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On bicommutators of modules over

H-separable extension rings II

Kozo SUGANO
(Received September 5, 1990)

This paper is a continuation of the author’s previous paper [13], and
is devoted to its application. Therefore we will use the same notation as
[13] In §1 we will give some supplements to [13], and the results of §1
and will be applied to Azumaya algebras in § 2. Azumaya algebra is
the model of the H-separable extension. In general, when we dealt with
modules over Azumaya algebras, they were almost limited to be finitely
generated projective. Here we will deal with general modules and show
that, if A is an Azumaya R-algebra, then for any left A-module M A*=
Bic(uM) is an Azumaya R*-algebra, with R*=Bic(xzM) commutative,
and we have R*N¢(A)=¢(R), A*=AXrR*, where ¢ is the canonical map
of A to A* (Theorem 2). Furthermore if M is A-faithful, there exist
mutually inverse 1-1-correspondences between the class . of intermediate
rings between R and R* and the class .7 of intermediate rings between A
and A* given by T—AT, and S=>SNR* for Te and Se%. In addi-
tion, every ring S belonging to .% is an Azumaya (SN R*)-algebra (Prop-
osition 3). In §3 we deal with the H-separable extension of strongly
primitive rings. Strongly primitive ring is the one which has a faithful
minimal left, or equivalently right, ideal. Suppose that A and B are
strongly primitive rings, and let M and m be faithful minimal left ideals of
A and B, respectively. If A is left B-finitely generated projective and H
-separable over B, then B*=Bic(zM)=Bic(sm), and A*=Bic(uM) is an
H-separable extension of B* (See Theorom 3.3 [12]). In this paper we
will show under the same condition as above that A*=AB*=B*A,
B*NA=B, where A=¢(A) and B=((B), and for any strongly primitive
subring S of A such that BCS and A is left S-projective, A* is H-sepa-
rable over S*, and S*=Bic(sM) is also a full linear ring (Theorem 4.

1. In this section A will always be a ring with the identity 1 and B a
subring of A containing 1. C is the center of A and D= Vi(B), the
centralizer of B in A. For a left A-module M we write A*=Bic(uM),
the bicommutator of sM, B*=Bic(cM), D*= Vax(B*) and C*= Va«(A™®),
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the center of A*. It is easily seen that D*=A**= V.« (B) and C*=A*'=
Vax(A) =, where B and A are the images of B and A, respectively, by
the canonical map ¢ of A to A*. Now suppose that A is an H-separable
extension of B. Then we have D*=D®.C* and B*= Vax(Vax(B*)) (See
Proposition 1 [13]). If furthermore A is left (resp. right) B-finitely
generated projective, then A* is an H-separable extension of B*, and A*
is left (resp. right) B*-finitely generated projective (See
and Remark 2). Therefore it is natural to assume that A is an H-sepa-
rable extension of B, and M is a left A-module such that A* is an H
-separable extension of B*. Assume furthermore that M is A-faithful.
Under these conditions we have

Hom(csxD*, c+A*) = Hom(cxD&®C*, cxA*®)
~Hom(cD, -Hom(c« C*, cxA*)) = Hom(cD, cA*)

The composition ¢ of the above isomorphisms is given by ¢(f)(d)=
f(e(d)) for each f € Hom(c«D* cxA*) and d € D. Then we have a
commutative diagram

ARBA Hom(cD, cA)

(¢ l lé*
*

7 ¢
A*QpsA* —— Hom(cxD*, cxA*) —— Hom(cD, cA®)

where «=Hom(D, ¢), 7(a®b)(d)=adb for a, b € A and d ¢ D, and 7n*
is defined in the same way as 7. Since 7 and 7* are isomorphisms and ¢«
is a monomorphism, ¢(&®¢ is a monomorphism. Then we have '

[ARsA]*=[Hom(cD, cA)*C[Hom(cD, cA*)]*=Hom(cD, cA**)
= Hom(cD, cA*A*) = [H0m<CD, CA*>]A* = [A*®B*A*]A*

Therefore, we can regard A®zA and [A®zA]* as submodules of
A*QpA* and [A*® s« A*]**, respectively.

A is an H-separable extension of B if and only if 1Q1e [A®Q:A]*D
by [Proposition 1 [9] When we write 1®1=3x,Qy;d; with d: € D,
Sx;Qyi; € [ARQBAlY, we call {Sx;Qyi, di} an H-system of A over B
(See [5)].

Hereafter we will always denote ¢(a) by a for each a € A.

LEMMA 1. Assume that A is an H -sepavable extension of ‘ B, and M
a left A-module such that A* is an H-separable extension of B*, and let
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(Sx5Qy, di} be an H-system of A over B. Then we have

(1) {Sx4Qvy di} is an H-system of A* over B*.

(2) The map T of A*QsA to A*Qssx A* such that ¢ (a*Qb)=a*R@b
for a* ¢ A* and b € A is an isomorphism. Similarly we have AQpA* =
A*Qp A*.

PROOF. (1). Since Sx;Qvsy € [A®3AIAC[A*RsA*]** by the
above discussion and d; € DCD* (1) is obvious. (2). For any a*, b*e
A* we have

Z(Ea* c?,-b* ;ij®yij> :Ed* aTz-b*E x—ij® J—/_ij
=a*3dix ;Qyb*=a*(1QD b*=a*Rb*

which means that ¢ is surjective. Next suppose that ¥ a’;'i(_>§ FkZ_O in
A*RpA* with af ¢ A* and br € A. Then 2*(2 at®br)(d:)=
Sa%d:b.=0 for each 7, and we have in A*®3A that

SaiQ®br=3a% Jia—c—i,-@yijbk:Ea’i é’—i gk;ij®yij:0

which means that 7 is a monorphism. Since H-system is left and right
symmetry, we have also that AQzA*=A*® pxA*.

PROPOSITION 1.  With the same notation as Lemma 1 assume further-
more that B* is a right (rvesp. left) B*-divect summand of A*. Then we
have A*=B*A=~B*®QsA (resp, A*=AB*=ARzB*).

PROOF. By the assumption there exists a right B*-projection p of
A* to B*. Then, since {Sx5®v;, di} is an H-system of A* over B* by
Lemma 1, we have x*=3p(du*x;)ys € B*A for each x* ¢ A* (See
page 53 [10]), which implies that A*=B*A. On the other hand we have
the isomorphism ¢ : A*®zA—>A*®s+A* by Lemma 1. Since B* is a right
B*-direct summand of A*, we have B*®zACA*®sA. Then
{(B*®:A) ={1Q3 b*a:: b% € B* and a: ¢ A}. But the map ¢ of A* to
A*QzxA* such that #(a*) =1®a* for any a@* ¢ A* is a B*-split monomor-
phism. Hence we have ((B*®sA)=u(B*A), which concludes B*®QsA=
B*A.

We are now ready to have our main theorem

THEOREM 1. Let A be an H-separable extension of B such that A is
left or right B-finitely gemevated projective. Then if B is a left (vesp.
vight) B-direct summand of A, we have A*=AB*=AQB* (resp. A*=
B*A=B*®3A) and B*NA=B.

PROOF. By A* is an H-separable extension of B¥,
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and B* is a left (resp. right) B*-direct summand of A*. Hence we have
the first assertion of the theorem. By [Proposition 1. 5 and Proposi-
tion 3. 4 we have that A is an H-separable extension of B such that
B is a left (resp. right) B-direct summand of A. Then by
1. 2 and [Proposition ]| we have B=Va(Va(B))=B*NA.

aM is called to be balanced if the canonical map ¢ is surjective. As
an immediate consequence of we have

COROLLARY 1. Under the same condition as Theorem 1, we have
that aM is balanced if and only if sM is balanced

PROOF. If M is balanced, we have B*=B and A*=AB*=A. If
conversely A=A*(DB*), we have B=Va(Va(B))=B*NA=B* for the
same reason as the second part of Theorem 1.

Another application of Theorem 1 [13] is

PROPOSITION 2. Let A be an H -separable extension of B and M a
left A-module such that A* is an H -sepavable extension of B*. Then for
any subving P of A such that P is a sepavable extension of B and a P-P
~direct summand of A, P*=Bic(pM) is a separable extension of B* and a
P*-P*-divect summand of A*.

PROOF. By [6] E=Via(P) is a separable C-algebra,
while A is an H-separable extension of P by [Proposition 2. 2 [8]. There-
fore by we have that P*= Va(Va:(P*)) and
Vax(P*)=ZEQcC*. But E®cC* is a separable C*-subalgebra of
D®.C*(=D*). Hence again by Theorom 1 P* is a separable exten-
sion of B* and a P*-P*-direct summand of A*.

REMARK 1. In the disccuion above Lemma 1 let us drop the condi-
tion that A* is an H-separable extension of B*. But 7* always exists,
and ¢ is an isomorphism. Therefore (Q¢: AQsA—>A*Qp+A* is a
monomorphism. If »* is a monomorphism, then [A®zA]*C[A*Q s« A*]**,
and A* is an H-separable extension of B*.

REMARK 2. Let S be a ring and 7 a subring of S, and assume that
there exists a ring homomorphism x of A into S such that x (B)CT. If
furthermore C'= Vs(S)= Vs(x(A)) and Vs(T)= Vs(x(B)), then all asser-
tions in this section exept [Theorem 1 and [Corollary 1 are valid when we
replace A* and B* with S and 7T, respectively. Because, all of them
depend only on the facts that Vas(A)=C* and D*=Vi(B). If we
assume furthermore that 7 = Vs(Vs(T)), then also and
hold for S and T.
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2. In this section we will apply the results in or § 1 of this paper
to the theory on Azumaya algebra. Let R be a commutative ring. An
Azumaya R-algebra A is always an H-separable extension of R and is
R-finitely generated projective, and R is an R-direct summand of A.
Conversely if an R-algebra A is an H-separable extension of R, and R is
an R-direct summand of A, then A is an Azumaya R-algebra (See Corol-
lary 1. 1 [7]). Therefore applying and we
have

THEOREM 2. Let A be an Azumaya R-algebra and M a left A-mod-
ule, and write A*=Bic(uM) and R*=Bic(&M). Then we have

(1) A*is an Azumaya R*-algebra with A*=ARzR*.

(2) aM has the double centralizer property if and only if M does.

(3) For any separable R-subalgebra B of A, B*=Bic(3M) is a sepa-
rable R*-subalgebra of A*.

PROOF. If B is a separable R-subalgebra of an Azumaya R-algebra
A, then B is a B-B-direct summand of A by [Proposition 1. 5 [8].
Therefore we need only to prove the following

LEMMA 2. Let R be a commutative ring M an R-module and A=
End(gM). Then R*=Bic(xM) coinsides with C(A), the center of A.

PROOF. Since R is commutative, it is obvious that R*CA. Further-
more we have V,(R*)=End(G«M)=End(zM)=A, which means R*C
C(A). That C(A)CR* is clear, since R*=End(uM).

COROLLARY 2. With the same wnotation as Lemma 2, for any

Azumaya R*-subalgebra A of A we have that A=V(V,(A)), i.e, A=
A*.

PROOF. Note that R*=Bic(zM), and apply 2.

PROPOSITION 3.  With the same wnotation as Theorvem 2 assume
furthermove that aM is faithful. Denote the class of subrings of R*
containing R by 77, and the class of subrvings of A* containing A by <.
Each T in & is an Azumaya (SN R*)-algabra, and there exist mutually
tnverse 1-1-correspondences between 7 and & given by T — AT and S —
SNR*, for T € 5 and S € &.

PROOF. Let S ¢ % S is also an R-algebra. Hence we have S=
AVs(A) = AQrVs(A). But Vs(A)=SNVax(A)=SNR*c 7. Then S is
an Azumaya (SN R*)—algebra, and we have S=A(SNR*). Next let T
€ 7. We have AT=AQrRT, since AQxT CAQrR*=AR*. Thus AS is
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an Azumaya S-algebra. Then by the same urgument as above we see
that ASNR* is the center of AS, manely, ASNR*=S.

For any ring A and left A-modules M and N we write M~N, in case
M and N are isomorphic to direct summands of some finite direct sums of
copies of N and M, respectively, as A-module. The next lemma is an
immediate consequence of [Proposition 1. 5 and Morita Theorem. But
we will give here a proof by the direct computations.

LEMMA 3. Let A be a ring and M and N left A-modules such that
M~N. Let A=End(uM) and Q=FEnd(uN). Then we have C(A)=
CQ).

PROOF. By the assumption there exist f;, k. € Hom(M, 4N) and g,
h; € Hom(uN, aM) such that 2g:/;=1x and Sk;k;=1nx. Then for any f ¢
C(A) and g € Q we have Sk;fh; € Q and

2kifh;g=Zkifh;gZ knhn=2kih;gknfhn= g knfhn

since h;gkn € A and 2k;h;=1y. Hence we have Sk fh; ¢ C(Q), and we
can define the map ® of C(A) to C(Q) by ®(f)=3k;fh,; for f ¢ C(A). 1t
is easily seen that ® is a ring homorphism. Similarly we can define ¥ :
C(Q) - C(A) by ¥(g)=3gwgf: for g eC(Q). We can easily see that ¥®
and ®¥ are identity maps on C(A) and C(Q), respectively. Thus @ and
¥ are isomorphisms.

Now we have our main theorem of this section.

THEOREM 4. Let A be an Azumaya R-algebrva and M and N left A
-modules such that M~N as R-wodule. Then we have Bic(uM)=
Bic (AN).

PROOF. Since M~N as R-module, we have C(A)=C(Q), where
A=End(zM) and Q=End(:N). Then by and we

have

Bic(uM) = AQrBic (M) =AQRQC(A)
= A@RC(Q> = A®RBiC<RN) =~ Bic (AN) .

3. In this section we will apply the results of § 1 or to the theory
on strongly primitive rings. Again we will use the same notation as § 1,
and consider the same situation as Theorem 3.3 [12].

Let A and B be strongly primitive rings and M and m faithful mini-
mal left ideals of A and B, respectively. Suppose that A is an H-sepa-
rable extension of B such that A is left B-finitely generated projective.
Then M is isomorphic to a finite direct sum of copis of m as left B-mod-
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ule, and B*=Bic(m) by Theorem 3. 3 [12]. In addition

shows that A* is an H-separable extension of B*. Furthermore we have

THEOREM 4. Let A, B, M and m be as above. Suppose that T is a
stromgly primitive subving of A such that BT T and A is left T-finitely
generated projective. Then we have

(1) A*=AB*>AQsB*, and A*=B*A=B*QsA. In addition B =
Va(Va(B)) is strogly primitive.

(2) M is isomorphic to a finite divect sum of copies of n as left T
-module, and T*=Bic(tM) is isomorphic to Bic(m), where n is a faithful
minimal left ideal of T.

(3) A* is an H-separable extension of T* such that Vas(Vax(T*))=
T*, and Vax(T*) is finite dimensional simple C*-algebra.

PROOF. Since BC V4(Va(B))=B*NACB?* B is strongly primitive.
As is remarked above, we have B*=~End(ym), where A=End(zm) is a
division ring. Therefore A* is an H-separable extension of a left full
linear ring B*, and A* is left, as well as right, B*-finitely generated free
by [11]. Then A* is a left, as well as right, B*-generator,
which implies that B* is a left, as well as right, B*-direct summand of
A* by B. Miiller's Lemma. Then we can apply [Proposition 1 to have (1).
Next, let T be a subring of A which satisfies the condition of the theorem,
and denote the socles of A, T and B by S, 3 and 3, respectively. By
[Lemma 3. 1 and Theorem 3. 2 we have 3=BNSCTNS=3, and S=
3AC3ACS. Thus we have MCS=3A=3@n, while M is T finitely
generated. Then we have (2) (See Remark §3 [12]). Let furthermore
S*, 3* and 3* be the socles of A*, T* and B* respectively. Then we
have S*=SAC*, z*=3T* and 3*=3B* by Corollary 2. 1 [12]. Then S*=
3AA*=3A*CZzT*A*=3*A* which implies that Vax(T*) is a finite dimen-
sional simple C*-algebra and T*= Vax(Vax(T*)) by Theorem 36.4 [2].
This implies that A* is an H-separable extesion of T* by Thetrem 4 [11].
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