , x_{ir} \rangle-\sum_{i<k<j}\langle z_{ij}(a_{kj}^{\star}x_{kr}) , x_{ir}\rangle

+ \sum_{j<k}\langle z_{ij}(a_{jk}x_{kr}) , x_{ir}\rangle

On the other hand, by Lemma 4. 6, the identity

(5. 8) \langle D_{1}(z_{ij}x_{jr}) , x_{ir}\rangle=\langle D_{1}(z_{ij})x_{jr} , x_{ir}\rangle+\backslash z_{ij}D_{1}/(x_{jr}) , x_{ir}\rangle
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holds. Since the subalgebra t of a T-algebra \mathfrak{A} is associative, the following
identities are satisfied:

(5. 9) a_{ki}(z_{ij}x_{jr})=(a_{ki}z_{ij})x_{jr}(k<i) and z_{ij}(a_{jk}x_{kr})=(z_{ij}a_{jk})x_{kr}(j<k) .

Furthermore, by (2. 7), (2. 8) and (4) of Lemma 4. 3, we have

(5. 10) \langle a_{ij}^{*}(z_{ij}x_{jr}) , x_{jr} \rangle=\frac{1}{2n_{j}}||x_{jr}||^{2}\langle a_{ij}, z_{ij}\rangle

and

(5. 11) \langle z_{ij}(a_{ij}^{*}x_{ir}) , x_{ir} \rangle=\frac{1}{2n_{i}}||x_{ir}||^{2}\langle a_{ij}, z_{ij}\rangle ,

respectively. Therefore, using (2. 8), Lemma 4. 7 and the identities (5. 5)-

(5.11) , we can verify that the condition

\langle D(z_{ij}x) , x\rangle=\langle D(z_{ij})x, x\rangle+\langle z_{ij}D(x) , x\rangle

is satisfied. q. e . d .
5. 2. For an arbitrary R-derivation D\in \mathfrak{D}(\Omega) , we define an extension D^{\approx}

of D to t=\mathfrak{t}_{0}+\mathfrak{A}_{rr} by

(5. 12) D^{r}:tarrow t,\tilde{D}=\{\begin{array}{l}Dont_{0}0on\mathfrak{A}_{rr}\end{array}

We next prove the following

Lemma 5. 2. Let \Omega=\Omega(\mathfrak{A}) be an irreducible homogeneous convex d0-
main and rank \mathfrak{A}=r\geq 3 . Then the extension \tilde{D} of an arbitrary D\in \mathfrak{D}(\Omega)

defifined by (5. 12) satisfifies the following three conditions:
(1) (\tilde{D}\tilde{K})(x, y, z, w)=0 for all x, y, z, w\in t_{0} .
(2) (\tilde{D}K)(e_{r}, e_{r}, x, y)=(\tilde{D}K)(e_{r}, x, e_{r}, y)=0 for all x, y\in t .
(3) (\tilde{D}K)(e_{r}, x, y, z)=0 for all x, y, z\in t_{0} .

PROOF. For an arbitrary element x\in t , we write

x=x_{0}+x_{1}+x_{2} ,

where x_{k}\in \mathfrak{A}_{k}(k=0,1,2) . Then, by (5. 1) and (5. 12), we have

(5. 13) (\tilde{D}x)_{0}=Dx_{0}, (\tilde{D}x)_{1}=Dx_{1} and (\tilde{D}x)_{2}=0

Hence, by using (5. 13) and the equation of Gauss stated in (2. 12), we can
verify that (\tilde{D}K)(x, y, z, w)=0 for all x, y, z, w\in t_{0} . From the condition
\tilde{R}(e_{r}, e_{r})=0 and (5. 13), it follows that

(\tilde{D}\tilde{K})(e_{r}, e_{r}, x, y)=0
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for all x, y\in \mathfrak{t} . Moreover, using (5. 13) and the formula

\tilde{R}(e_{r}, x, e_{r})=\frac{1}{4n_{r}}x_{1} ,

we get

(\tilde{D}K)(e_{r}, x, e_{r}, y)=K(e_{r},\tilde{D}x, e_{r}, y)+K(e_{r}, x, e_{r},\tilde{D}y)

= \frac{1}{4n_{r}}(\langle Dx_{1}, y_{1}\rangle+\langle x_{1}, Dy_{1}\rangle)=0

for all x, y\in t . Finally we use the following formulas:

\tilde{R}(e_{r}, x, y)=\frac{1}{2\sqrt{n_{r}}}\alpha(x_{1}, y)

and

K(e_{r}, x, y, z)= \frac{1}{2\sqrt{n_{r}}}\langle\alpha(x_{1}, y) , z\rangle

= \frac{1}{4\sqrt{n_{r}}} ( \langle[z, x_{1}] , y)+\langle\backslash [z, y] , x_{1}\rangle+\langle[x_{1}, y] , z\rangle)

= \frac{1}{4\sqrt{n_{r}}}(\langle z_{0}x_{1}, y_{1}\rangle+\langle z_{0}y_{1}, x_{1}\rangle-\langle y_{0}z_{1}, x_{1}\rangle-\langle y_{0}x_{1}, z_{1}\rangle)

for all x, y, z\in t_{0} (cf. (2. 9) and (2. 10)). Now, by linearizing the variable x
in the identity obtained by Lemma 5. 1, we have

\langle D(z_{0}xJ, y_{1}\rangle+\langle D(z_{0}y_{1}) , x_{1}\rangle=\langle(D(z_{0})x_{1}+z_{0}D(x_{1})) , y_{1}\rangle

+\langle(D(z_{0})y_{1}+z_{0}D(y_{1})) , x_{1}\rangle

for all x, y, z\in t_{0} . Hence, from this identity and (5. 13), the identity (3)
holds. q . e . d .

By using the above lemma, we have the following

PROPOSITION 5. 3. Let \Omega=\Omega(\mathfrak{A}) be an irreducible homogeneous convex
domain and rank \mathfrak{A}=r\geq 3 . Then the extension \tilde{D} of every D\in \mathfrak{D}(\Omega) defifined
by (5. 12) is an \tilde{R} -derivation on the cone V(\Omega) fifitted onto \Omega .

PROOF. By the Bianchi’s identities (2. 2) and the fact t=t_{0}+\mathfrak{A}_{rr} (direct
sum of subspaces, r\geq 3), we can see that the condition \tilde{D}_{-}\mathcal{K}=0 is equivalent
to the conditions (1), (2) and (3) in Lemma 5. 2. q . e . d .
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\S 6. Isotropy subalgebras and the Lie algebra \mathfrak{D}(\Omega) .
In this section, we prove the main theorem of this paper. Let \Omega

be a homogeneous convex domain. Then, as was stated in the previous
sections, it can be assumed that f2 is a domain of the form \Omega(\mathfrak{A}) by means
of a T algebra \mathfrak{A} of rank r(r\geq 2) .

We now show the following main theorem.
THEOREM 6. 1. If a homogeneous convex domain \Omega is irreducible and

not affinely equivalent to an elementary domain, then the Lie algebra \mathfrak{g}(\Omega)

of the affine automorphism group G(\Omega) is identical with the Lie algebra
\dot{t}(\Omega) of the isometry group I(\Omega) .

PROOF. It suffices to prove that the isotropy subalgebra f=f(\Omega) in \mathfrak{g}(\Omega)

is identical with the isotropy subalgebra \mathfrak{h}=\mathfrak{h}(\Omega) in \dot{\tau}(\Omega) . We first consider
the case r=2. If n_{12}\neq 0 , then f2 is affinely equivalent to an elementary
domain (cf. \S 3). So, by the assumption, n_{12} must be zero and 5J) =\mathfrak{A}_{11}+\mathfrak{A}_{22} .
Therefore, by (1. 2) and (1. 3), f2 is the cone of all positive real numbers and
f=\mathfrak{h}=(0) . We next consider the case r\geq 3 . Then, by Proposition 5. 3, the
extension \tilde{D} of every D\in \mathfrak{D}(\Omega) is an \tilde{R} -derivation of the homogeneous convex
cone V fitted onto \Omega . Moreover, by Proposition 4. 5 and (5. 12), we have
\langle\tilde{D}e_{i}, e_{j}\rangle=0(1\leq i, j\leq r) . Therefore, the \mathfrak{D}_{0} SVpart of \tilde{D} is zero (For the defini-
tion of the \mathfrak{D}_{0}SVpart of \tilde{D}, see \S 3 of [6].). Hence, from Propositions 5. 1 and
6. 6 of [6], it follows that there exists a derivation \tau:\mathfrak{A}arrow \mathfrak{A} of a T-algebra
such that

\tilde{D}=\xi^{-1}\circ(\tau_{1X}+k_{a})\circ\xi\in\theta(f(V))’.
where a is the element of \mathfrak{A} given by (4. 1) and k_{a} : Xarrow X is the linear
operator defined by ka(x)=ax-xa. Since the derivation \tau preserves the
grading and commutes with the involution of \mathfrak{A} , \tau keeps the subspace X_{0}

invariant and vanishes at e. Furthermore, by the condition a_{ir}=0(1\leq i\leq

r-1) (cf. Proposition 4. 5), we can see that k_{a}(X_{0})\subset X_{0} and k_{a}(e)=0 . There-
fore, by (1. 2) and (1. 3), the restrictions of \tau and k_{a} to the subspace X_{0} are
contained in the subalgebra f . Hence,

D=\tilde{D}_{1t_{0}}=\xi_{0}^{-1}\circ(\tau_{1X_{0}}+k_{a1X_{0}})\circ\xi_{0}

is an element of \theta(t) . From this, it follows that \mathfrak{D}(\sqrt)\subset\theta(f) . CombiniIg
this and the condition \theta(f)\subset\theta(\mathfrak{h}) with (2. 5), we get

(6. 1) \theta(f)=\theta(\mathfrak{h})=\mathfrak{D}(\Omega)

Since the infinitesimal linear isotropy representation \theta is injective, t is \dot{1}denti -

cal with \mathfrak{h} . q. e . d .
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By Proposition 3. 1 and the condition (6. 1), we have the following

THEOREM 6. 2. Let \Omega be an irreducible homogeneous convex domain.
Then the isotropy subalgebra \mathfrak{h} of i(\Omega) is isomorphic to the Lie algebra
\mathfrak{D}(\Omega) of all R -derivations on \Omega .

Finally we remark that the above theorem holds for an arbitrary hom0-
geneous convex cone (cf. Theorem 7. 3 of [6]).
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