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Foliations transverse to the turbulized foliations

of punctured torus bundles over a circle

By Toshiyuki NisHiMORI
(Received September 24, 1982)

§ 1. Introduction

Tamura and Sato began the study of codimension-one foliations
transverse to given codimension-one foliations. They regarded such foliations....
as structures of given foliated manifolds. At this viewpoint, the fundamental
probelms are to determine whether such foliations exist or not and to classify
them when they exist.

CoNVENTION. In this paper, foliations are always transversely orientable,
of codimension one and of class C®, unless stated otherwise.

In order to state the known results and ours, we introduce some nota-
tions. Let ¥,(h) be a compact manifold obtained from the closed surface %,
of genus ¢ by deleting A small disjoint open 2-disks, where A is a positive
integer. Take an orientation preserving C® diffeomorphism ¢: ¥ (h)—2,(h)
and consider an equivalence relation ~ on RXJ3,(h) determined by

(t, x)~({', L) if ¢/=¢t+1 and & =¢(x),

where ¢, Y €R and x, £ €X,(h). Then the quotient space E(3,(h); @)=
Rx 2, (h)/~ is a 2,(h) bundle over S'=R/Z with the projection z: E(Z,(h);
$)—S* defined by =n([¢, z])=[t] for (t, xy €RX2,(h). We treat R and 2%, as
oriented manifolds. Hence X,(h) and E(X,(h); ¢) are consequently oriented.
Take a continuous map ¢: 0E(Z,(h); ¢)—{1, —1}. We have a foliation
FZ(3,(h); ¢) of E(X,(h); ¢) by turbulizing the bundle foliation {z~!(x)}scs as
in Figure 1.1 (see Nishimori for the precise definition).

We have 2y(1)=S%1)=D?and E(D?;id)=S5'x D% Note that . (D?; id)!
(or #(D?; id)™) is a plus (or minus) Reeb component .#% (or #% in
Tamura-Sato [7]. For mainfold E with a diffeomorphism f: E—E(Z,(h) ; ¢),
we denote by .# (E)* the induced foliation f*.# (2,(h); ¢)°. Note that .7 (E)*”/
is unique up to C° isomorphism. /

The known results are as follows. Tamura and Sato classify the
foliations of S'X D? transverse to the Reeb component 7% (=.7(5%1); id)})
by introducing the notion of TS diagrams. Furthermore they proved that,



2 T. Nishimori

Figure 1. 1.

for any non-trivial fibered knot k£ of S% the patched foliation #%U .#z, of
5% has no transverse foliations, where .# % is a Reeb component of a tubular
neighborhood N(k) of %, and Z,=.7(S*—int N(k))*!, where S*—Int N(k) is
regarded as the total space of a surface bundle over a circle. Note that all
the foliations of §® have transverse 2-plane fields (see [7]). In Nishimori [4],
the author generalized the classification of transverse foliations to .# (S%h);
id)c for all A and ¢. Furthermore he considered the existence problem of
transverse foliations for closed foliated 3-manifolds obtained by patching a
finite number of foliated manifolds of the form (E(S%(A); id), 7 (S%(h); id)?),
and gave two criterions.

The starting point of this paper is given as follows. Let £ be a fibered
knot in S with fiber of genus ¢>0 and N(k) a tubular neighborhood of k.
Note that $*—Int N(k) is diffeomorphic to E(3y(1); ¢) for some ¢<=Diff (Z,(1)).
The result of Tamura-Sato suggests the following.

ProBLEM A. Does there exist a foliation transverse to the turbulized
foliation .7, of S3—Int N(k)? '
We have the following contrasting results as to Problem A.

THEOREM 1. If k is a trefoil knot, then & has no transverse foliation.

THEOREM 2. If k is a figure eight knot, then &, has a transverse
Jfoliation.

It is natural to generalize Problem A as follows.

ProBLEM B. Does there exist a foliation of E(Z,(h); ¢) transverse to
F(Zy(h); ¢)?

As to Problem B, we first obtain the following results.
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THEOREM 3. If ¢: X, (h)—2,(h) is isotopic to the identity (that is,
E(Zy(h); ¢) is a trivial bundle), then 7 (3,(h); ¢)° has transverse foliations
for all g, h and o.

THEOREM 4. If 0E(X,(h); ¢) is connected and 29—2 is not divisible
by h, then % (3,(h); ¢)° has no transverse foliation.

When ¢g=0 and h=1, the fiber 3,(h) is diffeomorphic to D? and hence
¢ 1s isotopic to the identity. Therefore we can apply Theorem 3 to this case.
There are two ways to make progress. The first one is to treat .7 (S%(h) ; ¢)°,
and the second one to treat 7 (7%1); ¢)°. At present it is difficult to treat
F(X,(h); @) in the most general setting. For the first case, we have the

following (see § 2 for the definition of TS diagrams of (Xy(A).;.B)eeeeee. e

THEOREM 5. 7 (S%h); @)° has a transverse foliation if and only if
there exists a TS diagram of (S*(h); ¢).

Now consider .7 (7T*1); ¢)’, whose underlying manifold E(T%(1); ¢) is
a fiber bundle over a circle with fiber 7%1)=7T?—Int D? (that is, a punctured
torus). For a diffeomorphism ¢: 7%1)—T%1), we denote by H;(¢) the
induced isomorphism ¢*: H(T%1); Z)—>H(T*1); Z). It is well known
that if H,(¢)=H,(¢') for diffeomorphisms ¢, ¢’ : T%1)—T%1), then ¢ and ¢

are isotopic. The following theorem is our main result.

THEOREM 6. Let ¢: TH1)—>TX1) be a diffeomorphism and o : 0E (T?(1);
é)—{l, —1} a continuous map (hence o is constant). Then the turbulized
foliation 7 (T*1); ¢)° admits a transverse foliation if and only if Trace
H,(¢)=2.

Now Theorem 1 and Theorem 2 follow from Theorem 6, as follows.
Let £C.8% be a trefoil knot or a figure eight knot and N(k) a tubular neigh-
borhood of k. Then the fiber of the associated bundle z;: S*—Int N(k)— St
is diffeomorphic to 7%(1). Let ¢;: T%1)—7T?%1) be the twisting map of the
bundle z; : $*—Int N(k)—S'. By taking the appropriate basis of Hy(T%1); Z)

the isomorphism H,(¢;) corresponds to the matrix <_(1) %) if kis a trefoil

knot and to @ i) if £ is a figure eight knot. Therefore Theorem 6 implies

Theorem 1 and Theorem 2.

The proof of the “only if” part of Theorem 6 is divided into two eases,
that is,

(a) all the leaves of ¢|F are proper,

(b) ¢|F has a non-porper leaf,
where & is a foliation transverse to #(T%1); ¢)° and F is a non-compact
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leaf of .#(T%1); ¢)°. For the case (a), we use the following.

THEOREM 7. Suppose that # (2,(h); ¢)° has a transverse foliation 4. If
all the leaves of %|F are proper for some non-compact leaf F of 7 (2y(h); ¢)°,
then a TS diagram of (2,(h); ¢)* can be attached to .

Applying Theorem 7 to .#(T?(1); ¢)° and analyzing the corresponding
TS diagram, we obtain the following.

THEOREM 8. Suppose that #(T*1); @)° has a transverse foliation G
such that all the leaves of 9|F are proper for some non-compact leaf F of
F(T%1); ¢). Then Trace H(¢)=2.

For the case (b), we have the following.

THEOREM 9. Suppose that 7 (T*h); ¢)° has a transverse foliation &
such that %|F has a non-proper leaf for some non-compact leaf F of & (T*
(h); @). Then H,(¢)=id or Trace Hy(¢)>2, where ¢: T*—T* is the exten-
sion of ¢ by the Alexander trick.

Now the “only if* part of Theorem 6 follows from Theorems 8 and 9.
The author would like to thank I. Tamura, A. Sato, K. Yano and T.
Tanisaki for valuable conversations.

§ 2. Preliminaries

In this paper the familiarity with Nishimori is basically supposed.
First we describe the turbulized foliation .# (3,(h); ¢). For simplicity let
Y=23,(h) and E=E(Z,(h); ¢). Let £E: 83 xI->2 be a collar with £(y, 0)=y
for all y=9X, where I is the closed interval [0,1]. Replacing ¢ by an
isotopic diffeomorphism if necessary, we may suppose the following.

(1) If y=d3 and ¢"(y) belong to the same connected component of 62
for some n=Z, then ¢"(y)=y.

(2) ¢k, t)=FE(), 1) for all y=4Y and tEL

Hereafter we may consider only such ¢. Define k: RX3¥XI[-RXxZY
by k(x,y,)=(x, k(y, ) for all xR, yR, y=oY and tIl. Now define
a foliation .# of RxJY in such a way that

(1) Z|(RxZX—Im Z)is the restriction of the trivial foliation {{x} X 3}.cp,
and

(2) the leaves of .#|Im k are the connected components of RX 92 and
the subsets

{(60) f0)+ 2,9, 1)lyeaz, teo, 1]}

for xR, where ¢ is naturally defined by ¢ and f is the function in [4, §2]. -
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Figure 2.1. Regular 7'S pieces.
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Thus we have .7 (Z,(h); ¢)° as the quotient foliation of # by the relation ~
in §1. _

Here we give a list of figures which represent the regular TS pieces
defined in [4], in Figure 2.1. We omit the explanation of them.

We generalize the notions of 7S diagram by modifying Definition 13.3
in [4], as follows.

DEFINITION 2.1. A TS diagram of (Z,(h); ¢ is a triad T =(J,
(b2 Z,(W)—2 (B} ser (@, b; 1) Ty(h)—(NXZ)*x2Z) (where I',(h) is the set
of connected components of 93,(h) and (NXZ)* was defined in [4,§1])
satisfying the following conditions.

(RU* T =(S, {P}icsr {titscs) is a pre T'S diagram of Z,(h), and {$} .z
is a C* isotopy of diffeomorphisms such that ¢, is the identity and ¢, is an
isomorphism from J to . Furthermore ¢ is an isomorphism from T to
7 with (a,b; rog=(a, b; 7), where we regard ¢ as a map: [,(h)—Iy(h)
in a natural way. A

(R2)* Let P,=(4,,vys: £ —%, 0: K,—{1, —1}). Let C&l,(h) and put
p(C) (or q(C))=%{J|JE £, for some 1=, *JCC, s(J)=0 (or @)}.

(i) (a(C), b(C))=(0,1) or (oo, o), then (C)=0 and there are A€/ and
Kex (4)—, with *K=C.

(ii) If (a(C), b(C)) =(a, b) € (Nx Z)orime, then r(C)=(p(C)—q(C))/a,
there are A4 and J& _#, with *JC C, the map (¢,|C)* is the identity,
(¢ogy|C)* is the identity, (¢og|C)* has no fixed point for 0<d <a, and the
degree of 5: [0, a]/{0, a}—C equals to b, where 7 is defined by

7([8]) = g %o o(god)(0)

for t=k+?¢, keZ, 0= <1 and a fixed point y,=C.

(s) Let S; be a circle in S, and take C, C'&l,(h) as in [4, Definition
13.1 (PR3)]. Then (a(C), 5(C")#(a(C), —b(C)).

(R3) (The condition on ¢). In the below, J and J' are elements of £, .
with *J, *J CoX,(h).

(iii) If v,=III, then a(*y)=0(*y) (or —a(*y)) for y&J and ¥’ €J’ such
that J and J' are contained in the same connected component of 94,— U
(J' "€ £ s(J)=V or A}

(iv) If v,=IV, then o(*y')=—0(*y) for y=J and ¥’ €J’ such that s(J)=
o and s(J)=e. . |

(vi) If »,=VI and (a(C), 5(C))=(0,1) for CO*K, K& (4)—A,, then
o(*y)=—a(*y) for yeK and ¥y €J. ' ‘

(viii) If v,=VII, then o(*y')=0(*y) for y=J and y' €J.



Foliations transverse to the turbulized foliations of punctured torus bundles over a circle 17

We can define an isomorphism between two 7.5 diagrams of (2,(h); ¢)°
as in [4,§13], but we omit it.

§ 3. The proof of Theorem 3

We may suppose that '¢EDiff+(Zg(h)) is the identity. It is sufficient to
construct a 7.§ diagram of (3,(h); id. For we can construct a transverse
foliation by taking suitable components in the table of [4, Theorem 3] for
each T'S pieces of the obtained T'S diagram.

Let 3y(h)=2,—(Int D,U---U Int D,), where D,, ---, D, are disjoint 2-disks
in %, Take disjoint circles C,, -+, C,C3,(h) in such a way that the closure
T; of a connected component of 3,(h)—C; is homeomorphic to T%(1) and that
2y(h)—T; contains C,, ---,C,, ---, C, and oD, ---,0D,. Furthermore take dis-
joint simple curves Kj, -+, K, and L, -+, L, such that one endpoint of K;
belongs to 9D; and the other belongs to C, and that one endpoint of L,
belongs to dD; and the other belongs to 9D, Let M; (or N;) be a compact

regular neighborhood of C‘UK- (or D;UL;) in X,(h)— CJ(Tj—Cj). Then
j=1

the closure 3* of X, (h)— (MUT) LhJN- in Y,(h) is a polygon. with
2(9+h) sides (see Figure 3 1

b

3D2 . oo e
\w I

Figure 3. 1.

oDy
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Figure 3. 2.

Choose a TS piece P, of type III with |P)|=2*On N, we take two
TS pieces P;, P as in Figure 3.2 (a). On M;UT,, we take three T.S pieces
Q,, Q), Q! as in Figure 3.2 (b).

Now we have easily a TS diagram containing Py, Py, -+, P, Py, -+, Py,
Qs, -+, Qp Qb -+, Q) QF, -+, Q). This completes the proof of Theorem 3.

§ 4. The proof of Theorem 4

For simplicity let E=E(3,(h); ¢) and &= (2,(h); ¢). Suppose that
oE is connected and .# has a transverse foliation ¥. Let p (or q) be the
number of positive (or negative) Reeb components of Z|0E (see for the
definition). Take a basis a, of H(0E; Z)=ZPZ such that 7/, (a)=0(0E)-
[S] and 4 (B)=0, where n’ =x|0E: dE—S'. When ¥|0E has no compact
leaf, let a=o0. When #|0E has a compact leaf L, determine a non-negative
integer a by [L]=aa+b8 in H,(0E; Z), where L is oriented in such a way
that a>0 or (a, )=(0,1). Then for a non-compact leaf F of .# the induced
foliation #|F can be illustrated as Figure 4. 1.

Therefore we have
ha(p—q) =4—2h—4¢g
as in Tamura-Sato and Nishimori [4]. Since #|dE is transversely ori-
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Figure 4. 1.

entable, it follows that p+gq is even. This implies that p—g=2r for some
r&Z. Hence we have h(ar+1)=2-—2¢g, which contradicts the assumption
of Theorem 4.

§ 5. Outline of the proof of Theorem 5 and Theorem 7

We only sketch the proof of Theorem 7 and omit the detail. Theorem
5 follows from Theorem 7, since non-compact leaf F of .z (S%h); ¢)° have
genus 0 and the Poincare-Bendixson theorem implies that all the leaves of
Z|F are proper for all the foliations ¢ transverse to .Z (S*h); ¢)°.

Suppose that 7 (2,(h); ¢)° has a transverse foliation & such that ¥|F
has no non-proper leaf for some non-compact leaf F of . (2,(h); ¢). By
the arguments using the characteristic diffeomorphism of % and the projec-
tion of a leaf of Z[0E(2,(h); ¢) to F (see for the definition of the words
in italics), we see that for each strange negative Reeb cycle ¥ there exists
a separating torus S(¥) satisfying the conditions in [4, Proposition 6.4]. Let
%1, -+, €, be the strange negative Reeb cycles of ¥ and take a separating
torus S(¢; for each %, Let A be the compact manifold obtained from
E(Z,(h); ¢) by deleting a sufficiently small collar of 9E(X (h); ¢). In the
same way as in [4, § 9], construct T'S decompositions 2UO and £°U 6% and
define the characteristic hexad ch(D)=(l(D), m(D), n(D); p(D), q(D), s(D)) of
DeQ. In the present case, we must take the genus g(D) of DI also into
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consideration. Now construct the double W of DI as in [4,§11]. Since
W is diffeomorphic to a compact manifold obtained from a closed surface
of genus 2g(D)+n(D)—1 by deleting 2({(D)+m(D))+ p(D)+q(D)+s(D) open
2-disks, we have the modified equation.

4g(D)+2(1(D)+m(D)+n(D) +p(D))+s(D)=4.
Since I{(D)+m(D)+n(D)>0, it follows that g(D)=0. Therefore the modi-

fication of the equation is not essential and we can prove the similar decom-
position theorem as [4, Theorem 3]. Then Theorem 7 can be proved in the
similar way as in [4].

§ 6. Pre TS diagrams of 7%(1) containing an annular piece

The purpose of this and next sections is to make some preparations for

the proof of Theorem 8. Let J be a pre T.S diagram of 72%(1) and fix it
throughout this section.

Let P be a TS piece contained in 9. We call P a disklike piece if |P|
is homeomorphic to D? (equivalently, the type of P is I, II, III or IV), and
an annular piece if |P| is homeomorphic to .S'X1I (equivalently, the type of
Pis V, VI, VII, VIII or IX). In this section, we investigate g containing
an annular piece.

DEFINITION 6.1. A subset A of T%(1) is called a special annulus with
respect to J if A satisfies the following conditions (1)-(3).

(1) A=|P|U---U|P, for some T.S pieces P, -, P, contained in .

(2) A is homeomorphic to S'x I.

(3) Each connected component of dA intersects 97%(1).

NoraTioN. Let A be a subset of T%1) satisfying the condition (1) of
Definition 6.1. We denote by Int A the interior of A as a manifold, and
by Inty A the interior of A as a subset of T%1).

We identify T%(1) and T®—Int D®. Then 9T*1)=dD". We have the
following lemmas. '

LEMMA 6.2. Let A be a special annulus. Then each connected com-
ponent of dA does not bound a disk in T2

Proor. Let K, and K, be the connected components of dA. Suppose
that K, bounds a disk Dy in 72 Note that 72— K, has two connected com-
ponents Int Dy and T?—Dy, and that D*NInt A=@. When Int ACInt D,
the fact D?N K, implies that D*CInt Dy, which contradicts the fact D?*N K,
#¢0. When Int ACT?—Int Dy, it follows that D*CT?—D,, which con-
tradicts the fact D?*N K;#@. This completes the proof of Lemma 6. 2.
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LEMMA 6.3. Let A be a special annulus. Then each connected com-
ponent of T*1)—Inty A is homeomorphic to D>

Proor. Let C, -, C, be the connected components of T%1)—Inty A.
Then the connected components of C;N A are homeomorphic to I. Denote
by ¢; the number of the connected components of C;NA. Since the con-
nected components of A do not bound a disk in 7% by [Lemma 6. 2, the
complement 72— A is connected (see Rolfsen [6]). Hence there is an arc o
in T?—Inty, A such that Int w1 A=0 and the endpoints of w are contained
in distinct connected components of dA. By the general position argument,
we may suppose that wCT?%1)—Inty A, and furthermore that wCC,. This
implies that ¢,=2. Let b;=rank H,(C,), where the omitted coefficient is Z.
From the Mayer-Vietoris sequence

0= Hi(C;n A~ H(A®(& Hi(C) | Hi(T()

&) Ho(C,n A)— H( A)@(, Hi(C) | Ho( THD)-0,
we have

<1+ ilbj>+ % el =2+(14n).
J= J= )

Since }n: c;=zn+1, it follows that
i=1

b]_:"':bn:()) C1:2’ C2:"':Cn:1-
Therefore each C; is homeomorphic to D2

LEMMA 6.4. If there are two special annuli A, and A, with respect
to I, then Int A;NInt A,#0.

Proor. Let A; and A, be special annuli with respect to 7. Suppose
that Int A;NInt A;,=0. Then A, is contained in some connected component
of T%1)—Inty A;,. By Lemma 6.3, each connected component K of 94, is
contained in a diskC7T%1). Hence K bounds a disk in 72 (DT%1)). On
the other hand, K does not bound a disk in 7% by [Lemma 6l 2, which is
a contradiction.

Now suppose that " contains an annular piece. We investigate T case
by case in order to find something made invariant by all the automorphisms
of 7.

Lemma 6.5, If F contains a TS piece P of type V, then P is the
unique TS piece of type V in T .
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Proor. Let P’ be another TS piece of type V in Z. Since |P| and
|P'| are special annuli, it follows that Int |P|NInt |P'|#0 by Lemma 6.4.
Therefore P=P'.

LEMMA 6.6. If T contains a TS piece P of type VI, then P is the
unique TS piece of type VI in T .

Proor. Let P’ be another TS piece of type VI in . Since ¢ is con-
stant, P and P’ are separated by some circles .S and .S’ respectively. Further-
more neither .S nor S’ bounds a disk in 72 Suppose that P#P’. Then
SN.S =@. Therefore .S and §' bound an annulus in 7%1) (see Rolfsen [6]).
This contradicts the condition (PR3) in [4, Definition 13.1].

LEmMMA 6.7. (1) F contains no TS piece of type VIIL
(2) If F contains a T'S piece of type IX, then T contains a TS piece
of type VII.

ProoF. (1) Suppose that J contains a TS piece of type VIII. By
constructing cannonically non-singular vector fields for all the 7.S pieces,
we find a non-singular vector field on 7%(1) tangent to d7%(1). Since X(7%(1))
= —1, this is a contradiction.

(2) f{ollows directly from the configuration of 7S pieces and the fact (1).

LEmMA 6.8. If I contains a TS piece of type VII, then I contains
exactly two TS pieces P, and P, of type VII. Furthermore connected com-
ponents of 0|Py| and 8| P, are isotopic in T*1), and neither of them bounds
a disk in T2

Proor. Let P, be a TS piece of type VII in T, Considering the
configuration of T'S pieces, we find a finite sequence Q,, ---, Qi of TS pieces
of type IX and a TS piece P, of type VII such that A=|P,|U|Q|U --- U
|Qx| U |Py| is a special annulus. Using as in the proof of Lemmal
6.5, we see that J contains no T'S piece of type VII other than P, and P,.
Clearly all the connected components of 3|Py, 3|Ql, -, 3|Q:l, 0|P,| are
isotopic in T%1), and neither of them bounds a disk in 7 by Lemma 6. 2.

§7." Pre TS diagrams of 7%1) containing no annular piece

Let 7 be a pre T.S diagram of T%1) containing no annular piece and
fix it throughout this section.

DEeFINITION 7.1. Let P be a T.S piece in J. A connected component
of |P|NaT%Q1) is called a boundary side of P. The closure of a connected
component of 3|P|NInt T%1) is called a gluing side of P.
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The following lemma is clear and we omit the proof.

LEmMMmA 7.2. Let Py, -, Py, Q. -+, Q, be distinct TS pieces in 7.
Then each connected component of

(1P U UIPal) N (IQi U+ U1Qul)
is the common gluing side of some P; and some Q.

DEFINITION 7.3. A primary piece in F is a TS piece P in J such
that P has more than two gluing sides and each connected component of
T%(1) —Inty | P| is homeomorphic to D2

The purpose of this section is to show that 7 has exactly one or two
primary pieces. Note that every automorphism of F shifts a primary piece
to another one. First we show that 7 has a primary piece.

LEmMma 7.4. If T has a special annulus, then J has a primary piece.

ProoF. Let A be a special annulus. We may suppose that A is
minimal, that is, for each TS piece P in J with |P|C A, each connected
component of A—Int, |P| is homeomorphic to D% Let C,, -, C; be the
connected components of T%1)—Int, A. By Lemma 6.3, each C; is homeo-
morphic to D% Furthermore we may suppose that C; A has exactly two
connected components K, and K; and that C;N A is connected for all j>1,
by renumbermg C/s if necessary. By Lemma 7.2, for i=1, 2 there is a TS
piece P; in F such that |P,]c A and K; is a gluing side of P;. Clearly P;
is not of type I. If P; has exactly two gluing sides, then A'=A—Inty [P is
a special annulus, which contradicts the minimality of A. Therefore P; has
more than two gluing sides. Since C;N(A—Int, |P;|) is homeomorphic to I,
each connected component of T%1)—Inty |P;| is homeomorphic to D% Thus
we have primary pieces P; and P,.

LEMMA 7.5. F has a primary piece.
Proor. Let P, -, P, be the TS pieces with more than two gluing
A k
sides in . Put Ak:Tz(l)—Int*<U IPA)- Note that each connected com-
i=1

ponent of A; is homeomorphic to D? S'xI or T%1) and that all of them are
homeomorphic to D? if k=n. If each connected component of A, is homeo-
morphic to D? then P, is a primary piece and we are done.

Now suppose that there exists £ such that some connected component
of A, is not homeomorphic to D% Let £ be the maximum of such £’s. Then
k<n. When a connected component A of A, is homeomorphlc to Stx],
it is easy to see that A is a special annulus. In this case J has a primary
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piece by Lemma 7.4 When a connected component B of A, is homeo-
morphic to T%(1), we see that P,,, is a primary piece, as follows.

Clearly |P,,,/CB. Furthermore each connected component of B—Int,
| P41 is homeomorphic to D% Let C, -+, C, be the connected component
of T*(1)—Inty B. Let b;=rank H,(C),). Denote by ¢; the number of the
connected components of C;N B. From the Mayer-Vietoris sequence

0= HL(C,N B~ Hy(B®(& Hi(C))— Hy ()
~@ H(C,N B~ HyB®(& Hy(C))—Hy( TH(1)—0

we have
2+ji1b,~+ S etl=2+14m.
= j=

Since ¢;21 for all j, it follows that ;=0 and ¢,=1 for all j. Therefore
C; is homoeomorphic to D? and C,N B is connected. By Lemma 7.2, we
see that if C; intersects a connected component C of B— Int, |P.,4|, then
C;NC is connected and homeomorphic to I. Therefore each connected com-
ponent of T*1)—Int, |P,,,| is homeomorphic to D?. Hence P,,, is a primary
piece. This completes the proof of Lemma 7. 5.

Now we have the following.

PRrOPOSITION 7.6. F has exactly one or two primary pieces.

Proor. Let P be a primary piece in T . Let C,, -+, C, be the connected
components of 7%(1)—Inty [P|. Using the Mayer-Vietoris sequence of (T‘“’( )3

[P, U Cj> we find that one of the following occurs by renumbering Cys if

Jj=1
necessary.

(A) CiN|P} has exactly three connected components and C;N|P| is
connected for all j>1.

(B) GiN|P| and C,N|P| have exactly two connected components and
C;N|P| is connected for all j>2.

In the case (B), we see that there is no primary piece other than P, as
follows. Suppose that J has a primary piece Q#P. Then |Q| is con-
tained in some C;. If |[Q|CC, then the connected component of T%1)—
Inty |Q] containing |P|UC, is homeomorphic to S!xI, which is a contradic-
tion. If |Q|CC, then we have a contradiction in the same way. If |Q|cC,
for some j>2, then the connected component of T%(1) —Int, |Q| containing

Inty (|P| UC,UG,) is homeomorphic to 7T2(1), which is a contradiction.
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Hereafter consider the case (A).
By the same arguments as above,
C; contains no primary piece for
any j>1. Let J,, J, and J; be the
connected components of C,N|P|.
See Figure 7. 1.

Then we can take a finite se-
quence K;=J,, K,, ---, K, satisfying
the following conditions, where v
possibly equals to 1.

(1) Let 1<{<v. Then K,
and K,,, are gluing sides of a com-
mon TS piece P; with more than
one gluing sides such that |P;| cC,.

(2) For ¢>1, the connected
component of C;— K; containing J, contains neither J, nor J;.

(3) for each gluing sidle K#K, of the T.S piece Q such that |Q| DK,
and |Q|HK,_;, the connected component of C;—K containing J; contains
either J, or J,.

We are going to show that Q is a primary piece. It is easy to see
that Q has more than two gluing sides. Let B; be the connected com-
ponent of C,—Inty |Q| containing J; for j=1,2,3. Clearly B;,#B, and
B,#B;. Since |Q|UB,UB,UB; is homeomorphic to D? the intersection
L=|Q|N B, is connected. Hence L is a gluing side of Q. Clearly L#K.
By the condition (3), the curve L separates Inty B, and B;. Therefore B, B;.
Let B be the connected component of (|P| UC,)—Inty |Q| containing Inty |P).
Then BN |[Q)] has exactly three connected components |Q| N B,, |Q| N B, and
|QI N B;. The similar arguments using the Mayer - Vietoris sequence as before
imply that each connected component of (|P| UC,)—Int, |Q| is homeomorphic
to D®. Now we easily see that each connected component of 7%1)—Inty |Q|
is homeomorphic to D% Therefore Q is a primary piece. Furthermore by
the similar arguments as in the case (B), we can show that J has no
primary piece other than P and Q. This completes the proof of Proposition
7. 6.

Figure 7.1.

§ 8. The proof of Theorem 8

Suppose that 7 (7%1); ¢)° has a transverse foliation ¥ such that all
the leaves of #|F are proper for some non-compact leaf F of #(T%1); ¢)-
By Theorem 7, we have a T'S diagram J of (T%1); ¢). Then ¢ is an



16 T. Nishimori

automorphism of the pre T.S diagram " subordinated to .
Part I. First suppose that .7 has an annular piece.

LEmMa 8.1. Under the above assumption, there exists a circle K in
T%1) such that ¢(K) is isotopic to K in T?%1) and K does not bound a
disk in T*=T?*(1)U D=

Proor. When J contains a T.S piece P of type V, it follows from
that ¢(|P|)=|P|. Let K be a connected component of 9|P)|.
Since ¢ preseerves the orientations of 7%1) and gluing sides of 7S pieces,
¢ maps K to K. By Lemma 6.2, K does not bound a disk in 72 When
F contains a TS piece of type VI, VII or IX, we can find K in the similar
way as above using [Lemma 6.6, [Lemma 6.7 and Lemma 6. 8.

Let K be as in Lemma 8.1. Taking an element g H,(T%1)), we can
obtain a basis a=[K], § of H,(T?*1))=Z®PZ, where the omitted coefficient
is Z. Since Hi(§)(a)=a, the matrix @ respesenting H;(¢) with respect to

the basis a, 8 has the form (i 2) for some r, s&Z. Since det @?=1, we

have s=1. Therefore Trace H,(¢)=2.

Part II. Hereafter suppose that " contains no annular piece. By
Proposition 7. 6, 7 has exactly one or two primary pieces. Clearly ¢ maps
a primary piece to another one. Since d7%(1) is connected, 7 has no TS
piece of type IV. Therefore a primary piece is of type IIL

Suppose that J has exactly one primary piéce, say P. Then we have
#(|P|)=|P|. Note that if ¢ fixes a TS piece of type III, then ¢ fixes all of
its sides (because ¢ preserves the symbols of boundary sides) and furthermore
all the TS piece in T (because Z contains no annular piece). Let C,, .-+, C,
be the connected components of 7%1)—Int, |P| satisfying the condition (B)
in the proof of Proposition 7.6. Denote by L; and L) the connected com-
ponents of |P|NC; for i=1,2. See Figure 8.1.

Take circles K, L as in Figure 8.1. Then the homology classes [K]
and [L] generate H,(T%*1)). Furthermore we have

H(g) (K1) =[K],  Hy(g)([L])=I[L].

Therefore H,(¢)=id and Trace H,(¢)=2.

Now suppose that 7 has exactly two primary TS pieces, say P and Q.
When ¢(|P)=|P| and ¢(|Q|)=|Q], it is easy to see that H,(¢)=id as above
and we are done. Hence suppose that ¢(|P|)=|Q| and ¢(|Q|)=|P|. Take
gluing sides J), J,, J; of P as in the case (A) of Proposition 7.6. Let K, be
the gluing side of Q belonging to the connected component of T%1)—(Int,, | P
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|P|

J3

B3

J1

B

Figure 8. 1.

K3

K Q]

Figure 8. 2.
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UlInty |Q]) containing J;. We may suppose that Jy, J,, J; are arranged in the
order compatible to the orientation of @ |P|. Then K|, K,, K; are arranged in
the order compatible to the orientation of 0 |Q|. Denote by B; the connected
component of T%1)—Inty |P|UInty |Q|) containing J; for ¢=1,2,3. See
Figure 8. 2.

We have possibly three cases, that is,

(i) o(J)=K,

(i) ¢(J)=K,

(i)  #(J) =K.

Let us check these cases one by one.

Case (i). Suppose that ¢(J;)=K;. Then B,DK,. Note that J;# K,
for otherwise ¢ could not preserve the orientations of 7%1) and J;. Therefore
B, is homeomorphic to D% Let £ be the set of gluing sides of T'S pieces
in J connecting the different connected components of 8B,—(J,UK,). We
give LE .~ an orientation following to [4, Remark 12.7]. Let & be the set
of the closures X of connected components of BI—LU L satisfying the follow-
ing condition (*). o

(*) For L, L, with L,UL,CoX and L,# L,, the orientation of
L, coincides with that of 0X if and only if that of L, coincides with that of
0X.

Since ¢(J)=K,, the orientation of J; coincides with that of B, if and
only if that of K, coincides with that of dB;. Therefore the number #(%)
is odd. Since ¢(X)eZ for all X&', there exists XoeZ with ¢(Xy) =X
It is easy to see that X, contains exactly one TS pieces P, of type III with
two gluing sides in «£. Therefore ¢(|Py)=|F)|. . Then ¢ fixes all the TS
pieces in ", which is a contradiction. We conclude that the case (i) does
not occur. .

Case (ii). Suppose that ¢(J)) =K, Then ¢(B)=DB, ¢(B,)=DB; and
$(By)=B,. Since ¢*(|P|)=|P|, the automorphism ¢? fixes all the TS pieces
in 4. Then we have B,=¢*B,)=¢(B,)=DB,; which is a contradiction,
Therefore the case (ii) does not occur.

Case (ii). Suppose that ¢(J)=K;. Then we have a contradiction as
above and the case (iii) does not occur.

Now we come to a conclusion that if 7 contains no annular piece, then
¢ fixes all the T.S pieces in F and H,(¢) is the identity. This completes
the proof of Theorem 8. '
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§ 9. The proof of Theorem 9

Suppose that .7 =.7(T?%h); ¢)” has a transverse foliation % such that
%|F has a non-proper leaf G, for some non-compact leaf F of 7.

Take a non-singular vector field X on E(T%h); ¢) tangent to % and
transverse to .#. For each z&F, let ¢(x) be the first intersecting point of
the orbit of X strating from x with F. Then ¢ : F—F is a diffeomorphism.
Clearly ¢*(¢9|F)=%|F. Let F*=FU&(F), where &(F) is the space of ends
of F, and extend ¢ to ¢: F*—F* Then F* is homeomorphic to 7% and
the induced isomorphism H;(J): H,(T?; Z)—H,(T?; Z) coincides with
H,(¢) when F* and T? are adequately identified.

Hereafter we fix an identification F=T?—h.D%. Let L be an oriented
circle in F transverse to %|F and intersecting G,. Since G, is not proper,
it follows that #(GyN L)=oco. Therefore L does not bound a disk in 7=
We can take an oriented circle K in F such that KN L is a single point
and the homology classes [K] and [L] generate H,(T%; Z). We identify
T* with (R/Z)X(R/Z) in such a way that K=(R/Z)x{[0]} and L={[0]} x
(R/Z), where [0] means 0 mod 1. Let z: R*—>(R/Z)? be the projection. On
the open subset z~!(F) of R? we have the induced foliation z*(%|F). For
each n€Z, the line L,={n} X R is transverse to 7*(%|F) because z(L,)=L.

In our situation, we can still define the rotation number as follows. Let
2 be the set of yeR such that the leaf G, of z*(%|F) passing through
(0,%) intersects L, for all neZ. For all yEQ, the leaf G, intersects L, at
a single point (n, 2(y, n)).

LEmMma 9.1. Q0.

Proor. Let &/ be the set of leaves of %|F contained in the closure of
the non-proper leaf G, as a subset of F. It follows that .o is uncountable.
On the other hand, ./ contains at most two compact leaves, because =
compact leaves of &|F separates F into n connected components and G, must
be contained in one of them. Denote by # the set of non-compact leaves
Ges such that GNL,=0 for some lift G of G and some n=Z Let
GeZ%. Then an end ¢ of G is cofinal with an end z of F. Since G is
contained in the closure of G, the limit set of ¢ in E(T*); ¢) consists of
compact leaves of ¢[0E(T%h); ¢) contained in 8| 4| for some negative Reeb
component A" in %|0E(T%h); ¢). Since only a finite number of leaves
of #|F can correspond in this way to each compact leaf of G0E(T?h); &)
and Z[0E(T*h); ¢) has at most a finite number of negative Reeb com-
ponents, we have #(%)<oo. Take a non-compact leaf GEo/ —#. Then
a lift G of G intersects I, for all neZ. Therefore Q0.
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We can prove the following lemma by the similar arguments as in
Nitecki [5], and we omit the proof.

LEmMMA 9.2. Let y=R. Then the sequence =2(y,1)/1, =(y, —1)/—1,
2y, 2)/2, 2y, —2)/—2, -+~ converges and the limit p(y)=lim 2(y, n)/n does
!

n|—oo

not depend on Y.

We call p=p(y) the rotation number of %|F with respect to [K] and
[L]. As to the rationality of p, we have the following.

LemmMma 9.3. If p is rational, then all the leaves of 9|F are proper.

ProOF. Suppose that p is rational, say k/m for some k, mcZ. Replac-
ing T? by a covering space if necessary, we may suppose that p=*k. Define
a homeomorphism ¢: 2—2 by g(y)=z2(y, 1) for all y=Q. Then ¢ has the
following property.

(1) If y:<y, for ¥, ¥.€9, then g(y,) <g(¥s)

(2) gly+n)=gy)+n for all y=2 and neZ.

Let G be a leaf of 4|F. If G is non-proper, then there is a non-proper
leaf G’ in the closure of G such that G'=x=(G,) for some y=2. Hence we
may suppose that G=x(G,) and 0.

We see that k—1<g(0)<k-+1, as follows. If ¢g(0)=k+1, then g"(0)
n(k+1) and p=k-+1, which is a contradiction. If g(0)<k—1, then ¢g"(0)
n(k—1) and p<k—1, which is a contradiction.

Case I. Suppose that g(0)=k Then G is a compact leaf and we are
done.

Case II. Suppose that k<g(0)<k+1. Then —k—1<g }(0)< —k. We
have nk<g"(0)<nk+1 for all nEN and hence —nk—1<g™"(0)< —nk for
all neN. For, if ¢g?(0)=nk+1, then ¢™(0)=m(nk+1) for all meN and
o0=k—+(1/n), which is a contradiction.

Craim 9.4. GN=({0} x]0, g(0)—Fk[)=0.

Proor. Suppose the contrary. Then there are n, NeZ with N<g"(0)
< N-+¢g(0)—k. Clearly n+0. '

(i) Suppose that n>0. Then N=nk and ¢"(0)<(n—1)k+¢(0). On
the other hand, that ¢(0)>% implies that g™*!(0)>g™(k)=g™(0)+% for all
meZ. Then we have ’

IA IV

9*(0)>g"H0)+k>--->g(0)+(n—1) k,
which is a contradiction.
(ii) Suppose that n<0. Let n=—n". Then N=—n"k—1 and ¢~ (0)
< —(n+1)k—1+¢(0). Hence 0<¢* (—(n'+1) k—149(0))=—(n"+1) k—1+
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g**1(0). Therefore ¢»*1(0)>(n'+1) k+1 for some n' =N, which is a con-
tradiction.

From Claim 9.4 and the following claim, we conclude that G is proper
in Case II.

Cramm 9.5. GN=({0} x] g~1(0)+&,0[)=

Proor. Suppose the contrary. Then there are m, M& Z with M+ ¢1(0)
+k<gm0)<M. It follows that M+k< gty 0)<g(0)+M. Put n=m+1
and N=M+k. Then we have the same equation as in the proof of Claim
9.4 and a contradiction.

Case III. Suppose that k—1<g(0)<k. By the similar arguments as in
Case II, we see that G is proper. This completes the proof of Lemma 9.3.

Here we give another description of the rotation number p. Let G be
a non-proper leaf of ¥|F. Then #(GN L)=co. Let x, be an accumulation
point of GN L. Take an infinite sequence 2, 25, --- of points in G L con-
verging to x,. Denote by P, the closed path in T%=T?h)U h-D? consisting
of the segment of G between 2, and 2;, and the shorter segment of L
between z, and 2,,, We give P, the orientation compatible with that of G.
Then the homology class [P,]€ H,(T?; Z) is represented as a,[K]+ B.[L]
for some a,, f,Z. We obtain the following lemma and omit the proof.

LemMA 9.6. p=lim §,/a,.

n—oo

Now return to the proof of Theorem 9. By Lemma 9.3, it follows
that p is irrational. Denote by (f Z) the matrix corresponding to H;(¢)

with respect to the basis [K], [L]. Let G be the above non-proper leaf of
Z|F. Since ¢(G) is also a non-proper leaf of Z|F and ¢(P,) can play the
role of P,, it follows that

o—1i ra,+sB,  r+sp .
nom POn B, pFap

Hence we have an equation
(*) go*+(p—s)p—r=0.

When ¢=0, the irrationality of p implies that p=s and »=0. Since
ps—gr=1, it follows that p=s=+1, that is, H,(¢)= =*id.

When ¢+#0, the equation (*) is quadratic with respect to p. Since p is
irrational, the descriminant of (*) must be positive. Hence we have

0(p—sf+4gr=(p—s)+4(ps—1)=(p+s)—

Therefore |Trace H,(J)|=|p+s| >2.
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Now suppose that Trace Hi(¢)<0, from which we will bring out a
contradiction. First we give a useful algebraic lemma. The simple proof
given below is due to T. Tanisaki.

LemMA 9.7. Consider the canonical action of SL(2,Z) on ZPZ. Let
A&SL(2, Z) satisfy Trace A<0. Let S be a subsemigroup of ZDZ satisfy-
ing the following conditions.

(1) If s€S, then AsES.

(2) S+40.

Then 0<.S.

Proor. Take an element s&.S. Since
A?—(Trace A)+A+E=0,

it follows that 0=(A2—(Trace A)+ A+ E)s&.S, where E is the identity matrix.

Now take a non-proper leaf G, of 4|F and a point z, in G,. We fix
a transverse orientation of Z|F. Let S be the set of elements s in 7;(7T? x)
having, as representatives, closed paths transverse to %|F oriented in the
same direction as the transverse orientation of #|F. In other words, S=
tx(I1S(xo, 9| F)), where I1S(xy, 4|F)(Cm(F, ;) is the homotopy secant of
%|F at x, (see Lamoureux [3], Inaba [2]) and ¢ is the inclusion map of F
into T2. Then .S is a subsemigroup of 7,(7T2, x)=ZPZ. Clearly S#0. Let
AcSL(2, Z) be the matrix corresponding to H;(¢). Then we have AS=.S.
Since Trace A=Trace H,(§)<0 by the assumption, it follows that 0€S by
Lemma 9.7. Therefore there is a closed path C=ux, transverse to %|F
such that [C]=0 in =, (7T?% x)=H,(T?; Z). By the general position argu-
ments, we may suppose that C is of class C* and has only a finite number
of self intersections, which are all double. Let C be a lift of C. Since C is
null homotopic, the curve C is closed. We may suppose that Gy==(G,) for
some y=2 and CNG,#0. Now we have the following lemma.

LemMA 9.8. In the above situation, there is a simple closed curve P
in o~ (F)CR? such that

(1) P is transverse to =*(9|F),

(2) PnG,#0.

ProoF. When C has no self intersection, we can take C as P and we
are done. Suppose that C has a self intersection point p. Then C is divided
by p into two closed curves P, and P,. We may suppose that P,NG,#0.
Clearly P, has less self intersection points than C. In this way, we have a
finite sequence Py, ---, P, of closed curves in =~!(F) such that

(1) P;is transverse to n*(%|F) for all i,
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(2) PnG,#0 for all ¢

(3) P, is simple.

Then P=P, is the desired curve.

Let P be the simple closed curve in z~!(F)C R? obtained in Lemma 9. 8.
Since P bounds a disk in R? and P is transverset o z*(%|F), each leaf G
of 7*(%|F) can intersect P at most once and if G\ P+0, then an end of
G is captured in the domain of R? surrounded by P. On the other hand,
G,NL,#0 for all nEZ, a contradiction. Therefore Trace H,($)>0. We
conclude that H,(§) =id or Trace H,(¢)>2. This completes the proof of
Theorem 9. :

§ 10. The construction of transverse foliations (the completion
of the proof of Theorem 6)

Suppose that Trace H;(¢)=2. The purpose of this section is to con-
struct a foliation & transverse to .7 =.#(T%(1); ¢). The construction comes
from a construction in Franks-Williams and an observation of K. Yano.

Define a linear map @: R*—R? by &(z,y)=(px+qy, rz+sy), z, yER,

where (f Z) is the matrix corresponding to H,(¢) with respect to the basis

[S* X {*}1, [{*} xS of H,(T?(1); Z). Then we have a diffeomorphism @ :
T?—T? making the diagram

RZ @ R2

T T

k &

commute, where n: R*—>T?=R?Z? is the projection.

Case 1. Suppose that Trace H,(¢)>2.

Let g, v be the eigenvalues of @. Since p+v=Trace H,(¢)>2 and
p=1, we may suppose that 0<pu<1<wy. Let V be the unit eigenvector
corresponding to p. Denote by & the foliation of R? whose leaves are lines

~

parrallel to V. Then & preserves &, that is $*Z=%. We can construct
a diffeomorphism §: R*—R? satisfying the following conditions (1)-(4).

(1) ox2=2.

(2) Support §=Cl({x=R?60(x)+x}) is contained in U,,(0) for suffi-
ciently small ¢>0, where we denote by U,(x) the open disk in R? of radius
r and with center at x.

(3) @ is connected to id by an isotopy fixing all the points in R*—

Support 4.
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(4) 0@ (x)=x for all z€U,,(0).

In order to construct E(T2(1); ¢), consider K=JXJXI, where J=
[—1/2, 1/2] and I=][0,1]. Let Z={(x,¥y, 2) EK|2®+y? =< *-exp 2az}, where
a=log v>0. Identifying (—1/2,%,2) with (1/2,y,2) and (z, —1/2,2) with
(x,1/2, 2) for all x, y=J and 21, we have T?x 1. Furthermore we identify
(z,9, )€K with (v, vy, 1) if 22+y?<4¢? and otherwise with («,%', 1) where
(«,y') is determined by mofo®(x,y)=r(,y’). Denote by E the quotient
space obtained as above. Let I: K—E be the projection. Then II(Z) is
diffeomorphic to D?x.S. The foliation (£ x I)|K induces a foliation % of E
with I1*¢ =(Z xI)|K. Clearly & is transverse to dlI(Z). See Figure 10.1.

VA / |~ a leaf of
(FxDK

b~ a leaf of
I* g

*-——-- PR TN e

Figure 10. 1.

On the other hand, we have a foliation .# of E;=E—Int II(Z) by turbulizing
the trivial foliation '

(1(JxJx{2}) N Eo)

as indicated in Figure 10.1. Then we see that ¥,=%|E, is transverse to
7. Since there exists a diffeomorphism f: E(T*1); ¢)— E, with f*#=
7 (T%1); ¢), the induced foliation f*%, is the desired one transverse to
F(T*1); ¢)".

Case II. Suppose that Trace H,(¢)=2.

With respect to an appropriate basis of H;(7T%1); Z), the automorphism

20,11 °

H,(¢) corresponds to a matrix <(1) g) for some g=Z. Then & constructed

by ((1) ‘{) preserves the foliation & ={RX {y}},cr of R%. We can construct
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a diffeomorphism #: R?— R? satisfying the following conditions (1)-(4). Let
v=Max {2, |q|}.

(1) ox2=2.

(2) There is a diffeomorphism 5: R—R with Support pC V,,(0) for
sufficiently small ¢ >0 such that 6-®(x, y) =®(x, 5(y)) for all (z,y)E R*— Uy, (0),
where we denote by V,(y) the open interval in R of radius » and with
center at Y.

(3) @ is connected to id by an isotopy fixing all the points in R?2—
Support 4.

(4) 000 (x)=vx for all z&U,,(0).

By the similar construction as in Case I, we have a transverse foliation of
Z(T%1); ¢). This completes the proof of Theorem 6.
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