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On the number of conjugacy classes in a finite p-group
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Abstract

Let G be a finite p-group of order p™=p?"*¢, with » a non-negative
integer, p a prime number and ¢=0 or 1, and let »(G) be the number of

conjugacy classes of elements of G. Then the following equality, due to
P. Hall, holds ([4], p.549) :

r(G)=@*~Dn+pe+k@p*—DG—D,

For some non-negative integer k. In this paper, we obtain new properties
relative to »(G) by the analysis of the number ».(g/N) of conjugacy clas-
ses of elements of G that intersect the coset gN, where N is a normal
subgroup of G and ¢ any element of G. It contains a number of equations
and congruences relating »(G) to other invariants of G. In particular,
our results improve the above equality of P. Hall, when G has maximal
nilpotent class or zn<p+1. Examples are given, which make our
improvements evident.

Introduction

The standard notation of the theory of groups is used in this paper.
In the following, G will denote a finite non-abelian p-group of order p™=
pi"e, with n a positive integer, p a prime number, and ¢=0 or 1, and
7 (G) denotes the number of conjugacy classes of elements of G. If Sis a
non-empty subset of G, 7:(S) denotes the number of conjugacy classes of
elements of G that intersect S. The lower central series of G is the series
G>Y,>...> Y,=1 of normal subgroups Y; of G in which Y,=G'=[G, G]
is the derived subgroup of G and Y; is the subgroup generated by the set
{lx, y]1=x"v 'y |x€G, yEY,_,} for each i=3,..., c; the number ¢—1 is
called the nilpotent class of G. G is said to have maximum degree of
commutativity d=d(G) if [Y;, Y;]< Y, s for all 4, j=1,2,3,... and d is
the maximum such integer; obviously d=>0. It is well-known (cf. |4])
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that G has nilpotent class at most m—1. In case c=m—1, and m =4, we
consider the subgroup Y27, of G defined by: Y,/Y, is the centralizer of
Y,/Y, in G/Y,. Then |G:Y,|=p and |Y:: Y;|=p. If Y, is an abelian
group, then we have r(G)=p?—1+p™2 Therefore we can suppose that
Y, is non-abelian.

Specifically we prove the following results:

A) There exist non-negative integer numbers %, and %, such that

i) pr(@=0@*~D(Z(@|+ntetp—2)+p' =tk p*~D(Pp-D

i) pr(G=@*-DUG/G|/p+n+etp—2)

+p R (PP —D(p—D).
In particular if n<p+1, A) yields

B) There exist non-negative integer numbers k; and %, such that

i) r(O=@*~DUZO|/p+n—1D+pe+kp*—D(Pp—1).

i) r(GO=@*-D(G/G|/p?*+n—1D+p+k-Pp*—1D(Pp—1.

Since |Z(G)|=p and |G/G'|=p?, it is evident that B) improves P. Hall’s
equality. On the other hand, if p divides »—2, then A) also yields

C) There exist non-negative integer numbers ks and ks such that

1) r(G@=@*~-DUZWGD|/p+1+n—2)/p)

+p°+ ks (p*=D(p— D).
i) 7(G=p*—DUG/GI/p*+1+(n—2/p)
+p+ ke (p*— 1 (p— 1.
In case p=2, A) ii) yields the best bound possible in the case |G|<
27 for fixed values of |G/G’| greater than 4.

For each real number x, [x] denotes the integral part of «x.
Then Yic-a+1)21 is an abelian group and for each natural number ;<
(¢c—d+1)/2 such that Y; is abelian, there exists a non-negative inte-
ger k such that

Glr (@)= kA ZIVll Yeren-d Vi Yi|=D
+p2mj_+_pmg<p2(m—mz)_1>+k.pm1n(mz,mj).<pz_1> (p_l),

in which ¢—1 is the nilpotent class of G, d the degree of com-
mutativity of G and p™ the order of the ith term Y, of the lower
central series of G.

In particular, if G has maximum nilpotent class (m—1) and j<
n is a natural number such that Y, is abelian, then the following
equalities hold:

D) i) pr(G)=0Q*—DG+p—D+pm 2" +k-(p?—D(p—1D

for some k£ =0.
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i) If d=1 or j<p, then we have
r(G)=@*—Dj+pm™¥+k-(Pp>—1)(Pp—1)
for some &' =0
(notice that d>1, whenever m is odd or m>p+2 (cf. |1])).
In general, if d>1, there exists 2”>=0 such that
i) r(G)=@*—D PG +2)+p™¥+k"-(p*—D(p—D.
(putting /=# in D) ii) we get P. Hall’s equality). In addition, by
using results of N. Blackbum, C. R. Leedham-Green and Susan
MoKay, and R. Shepherd (cf. [1], |5], |8]), we get:
iv) 1) If p=3 and m =5, then we have »(G)=16+3""*+
k. 16 for some &, =0.
2) If p=>5 and m =6, then D) iii) is satisfied substitut-
ing d for [(m—5)/2] and putting j=[(m—[(m—5)/2])/2].
3) If p=7 and m =9, then D) iii) is satisfied substitut-
ing d for [(m—8)/2] and putting j=[(m—[(m—28)/2])/2].
4) If p=11 and m>3p—7, then D) iii) is satisfied sub-
stituting d for [(m—3p+7)/2] and putting j=[(m—[(m—3p+7)/
2D/2].

Theorems and Proofs

THEOREM 1.  Suppose that G is a non-abelian p-group of ovder p™=
p¥"e with n a positive integer, p a prime number and e=0 or 1. Then
there exist non-negative integer numbers ky and k, such that

i) pr(GO=@*-D(ZGD|+n+etp—2)+p'-e+k-p?—D(p—1.

i) pr(GO=@*-D(G/Gl/p+n+e+tp—2)

+pl etk (P21 (p—1),

where 7 (G) denotes the number of conjugacy classes of elements of G.

PROOF. We claim that there exists M <G satisfying the following
conditions: G/M=C,, Z(G)<M, and |Z(M)|=p%. 1In fact, we consider
N <G such that |[N|=p% Then Aut(N)=Cpxp_, or GL(2,p) and conse-
quently G/Ce(N)<C,. If N is contained in Z(G) and M is a maximal
subgroup of G such that Z(G)<M then the above conditions are satisfied.
Otherwise, we have G/Cc(N)=C, and we take M =Cs(IN). Thus, in the
following we can assume the existence of M. Set G/M=<g»>=C,. Then
arguing as in Note E of |2| we have p+»(G)=(p?*—1)s,+r (M), where s,
is the number of conjugacy M-clases of M fixed by the conjugation-
automorphism induced by ¢. Evidently, we have s,=|Z(G)|+k]. (p—1)
for some k{=0, since M contains Z(G), and also by using a result of J.
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Poland (cf. |6] Th. (4.2)) we have

r(M)=m+e—1D P =D +pi=e+(p*—D(p—1)
+k,(p?—1)(p—1) for some k;>0,

because |M|=p2n+re-b+1-¢ and M is not of maximal class (for example,
Z(M)+C,). Now we conclude

pr(O=p*-D{ZD|+n+te+p—2)+p'-e
+k(p*—1)(p—1) for some k =0.

On the other hand, we have sg=7r:(gM)=>rc;6:(gM/G)=|M/G|=|G/
G’|/p, hence s,=|G/G'|/p+ki(p—1) for some k;>0, and arguing as above
we get the second equality.

COROLLARY 2.  Suppose that n<p+1. Then there exist non-negative
integers ks and k, such that

1) »(O=@*~DZD|/p+n—D+pe+kPp>*—D(p—1D.

i) r(®=@*~DG/G|/pP*+n—1D~+pe+ke(p>*—1D(p—1).

PrROOF. From Theorem 1 we get k=#n—2 (mod.p) and the condi-
tions k;>0 and #—2<p imply k;=n—2+k. ,*p for some k;.,=>0. Now
substituting these values into the equalities of Theorem 1 we get

r(G)=p*—DZ|/p+n—1
+((P2P=De+p9/p+k(Pp*—1D(P—1
=(*-D{G/G|/p*+n—1)
+((P*—De+p0/p+h(Pp*—1D(Pp—D.

Finally we notice that ((p*—1e+p'~¢/p=p® and therefore we obtain the
desired equalities.

Evidently, the equalities given in Corollary 2 improve the following
congruence of P. Hall

r(G)=0(*—Dn+pe+k-(p>—1)(p—1) for
some £=>0 (cf. [4|V.15.2),

whenever m<2(p+1) +e.

For example, let us suppose that p=2. A theorem of O. Taussky (cf.
4| III. 11.9.a)) asserts that the only non-abelian 2-groups for which |G :
G’|=4 are the dihedral, semidihedral and generalized quaternion groups.
In each of these groups, the number of conjugacy classes is »(G)=3+2"2
Thus we can assume that |G/G’|=8 and yields »(G)=3(n+
1)+2¢+k. 3, for some k=0, improving the information given in the above
equality of P. Hall. Furthermore, in case |G|<2° and by using Hall-
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Senior’s notation (cf. |3|) we obtain best possible bounds. Indeed,

For |G|=32 and |G'|=2, yields »(G)=17+3.k and the
lower bound »(G) =17 is attained for the stem groups of the family I's.

For |G|=32 and |G'|=4, yields »(G)=11+3.% and the
lower bound »(G)=11 is attained for the stem groups of the family T,
I';.

For |G]=64 and |G’|=4, yields »(G)=19+3.%k and the
lower bound »(G) =19 is attained for the stem groups of the family T'i;.

For |G|=64 and |G’|=8, yields »(G)=13+3. %k and the
lower bound »(G)=13 is attained for the stem groups of the family T,
and I'y;.
Thus our results are best posible, in case #<p+1. Suppose now that
|G|=27 (and |G/G’|=8), then yields 2. »(G)=3(G/G|/2+3+
1)+1+k. 3, with £>0; necessarily %4 is an odd number, that is, k=1+2F’
with %2’>0 and consequently r»(G)=3(G/G1/4+2)+2+3.%'. For |G/
G'|=8 we have r(G)=14+3. ¥’ and the lower bound »(G)=14 is attained
for the stem groups of the family T’y (cf. |7]). In general, if |G|=2%+3
for some #>0, then yields

r(G)=3.(|G/G|/4+t+1)+2+3. k for some £=>0.

COROLLARY 3.  Suppose that p divides n-2. Then there exist non-
negative integers ks and ks such that

i) r(GO=@*-DUZWGV/p+1+n—2)/p)+pe+ks (p2—1)(p—1).
i) (=@ =D(G/G|/p2+1+n—2)/p)+pe+ k- (p2—1)(p—1).

PrOOF.  This result follows immediately from [Theorem 1, arguing as

in Corollary 2.
In the following, let d be the degree of commutativity of G and let ¢—
1 be the nilpotent class of G. If (¢—d)/2 is an integer, we have

[ Y(c—d)/z, Y(c—d)/z] < Yz(c—d)/2+d= Y.=1,
On the other hand, if (¢c—d+1)/2 is an integer, then we have
[ Y(c—d+1)/2; Y(c—d+1)/z] <Y sr14a=Yer1 =1,

Thus, Y;is an abelian group, in case j=[(c—d+1)/2] (and evidently, Y,
is abelian for each v=(c—d+1)/2).

In the following we assume that j is any natural number satisfying j<
(¢—d+1)/2 and Y, is abelian. For each /<j we have i<(c—d+1)/2,
hence ¢c—(i—1)—d =7 and consequently Y. ;-1-«<Y;. Moreover

[Yc—(i—l)—d; Yi—l] < Yc—(i—1)+i—l+d—d: Y.=1
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whence

Yeiioy-a<Z(Y,_))NY, for each i<j )
Next, let us consider a series

1=Np<Npo <. <N <N, =G

of normal subgroups N; of G such that N._,/N;=<x>=C, and Y:=Nn-m
for each t=2,...,c. Then we have

r(D=s,(p*—D/p+sPp*—1)/p*+...+s,.(p*—1)/p"+1/|G|

where s;=»~._,(x;N;) is the number of conjugacy N;-classes of N; fixed by
the automorphism f;: N——N; defined by f;(z)=2z* for all z&N, (cf.
Note E of |2|) We have N;<Y; if and only if |N|=p™<|Y,|=p™, ie.,
m—1i < m;, and N; is abelian in this case. Furthermore, s;=7»n._,(x;N;) =
|N;| if N;_, is abelian, that is, in case i=m—m;+1. Therefore we have

s;=p™ " for each i=m—m;+1,..., m and consequently
215 Pi:izm_ﬁ,,,jﬂi)'"“"/p": (p*m =1/ (pm(p*—1)) 2

Thus we have the following decomposition of the number |G|7(G) :

|Glr (G)= iE:s,-p’”"'(pz— D+1= gljsip m-i(p2—1)+p*™ 3
Consider the abelian group G/G'=G/Y, of order p™ ™. For each 7 such
that 1<i<m—m, it is Np-m,= Y, <N;<N,_; and

Si: rNi—1<xiNi> 2 7’Ni—l/G’<x—“i]\/vi/Gq = |Nz/Gl| :pm—i/pmzzpm—”n—i)

hence s;=p™ ™ '+ k;+(p—1) for some k,>0 and consequently

mi—gr;ﬂsipm—i(pz_l) mez<p2(m—m2)_1>
+kp™(p2—1)(p—1) for some £'=0 W

We now analyse the numbers s; for i=m—m,+1,..., m—m;, these corre-
sponding to groups N;<N,_; situated into the following chain

Nm—mj: Y,< )/j_1<...< ng< Y;:Nm—mg.

We define I,={u|Y,<N,<N,.,<Y,,} for each i=2,...,5. From (1) we
get su=|Ye(io1y-al +Riu(p—1) for some k;,=0 and for all uE1;, consequent-
ly

B 5" P =D = Yod S pmup D)

i-
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+Ep™ (P =D (-1
for some k;=>0 (since |Y,_,/ Yi=p™ '™ implies |L|=m,_,—m,).
Finally, inasmuch as

{m—m,+1, ..., m—m,-}zgalz-

and

m—m;

u=m—m-_1+1pm—u:pmi<<pmi_l_mi——1>/<p_1>>
=YY/ Y| =D/ p—1))
the following theorem holds :

THEOREM 4. Let j be a natural number such that j<(c—d+1)/2
and Y; is an abelian group. Then there exists a non-negative integer num-
ber k such that

1G17(G)= B Vil Vection-ol (0= D (| ¥ier/ Y= D/ (p—1))
+p2mj+pm2<p2(m_m2)_1>+k. pmin.{mz,m;}(pz_l) (p_1>,

in which, ¢—1 is the nilpotent class of G, d is the degree of commutativity
of G and p™ is the ovder of u-th term Y, of the lower central sevies of
G.

Next, we analyse the case ¢=wm, i.e., G has maximal class m—1. In
this case, we have G/Y,~C,XC, and Y,.,/Y,~C, for each i=1,...,c.
Therefore m;,=m—i and we have

g' Yill YVoiop-d (=1 /(p—1)) = iépm_ipf—Hd:pm—Hd(]‘_z),

and yields |Glr(G)=(@p?—1)pm1+d(j—2) + pXm=-4 pm-2(pt—
D+k p™7(p2—1)(p—1) for some £=>0 and we have

p27<G):<p2_1>pl+d(]_2> +p7H—2j+2
+pt—1+k (p?—1)(p—1) for some &' =0 (5)

From the above equality we deduce that p divides —1+% (»2—1)(p—1),
hence k'=1+Fk"p for some £"=0 and —1+k (p2—1D(p—1)=p3>—p2—p+
k" (p*—=1)(p—1). By substituting this latter number in (5) we get

p. r(G)=*—=Dp?(G—2) +p™ ¥ 1+ pi+pi—p—1
+E(PpP—=1D (=1
=@*=D PG —=2)+p+ 1) +pm-2i+1
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R (PP=DPp-D 6)

Suppose that d=0. In this case, (6) implies that p divides —(—1)+ %",
so, if j—1%p, necessarily we have k"=j—1+k"(p?—1)(p—1) for some
k” =0 and (6) yields

r(G)=@*=Dj+p™¥+k7(Pp2—1)(p—1).

Suppose that d=1. In this case, £"=1+4+£k7{p for some k7=0 and (6)
yields

r(G)=@*—D @' G—2)+2)+p™ ¥+ (Pp*—D(P—D

for some k&, =0.
Thus we have showed

COROLLARY 5. Let G be a p-group of maximal class m—1 and let j
be a natural number smaller than or equal to (m—d)/2 such that Y; is
an abelian group. Then theve exists a non-negative integer k such that

p. r(G)=@* DG —=2)+p+D+pm ¥ +k (p*—D(p—1.
In particular, if d=1 or j<p then there exists £'>0 such that

r(G)=@*=Dj+pm ¥+ (Pp*—D(p—D. D
Furthermove, in case d =1 we have

r(G)=0* =D Pp'G=D+2D)+p™ %+ k"(p2—1)(p—1)
for some k" =0.

It is well-known that d =1 whenever m is an odd number or m=p+2 (cf.
|1D, thus (7) improves P. Hall’s result (obtained putting j=# in (7)),
indeed if j is smaller than #», then (7) can be written in the following way

r (GO =@ =D +pepm 7 +p" 2+ +p+ D)
+pe+ R (PP—=D(p—D.

In addition, we have

COROLLARY 6. Let G be a finite p-group of wmaximal class m—1.
Then the following equalities hold :
1) If p=3 and m=5, then r(G)=16+3""*+k,. 16 for some k =0.
2) If p=5 and m=6, then we have
r(G)=0G=DG D2V (n—[(m—>5)/2])/2] —2) +2) +5 m2m=r2 4
ky(52—1)(5—1)
for some k,=0.
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If p=7 and m=9, then we have

7<G> — (72_1) (7 [(m—B)/Z]—l([(m_ [(m_8>/2]>/2] _2>+2>+7 m—2[(m—8)/2]_+_
k(7P —1(7—1)
Jfor some k;=0.

4)

If p=11 and m=3p—6 we have

r(G)=(p2=1D (p 32D 1 ([ (= [(m=3p+7)/2]1—2)+2) +

pm—znm—sp+7)/2]+k4<p2—1)_ (p—l)
for some k,=0.

PROOF.  This result follows directly from the following inequalities
Ccf. [1], 5, 18D d=m—4 if p=3; d>[(m—5)/2] if p=5: d=>[(m—8)/2]
if p=7 and d=[(m—3p+7)/2] for any prime number p.
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