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1. Introduction

The qualitative theory of foliations has been developed in the last two
decades and many results were obtained. For example, see Hector
[Hec2] and Cantwell-Conlon [C-C]. But the developments were obtained
essentially only for codimension one C? foliations. In Nishimori [Nisl],
the author began a study of the qualitative properties of foliations of
higher codimension and obtained some experimental results in the form of
a qualitative theory of similarity pseudogroups. After [Nisl], this area
had two papers: Matsuda and Matsuda-Minakawa [M-M]. The
setting taken in these works is as follows.

In order to set our goal clearly, we take a classical theorem of the
qualitative theory of codimension one foliations as a model for our
intended theory and try to find an analogy of this theorem. The theorem
taken is the following.

Theorem A (Sacksteder’s Theorem, see Sacksteder [Sac]). Let % be a
codimension one C? foliation of a closed manifold M, and # M an excep-
tional minimal set with respect to #. Then there exists a leaf F of ¥
contained in A such that F has a contracting element in its linear
holonomy group LHol(F).

Dynamical systems can be considered as foliations of higher codimen-
sion and they are known to show generally chaotic behaviour. In the
present stage, we want to avoid such complications. So we decide to
treat only foliations with transverse similarity structures. For the simplic-
ity, we consider (holonomy) pseudogroups instead of foliations. In this
setting, the author obtained an analogy of Sacksteder’s Theorem. Then
Matsuda and Minakawa got a stronger result in the same setting, which is
an analogy of the following.

Theorem B  (Hector [Hecl] in the analytic case, Duminy in the general
case). In the same situation as in Theorem A, a semi-proper leaf can be
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taken as F in the conclusion of Theorem A.

The purpose of this paper is to improve the formulations in the papers
[Nis1], [Mat] and and to give some remarks obtained after those
papers. This paper is organized as follows. In §2, we introduce a notion
Sacksteder systemn which is an analogue of the exceptional minimal set in
codimension one foliations. We study fundamental properties of Sack-
steder’s systems, and we propose a fundamental conjecture which is analo-
gous to the above Sacksteder’s Theorem. We give some affirmative evi-
dences for the conjecture. In §3, we generalize the notion orbits with bub-
bles in [Nisl] to orbits almost with bubbles, and prove a theorem analo-
gous to Sacksteder’s Theorem. In §4, we study how the points in a Sack-
steder system are scattered in the euclidean space. We have a new phe-
nomenon which appears only in higher dimension (that is, dimension
greater than one). In §5, we introduce a class of Sacksteder systems
(called convexly self-similar), which prove to be affirmative examples for
a conjecture proposed in §4.

2. Formulations and the main conjecture

We want to work in the simplest setting where an analogy of Sack-
steder’s Theorem could exist. So we introduce the following definitions.
Denote by I;%* the set of orientation preserving homeomorphisms f
between nonempty bounded convex open subsets of R? which is the restric-
tion of a similarity transformation f of R?. For a map f, we denote by
D(f) (respectively R(f)) the domain (respectively the range) of f. Put

sim— [sim* ) {idge, ide}, Where idge is the identity map of R? and ids is the
unique transformation of the empty set 0.

Definition 2.1 A subset [LZCI5™* is called symmetric if, for each f: U
— V belonging to Iy, the inverse f~': V—U belongs to Io.

Definition 2.2 A subset I'CI3T" is called a pseudogroup if (a) idee
belongs to I', (b) for each f, g&I" the composition fg: ¢ ' (D(f)NR(g))—
F(D(f)N R(g)) belongs to I' and (c) for each f<I the inverse /' belongs
to I'. For a subset [ZCI;%*, the pseudogroup gemerated by I, means the
smallest one containing Io and is denoted by <Io).

Definition 2.3 Fix a pseudogroup I'CI3T. For xERY the subset
I'(x):={f(x): f€I', x€D(f)} is called an orbit of x. A subset ACR? is
called invariant if for each x€ A the orbit I'(x) is contained in A.

Naturally we have the usual properties in the qualitative theory: the
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complement, the interior and the closure of an invariant subset are invar-
tant, and the union and the intersection of a family of invariant subsets
are invariant, etc.

Now we formulate our object precisely, which is an analogue of an
exceptional minimal set in codimension one foliations.

Definition 2.4 A Sacksteder system is a pair # =(I3, %) of an infinite
compact nowhere dense subset # of R? and a finite symmetric subset I3C

sim, x

o+ ¥ satisfying

(a) #CQ:=UnreroD(h),

(b) 4 NSD(h)=0 for each hET,

(c) h(AND(h))=#NR(k) for each hET,

(d) for each x& # the orbit I'(x) is dense in .#,

where we put JA:=A—Int A for a subset ACR? and I" is the pseudo-
group generated by [o. We call R? the ambient space of 7.

Remark 2.5. In the above situation, the condition (d) implies that # is
a minimal set of the pseudogroup I': that is, .# is a minimal element of
the set of nonempty closed invariant subsets of R? partially ordered by the
inclusion C. In the case ¢>1, the pseudogroup I" may have minimal sets
of various Hausdorff dimensions between 0 and ¢. (In the case ¢=1, an
exceptional minimal set is defined as a nowhere dense minimal set contain-
ing more than one orbit.) Here we consider a nowhere dense minimal set
as a rough generalization of an exceptional minimal set in the case g=1.
(As we see later, we need a further condition to obtain an analogy of
Sacksteder’s Theorem). Since an invariant subset of a pseudogroup corre-
sponding to an exceptional minimal set of a codimension one foliation is
known to be a Cantor set, the assumption in Definition 2.4 that /4 is
infinite compact nowhere dense is natural for our purpose. The other con-
ditions (a), ..., (d) can be justified in the similar way. In the case g=1,
the underlying set # of a Sacksteder system . is a Cantor set as we see
later.

As a substitute of the holonomy group of a leaf of a foliation, we
consider the stabilizer defined in the following.

Definition 2.6 Let #=(I}, #) be a Sacksteder system and denote by I’
the pseudogroup generated by Io. For a point xE ./, put

Stab(x) := {f€I': x&D(f) and f(x)=x},

and we call it the stabilizer of I' at x. A point x& A is called a focus of
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the system & if Stab(x) contains a contraction.

Before we go ahead, we give an observation on the topology of the
underlying subset # of a Sacksteder system ¥.

Proposition 2.7 Let & =(Iy, #) be a Sacksteder system. Then
(1) The underling set # is perfect.
(2) If g=1 or A is totally disconnected, then A is a Cantor set.
(3) If xE A is a focus of the system &, then the singleton {x} is a
connected component of A .

Proof. (1) Since A is infinite and compact, there exists a sequence xi,
X2, X3, ... of pairwise distinct points in .# which converges to some point a
€ #. We may suppose that a+x, for all #€N. This implies that a=
liMn-wx.E #—1{a}. Take a point y=f(a)EI'(a), where fE€I" and a<
D(f). For sufficiently large #EN the point x. is contained in D(f) and
the points f(x.) converges to f(a), which implies that y=/(a) belongs to
# —{y}. For a point z& #—1I'(a), we see that

z€ I'la)C #—{z}

since I'(a) is dense in #. Therefore 4 is perfect.

(2) If g=1, then # is totally disconnected since .# is a nowhere
dense (that is, not locally dense) subset of R. If # is totally discon-
nected, then .# is a Cantor set since .# is also compact and perfect (see
[Wil, Theorem 30. 3)).

(3) Let xE 4 be a focus of ., and C the connected component of #
containing the point x. By definition, we have a contracting element fE
I" such that x€D(f) and f(x)==x. It is easy to see that .#Nd&D(f)=0,
and furthermore that for every #EN the subset 8f"(D(f)) does not inter-
sect #. If follows that CCf*(D(f)) for every nEN. Since f is a con-
traction, the intersection N%=./"(D(f)) equals to the singleton {x}. There-
fore C={x}. [

The main conjecture in our theory is the following.

Conjecture 2.8 A Sacksteder system & =(Is, #) has a focus if the
underlying subset # is a Cantor set.

Remark 2.9. (1) Consider the case g=1. The C? pseudogroup version
of the original Sacksteder’s Theorem implies that every Sacksteder system
% has a focus. Thus Conjecture 2.8 is true in this case.

(2) Concerning the connectivity of #, we know the following facts.
In [Nisl, Example 3.1(2)], we construct a Sacksteder system & =(I5, #)
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such that ¢ has no focus and 4 is connected (actually ¢g=2 and 4 is a
circle). This means that, in order to prove that a Sacksteder system &
has a focus, we must suppose some type of disconnectedness on ..
Although we suppose here that # is a Cantor set, Proposition 2. 7(3) may
suggest that the right condition can happen to be that # has a connected
component consisting of one point.

We have examples supporting Conjecture 2.8: Williams [Wil], Hut-
chinson [Hut] and Hata [Hat] imply the following.

Proposition 2.10 Let & =(Io, #) be a Sacksteder system. Suppose that
there exists a subset I'ClIy satisfying that (a) each h €I is a contraction,
(b) # CD(h) for each h&T1 and (c) # CVUner, W(4). Then

4 =ClU U Fix(h...h),

n=1hi, hnel
which implies that the system & has a focus.

It is easy to construct a Sacksteder system satisfying the condition in
Proposition 2. 10.

Example 2.11. Take a closed disk D in R? and a finite number of dis-

joint closed disks Dy, ..., D.CInt(D). For each i=1, ..., »n, take a similar-
ity transformation #%; with %{D)=D; and put #:=himuo : Int(D)—
Int(D:). Let I={hi, ..., ha}, To={hy, ..., hn, hi', ..., h3'} and 4 =

Cl(U%=1U gy, aerFix(gi...gx)). In the case #>2 the pair =T, #) is a
Sacksteder system having the desired property.

3. Orbits almost with bubbles

We are going to introduce a notion of orbits almost with bubbles as a
generalization of the notion of orbits with bubbles in Nishimori [Nis1],
which causes the existence of a focus. This means that we will replace
the condition in Conjecture 2.8 that # is a Cantor set by the existence of
a focus and prove an analogy of Sacksteder’s Theorem. We consider that
the result cast light on Conjecture 2. 8 from a side.

Throughout this section, we fix a Sacksteder system .# =(I3, #) and
denote by I' the pseudogroup generated by I%.

Definition 3.1 For a point x&€ 4, denote by G(x) the graph whose ver-
tices are the points of the orbit I'(x) and whose edges between two ver-
tices y, 2E1'(x) are triplets e=(y, &, z) such that A€, yED(k) and h(y)
=z. We identify naturally the edges e=(y, %, 2) and e '=(z, h}, y) in
the topological space G(x). We call G(x) the Cayley graph of the system
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& at x.

Definition 3.2 For a point xE .#, the orbit I'(x) is called almost with
bubbles if there exists a compact subset KC G(x) and for each y&e
I'(x)— K there exists a nonempty bounded convex open subset B, (called
a bubble at v) of Q:=Unrer, D(h) satisfying the following conditions :

(a) yE0OB, where 6By:=By—Int(By),

(b) ByNB.=§if y+z,

(c) if e=(y, h, z) is an edge contained in G(x)— K with y#z, then By
cD(h) and #(By)=B..

If the empty set can be taken as K, the orbit I'(x) is called with bubbles.

The papers Nishimori [Nisl], Matsuda [Mat] and Matsuda
-Minakawa treated orbits with bubbles and obtained almost thor-
ough results on them. The purpose of this section is to generalize the
main result on orbits with bubbles in [Nisl] and to prove the following.

Theorem 3.3 Let & =(Io, #) be a Sacksteder system. Suppose that for
some point xE M the orbit I'(x) is almost with bubbles. Then the system
& has a focus.

We make some preparations for the proof of [TTheorem 3. 3.
Herefter let . =(l3, #) be a Sacksteder system.

Definition 3.4 (1) Denote by W(Iy) the set of words with Io as the
alphabet. In order to distinguish a word from a composition, we prefer to
write a word we W(I) in such a way as w=(%km, ..., h1) rather than w=
hm hi. In this way, we identify W(Iy) with the disjoint union
[12-0(I)™, where (I})™ denotes the product of m-copies of I and (I3)° is
the singleton consisting of the empty word ( ).

(2) For w=(hm, ..., m)ET)"CW(l), let gw="hn - h. For the
empty word ( ), let g y=idze.

The following proposition gives a description of elements of the
pseudogroup I" generated by the symmetric subset I.

Proposition 3.5 (1) If we W (), then go<T.
(2) The map ® : W(Iy)—>I defined by

&(w) = g for all we W)
IS surjective.

Proof. (1) follows from the definition of pseudogroups. (2) follows



Some remarks in a qualitative theory of similarity pseudogroups 167

from the assumption that Ip is symmetric. [

Definition 3.6 (1) For a word we< W(I}), denote by |w| the word
length of w; that is, |w|=m if w=(hn, ..., ) € ([H)", and |w|=0 if w is
the empty word ( ) ().

(2) For x, yeR? with yeI'(x), put

de(x, y) = min{lw|: we W(), x€D(gw) and gu(x)=1y).

Distinguish ds(x, y) from the Euclidean distance |x—y| in R? Con-
sider the Cayley graph G(x) as a metric space such that each edges has
length 1. Then do(x, ¥) coincides with the distance of x and y in this
metric space G(x).

Definition 3.7 Let x, yER? A word wE W(I}) is called a path from x
to y if ¥€D(gw) and gu(x)=y. If w satisfies |w|=ds(x, y) in addition,
then w is called a short-cut from x to y.

Let w=(hn, ..., )EW([}) be a path from x to y. Then the triplet
(x, w, y) is considered as an edge path in the Cayley graph G(x): that is,

(x) w, y) = (x) hl) xl)(xly hZ, xZ)"'(xm—l, hm, y)

where x;:=hihi-1 - l(x). If w is a short-cut from x to y in addition,
then the edge path (x, w, y) is the shortest one from x to v in G(x) and
the points x, x1, ***, xm-1, ¥ are pairwise distinct.

Notation 3.8 For a point x€R? and a nonnegative integer #, denote by
Do(x ; n) (respectively Co(x; n), Se(x; n)) the subgraph of G(x) consist-
ing of the vertices vy of G(x) with de(x, v)<n (respectively dc(x, v)=n,
dc(x, v)=n) and edges of G(x) connecting such vertices.

Note that Dc(x; n) and Sc¢(x; n) are finite subgraphs, Co(x; #) is
an infinite subgraph and they satisfy

De(x; n)UCs(x; n) = G(x), Delx; n)NCelx; n) = Selx; n).

Hereafter suppose that for some point ¢< .# the orbit I'(a) is
almost with bubbles.

For sufficiently large NEN, we can take D¢(a; N—1) as K in
Definition 3.2. This means that for each vertex x in Ces(a; N) there
exists a bubble Bx satisfying the conditions in Definition 3.2. For exam-
ple, for each edge e=(x, &, v) in Cs(a; N) with x+y, we have B:CD(h)
and /(Bx)=By.
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Lemma 3.9  There exists a sequence {un)n=n of positive numbers such that
(1)  tn>ptn+1 for all n=N,
(2) liMpow #n=0,
(3) if x is a vertex of Sc(a; n) (n=N), then diam Bx< pn.

Proof.  Since the bubbles Bx are disjoint and their union is contained in
the bounded subset Q :=Urer, D(%) of R, it follows that Xlxecsx) Vol(Bx)
<o, Note that every bubble By is similar to one of the finite bubbles
{By}yesqan because every vertex x& Ce(a; N) is connected to some vertex
yES¢(a; N) by an edge path in Ce(a; N). It follows that

2 (diamBx)? < co.

x€Cq(a; N)

For n=N, let
0» = sup{diam Bx : x€C¢(a; n)},

which is not infinity because

(8,7 < _ 2 (diamBy)? < oo,

xECcla; N)

Since the sequence {0:}»z~ is weakly decreasing and has a lower bound 0,
there exists a limit 0w :=liMr-wdr. If 0x>0, then there exists an infinite
number of x&Ce(a: N) with diam Bx> 6-/2, which contradicts the above
inequality. Hence 0-=0. Now put u» :=0,+1/n for all n=N. It is easy
to see that the sequence {ux}.zn satisfies the desired conditions. []

The main point in our arguments is that we must always worry about
the domains of elements in the pseudogroup I', since the domains of com-
posed elements become usually the smaller if the more elements of [ are
composed. We consider this problem now. First note that there is a posi-
tive number € such that for all x€ 4 and for all kI, with x€D(h) the
e-neighborhood U(x ; ¢):={z€R?: |z—x||<e} is contained in the domain
D(h). This follows from the condition (b) in Definition 2. 4.

The following two lemmas are the key step to prove [l'heorem 3. 3.
Let A:= sup{diamBx: x€C¢(a; N)}.

Lemma 3.10 Let x€Sc(a; N). If weW(b) is a short-cut from x in
Cola; N), then

Ux ; e-%) C D(gw).

Proof. We proceed by an induction on m=|w|.
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(I) If m=1, then h:=gw is an element in [5. Since diamBx = A and
x€D(h), the above remark implies that

Ulx - e-ﬁiafA“—Bw C Ulx: €) € D(h) = D(gu).

(I) Suppose that Lemma 3.10 is satisfied for shortcuts of word
-length less than m. For a short-cut w=(kn, -+, )€ W() from x, let
W :=(hm-1,..., ) and g :=gs. Note that @ is also a short-cut from x
and that §(x)€ #ND(hn), which implies that U(g(x); €)CD(hn). Note
also that §(x)# hn(Gn)(=gw(x)), which implies that %n(Bsx)= B and
the similitude ratio of % equals to diam Bgux) / diam Bsw. By the induc-
tion hypothesis, it follows that U(x; ¢ diam Bx/A)CD(g) and the follow-
ing computation has the meaning :

. . _diamBx\\ _ 77050y, . diamBx diam B
gUx; e ) =U(gx); e, diamB.

CU(g(x); )
CD(hm).

This implies that
Ulx ; e-dl%&) C D(hng) = D(gw). O

Lemma 3.11  There exists a positive number &0 such that for all short
~cut wE W () from a to a point in Ge(a; N),

Ula; &) C D(gw).

Proof. Denote by .# the set of all the short-cuts wE W(l;) from a to a
point in Sc¢(a; N). Then # is a finite set. Since the intersection

V= 6" (U(gu(a); e'ilamf—"""‘”))

is an open subset in R? containing «, there exists a positive number &o
such that Vo =U(a; €)C V. Now let we W(Iy) be a short-cut from a to
a point in Ce(a; N). We can divide w to a composition of a path v from
a to a point x€S¢(a; N) and a path » from x: w=wuv. Note that v is a
short-cut from @ and # is a short-cut from x. It follows that Ux:=
U(x; € diamBx /A)CD(g.) and VoC VCgy'(Us), hence that g.(Vo)C UxC
D(g,). Therefore

Ula; &) = Vo CD(gugv) = D(gw) = D(gw). [
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Proof of Theorem 3.3. Let o:= max{SR(g»): vE £} and §:=
min{diam Bx: x€Sc¢(a; N)}, where SR(g) means the similitude ratio of
geI'. Take n=N in such a way that

oL
06<3'

Since the orbit I'(a) is dense in #, there exists a point x&I'(a) such that
x€U(a; 1/3) and d¢(a, x)=n. Take a short-cut we W(I;) from a to x.
Divide w to a composition of a short-cut v from « to a point y&S¢(a; N)
and a short-cut # from y to x. Since diamB, =2 § and diam Bx < p, it
follows that

SR(gu) = SR(9)-SR(gy) = GBI SR(g,)

7 1
<bn, < L
=75 6_3.

This implies that
9u(Ula; &) C Ulgula); 5 € Ula; 5o,

Hence according to the Brouwer fixed point theorem, there exists a point
z€U(a; 2&0/3) fixed by g». Since SR(gw»)<1/3, the element g» is a con-
traction. This implies that

z = lim(gu)*(a) € I'(@) = 4,

hence z is a focus of the Sacksteder system .. This completes the proof

of Theorem 3.3. [

4. Distribution dimensions of Sacksteder systems

In this section, for a Sacksteder system .& =(I5, #), we study how the
points of # are scattered in the ambient space R?.

Definition 4.1 Let A be an infinite subset of R? and x a point belong-
ing to A. (1) Denote by 1dd(A, x) the minimum of natural numbers #
such that there exists an z-dimensional affine subspace P and a neighbor-
hood V of x in R? with AN VCP, and call it the local distribution dimen-
sion of A at x. (2) Denote by add(A, x) the minimum of natural num-
bers » such that there exists an #z-dimensional linear subspace S of R?
satisfying the condition: if {x:}7%=1CA—{x} is an infinite sequence converg-
ing to x and the sequence {(x;—x)/|lx:—x[}7=1 converges to a vector vE R?,
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then vES. We call it the asymptotic distribution dimension of A at x.
(Clearly add(A, x)<1dd(A4, x).)

The first fundamental property of distribution dimensions is the fol-
lowing.
Proposition 4.2 Let & =11, #) be a Sacksteder system. Then the
local distribution dimension 1dd( A, x) does not depend on xE A .

Proof. Let x,yE #. Put n:=1dd(#, x). By definition, there exists an
n-dimensional affine plane P and an open subset W containing x in R?
with 4 N WCP. Since the orbit I'(y) is dense in #, there exists an ele-
ment g& 1" such that yED(g) and z:=g(y)#4NW. It follows that

yEM NG (W)=g (ANW)C g '(P).

Since ¢ '(P) is contained in an #-dimensional affine plane, it follows that
1dd( A, y) < » =1dd(#, x). By exchanging the roles of x and y, we have
1dd(#, x) < 1dd(#, y). This completes the proof. []

This proposition motivates the following.

Definition 4.3 For a Sacksteder system .~ =(Iy, #), we denote by
1dd(.#) the constant number 1dd(.#, x) where xE #, and we call it the
local distribution dimension of . We call the system & irreducible if the
local distribution dimension 1dd(.%) coincides with the dimension ¢ of the
ambient space R? of .

If a Sacksteder system & is not irreducible, it is natural to study &
by taking locally 1dd(.#)-dimensional affine planes in place of the ambient
space. By this reason, we introduce a reduction of a Sacksteder system
as follows.

Definition 4.4 We say that a Sacksteder system .& =(Ib, #) with ambi-
ent space R? is reducible to a Sacksteder system .»=(I,, #) with ambient
space R’ if the dimensions of the ambient spaces satisfy ¢> ¢ and there
exist a decomposition #=.#1U---U #,, disjoint open sets W; containing
each #;in R? and affine maps ¢:: R’ R? satisfying the following condi-
tions :

(a) the images Wi:=¢(WA), ..., Wi:=ou(W,) are disjoint open sets
in R?,

(b) A=4U--U 4, where #4::= /M),

(c) each ¢: maps the affine space : spanned by _#: isometrically to
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the affine space Q; spanned by _z:,

(d) for each AEI, and 4., #; with D(h)NA:+80 and R(h) N ;50,
there exists an open set W.:CD(k) containing D(k)N.A#; in R?
and an element %S such that Znip:=@;h on Wi (thus we
have the following commutative diagram :

/lﬂD(h) _C—) Whji —h) Wh‘lij < Rq
%i %i

- ' C T hhji T ~

/iﬂD(hhji) — Whji — Wh‘ll’j Ra

where Wwi = §0i( Whji) and Wh'lij = §0j( Wh—lij)),
(e) T consists of such elements %4 as in (d).

We call the map ¢ :=¢|lw,U--U@|lw, : W :=WU--UWr—>R? a reduction of
7 to 7.

Proposition 4.5 (1) If a Sacksteder sytem & =(Ih, #) is reducible by a
reduction ¢ to a Sacksteder system =(Ilo, M), then 1dd( #)=1dd(%) and
add(#, ¢(x))=add(#, x) for all xE 4.

(2) Let &=y, #) be a Sacksteder system with ambient space R
and put @=1dd(.). Then & 1is reducible to an irrveducible Sacksteder

system 7=(Io, #) (that is, with ambient space R?).

Proof. (1) We use the notations in Definition 4.4 Let x€.#.C.A4.
The condition (c) in Definition 4.4 implies that ¢;: Q:~®Q: is an isomor-
phism of affine spaces. For each open set VC W; containing x, the image
V :=¢{ V) is an open set containing % :=g¢.(x) in R’ by the condition (a)
in Definition 4.3 (which implies rank(¢.)=¢g). These facts imply that
1dd(.#:, £)=1dd(.#:, x) and add(#:, £)=add(.#:, x). It follows that

1dd(#) = 1dd(A#+, ) = 1dd(#+, x) = 1dd(.),
add(#, ¥) = add(#+, ¥) = add(A#, x) = add(»z, x).

(2) Put §=1dd(.»). For each x&.#, take a convex open set Vi
containing x and a ¢-dimensional affine plane Px in R? with # N VxC Px.
Since # is compact and { Vi}.es is an open covering of .#, there exist a
finite number of points x(1),...,x(k)E # such that # C ViqyU--U V).
Let Wi:= Ve, #::= #4NW; and Q::=Px;. Take affine isometries ¢;:
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Q.— R’ in such a way that ¢:(WA), ..., ¢x( W) are pairwise disjoint, where
@: is the composition of ¢; and the orthogonal projection of R? to @;. Let
Hi=0 ;) and #:= #:1U U 4 For each element hEI, and 4,
«; with D(h)N 4 ;%0 and R(k)N _#;#0, take a sufficiently small convex
open set Wi containing ¢i(D(h)N #;) and put A=k Wiim R
(After we made the above construction for A& T, we take (Jin:)™' as hn1i
for the inverse #"'€I,.) Denote by I the set of such /Za’s. Then the

pair .&:= (I, #) is a Sacksteder system with ambient space R’ and the
given Sacksteder system & is reducible to . by the reduction ¢ :=¢,U -
UGD};. D

Note that if a Sacksteder system . is reducible to a Sacksteder sys-
tem & then the qualitative properties of . and & are completely the
same.

The main result in this section is the following.

Theorem 4.6 Les & =(Iy, #) be a Sacksteder system. If & has a focus
% E M, then add( ., xo) = 1dd( ).

Proof. 1t is sufficient to prove that add(.#, xo)=1dd(.&). By the hypothe-
sis, there exists a contraction g&Stab(xo). Take an open set V contain-
ing %0 in R? and a subspace S of dimenesion #:=add(.#, xo) in the tan-
gent space Tx,.R‘=R? such that VCD(g) and that, if {x:}71C# —{x0} is
an infinite sequence converging to xo and the sequence {(x:—xo)/|x:—xo|}=1
converges to a vector vER? then v&ES. Consider the affine plane
P:= S+x..

We claim that # N VCP. We prove this by absurdity. Suppose that
there exists a point y=(#N V)—P. Since g is a contraction and y&e VC
D(g), we can define a sequence {y;}-:C #ND(g) by y:=g’(y). Clearly
the sequence {y;}5=1 converges to xo. Note that for all j the angle between
the line containing xo, ¥; and the affine plane P coincides with the angle 4
between the line containing xo, vy and P. This implies that y;& # N D(g)
— P for all j. Denote by C the set of unit tangent vectors u & Tx,R*=R?
such that the angle between # and S is #. Since C is compact and
(v;—x0)/|lv;—xo|EC for all j, there exists a subsequence {x:}7: of {y;}i
such that the sequence (x:—xo)/|x:—xo| converges to a vector vEC.
Since CNS=g, it follows that v ¢ S. This contradicts the choice of the
subspace SC Tx,R?.

The above claim implies that

1dd( ) = 1dd( A, x0) < dim P = » = add(#, xo).
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This completes the proof of Theorem 4.6, []
The following is an application of [Theorem 4. 6.

Theorem 4.7 Let & =(Io, #) be a Sacksteder system. If & has a focus
X0E A, then M cannot be contained in any submanifold of the ambient
space R? with positive curvature.

Proof. We prove this theorem by absuridity. Suppose that # is
contained in a submanifold .# of R? with positive curvature. Fix a focus
x0E A and put n:=1dd(#). There exist an open set V containing xo and
an n-dimensional affine plane P in R? such that # N VCP. The intersec-
tion N:=MN VNP is a submanifold of the affine plane P. Since ANV
CN, the manifold N has an accumulation point. Hence dimN = 1. If
dim N=1, the manifold N is a curve with non vanishing curvature. If
dimN 22, then N is a Riemannian submanifold with positive curvature.
In the both cases, we have dimN <dimP. Consider an sequence {x:}3-1C
A —{xo} converging to xo such that the sequence {(x:—xo)/|x:— xo|}=: con-
verges to a vector vE Tx,R=R?. Since x.N for all 7, the vector v
belongs to the tangent space 7x,N. Hence we can take 7x,N as the sub-
space S in Definition 4. 1, which implies that

add( A, xo) < dimTxN = dimN < dimP = » = 1dd( .¥).
This contradicts [Theorem 4.6. []

This theorem suggests the following.

Conjecture 4.8 If % =(Iv, #) is an irreducible Sacksteder system with a
focus, then # cannot be contained in the frontier of any convex domain in
the ambient space R°.

In the next section, we give an affirmative example to this conjecture.
5. Convexly self-similar Sacksteder systems
We introduce a class of Sacksteder sysems.

Definition 5.1 A subset ACRY is called convexly self-similar if A is
compact and infinite and, for all x€A and for all open set V containing
x, there exist a convex open subset U containing A and a similarity trans-
formation y of R? such that x€W :=y(U)CV and y(A)=ANW. (For
the simplicity, we consider only orientation-preserving similarity transfor-
mations.)
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Note that the subset .# in Example 2. 11 is a convexly self-similar set.
We give a fundamental property of convexly self-similar sets.

Proposition 5.2 Let ACR? be a convexly self-similar set. Then (1)
A is a Cantor set. (2) There exists a finite number of similarity transfor-
mations i, ..., ve of R such that every v: is a contraction and A=y(A)
U U»(A). @) Put #:=A and Iy:={h, ..., hs, b\, ..., hz'} where h;
is the restriction of y: in (2) to a suitable conmvex open subset containing
A. Then the pair #=(Io, #) is a Sacksteder system with a focus.

Proof. (1) First we see that A is perfect. Let x€A and €>0. Then
there exist a convex open set U containing A and a similarity transforma-
tion y of R? such that xEW :=9(U)CV:=U(x; €) and y(A)=ANW.
Since A is an infinite set, so is AN W. Hence the intersection U(x ; €)
N(A—{x}) is not empty, which implies that A is perfect. Second we see
that A is not totally disconnected. Let x€A and >0. Consider such
convex open set U and such similarity transformation 7 as above. Take
an open set U; such that ACU,C U, CU. Note that the frontier of ¥(U)
doses not intersect A. Hence the connected component Cx of A contain-
ing x must be contained in Y(U)(CU(x; ¢). It follows that CxC
NesoU(x; €)={x}. Therefore A is totally disconnected. Since ACRY is
compact perfect totally disconnected, A is a Cantor set.

(2) Fix a positive number e<diamA/3. For each xEA, denote by
Ux, Wx and 7x the above U, W and y. Then {W.} is an open covering
of A. Since A is compact, there exist a finite number of points x(1), ...,
x(k)E A such that AC WeyU =-- U Waw. It follows that

A - (Aﬂ Wx(l))U U(Aﬂ Wx(k)) = VX(I)(A)U U Yx(k)(A).

Note that yx has the similitude ratio smaller than 2/3. Hence yxw is a
contraction.

(3) We have already known that the subset .# is infinite nowhere
dense and [ is a finite symmetric subset of I'§%* satisfying (a), (b) and
(c) in Definition 2.4. The theory of self-similar sets in [Wil], and
implies that # coincides with the closure of the set of the fixed
points of Z:q) *** hiny where nEN and (1), ..., i(n)E{L, 2, ... ,k}. We see
that for all x& .# the orbit I'(x) is dense in # where I'=<{I3>. Let yE .#
and €>0. Then U(y; &/2) contains the fixed point z of some ¢ :=h:q) -
hin as above. Since # is contained in D(g) and ¢ is a contraction, there
exists mEN such that ¢"(#)CU(z; ¢/2). This implies that U(y; )N
I'(x)#0. Hence the condition (d) in Definition 2. 4 is verified. Clearly the
Sacksteder system .+ has a focus. [
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Definition 5.3 A Sacksteder system .&=(Iy, #) is called convexly self
-similar if it is obtained from a convexly self-similar set A in the same
way as in (3) of Proposition 5. 2.

Concerning Conjecture 4. 11, we have the following.

Theorem 5.4 Let =1y, #) be a convexly self-similar irreducible

Sacksteder system with ambient space R. If q=2, then # cannot be
contained in the fromtier of any convex domain of RY.

Proof. We prove this theorem by absurdity. Suppose that # is
contained in the frontier of a convex domain Q of RY.

First we see that any three points of .# are not on a line. Suppose
that there exist three point x, y, z on a line /CR? in this order. By the
irreducibility, we have independent three points a, b, c& 4. Then a, b, ¢
form a triangle. The points x and z form a triangle 7 with one of «, b,
¢, say a. Since Q is convex, the domain Int(7) surrounded by T is
contained in Q. Take a positive number e<min{|x—yl, |z—l, |a—v|}/9.
There exists an element g&1I" such that # CD(g) and g(#)CU(y; €) as
in the proof of (3) in [Proposition 5.2. The triangle A formed by ¢(a),
g(b), g(c)€ U(y, €) cannot intersect Int(7) because g(a), g(b), g(c)¢ Q.
Hence U(y; €)— T contains at least one of g(a), g(b), g(c), say g(b).
This means that y belongs to the interior of the convex hull of x, 2, a,
g(b). Tt follows that y=Q, which contradicts the hypothesis .# C8Q(=0
—Q). Second we see that for a given positive number # any convex
n-gon has at most [27/(x—8)] vertices with inner angle<§. This fol-
lows from the fact that the sum of all the inner angle is (n—2)x.

Now take three points a, b, cE .#. Denote by a the maximum of the
inner angles of the triangle A formed by «, b, ¢ and take € such that
(r+a)/2<8<m. Take 100 [2x/(x—0)] points from .#. They form a
convex polygon P. The above second result implies that P has successive
three vertices p, ¢, » with inner angle>6#. Denote by o the vertex before
p and by s the vertex after ». Denote by x the intersecting point of the
lines 0p and 7q and denote by vy the intersecting point of the lines pg and
sr. Put e:=min(|x—gqll, ly—ql, min{|t—ql : t+¢ is a vertex of P})/100.
As above, there exists g&I' such that # CD(g) and g(#)CU(q; e).
The lines py and »x divide U(g; €) into four sectors. If g(_#) intersects
the interior of the sector contained in Int(P) or that of the sector opposite
to Int(P), we have a contradiction immediately. The lines py and #»x can
contain at most two points of # by the above first result. Therefore
g(#) intersects one of the remained two sectors. We may suppose that
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g(#) intersects the interior of the sector S contained in the triangle for-
med by p, ¢, x. Take a point ¢:<Int(S)Ng(#). By considering a small
neighborhood of yi, we obtain ¢i&I" such that g:(A)CInt(S). We may
suppose that ¢i(a) is the nearest vertex of ¢i(A) to p and that ¢(b) is the
nearest vertex of gi(A) to g. Then gi(a) and ¢1(d) cannot belong to the
triangle 7 formed by p, ¢, ¢i(¢) and the line segment between ¢(a) and
g1(b) must intersect the triangle 7. This implies that £ pg:(c)g<
Zg(a)g(c)gi(b)= 2 acb<a. On the other hand, we have

2oq(c)g > 2pxq = Lopg+ Lpgr—n > 20—n>(n+a)— 71 = a.
This contradiction completes the proof of [[Theorem 5. 4.
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