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On solvability of systems of
convolution equations in K'u
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Abatract

In this note we show that if the mXm system of convolution equa-
tions in K'» has a solution, then the Fourier transform of the determinant
of the matrix of coefficients is slowly decreasing.

Introduction and statement of the results

We will use the notations and results of our paper [1]. By O«:(K.™
Ku™) we denote the space of all m X m matrices S=(S;), whose entries
are convolution operators in Ku(i.e. S;E€O0:(Ku;Kw ,1<i,j<m). For U
=(ur, Uz, ..., un)'€EKy", and ¢=C(¢1, @2, ..., ¢n)'EKH} the duality
bracket< U, ¢>is defined by

m
<U, ¢>:21<u1, §0j>.

For S=(S;.), we denote by S* the matrix (S ;1), where S;i is the symmetry
of S;; with respect to the origin. The letter F, as well as A, will denote
the Fourier transform. In [1], the problem of giving necessary and
sufficient conditions for a determined system of convolution equations in

Ku,; the space of distributions of rapid growth, was considered. The main
result of is the following

THEOREM 1. Let SEO0(Ku";Ku™), among the following properties of
S, the implications (a)—(b)—(c)—(b) hold.

(a) det(SY) satisfy the following growth condition
(1) There exist positive constants C, N and A so that
sup ldet (SHG+E|=CUI+|ED™, €R™

lz2|<AQ ' [log(2+|&D]
zeC”
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where Q is the Young dual of M.
(b) The map St*¢—¢ from S'*Kit into K is continuous.
(c) S*Ku"=Ku".
It was conjectured in that the implication (b)—(a) of the above

theorem is true. The aim of this note is to prove that the above conjec-
ture is true. More precisely, the main result of the note is the following

THEOREM 2. Let SEO0L(K";Ku™), if S*Kiu"=Ki* then det (5%
is slowly decreasing, i. e. it satisfies the growth condition (1).

As an intermediate step to the proof of theorem 2 we need the follow-
ing.

THEOREM 3. Let SEO0(Ku™";Ku™), if S*Ku"=Ku" them St*K "=
Ku".

Proofs of the resluts.

PROOF OF THEOREM 3. Since S*K»"=Ku" there exists an m X m
matrix E=(E;) ; E;€Ku, such that S*E =1, where I is the m X m diago-
nal matrix with all entries on the main diagonal equal to 8. Moreover,
the entire function det(FS) does not vanish identically. Using Cramar’s
rule it follows that det(S)*E;= T;;€O.. By taking the Fourier transform
of both sides of the equality one gets
det (F($)). F(E)=F(Ty). Hence F(Ey) =T

is a meromorphic function. Moreover, we have

F(E)Z(F(Eij))=m. adj (F(S)),

hence
hg 1 . A
det(F(E)) = _—det (adi(F(S
) = Gy et @di(F(S))
- L det (F(E)m1=— L
det(F(SH)H™ det(F())

where adj denotes the adjoint of the matrix.
Since (b) and (c) of theorem 1 are equivalent, to prove the result we

need to show that the map §*¢—’¢ from §*Kz’{‘4 into Ky is continuous.
Since Kj is metrizable it suffices to show that it takes bounded sets into
bounded sets. By Mackey’s theorem the strongly bounded and weakly
bounded subsets of Kj; are the same. Thus we need to show that if B is a

weakly bounded subset of §*Kﬁ, then the set A={¢€Kﬁ:§*¢EB} is
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weakly bounded in K. Since S*E=1I one has F(S)F(E)=F(), the
identity matrix, and adj(F(E)). adj(F(S))=F (). Since the entries of
F(E)=(F(E;)) are meromorphic functions, we can calculate adj(F(E))
as matrix of meromorphic functions. Moreover, all the steps in the fol-
lowing set of equalities are well defined. For any UE K" and ¢E A one
has

D <U,¢>=<F), F(¢)>=<adj(F(E)adj(F(S)F,
F($)>

= <adi(F(E)) adj(F(S)). F(S)(F(E)FD,
F(¢)>;

= <adj(F(E))(det(F(S)). FU)(F(E)F(),
F(¢)>;

= <det(F(S)I. (adj(F(E)). F(E)). F(U), F(¢)>
= < (det(F(SY. F(D)(detF(EDF), F($)> :

= <adj(F(SO)det(F(EOF), F(S) F($)> ;

_ 1 . St I & ;
=< det<F(§t>>adJ (F(SOFD, F(HF($)>
= <F(EOFD), F(SF($)>:

—<EtxU, Sx¢> .

Since UEK ™ and S*K% is metrizable it follows that Ef*U is in (S*Kp)’.

Now, since B is weakly bounded in S+ K7 there exists a constant C which
depends on U (and on S) such that

) < U, ¢>|=|<Et*U, Sx¢>|<C,

for all ¢ in A. This completes the proof of the theorem.

We remark that since S * K is a proper subspace of Kj, its dual (§ *
K3 will include elements which are not in Ku™.

REMARK 1: Although the entries of adj(F#(E)) are not necessarily
elements in (F(Ku)), all the steps in the set of equalities (1) are well
deffined. If one can prove that the entries of adj(F(E)) are in (F(Kn))’
the proof of theorem 2 will follow immediately.

PROOF OF THEOREM 2. The idea of the proof is similar to that in
the proof of the implication (b)—(a) of theorem 1 of [1]. Thus we will
not repeat the unnecessary details. The proof is by contradiction. Sup-
pose det (F(S?) is not slowly decreasing. Then for every jEN there
exists &ER" so that |&|>¢’, and
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(3) SUfa‘|det<F<St>><Z+él>|<<1+|5J|)_j,

|zl < 4;

ze€(C"
where A,=e” and ¢;=Q '(log(2+|&)). For each JEN we let k; be the
greatest integer less than or equal to log @;+1. Let ¢ be a C°—function
with compact support in the unit ball, >0 and 5(0):1. For j€N, we
define the function ¢; by ¢,;(&) =a;p(a;€), and the function ¢! by

Gi(E) =" (gixp;x...x0,) (£),

where the convolution product is being taken k; times. Define the func-
tion ¢, by ¢,= ¢i*¢;, hence supp ¢; is contained in the ball B(0,2). Thus

Jia+8)= (0%, pilD=p(Z)
Si(ztE&) = <q2j(aij)>kf, and $5(&) = (PP =1,
(see p. 203).

Now assume S*K"=Kuy". Then, form theorem 2 one has St*K "=
K", i.e. there exists an mXm matrix F=(Fy), F;E€Ku such that St *

F=1I. Thus with z%;= (ze¢;, 0,0,....0)%, one has

) $:(E)=<8, 1ed,> =<1, ts¥,> ;
=<F(S“F), F(r:¥;)> ;
=<F(F), F(S). F(z:¥,)> :
=<F(FFD), F(S). F(z:¥,)> -
= <F(F)(adi(FF)adj(F(SY), F(S)F(r¥,)> :
= <det(F(F)). F(Dadj(F(SY)), F(S)F(z:¥,)> :
= <adj(F($9)det(F(F)FD), F(S). F(z¥,)> :
= <det(FF)F(D), adi(F()F(S)). F(r¥,)> :
= <det(F(F)FWD, det(F(S)). F(r:¥,)> .

Recall that F(F ):m. adj(F'(S*)), and in all of the above steps

the entries of F(F) are considered as meromorphic functions. Hence adj

(F(F)) and det(F(F )) are well defined. Moreover, the duality brackets
in all of the above steps are well defined. For example, in the last duality

bracket, since det(FS)) is not identically zero it follows that det (F )

is equal to which is a continuous linear functional on the sub-

1
det(F(S))’
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space det(F(S)). F(Ku) of F(Ku).
From (4) it follows that there exists a positive integer £ and a posi-
tive constant Ax such that

5) 10;(E)| < Arws (det (F(S)). F(ze¥,)
< Awwe(det(F(SHF ().

Inequality (5) corresponds to the first estimate in inequality (12) of [1].
By repeating the estimates (12), (13), (14) and (15) of [1], it follows
that |¢;(&)|<e™ for large j. Hence

©  1=198I< [ig:@ldg=are.

As j goes to infinity, inequality (6) gives the contradiction which
completes the proof of the theorem.

REMARK 2. The question which has been addressed in this note
appeared also in [2], where systems of convolution equations in D., were
studied, D. is the space of Beurling generalized distributions. In that
case S=(S,), S;EE. the space of convolution operators in D, We
remark that theorems 2 and 3 of this note remain valid if the space Ky is
replaced by D.. To prove the analogue of theorem 3, let K, be a
sequence of compact subsets of R™ such that K; is contained in the inte-
rior of Kj+1, and the union of all the K/s is R™. Since S*Dg is the
inductive limit of the subspaces S*D%(K;), it suffices to show that the map
S+ —¢ from S*Dn(K,) into DZ(K;) is continuous. This could be car-
ried out exactly like the proof of theorem 3. To prove the analogue of
theorem 2, i.e. to show that if S*D%Z =D% then det(F(S*)) is slowly
decreasing (see definition 2.1 of [2]), we assume the contrary. Let the
sequence (¢;) be as in the proof of the implication (c)=>(a) of theorem
2.1 of [2]. We proceed as in the set of equalities (4), then we establish
the following inequality which corresponds to inequality (5).

D 10, )| < Arpr(det (F(SO)F (rxpi))
< Aror(r-x(det(S**@;)),

where % is a positive integer and A is some positive constant. Inequaltiy
(7) corresponds to inequality (13) of [2]. We proceed as in the proof of
the implication (c)=>(a) of theorem 2.1 of [2]. The contradiction
which comes out completes the proof of the assertion.
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