Hokkaido Mathematical Journal Vol. 42 (2013) p. 159-207

Quaternionic CR geometry

Dedicated to Professor Seiki Nishikawa on his sixtieth birthday

Hiroyuki KAMADA and Shin NAYATANI

(Received March 23, 2009; Revised February 14, 2013)

Abstract. Modelled on a real hypersurface in a quaternionic manifold, we intro-
duce a quaternionic analogue of CR structure, called quaternionic CR structure. We
define the strong pseudoconvexity of this structure as well as the notion of quater-
nionic pseudohermitian structure. Following the construction of the Tanaka-Webster
connection in complex CR geometry, we construct a canonical connection associated
with a quaternionic pseudohermitian structure, when the underlying quaternionic CR
structure satisfies the ultra-pseudoconvexity which is stronger than the strong pseu-
doconvexity. Comparison to Biquard’s quaternionic contact structure [4] is also made.

Key words: hyper CR structure, quaternionic CR structure, pseudohermitian struc-
ture, ultra-pseudoconvex, canonical connection.

Introduction

A CR structure is a corank one subbundle of the tangent bundle of
an odd dimensional manifold, equipped with a complex structure. Such
a structure typically arises on a real hypersurface of a complex manifold.
Assuming that the CR structure is strongly pseudoconvex, the underlying
subbundle defines a contact structure on the manifold, and a strongly pseu-
doconvex CR structure together with a choice of contact form is called a
pseudohermitian structure. Associated with a pseudohermitian structure,
there is a hermitian metric on the subbundle, called the Levi form. It is
the simplest and most important example of Carnot-Carathéodory metric.
In pseudohermitian geometry the so-called Tanaka-Webster connection [17],
[19] plays the role of the Levi-Civita connection in Riemannian geometry.
Multiplying the contact form by a nowhere vanishing function gives another
pseudohermitian structure, and accordingly the Levi form changes confor-
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mally, being multiplied by the same function. CR geometry thereby has
a nature of conformal geometry, and in particular, CR invariants can be
computed as those pseudohermitian invariants which are independent of the
choice of contact form.

In this paper, we shall introduce quaternionic analogues of CR and
pseudohermitian structures and lay the foundation of the geometry of these
structures. We introduce two kinds of quaternionic analogues of CR struc-
ture, with one refining the other. An almost hyper CR structure is defined
on a manifold of dimension 4n + 3, as a pair of almost CR structures whose
underlying subbundles are transversal to each other and whose complex
structures are anti-commuting in an appropriate sense. Then the third al-
most CR structure can be defined, and a corank three subbundle is defined
as the intersection of the three corank one subbundles. The three complex
structures leave this bundle invariant, and satisfy the quaternion relations
there. An almost hyper CR structure which satisfies a certain integrability
condition is called a hyper CR structure. Analogously to the complex CR
case, any real hypersurface of a hypercomplex manifold has a natural hyper
CR structure (satisfying a stronger integrability condition). A hyper CR
structure exists also on a real hypersurface of a quaternionic manifold, but
only locally. In order to have a global structure on any real hypersurface
of a quaternionic manifold, we refine the notion of hyper CR structure. A
quaternionic CR structure is a covering of a manifold by local hyper CR
structures, satisfying a certain gluing condition on each domain where two
such local structures overlap.

Associated with a hyper CR structure, there is a distinguished R3-
valued one-form, unique up to multiplication by nowhere-vanishing real-
valued functions. For a choice of such one-form, the corresponding Levi
form is a quaternionic hermitian form on the corank three subbundle. The
strong pseudoconvexity of a hyper CR structure and the pseudohermitian
structure are then defined exactly as in the complex CR case. On the other
hand, the definition of the Levi form itself is not quite similar to that in
the complex CR case, and this is the point where the integrability of the
hyper CR structure does play the crucial role. These notions of Levi form,
strong pseudoconvexity and pseudohermitian structure introduced for the
hyper CR structure extend to the quaternionic CR structure.

With these structures at hand, our main concern is whether there exists
a quaternionic analogue of the Tanaka-Webster connection, associated with
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a quaternionic pseudohermitian structure. In the hyper pseudohermitian
case, our search for such a canonical connection proceeds as follows. There
is a distinguished family of three-plane fields transverse to the corank three
subbundle and parametrized by sections of the corank three subbundle. We
choose such a three-plane field, and use it to define a one-parameter family of
Riemannian metrics on the manifold, extending the Levi form on the corank
three subbundle. We then construct an affine connection, characterized by
the property that it has the smallest torsion among those affine connections
with respect to which the above Riemannian metrics are all parallel.

What remains to be done is to determine the transverse three-plane field
so that the corresponding connection be best adapted to the structure un-
der consideration in an appropriate sense. When a hyper pseudohermitian
structure is given, the corank three subbundle associated with the underly-
ing hyper CR structure comes equipped with an Sp(n)-structure. We will,
however, be moderate by regarding the bundle as an Sp(n) - Sp(1)-bundle,
for the sake of later generalization of the construction to the quaternionic
CR case. Then the best possible one can expect is that the connection re-
stricts to an Sp(n) - Sp(1)-connection on the bundle. Since this turns out
not to be possible in general, we will be contented by requiring that the
connection be “as close to an Sp(n) - Sp(1)-connection as possible.” The
last expression will be made explicit by using the representation theory
for Sp(n) - Sp(1). Note that for this strategy to work, we must primarily
assume that n > 2, that is, the dimension of the underlying manifold is
greater than seven; when n = 1, since Sp(1) - Sp(1) = SO(4), any orthog-
onal connection on the oriented corank three bundle should necessarily be
an Sp(1) - Sp(1)-connection. It turns out that we must also assume that
the hyper CR structure is what we call ultra-pseudoconvex. When these
assumptions are satisfied, the above strategy completely works and thereby
gives a connection in search. Note that the class of hyper CR structures
which are ultra-pseudoconvex contains all strictly convex real hypersurfaces
in H**!. The notion of ultra-pseudoconvexity and the construction of the
canonical connection extend to the quaternionic CR case. It remains to see
whether a canonical connection can be constructed when the dimension of
the underlying manifold is seven. We will address this problem in a future
work.

It should be mentioned that several quaternionic analogues of CR struc-
tures other than those in this paper have been introduced and studied
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by Hernandez [7], Biquard [4], Alekseevsky-Kamishima [1], [2] and others.
Among them, Biquard’s quaternionic contact structure is most influential
and extensively studied. We therefore compare our quaternionic CR struc-
ture to the quaternionic contact structure. We observe that while a quater-
nionic contact structure can always be “extended” to a quaternionic CR
structure, the quaternionic contact structure is more restrictive than the
quaternionic CR structure. Indeed, we characterize, in terms of the Levi
forms, a quaternionic CR structure whose underlying corank three subbun-
dle has compatible quaternionic contact structure. We also give explicit
examples of quaternionic CR manifolds which do not satisfy the character-
izing condition.

More recently, Duchemin [6] introduced the notion of weakly quater-
nionic contact structure, generalizing that of quaternionic contact structure.
He showed that a real hypersurface in a quaternionic manifold admitted a
canonical weakly quaternionic contact structure. More generally, one easily
verifies that a quaternionic CR structure naturally produces a weakly quater-
nionic contact structure. As mentioned in [6, Section 6], the construction of
a canonical connection for a weakly quaternionic contact structure, general-
izing the so-called Biquard connection for a quaternionic contact structure,
remains to be done.

This paper is organized as follows: In Section 1, we introduce the
definitions of hyper and quaternionic CR structures as well as hyper and
quaternionic pseudohermitian sturctures. In Section 2, we give examples
of hyper and quaternionic CR manifolds. In Section 3, we construct a
canonical connection associated with a hyper/quaternionic pseudohermitian
structure, when the underlying hyper/quaternionic CR structure is ultra-
pseudoconvex. The proof of a technical lemma is postponed to Section 4.
Comparison to Biquard’s quaternionic contact structure is made in Section
5. In Appendix, we give proofs of some fundamental facts which are stated
in Section 1.

The main contents of an earlier version of this paper were announced
in [13]. However, some significant changes have been made in the present
manuscript. Among others, we modified the definition of the integrabil-
ity of hyper CR structure. The former definition required for each of the
three CR structures constituting a hyper CR structure to be integrable as
a CR structure. As pointed out by the referee, this definition had the fol-
lowing demerit: if one has a candidate for a quaternionic CR structure,
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e.g., a real hypersurface in a quaternionic manifold, one cannot tell whether
there are integrable choices of local hyper CR structures inducing it, unless
the quaternionic manifold is e.g., a hypercomplex manifold. As mentioned
above, under the new definition of integrability, any real hypersurface in a
quaternionic manifold has a natural quaternionic CR structure.

Some words on notation. Throughout this paper, the triple of indices
(a,b, c) always stands for a cyclic permutation of (1,2,3), unless otherwise
stated.

1. Hyper & quaternionic CR structures and strong pseudocon-
vexity

We start with a brief review of CR structure. Let M be an orientable
manifold of real dimension 2n+1. An almost CR structure on M is given by
a corank one subbundle @ of T'M, the tangent bundle of M, together with
a complex structure J : Q — Q. Let Q1'° = {Z e Q® C | JZ = /-1Z};
it is a complex rank n subbundle of TM ® C satisfying Q1'° N Q1.0 = {0}.
The bundle Q- recovers @ and J by Q = Re(Q'"° ® Q1.0) and J(Z +Z) =
V=1(Z — Z) for Z € Q'°, respectively. A CR structure is an almost CR
structure satisfying the integrability condition [['(Q1?), T(Q%%)] c T'(Q'?),
or equivalently

(X,Y]-[JX,JY], [X,JY]+[JX,Y]eT(Q) (1.1)
and

J(X,Y] - [JX,JY]) = [X,JY] + [JX,Y] (1.2)

forall X, Y € I'(Q). An almost CR structure is said to be partially integrable
if it satisfies (1.1), which is equivalent to the condition [['(Q*"), T'(Q?)] C
N C).

Let M be an almost CR manifold, and 8 a one-form on M whose kernel
is the bundle of hyperplanes (). Such a 0 exists globally, since we assume M
is orientable, and (@ is oriented by its complex structure. Associated with 6
is a form Levig on @), defined by

Levig(X,Y) =do(X,JY), X,Y €Q,
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and called the Levi form of 6. If the almost CR structure is partially inte-
grable, then Leviy is symmetric and J-invariant. If 6 is replaced by ' = \@
for a function A # 0, then Levig changes conformally by Levig: = A Levig.
An almost CR structure is said to be strongly pseudoconver if it is par-
tially integrable and Leviy is positive or negative definite for some (hence
any) choice of . In this case, @) gives a contact structure on M, and 6 is a
contact form.

A CR structure typically arises on a real hypersurface M of a complex
manifold (of complex dimension n + 1). In this case Q@ = TM N J(TM)
and J = J|g, where J is the complex structure of the ambient complex
manifold. If p is a defining function for M, then § = —7(dp)/2 annihilates
Q.

A pseudohermitian structure on M is a strongly pseudoconvex almost
CR structure together with a choice of 6 such that Leviy is positive definite.
As 6 is a contact form, it is accompanied by the corresponding Reeb field
T, determined by the equations 6(7") = 1 and df(T, -) = 0.

We now introduce a quaternionic analogue of CR structure.

Definition 1.1 Let M be a connected, orientable manifold of dimension
4dn+3. An almost hyper CR structure on M is a pair of almost CR structures
(Q1,1) and (Q2,J) which satisfies the following conditions:

(1) @1 and Q2 are transversal to each other;
(ii) the relation I.J = —JI holds on I(Q1NQ2)NJ(Q1NQ2), the maximal
domain on which the both sides make sense.

We define the third almost CR structure (Q3, K) as follows. Set

—JI on I(QlﬂQg),

Qs =1(Q1NQ2) +J(Q1NQ2) and K= {IJ on J(Q1NQs).

Then ()3 is a corank one subbundle of TM, and K is well-defined and
satisfies the equation K? = —1Id. By the condition (ii), Q3 is transversal to
both @)1 and Q2. Moreover, the following relations hold:

I(Q1NQ2) =Q1NQ3, J(Q2NQ3)=0Q2NQ1, K(Q3NQ1)=Q3NQ2;
IJ=KonQ:NQ3, JI=-KonQ NQs, JK =1on Q3NQ,
KJ:—IOHngQl, KI:JOHleQQ, IK:—JOHQgﬁQQ.
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Set Q = N3_,Q,. It is a corank three subbundle of TM, and has three
complex structures I, J, K satisfying the quaternion relations. Henceforth,
we shall write [y = I, Is = J and I3 = K when appropriate.

Definition 1.2 A triple (71, 7%,T3) of vector fields transverse to the sub-
bundle @ is called an admissible triple if it satisfies the following conditions:

(1) T, €eT(QyNQe); (i) I,Tp =T..
We have

Qa :Q@RTb@RTCa
TM:Q@@RTa:Q@RTl@RTZ@RTS

We call Q+ = @3_,RT, an admissible three-plane field.

Note that an admissible triple (77,75, T3) certainly exists. Indeed, take
Ty € T'(Q2 N Q3) such that (T1), ¢ Q4 (& (T1)q ¢ (Q1)q) for all ¢ € M.
Such a T3 exists globally since Q2 N Q3 is orientable and @ is oriented by
its complex structures. Now it suffices to set To = KT} and T3 = I'T5.

We shall next define an almost CR structure (Qy, Iy) for each unit vector
v = (v1,v2,v3) € R3. Roughly speaking, I is defined to be v1 I +vyJ +v3K,
which, however, makes sense only on ). We rectify this defect by proceeding
as follows. Let (T1,7T%,T3) be an admissible triple, and extend Iy, I5, I3 to
endomorphisms I,: TM — TM by setting I,T, = 0, and define (Qv, I,) by

3
Qv - Q D {xlTl + IQTQ + $3T3 | Ir1,T2,T3 € R,Z:ﬂava = 0}, (13)

a=1

I, = ('Ulfl + szz + UgIN?,) Q.- (1.4)

It is easy to verify that I, indeed preserves Qy, satisfies the equation I,% =
—1Id, and (Qv, I,) is independent of the particular choice of admissible triple.
Thus, associated with an almost hyper CR strucutre, there is a canonical
family of almost CR structures parametrized by the unit sphere S2.

Note that the above construction of the almost CR structure (Qv, Iy)
may be performed pointwise. Therefore, as v, we can also take a variable
function with values in S2.
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There are two possible ways to define when a diffeomorphism between
two almost hyper CR manifolds is an isomorphism. One way is to require
that the diffeomorphism preserves each of the two almost CR structures
constituting the almost hyper CR structure. The other is to require that it
preserves the S2-family of almost CR structures constructed above. We will
find the effect of this difference when we investigate the automorphisms of
the sphere S4"13 (Section 2, Example 1).

Definition 1.3 An R3-valued one-form 6 = (61,02, #3) on an almost hyper
CR manifold M is said to be compatible with the almost hyper CR structure
if it satisfies

kerf, = Q,, a=1,2,3,
93 ol = 92 on Ql, 01 oJ = 93 on QQ, 92 oK = 91 on Qg. (15)

Note that such a 0 exists; it is enough to take an admissible triple
(Th,T»,T3) and choose 0, annihilating @, so that 6,(T,) are nonzero and
equal to each other (e.g., 0,(7,) = 1). It is unique up to multiplication by
a nowhere vanishing, real-valued function.

In order to define a quaternionic analogue of Levi form, we require
that our almost hyper CR structure should satisfy some sort of integrability
condition.

Definition 1.4 An almost hyper CR structure is said to be integrable if
it satisfies the following conditions for a = 1,2,3 and for all X,Y € I'(Q):

X.Y] - [1L.X,LY] € T(Qu): (1.6)
Ia([X7 Y] - [IaX, IaY]) - [X, IaY} - [Iaxa Y] € F(Q) (17)

Henceforth, we shall assume throughout that our almost hyper CR structure
is integrable and refer to it as a hyper CR structure.

Remark 1 The integrability conditions (1.6), (1.7) are natural ones, as
they are satisfied by the local hyper CR structure of any real hypersurface
in a quaternionic manifold. See Section 2 for details.

When a hyper CR structure is given, we can show that for any S2-
valued function v, the almost CR structure (Qy, I) defined above satisfies
(appropriately modified versions of) (1.6), (1.7) (see Proposition 6.1 in
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Appendix 6.1).

Let M be a hyper CR manifold and § = (01, 60,,603) a compatible R3-
valued one-form on M. Note that by (1.6) we have

d0,(X,Y) = db,(I,X,1,Y) (1.8)

for a = 1,2,3 and for all X,Y € I'(Q). Moreover, we have the following
identity for X,Y € Q:

A0y (X, IY) 4+ doy (JX,KY) = dfs(X, JY) + dfy (KX, IY)
= dfs(X,KY) + dbs(IX, JY). (1.9)

Indeed, by plugging the both sides of (1.7) with @ = 1 in 65 and using (1.5),
we obtain

([ X, Y] - [IX,IY]) =0s(]X,IY]+ [IX,Y]),

where X, Y are extended to sections of . Therefore,
dOy(X,Y) —dix(IX, 1Y) =dOs(X,IY) +dis(IX,Y).

Replacing Y by JY and using (1.8), we obtain the second equality of (1.9).
We now define Levig(X,Y), the Levi form of 6, to be the half of this common
quantity:

Levig(X,Y) = %(d&l(X, 1Y) + dos (JX, KY))
1

1
§(d93(X, KY)+dos(I1X,JY)).

Note that Levig is nothing but the quaternion-hermtian (that is, symmetric
and invariant under I, J, K) part of the “complex” Levi form Levig, =
df, (-, 1,-) restricted to Q. If @ is replaced by 6/ = A, A # 0, then Leviy
changes conformally by Levig: = X Levig.

Definition 1.5 We say that a hyper CR structure is strongly pseudoconvex
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if Levip is positive or negative definite for some (hence any) choice of 6.
A hyper pseudohermitian structure is a strongly pseudoconvex hyper CR
structure together with a choice of 8 such that Levip is positive definite. We
also call, by abuse, such a 8 a pseudohermitian structure.

We now introduce another quaternionic analogue of CR structure.

Definition 1.6 A quaternionic CR structure on M is a covering of M
by local hyper CR structures which satisfies the following condition: let
{(Qa, o) }a=1,2,3 and {(Q,I})}a=1,23 be two such local structures defined
on open subsets U and U’ respectively. If U N U’ # (0, there is an SO(3)-
valued function S = Syy: UNU" — SO(3) such that

Qv =Qsv, I, =1Isy, veS? (1.10)

where the notation is as in (1.3), (1.4). (Note that Sv is a variable function
ofqe UNU".)

There is a double covering Sp(1) — SO(3), and if S can be lifted to an
Sp(1)-valued function o: UNU" — Sp(1), which is the case when U N U’ is
simply-connected, then (1.10) may be written as

Q) =Qp-1vy, I =1I,-1y,, veS° (1.11)

Here, 0~ 'vo is computed by regarding v as an imaginary quaternion via the
identification R3 = ImH. We adopt the convention that the atlas defining
a quaternionic CR structure is extended to a maximal one. In particular,
any (global) hyper CR structure canonically determines a quaternionic CR
structure. Henceforth, we shall regard a hyper CR manifold as equipped
with this quaternionic CR structure.

Given a quaternionic CR structure, there are local corank three bundles
Qu associated with the local hyper CR structures. But Qu = Qu on UNU,
and they give rise to a bundle @ defined globally on M.

Let © = {0y} be a collection of local R3-valued one-forms compatible
with the local hyper CR structures such that

3
Ov)a = sa(0u)y, a=1,2,3 (1.12)
b=1
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on UNU’, where S = (s4) is the SO(3)-valued function as in the definition
above. Such a collection exists, and it is unique up to multiplication by a
nowhere vanishing, real-valued function. Associated with 6y are the local
Levi forms Levig,, , for which we have the following

Proposition 1.7  Let M be a quaternionic CR manifold, and © = {0y} a
collection of local R3-valued one-forms on M as above. Then the local Levi
forms Levig, and Levig,, coincide on UNU’.

The proof of this proposition will be given in Appendix 6.2. By Propo-
sition 1.7, we obtain a globally defined symmetric bilinear form, denoted by
Levig, and call it the Levi form of ©. Using this we define the strong pseudo-
convexity of a quaternionic CR structure as before. A quaternionic pseudo-
hermitian structure is a strongly pseudoconvex quaternionic CR structure
together with a choice of a collection © such that Levig is positive definite.
Again, by abuse, such a collection O is called a pseudohermitian structure.

Each fibre of @) has a family of complex structures parametrized by the
two-sphere S? with no preferred choice of triple satisfying the quaternion
relations. This amounts to saying that the bundle @ has a GL(n,H) - H*-
structure, where GL(n,H) - H* = GL(n,H) x Sp(1)/{£l,+1}. A choice
of a pseudohermitian structure © = {6y} gives @ a fibre metric Levig,
and it is invariant under any of the complex structures on the fibre. Thus
the choice of O reduces the structure group of @ from GL(n,H) - H* to

Sp(n) - Sp(1) = Sp(n) x Sp(1)/{£L,i1}.

2. Real hypersurface and examples

2.1. Real hypersurface

Let N be a quaternionic manifold of dimension 4n + 4; thus A admits a
torsion-free GL(n + 1, H) - H*-affine connection D. Then, in a neighborhood
U of any point of N, there exist almost complex structures Z,, a = 1,2, 3,
which satisfy DZ, = Zizl Yab @ I, where 7y, are one-forms on U satisfying
Yab = —Vba- Let M be a real hypersurface in N. Then M comes equipped
with a quaternionic CR structure in a canonical manner, by setting U =
M NU for each U as above and defining QQ, = TUNZ,(TU) and I, = Z,|q, -
Thus the corank three subbundle @ is given by Q|y = TU NZ;(TU) N
Zo(TU) N Z5(TU). It remains to verify that the integrability conditions
(1.6), (1.7) hold for all X,Y € I'(Q|v). To see that (1.6) holds, it suffices to
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show

T.([X,Y] = [[.X,1,Y]) € T(TU). (2.1)

For this, let X, € T'(TU) be local extensions of X,Y respectively, and
compute

Ia([X7y] - [IaXaIay])
=7,(DxY — DyX — Dz, xI1.Y + D1,yL,X)

=Dx1,Y — Z%b )ZyY — DyZ, X+Z’7ab VI X

+Dr,2Y = > Vao(ZaX)T LY — Dr,yX + > Yan(ZaV) LTy X
b b

= [X,Iay] I X y Z ’Yab Iby + Z ’Yzzb IbX
> YT X)L LY + Y Yab(ZaV) LT X
b b

Restricted to U, this shows

T(X,Y] = [I,X,1,Y]) = [X,,Y] + [[.X,Y]  mod I'(Q|v).

Therefore, (2.1) holds, and the second condition (1.7) for integrability is also
verified.

We now restrict ourselves to the case that the quaternionic manifold N
is a queternionic affine space H"*!. Let M be a (local) real hypersurface in
H"*1, and p a defining function for M: M = p=1(0), dp # 0 along M. Note
that the tangent spaces of M are given by T,M = {X € H"*! | dp,(X) = 0},
q € M. Here and throughout, the tangent spaces T,H"*! are identified
with H™*! in the standard manner. For each unit imaginary quaternion v,
a parallel complex structure Z,, on H"*! is defined by Z,X = Xv~! X ¢
H"*!. Thus there is a family of complex structures on H"*! parametrized
by 52, the unit sphere in ImH = R3. Each of these complex structures, Z,,
determines an (integrable) CR structure (Qv, Iy) on M, where Qv = TM N
Iy (TM) and I, = Zy|q,. In particular, the CR structures (Q1,1) = (Qs, L;),
(Q2,J) = (Qj,1;) and (Q3,K) = (Qx, Ix) define a hyper CR structure on
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M. Note that the condition that the three CR structures are all integrable
is stronger than the integrability conditons (1.6), (1.7).

For the computation below, it is convenient to introduce the complex
coordinates z, = x) + =1z}, wy, = 2% + V=1z} h=1,...,n+1, where

¢=(q1,---.qn41) and qp =2 — z}i — 2}j — k. We have

I(dzh) = \/—71dzh, I(dwh) = ledwh;
JI(dzp) = —dwy, J(dwy) = dzy; (2.2)
K(dzp) = —V/=1dwy, K(dwy) = v/—1dz.

As in the complex CR case, let 0, = —Z,(dp)/2, a = 1,2,3. Then
0 = (01,02,03) is compatible with the hyper CR structure of M. In the
complex coordinates,

n+1
dp p dp dp
Z ( 8zhd nt o L dz; — For dwy, + o = dwy,

Ko dp
O+ V=105 =3 (= o today + 2 -dw,

owy, o0zn
Pyt h h

One can verify that the Levi form of 8 is given by

n+1 82/) an
Levig = Z [(aZhaZl + awhawl>(d2h - dz; + dwy, - dwy)

hol=1
82
dzp, - dw; — dwy, - d
8zh6wl( Fh o QWL AR Zl)
Sl (dz7 - dwi — dwy, - dz7) (2.3)
——(dzy, - dw; — dwy, - dz) |. )
Oz 0w, ! h+dz
Example 1 Let S4*3 = {¢g € H"™! | |¢|> = §- ¢ = 1} be the unit
sphere in H"™!, where v - w = ZZI% vpwy, for v = (v1,...,Vp11), W =
(wi,...,wpi1) € H"L. As a real hypersurface in H**!, §47%3 is endowed

with a hyper CR structure, whose underlying corank three bundle @ is
given by Q, = {X € H"*! | g- X = 0}, ¢ € S**3. A standard choice of
defining function for S*"*3 is p(q) = |¢|* — 1, and then the corresponding
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R3-valued one-form is given by fg = Zﬁii(dqthh — Qndqp)/2, where we
identify R?® = ImH. By (2.3), we see that the Levi form Levig, is twice the
standard Riemannian metric of S4"*3 restricted to . In particular, the
hyper CR structure of S4"*3 is strongly pseudoconvex. We shall refer to fg
as the standard pseudohermitian structure of S4m+3,

The sphere S4"*3 may be regarded as the boundary at infinity of quater-
nionic hyperbolic space Hﬁ“. The isometry group G of Hﬁ“ is given by
G = Sp(n+1,1)/{#I,42}. As G acts on Hg'' transitively, we have a rep-
resentation of Hyi! as a coset space G/K, where K = Sp(n + 1) - Sp(1) =
Sp(n+1) x Sp(1)/{£I,+2}, a maximal compact subgroup of G. The action
of G extends to S*"*+3, and we shall examine how it transforms the hyper
CR structure of S4"*3. We represent v € G by a matrix

a b
(c d) € Sp(n+1,1),

where a*a — ¢*c¢ = I, 11, b*b — d*d = —1, a*b — ¢*d = 0. The action of 7 on
S4n+3 is then given by ¢ = '(q1,...,qns1) — (ag + b)(cqg + d)~1. By direct
calculation, we obtain

1 cq+d cq—i—d)_1
*0o = | ———— . 2.4
s |cq+d|2<|cq+d|>s<|cq+d| 24)

This formula means that for each unit imaginary quaternion v € S2, the
CR structure (Qv, Iy) is transformed as 7*Q = Qg;lv%, I, =1,

5 vy
where o, is the function of ¢ given by o,(q) = (cq + d)/|cq + d. Thus
G preserves the quaternionic CR structure of S4"*3. Likewise, if v € K,
then ¢ = 0 and o, is constant. Therefore, K preserves the canonical S2-
family of CR structures associated with the hyper CR structure of S4"*3.
If v € Sp(n) further, then d = £1 and 0., = £1. Therefore, Sp(n) preserves
each of the two CR structures constituting the hyper CR structure.
For v € S2, let Ty, be the vector field on S*"*3 defined by (1y), = qv ™1,
ge St andlet Ty =T;, Th = T; and T3 = Tk. One can check that T,
satisfies 0,(T,) = 1 and df,(T,, X) = 0 for all X € Q. The action of v € G
transforms 7, as
YTy =0 = e T, =201, dyf7], (2.5)

T
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where f = —log |cq + d|, dyf denotes the restriction of df to Q and dpf7 is
the section of @ dual to df with respect to Levig, (cf. Section 3, Remark
4).

Example 2 Let E be the real ellipsoid

n+1
E: Z (a;(2 +Z2) + biziZi + ci(wi® + ;%) + diw;w;) — 1 =0,
=1

where a;,...,d; are real, b;,d; > 0 and we are using the complex coordi-
nates z;, w; of H"™! to write the defining equation. Let 6 = (61,60s,603)
be the R3-valued one-form compatible with the hyper CR structure of E,
corresponding to the defining function chosen to be the left-hand side of the
defining equation. By (2.3), the Levi form is

n+1
Levig = > (b + di)(dz; - dZ + duw; - dw;)

i=1

restricted to @), and therefore the hyper CR structure of E is strongly pseu-
doconvex.
On the other hand, the complex Levi forms are

n+1
Levig, =2 (b dz; - dZ; + d; dw; - dw),
=1
n+1
Levip, = Re Z [(bz + dz)(dzl - dz; + dw; - dwi)
=1
+ 2(@1‘ + ci)(dzi - dz; + dw; - d@)],
n+1
Levig, = Re »  [(b; + d;)(dz; - dZ; + d; - duw)
=1

+ 2(@1 — ci)(dzi -dz; — dw; - dm)],

and these almost never coincide on Q); indeed, they coincide on @ if and only
if b; = d; and a; = ¢; = 0 hold for i = 1,...,n + 1, that is, F should be a
“quaternionic ellipsoid”. We will revisit this example in Section 5, where we
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compare the quaternionic CR structure to Biquard’s quaternionic contact
structure [4].

2.2. Quaternionic Heisenberg group and its deformation.
Example 3 The quaternionic Heisenberg group H*"*3 is the Lie group
whose underlying manifold is H” x ImH with coordinates (p,7) =
(p1,...,pn,7) and whose group law is given by

()@ )=+ 7+ + BP0 D).
(There is a concise treatment of the complex Heisenberg group as a CR
manifold in [12].)

Write po, = 20 — 2li — 22j — 22k and 7 = t1i + t2j + tzk. The vector
fields

0 0 0
XO — 9 I ) 2 Y 9 3 >
« 83:8 + o 8751 + o 8t2 + Ta 8t3 ’

Xlzi—2a:0i—2x3i+2x2 4

¢ Oxl oty “ Ot “ots’
Xizaia+2xizi—2$3£2_2xigi)’
ngaiz—2xi;h+2xi;m—2$3£=
T1:288tl’ T2:2£2, T3=2£3

are left-invariant. Let
Q = span{ X} i<a<n,0<a<3, Qa=Q ®RT, ®RT,,
and define complex structures I, on Q, by

X0 =Xx% I,X°=X¢

(o2

1,7, =1T..

Then the triple of (integrable) CR structures (Qq,I,) gives a left-invariant
hyper CR structure on H*"*3. The Im H-valued one-form
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1 L .
On = 5 [dT + Z:l(dpapa — Padpa)

is left-invariant and compatible with the hyper CR structure. The Levi form
of O is given by Levig, (X%, X}) = 200304 Hence the hyper CR structure
of H*"*3 is strongly pseudoconvex. We shall refer to 0y as the standard
pseudohermitian structure of HA" 3. Tt is also worthwhile to mention that
in this example the CR structures (Q,, I,) are not strongly pseudoconvex.

Remark 2 The quaternionic CR and pseudohermitian structures of S47+3
and HA"*3 are related as follows. Let B = {(p/, pns1) € H* ™ | Reppy1 =
|p’|?}. The mapping

(q1,- - qns1) € ST\ {(0,...,0,-1)}

= (g1, Gy L —gnyr) (1 +qni1) ' E€P

is a quaternionic analogue of Cayley transform. This mapping composed
with (p/, pni1) — (P, pne1 — [P|?) gives the equivalence mapping

F:(q, . ,qn+1) € Gant3 \ {(0,...,0,—1)}

= (a4 gnr) e @ (T A+ o)
(14 gni1) ' = L+ Gogq) 7t € HIHS

between quaternionic CR manifolds. Hence F*0p is a pseudohermitian
structure (singular at (0,...,0,—1)) for the quaternionic CR structure of
S4nt+3 - and thus has the form Aofso~!, where A\ and o are respectively
positive and Sp(1)-valued functions. Explicitly, we have A = 1/|1 + g,41/?,
0 = (14 gnt1)/|1 + gnt1|- The quaternionic Cayley transform is utilized
extensively in [8], [9], [10], [11] in connection with problems such as the
quaternionic contact Yamabe problem.

Example 4 The hyper pseudohermitian structure of quaternionic Heisen-
berg group can be deformed by changing the definition of vector fields X
as follows:

0 0 0 0

XO: Al 1 Y AQ 2 ¥ A3 3_ Y
o« = o T HaTagy T Aatag F Aata gt
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d o d 9

X1: _Bl Oi_BQ 37 BS 27
o« = gl T Patagy T Patagy T Batagis
d d d d

X2: Cl 37_02 07_03 I
“ o2 + atagy atagy atapy
0

X3 i—Dlgc?iJrD?a;l 0 _pigo 2

T 0a3 ~ Tetagy T Hetagy, T Telagy

where A%, BS, C4, DS are real constants. We define vector fields T, bundles
Q, @, and complex structures I, on @}, as in Example 3. Then the triple
of almost CR structures (Q,,,) gives an almost hyper CR structure on
R*" x R3, and always satisfies (1.6). It satisfies (1.7) (or more strongly,
(Qa,1,) are CR structures) if and only if A% + B% + C% + D2 does not
depend on a (though may depend on «). Henceforth we assume this condtion
is satisfied, and therefore, we obtain a hyper CR structure. Then the R3-
valued one-form 6 = (601, 05,03) given by

i -
0, = 5 dty + Z (- Alxldr® + Blaldal — CLad da? + Déxid:pi) ,
- «
i -
0y = 3 dty + Z (— AZ22dzd + Bizddal, + C2abda? — D2xldad) |,
i -
03 = B dty + Z (- A2 a3 dx® — B32x2dal + C3xlda? + Dix&dzi)
L o |

is compatible with the hyper CR structure and satisfies 0,(7y) = dq5. The
complex Levi forms are

Levia, = 5 S (4} + BY) (42" + (dz})?)
"+ (Ca+ D)((dad) + (da})?)
Levia, = 5 3 {(42 +C2) ((da) + (ds2)?)
T (B2 4 D2)((dx)? + (dwh)?)

Levia, = 5 S {(43 + D3)((dr2)? + (da3)?)
T+ (B4 CY)((drh)? + (da2)?) ),
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and the Levi form is

Leviy — %ZAQ((dxg)Z T (dalh)? + (d22)? + (dad)?),

where we set A, = A% + B2 + C& + D2. Suppose now that A, > 0 for all
a, so that the hyper CR structure is strongly pseudoconvex. We will revisit
this example in Section 3, Section 5.

2.3. Principal bundle over a hypercomplex manifold

Let (N, I, J, K) be a hypercomplex manifold of real dimension 4n, that
is, I, J, K are (integrable) complex structures on N satisfying [J = —JI =
K. Write I = I, I, = J and I3 = K. Let G be a Lie group of dimension
three, and let @ : M — N be a principal G-bundle over N with connection
form 6 and the corresponding curvature form 2. Via an idetification of
the Lie algebra g of G with R? as vector spaces, we write  and Q as 6 =
(01,02,03) and Q = (7*Qy, 7*Qa, 7*Q3), respectively. Assume the following
two conditions:

(i) The two-forms €, on N are invariant by I,:
Q. (1, X, 1,Y)=Q,(X,Y), X, YeTN.

(ii) A hyperhermitian metric g on N is chosen so that the fundamental
two-forms F, = g(I,-,) are given by
Fu(X,Y) = %(an(, Y) - Qu(I,X,L,Y)), X,Y€TN.
Here, the indices a, b are so that (a,b,c) is a cyclic permutation of (1,2, 3).
Let Q. be the kernel of §,. Then Q = N3_,Q, is the horizontal distribution
for the connection form 6. Take a triple of vertical vector fields (T}, 7%, T3)
on M satisfying 0,(Ty) = dqp. Then @, is expressed as Q, = Q & RT, ®
RT.. We define complex structures I, on @), by Iaf( = IZ)/( and 1,7, =
T., where X denotes the horizontal lift of a vector field X on N. Then
it is straightforward to verify that the almost CR structures (Q,,I,) are
integrable, and in particular, they satisfy (1.6), (1.7).
Thus we obtain the following

Proposition 2.1  Let G be a Lie group of dimension three. Letw : M — N
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be a principal G-bundle over a hyperhermitian manifold N with connection
form 6 and the corresponding curvature form ), satisfying the conditions (i),
(ii) as above. Then {(Qa,Ia)}a=123 defined above is a hyper CR structure
on the total space M, and 6 is compatible with it. The Levi form Levig
of 0 is given by the pull-back of g, restricted to Q : Levig = (7%9)|oxq-
In particular, the hyper CR structure of M is strongly pseudoconvex, and
together with 0, gives a hyper pseudohermitian structure on M.

As a concrete example, the standard hyper pseudohermitian structure of
the quaternionic Heisenberg group H*"*3, which is an Im H-bundle over the
hypercomplex manifold H", can be understood by the bundle construction
as above.

An example with compact total space follows.

Example 5 (T3-bundle over S! x $3) Let N = H \ {0} with complex
coordinates (z,w), and let (I, J, K') be the standard hypercomplex structure
of N as in (2.2). Let g be the hyperhermitian metric on N defined by

_ 2(|dz]? + |dw]?)
P+ P

Then the fundamental forms Fy, Fy, F3 are given by

V—=1(dz A dz + dw A dw) dz A\ dw + dz A dw
F]. = 2 2 ) 2 = 2 2 )
217 + wl 212 + [w]
V—=1(dz AN dw — dz A dw)
F3 == ’
2+ [P
respectively. N
Let p = —log(]z|> + |w|?), a smooth function on N, and define three

two-forms Q, on N by Q, = d(I,dp). They are given explicitly by
2V =1(|w[*dz A dz + |2]Pdw A dw)  2¢/=1(Zwdz A dd — zwdZ N dw)
(|2 + w]?)? (22 + w[?)? ’
dzNdw+dzZNdw (2w — zZw)(dz A dZ — dw A dw)
Oy = -
2% + |w]? (22 + w[?)?
(2 Hw?)dz Adw + (2% + @0°)dz A dw
(2% + [w]?)? ’

Q) =
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V=1({dz Ndw — dz Ndw) /—1(zw + zZw)(dz A dzZ — dw A dw)
|22 + [w]? (2> + [w]?)?
(22 — w?)dz A dw — (22 — w?)dz A dw

(2] + w[?)? '

Q3 =

)

Let N := N/{a), where a is a complex constant with |a| > 1, acting on
N by

a(z,w) = (az,aw), (z,w)€E€ N,

and (a) is the infinite cyclic group generated by a. Then N is a smooth
manifold diffeomorphic to S' x S3, and (g, 1, J, K) descends to a hyper-
hermitian structure on N. Thus we obtain a hyperhermitian Hopf surface
(N,g,1,J,K). Note that though the function p does not descend to a func-
tion on N, the differential du descends to a one-form on IV, and therefore
), descend to two-forms on N.

Let 7 : M = N xT3 — N be the trivial T3-bundle with fibre-coordinates
(t1,t2,t3). (Therefore, M is diffeomorphic to S x T?%.) Define an R3-
valued one-form 6 = (6y,6,,605) on M by 0, = dt, + 7*I,du. Then 0
is a connection one-form in the bundle 7 : M — N with curvature form
Q= (7*Qq, 70y, m*Q3). It is straightforward to verify that the hyperher-
mitian Hopf surface N and the forms €, satisfy the conditions (i) and (ii)
before Proposition 2.1. Therefore, M comes equipped with a hyper pseu-
dohermitian structure. We will revisit this example in Section 3, Section
5.

The above construction of the hyper pseudohermitian structure on S x
T* is a special case of the following more gereral one. An HKT manifold
is a hyperhermitian manifold (N, g, I, J, K), characterized by the property
that the fundamental forms Fy, Fy, F3 satisfy IdFy, = JdFy, = KdF3, where
Iw =w(I-...,I) for a k-form w. By a result of Banos-Swann [3], there
exists an HKT-potential 1, that is, a locally defined function g on N such
that

B - %(d([ad,u) ~ Ld(Lodp)),

where the indices a, b are as before. If d(I,du) are globally defined on N and
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determine integral cohomology classes of N, as in the preceding example,
then there exists a principal T3-bundle 7: M — N with connection form 6
whose curvature form df coincides with (7*d(I,du)). Now Proposition 2.1
applies, and we obtain a hyper pseudohermitian structure on the total space
M. This construction is a generalization of that due to Hernandez [7] for
hyperkahler manifolds.

3. Canonical connection

In this section we shall construct a quaternionic analogue of the Tanaka-
Webster connection [17], [19] in CR geometry. Throughout this section, we
shall assume that the hyper and quaternionic CR structures are strongly
pseudoconvex. Since our construction is modelled on that in the CR case,
we first review it briefly.

Let (M, ) be a pseudohermitian manifold. (Recall that the underlying
almost CR structure is assumed to be partially integrable.) As in [15], let
T be an arbitrary transverse vector field such that 6(T") = 1; except for this
point, we follow the explanation of the Tanaka-Webster connection due to
Rumin [14], where T is the Reeb field from the beginning. For each k£ > 0,
define a Riemannian metric gps 1 on M by

g = g+ k6%,

where ¢ is extended to a positive semidefinite form on T'M by defining
g(T,-) = 0. There is a unique connection V which satisfies Vg, = 0 for
all £ and among such connections, has as small torsion as possible. It is
characterized by the following conditions:

(i) the subbundle @ is preserved by V;
(ii) g and T are V-parallel;
(iii) the torsion tensor Tor of V satisfies
(a) Tor(X,Y)o =0, X, Y e€Q;
(b) X € Q — Tor(T, X)q € Q is g-symmetric,
where Eg denotes the (-component of a tangent vector E with respect to

the splitting TM = Q @ RT. It follows from Vg = 0 and (iii-a) that for
X,Y eT(Q), VxY is given by
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29(VxY,Z) = Xg(Y. Z)+Yy(X,2) - Zg(X,Y) + g([X,Y]q, Z)
—9([X, Z]g,Y) —g([Y. Z]g,X) foral ZeI(Q). (3.1)

We now determine 7" so that the corresponding connection V be as close
to being a unitary connection as possible. Since any orthogonal connection
on a hermitian line bundle is unitary, this step does not work when n = 1.
Hence we assume n > 2 hereafter. Fix an arbitrary T, and write T =
T +2JV for V € I'(Q). Then by (3.1), the corresponding connections V
and V are related by

VxY =VxY +g(JX,Y)JIV — g(JV,Y)JX — g(JV,X)JY.  (3.2)

Let {e1,...,e,} be a local unitary basis for Q%0 and write
n n
Vei =) (wie; +wijg), Vei=) (Dge; +0ie).
j=1 Jj=1

Note that V is a unitary connection if and only if &;; = 0 for all 4, j. Using
(3.2) we obtain

Bijlex) = wijler), @ij(ex) = wij(€x) + 0k Vi — 0riVj,

where we write V. = > (V;e; + Vj&;). @;j(ex) are independent of V,
and they all vanish if and only if the underlying almost CR structure is
integrable, while @;;(€x) can always be made zero by an appropriate choice

of V. Indeed, using (3.1) and d(df)(e;, e;,ex) = 0, we obtain

Wij (ﬁ) = ((5kld0(T, ej) — 5k]d9(T, 61)) . (33)

N =

Hence, by choosing
_ 1 )
V= §d9(T, ei), i1=1,...,n, (3.4)

we can achieve &;;(€;) = 0. Note that (3.4) is equivalent to T being the
Reeb field associated with 6. In particular, the resulting connection V is the
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Tanaka-Webster connection, as generalized to the partially integrable case
by Tanno [18].

We now turn to the quaternionic case, and first treat the hyper CR case.
So let (M, 0) be a strongly pseudoconvex hyper pseudohermitian manifold.
As above, our construction proceeds in two steps: first, for each choice of an
admissible three-plane field Q*, we construct a certain uniquely determined
connection V on TM. Next we determine Q-+ so that, when restricted to a
connection on @, V be “as close to an Sp(n) - Sp(1)-connection as possible.”

Let ¢ denote the Levi form of 6; it is a metric on Q. Let Q' be an
admissible three-plane field, so that we have the splitting

T™M =Q& Q™. (3.5)

Set gt := 012 + 022 + 052, and denote its restriction to Q-+ by the same
symbol. We define a family of Riemannian metrics gasr on M by gar i =
g+ kg, where k > 0 and g is extended to a positive semidefinite form on
TM by defining g(U, ) = 0 for all U € Q*. The splitting (3.5) is orthogonal
with respect to all gar,r. As in the CR case, there is a unique connection
V which satisfies Vgar,r = 0 for all £ and among such connections, has as
small torsion as possible. We state a characterization of this connection as

Proposition 3.1  Let (M, 0) be a hyper pseudohermitian manifold, and let
Q-+ be an admissible three-plane field. Then there exists a unique connection
V on TM satisfying the following conditions:

(i) the subbundles Q and Q+ are preserved by V;
(ii) g and g* are V-parallel;
(iii) for X,Y € Q and U,V € Q*,
(a) Tor(X,Y)qo = 0;
(b) Tor(U,V)gr = 0;
(c) X e Q— Tor(U,X)q € Q is g-symmetric;
(d) U € Q+ + Tor(U, X)ge € Q* is gt -symmetric,

where Eq and Eq. respectively denote the Q- and Q+-components of a
tangent vector E with respect to the splitting (3.5).

Proof. Throughout the proof, let X,Y,Z € I'(Q) and U,V,W € I'(Q"1).
Suppose that V is a connection on T'M satisfying the conditions stated in
the proposition. Then the conditions (i), (ii), (iii-a), (iii-b) force V to satisfy



H. Kamada and S. Nayatani 183

29(VxY,Z)=Xg(Y,Z) +Yg(X,Z) — Zg(X,Y) + g([X, Y]Q,Z)
- 9([X,Z]q,Y) — g([Y, Z]q, X) (3.6)

and
29 (VyV, W)
=Ug-(V,W) + Vg (U W) - WgH(U, V) + g (U, V]ge, W)
g ([UW]ge, V) = g- (V. W], U). (3.7)

Since Tor(U, X)g = Vu X — [U, X]q, the condition Vg = 0 implies that

g(Tor(U, X)q,Y) + g(X, Tor(U,Y)q)
= UQ(X7Y) _g([Uv X]va) - g(X7 [U’Y]Q)‘

Therefore, the condition (iii-¢) determines Tor(U, X)qg by

o(Tor(U, X)q,Y) = 5(Ug(X,Y) — g((U, X]o,¥) — (X, [U, Vo),
and this gives

o(VuX,Y) = S (Ug(X,Y) + 9V, X]a,¥) (X, [0 Y]Q). ()
Similarly, the condition (iii-d) determines Tor(U, X)g+ by

g (Tor(U, X) g+, V)
= —3(XGHUV) + 44U, Xl V) + 6O,V X]g)),
which gives
g (VxU,V) = %(XgL(U, V) =g (U, X]gr, V) + g (U, [V, X]g1)). (3.9)

Conversely, (3.6), (3.7), (3.8), (3.9) determine a connection V on TM
uniquely, and V satisfies the conditions stated in the proposition. U
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Remark 3 One can generalize Proposition 3.1 to a quaternionic pseudo-
hermitian structure in an obvious manner.

Our next task is to determine Q. As in the CR case, we shall work
with complex frames. Let Q'* = {X € Q®C | IX = /=1X}. Then
we have the decomposition Q @ C = Q"% @ Q.9, orthogonal with respect
to the Levi form g regarded as a hermitian form on @Q ® C. Take a local
orthonormal frame {e1,...,e4,} for @ satisfying

€ak—2 = lea—3, €ak—1 = Jear—3, €ar = Keap—3(= lear—1),
k=1,...,n. (3.10)
(Such a local orthonormal frame for @ is said to be adapted.) Then
{ean—1 = (ean—s — V—leaw—2)/V2, e, = (can—1 — V _154k)/\/§}1§k§n
(3.11)
is a local unitary frame for Q'°, and J, K : Q1'° — Q1.9 are given by
Jeop—1 =€z, Jeop = —€gp—1; Kegpo1 = —v —legg, Kegy = vV —legp—1.

Choose an admissible three-plane field Q-+, and let V be the correspond-
ing connection as in Proposition 3.1. Regarding V as a connection on @), let
w be the matrix of connection forms with respect to the above local frame;
its components are given by

2n
Vei = E (wi;ej + wijej).
j=1
Since Vg = 0, we have w;; = —w;; and w;; = —wj;, namely, (wij) is skew-

hermitian and (w;;) is skew-symmetric. Note that Ve; = Ve, since V is a
real connection.

We now further restrict the domain of V by considering the Q-partial
connection

Ve (X,Y)eT(Q) xI(Q) — VxY e T(Q).
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In other words, we regard w as being defined on Q. Let (sp(n) + sp(1))*+
denote the orthogonal complement of sp(n)+sp(1) in so(4n) with respect to
the Killing inner product. Then w’s (sp(n) + sp(1))+-component w°Ps
an obstruction for the Q-partial connection V< to preserve the Sp(n)-Sp(1)-

obs

gives

is small if and only if V? is close to being an
obs)

structure of @), and w
Sp(n) - Sp(1)-partial connection. w®® is tensorial, and (w
of Q,* ® (sp(n) + sp(1))* for each point q.

Note that when n = 1, since Sp(1) - Sp(1) = SO(4), the SO(4)-
connection V necessarily preserves the Sp(1) - Sp(1)-structure of @, and
therefore the obstruction tensor w°P® vanishes irrespective of the choice of
Q+. Hence we assume n > 2 hereafter, and use reprensentation theory to
make the requirement that w°" be small more explicit. Q," ® (sp(n) +
sp(1))+ is an Sp(n) x Sp(1)-module whose model is H" ® (sp(n) + sp(1))*.
Swann [16] wrote down the irreducible decomposition of this module ex-
plicitly, which we shall review. Let E (resp. H) be the standard complex
Sp(n)(resp. Sp(1l))-module, with the left action of Sp(n) (resp. Sp(1))
through the inclusion Sp(n) C SU(2n) (resp. Sp(1) = SU(2)). Then we
have

obs ¢ is an element

H'@C~E®H (3.12)
(sp(n) +sp(1))* @ C= A2E ® S*H (3.13)
as complex Sp(n) x Sp(1)-modules. In fact,
s0(4n) @ C=2 A’H" @ C  (as SO(4n)-modules)
~AN*(E®H)
~ S’Ea S’H o (AJE® S°H). (3.14)

Since S?FE = sp(n) and S?H = sp(1), we conclude (3.13). It follows from
(3.12) and (3.13) that

(H" ® (sp(n) + sp(1))") @ C = (E® H) ® (AJE ® S*H)
(E®AJE) ® (H® S°H)

1%

I

(KeAE®E)®(S°Ho H), (3.15)
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where K is the irreducible complex Sp(n)-module with highest weight
(2,1,0,...,0). Therefore, we have the irreducible decomposition

(H" @ (sp(n) + sp(1))7) © C
~ (K®S°H)® (AME® S*H) & (E® S H)
S (KoH)® (AME®H)as (E® H). (3.16)

S other than the one corre-

It can be shown that all the components of w°P
sponding to £ ® H are stable under a change of Q. It is also not possible
in general to remove the component w®®# of w°" in £ ® H. As we shall

EQH

prove in Theorem 3.4 below, w can be removed by a suitable choice of

Q-+ if one assumes a stronger condition than strong pseudoconvexity which
is called ultra-pseudoconvexity and will be defined below.
To proceed, we shall first express the condition

WwPeH — (3.17)

in a more explicit form.

Lemma 3.2  The condition (3.17) is rewritten as follows: forl=1,...,n,

n

1
Z {2(00%_1,25_1 - wgkvj)(eﬂc—l) + wop—1,21-1(€26—1)
k=1

+ (w%_lj + w%m)(ezk) + wop,21—1(€2k)

R Y

1
+ 5 (Wapo1 251 + wargp) (21-1) + nwyc—l,zk(@zl)} =0, (3.18)

and

n

1
> {2(W2k_1,2z + Wop 37=7) (€26-1) + wak—1,20(€2%—1)
k=1
1 _
+ *(_w2k—1,21—1 + w2k,§)(€2k) + war,20(€21)

[\)

1 1

+ 5, (Wo 1 3p=7 + war 3p) (e21) — nwzkl,zk(ezll)} =0. (3.19)
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We shall postpone the proof of this lemma to the next section.

Definition 3.3 We say that a hyper CR structure is ultra-pseudoconvex
if the symmetric bilinear form h on the subbundle @ defined by

3
h(X,Y) = (2n+4) Levig(X,Y) = Y " db.(X,IY), X,Y €Q,

a=1

is positive or negative definite for some (hence any) compatible, R3-valued
one-form 6.

Since the component of h invariant under I, J, K is (2n + 1)g, a hyper
CR structure is strongly pseudoconvex if it is ultra-pseudoconvex. The
sphere S4"*3 and the quaternionic Heisenberg group H*"t3 are ultra-
pseudoconvex, since on these hyper CR manifolds, the three complex Levi
forms df,(-, I,-) coincide on @ and therefore they are equal to Levig. It
is easy to see that strictly convex real hypersurfaces in H**! are ultra-
pseudoconvex. In particular, the ellipsoids as in Section 2 are ultra-
pseudoconvex. We give a less obvious example.

Example 6 Let (M,0) be the hyper pseudohermitian manifold as in
Example 5. Recall that M is the total space of the (trivial) T3-bundle
m: M — N over the hyperhermitian Hopf surface (N, g, I, J, K). We have

2(|dz|? + |dw|?)

Levig =7"g =

|2[* + |w|?
and
3
h=6Levig— Y dba(-, Ia")

a=1
_A(ldz|? + |dw]?) | 2(zdz + 2dz + wdw + wdw)?
P wf? (|27 + [w]?)?
= 2Levig +2(dp)>. (3.20)

Therefore, the hyper CR structure of M is ultra-pseudoconvex.

Example 7 For the hyper pseudohermitian structure as in Example 4,
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we have
1 1 2 3 & a 02
52 (n+2)Aa — BY — C2 — D5 = > " A% ) (da)
o a=1
3
+ <(n +2)Aa — AL, = DL —C3 = Bg> (dzl)?
a=1
3
+ <(n +2)A — D} — AL - B - > C;) (da2)?
a=1
3
+ <(n+ 2)A, — CL — B2 — A2 — ZD;) (d:ci)Q}.
a=1

Note that h can be degenerate or even indefinite according to various choices
of A2 ...,D% (e.g. if A2 =n+1and B2 = C% = D% = —n/3, then h is
indefinite). Thus the hyper CR structure may not be ultra-pseudoconvex,
even though it is strongly pseudoconvex.

Note that h remains unchanged under the deformation of hyper
CR structure and 6 as in (1.10), (1.12). Thus the definition of ultra-
pseudoconvexity extends to the quaternionic CR structure.

Theorem 3.4 Let (M, 0) be an ultra-pseudoconvex hyper pseudohermitian
manifold of dimension > 7. Then there exists a unique admissible three-
plane field Q+ such that the corresponding connection ¥V as in Proposition

3.1 satisfies (3.17).

We call Q+ of the theorem the canonical three-plane field, and the
corresponding admissible triple (17,7%,73) the canonical triple. The cor-
responding connection, denoted by D, is a quaternionic analogue of the
Tanaka-Webster connection in complex CR geometry. We call it the canon-
ical connection associated with (M, ).

Proof of Theorem 3.4. Fix an arbitrary admissible triple (T4, 7%, T3) of ref-
erence, and let V be the corresponding connection given by Proposition 3.1.
Let T, = T, + 21,V for V € I'(Q). We will show that V can be chosen

uniquely so that V the connection corresponding to (Tl,TQ,Tg) satisfies
(3.17).
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First, we have for X,Y € Q,
N 3
[X¢Y]Q = [X, Y]Q +2Zd9a(X7Y)IaVYa (3.21)
a=1

where [X Y]Z) is the Q-component of [X,Y] with respect to (fl,@,f 3).
Using (3.21) and (3.6) with (Y, Z) = (es,ey), we obtain

3
Br(X) =wry(X)+ > dba(X,er)g(IV,ey)
a=1
3 3
=Y dba(X,e0)g(TaV,er) = Y dba(er,es)g(LV, X).  (3.22)
a=1 a=1

Here, wyy (resp. Wry) are connection forms of V (resp. @), and the indices
I,J range over 1,2,...,2n,1,2,...,2n.

Let wg;—1 (resp. W —1) denote the left-hand side of (3.18), computed
for V (resp. V). Then by using (3.22), we obtain

< =1
1\ & _
- <1 + > df.(ean—1,e2r)9(1aV,€27)
n =
1 n
+ [(dOq(E2r, e21-1) — dba(e2n—1,€20)) 9(L.V, ear)

+ (d0q(€2%—1, e21-1) + dba(e2k, €21)) g(1aV, e2k—1)] }
(3.23)

The right-hand side is simplified as follows. Since df, is I,-invariant,
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the sum on the second line vanishes if a = 2,3. We compute the sum for
a=1:

Z(d91(62k717 e2n—1) + df1(e2r, €2x)) g(11V, ea1-1)
k=1
=— (d91(€2k¢—1, €ar—1) + d91(€2k,@))9(v7 Ly 1)

n
=1

I
[]= -

(b1 (e2r—1, Inezn—1) + db1(ezr, Ire2r)) g(V, e21-1)

B
Il

1

2g(eak—1,€26-1)9(V, e21-1)

I
NE

1

ng(V,ex_1). (3.24)

Il
R

The sum on the third line vanishes if a = 1; for a = 2, we compute:

> dbsy (a1, ear)g(I2V,em) = Y dbs(ean—1, Ioeze—1)g(V; ea1-1)
k=1 k=1

= Zg(ezk_l,m)g(‘/, e21-1)
k=1
=ng(V,ea_1). (3.25)

Likewise, for a = 3, we obtain

> dbs(ear—1, ear)g(IsV,ea1) = ng(V, ea1). (3.26)
k=1

We compute the sum on the fourth and fifth lines:

n

Z [(dfq(E2k, €21-1) — dOq(e2k-1,€21)) g(1.V, €ar)
k=1

+ (dfq(€2%—1, e21—1) + dba(e2r, €21)) g(1aV, e2r—1)]
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2n

= Z [(dOq(€5,e21-1) + da(I2e;, €21)) g(1aV, €;)

i=1

+ (dfa(ei, e21-1) + dbo(I2e,€21)) g(1aV, €))]

2n
= (dba(eir e2-1) + dba(Taeir o)) g( 1oV, &)

=1
= dea(IaV7 e2l—1) + daa(IQIaV7 672l)
2n
=Y (dbales, ea1-1) + dba(T2es, @) ) g(IaV, E).
=1

We find that the right-hand side is equal to 2[g(V, ea—1) — d0,(V, I e2,—1)]
for all a. Indeed, if @ = 1, the sum on the second line vanishes, and

df, (1211 V,eg) = db1(12V, I1 Izeq—1)
= (d91(I2V, 11[2621—1) + d91(V, Ilezl—1)) - d91(V, 11621—1)
=29(V,eq—1) —db(V, I ey_1).

If a = 2, the sum on the first line is equal to 2dfs(I5V, e9—1), and the sum
on the second line becomes

2n

—2) " dba(es, Ioem)g(12V, &) = —2g(IV,em) = —2g(V, e 1),

i=1

since dfs(e;, Isea;) = g(e;, €21) = 0;,2;. The a = 3 case is similar.
We thus conclude that

W21—1 — W2i—-1

3
6 3 3
= ( —3n—3+ n)g(V, 621_1) + (2 — 277,) Z;d@a(v, Iaegl_l)

3n—3
= — h(V,eoq_1).
m (,ezz 1)

We obtain a similar result for the left-hand side wq; of (3.19), and con-
clude that ©¥®H vanishes if and only if
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3n —3 3n—3
h(V,ea—1) =we—1 and h(V. =
on (Viea—1) =wg -1 an on (V,ea) = wy
for Il = 1,...,n. By ultra-pseudoconvexity, there exists a unique V which
satisfies this last system of linear equations. O

We now extend the above construction of the canonical connection for a
hyper pseudohermitian structure to that for a quaternionic pseudohermitian
structure. To do this, it suffices to verify that given a quaternionic pseudo-
hermitian structure, the condition (3.17) over each local hyper pseudoher-
mitian structure is actually global. Let (M, ©) be an ultra-pseudoconvex
quaternionic pseudohermitian manifold of dimension > 7. There is a global
Sp(n) - Sp(1)-bundle @ over M, and let P be the bundle of frames for @
which are adapted (cf. (3.10)) with respect to some triple (I,) of compatible
complex structures; this is a principal Sp(n) - Sp(1)-bundle over M. Let V
be any SO(4n)-connection on @, and for any local section € = (e1,...,€4p)
of P, let w be the corresponding matrix of (real-valued) connection forms,
given by Ve = e®@w. Note that this w is essentially the same as the previous
one (when V is the connection given by Proposition 3.1); as a collection of
local matrix-valued forms, the present w is the expression of the previous one
in terms of real frames (3.10) rather than complex ones (3.11). As before,
we regard w as being defined on @. If € changes as € — ea, where «a is a local
Sp(n) - Sp(1)-valued function, then w transforms as w +— a~twa + a~'da.

Now let ¢ be the standard representation of Sp(n) - Sp(1) on H", .* its
dual, and let Ad be the adjoint representation of SO(4n) on its Lie algebra
so(4n). By restriction, the last representation induces one of Sp(n) - Sp(1)
on (sp(n)-+sp(1))*, which we denote by the same symbol. We then consider
the representation t* ® Ad of Sp(n) - Sp(1) on H"* ® (sp(n) + sp(1))+, and
construct the vector bundle

E =P Xpgaa (H™ @ (sp(n) + sp(1))F) = Q* @ P xaq (sp(n) + sp(1))*.

Let w°® be the (sp(n) + sp(1))*-component of w. Then the above trans-
formation law for w ensures that the local forms w°P give a global section
of £. According to the irreducible decomposition (3.16), the bundle £ @ C
splits and w°P® thereby decomposes, both globally. Therefore, wF®H  the
E ® H-component of w°", is also global.

By the obsevation we just made, we obtain the following conclusion.
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Theorem 3.5 Let (M,0 = {0y }) be an ultra-pseudoconver quaternionic
pseudohermitian manifold of dimension > 7. Then the local canonical three-
plane fields {(Q1)y} and the local canonical connections {Dy} for local
hyper pseudohermitian structures patch together to give a global admissible
three-plane field Q+ and a global connection D, respectively.

Definition 3.6 Let (M, ) be an ultra-pseudoconvex quaternionic pseu-
dohermitian manifold of dimension > 7. We call Q-+ and D of Theorem 3.5
the canonical three-plane field and the canonical connection, respectively,
associated with ©.

We now derive, for future use, the transformation law for the canonical
triple under a conformal change of (hyper) pseudohermitian structure.

Proposition 3.7 Let (M,0) be an ultra-pseudoconvex hyper pseudoher-
mitian manifold of dimension > 7. Let ' = €*/0, and (Ty,Ts,T3) (resp.
(T7,T5,T%)) the canonical triple corresponding to 6 (resp. 6'). Then we
have

T = e (T, + 2I,W),
where W € T'(Q) is uniquely determined by
h(W,X)=—-2n+ 1)dpf(X), X €Q. (3.27)

Proof.  We regard W as the unknown and verify that it must satisfy (3.27).
Set a = dpf, g = Levig and ¢’ = Levig = e®fg. Let D (resp. D’) be the
canonical connection for 6 (resp. ). As in the proof of Theorem 3.4, we
obtain for X € Q,

wi(X) = wrs(X) +a(X)gler,es) + aler)g(X,es) — ales)g(X, er)

3 3
+ > d0a(X,er)g(IW,es) = > dba(X, e5)g(1aW,er)
a=1 a=1
3
- Zdaa(ebeJ)g(IaW7X)a (328)
a=1

where wry (resp. w};) are connection forms of D (resp. D'), {ei,...,e2,}
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is a g-unitary frame as in (3.11) and the indices I,J range over
1,2,...,2n,1,2,...,2n. It should be also noted that w}; are computed with
respect to the g/-unitary frame {e~/e;}. Since the last three sums on the
right-hand side appear in (3.22), we can use the computation in the proof
of Theorem 3.4. Denoting the left-hand sides of (3.18), (3.19) by wo;—1, wa,
respectively, we obtain

3n—3
efwl —w; = — n2 {h(ei, W)+ (2n+ 1)a(ei)}
n
fori=1,...,2n. Again, note that w/ are computed with respect to {e~/e;}.

Since the left-hand sides of these identities vanish, we must have h(e;, W) =
—(2n + 1)a(e;) for i = 1,...,2n. This completes the proof of Proposition
3.7. O

Remark 4 For the sphere S*"*3  we have h = (2n + 1) Levig. Therefore,
(3.27) gives W = —d,f#, which is consistent with the transformation law
(2.5).

We conclude this section with some comments on the curvature of the
canonical connection. Let (M,0) be an ultra-pseudoconvex quaternionic
pseudohermitian manifold of dimension > 7, and D the associated canonical
connection. Let R and Ric denote the curvature and Ricci tensors of D,
respectively. For X|Y € @, we have Ric(X,Y) = 2?21 g(R(g;, X)Y,&;),
where {e1,...,e4,} is an orthonormal basis for @) with respect to the Levi
form g = Levig. The pseudohermitian Ricci tensor r is the component of
Ric|g (restriction to @) which is symmetric and invariant under I, J, K.
The pseudohermitian scalar curvature is s = try(Ric|g) = E?:l Ric(ey, &4).

Let s and 0y be the standard pseudohermitian structures of the sphere
54713 and the quaternionic Heisenberg group H*"*3, respectively. Recall
from Section 2 that they are related by s = €2/ oo ~" for some real-valued
function f and Sp(1)-valued function o.

The curvature of 8y vanishes identically, and the curvature of 85 coin-
cides with that of €2/@y. There are formulas computing the curvature of
the pseudohermitian structure of the form e?f6y, and by using them, we
obtain rg, = 2(n + 2) Levig, and sg, = 8n(n + 2).

In a future work, we shall study the curvature of quaternionic pseudo-
hermitian manifold in detail.
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4. Proof of Lemma 3.2

Let w, w°P and wP®H be the forms as in the previous section. Recall
that we regard them as being defined on ). Then we have

Lemma 4.1  The coefficients of wF®H corresponding to a standard basis
of E® H are given by the left-hand sides of (3.18) and (3.19) in Lemma 3.2
with I =1,...,n, and their complex conjugates.

The rest of this section is devoted to the proof of Lemma 4.1.

To prove Lemma 4.1, we start by making the correspondences (3.12) and
(3.13) more explicit. For (3.12), let I : H" — H™ be the complex structure
given by the right multiplication of i ', and set V = {X € H" @ C |
IX = /=1X}, so that we have H» @ C = V & V. Let (e1,...,€4,) be the
standard basis for H* = R**, and define a complex basis for V by egp_1 =

(€ak—3 — \/—1641%2)/\/57 eak, = (Eap—1 — \/—1€4k)/\/§ (k=1,...,n). Also,
let (eq,...,e2,) and (f1,f;) respectively denote the standard basis for £ =
C?" and H = C?. Then the correspondence

eop—1 < €1 D Fo, eop > e, @fy, €1 = —en, ®f, ey e ®f;

(k=1,...,n) gives an isomorphism H" ® C 2 F ® H. For (3.13), we can
find the elements of (sp(n) + sp(1))* ® C corresponding to generators of
A3E ® S?H, by tracing the isomorphisms in (3.14) backwards:

(ear—1 Neg—1) @ (f1 - f1) < € A e,

(ear—1 Neg—1) ® (fo - £5) > eap—1 Nea—1,

1 _ .
(ear—1 Neg—1)® (fi - f2) < 5(621%1 Ney — eg—1 N eégp),

(ear Neg) @ (fy - f1) « eap_1 Nez_1,

(e2r Neg) @ (fa - f2) — eap A eay,

1
(eor Neg) @ (fy - o) « 5(—€2k—1 A eg +€2-1 A eag),

n

1
€os N\ eo_ f-f —esp_1 Neg + —0 m—1 /\ €2m.,
(e2r Aez-1)o ® (f1 - f1) & —ep=1 Nex + KD Cam 1 A&

m=1
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n

1
€op N egj_ fo - £5) <> eqp N eg_ —0 €a2m—1 /N €2m,
(€2 Neg—1)o @ (f2 - f2) 2k 211+nklz 2m—1/\ €2

m=1

1 _
(ear Negi—1)o @ (f1 - £2) < 5(—6%—1 A eg—1 — € A eay)

n

1 .
+ %&cl Z (eQm—l A eom—_1+ eam A 62m)~

m=1
The isomorphism S?H & H = H @ S?H embeds H into H ® S?H by
sH:wEHb—>f1®(f2-w)—f2®(f1-w)€H®S2H.
Likewise, the isomorphism K ®ASE®E = E®Q A3E embeds E into EQ AZE
by

n

sp:weFlk— Z [egk_l ® (egr ANw)g — €2 ® (egp_1 A w)g] ceE® A(Q)E.
k=1

We are now ready to give

Proof of Lemma 4.1. We shall identify the coefficient of w”® correspond-
ing to eg;_1 ® f; € F® H, to which corresponds the following element of
(H" ® A°H") @ C:

n

1
Z {62k® [2(—62k1 A egi—1 — €31 A egg)
k=1

1 - -
+ %5“ Z (€2m—1 N €2m—1 + €zm A eQm):|

m=1

1 . -
+e_1® 5(6’%—1 Neg — eg—1 N €zx)

n

A . o
— €251 ® [— Car—1 A2 + O > E@mo A e2m:| + e2r ® (€2x N 621)}-

m=1

Note that at each point ¢ € M, we can express w as
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2n
w= Y w®piAgi+ Y wp®B AT+ > wi®p AFj,
1<i<j<2n 1<i<j<2n ij=1

where (1, ..., p2,) is the dual of the unitary basis (e1, . .., ea,) for (Q)"° =
V. Then the coefficient of wZ®H corresponding to ey @ f; is given by

n

1 _ 1 .
Z 5(‘“’2143—1,21—1 - Wﬁ,%)(e%) + %(w2k—1,2k—1 + wﬁgk)(e%)
k=1

+ S (Wop 137 — W1 35) (€26—1) + w1 3(€2k-1)

— N =

- ﬁ“’m,ﬁ(@l—l) + wﬁ,zl(ezk)},

which is the complex conjugate of the left-hand side of (3.19). Likewise,
computing the coefficients corresponding to the other basis elements of £ ®
H, we obtain the left-hand sides of (3.18), their complex conjugates and
those of (3.19). O

5. Comparison to quaternionic contact structure

As mentioned in the introduction, some quaternionic analogues of CR
structures other than those in this paper have been studied by several au-
thors (cf. [1], [2], [4], [7]).

In this section, we first review the definition of quaternionic contact
structure, introduced by Biquard [4], and the canonical connection, called
the Biquard connection, associated with a choice of metric. We then com-
pare the quaternionic CR structure to the quaternionic contact structure.
We observe that while a quaternionic contact structure can always be “ex-
tended” to a quaternionic CR structure, the quaternionic contact structure
is more restrictive than the quaternionic CR structure.

Definition 5.1 A quaternionic contact structure on a (4n+3)-dimensional
manifold M is a corank three bundle @ equipped with a C'Sp(n) - Sp(1)-
structure satisfying a compatibility condition. That is, we have a conformal
class [v] of metrics on @ and a two-sphere bundle I over M of complex
structures 1: Q — @, I? = —Id, and these satisfy the following conditions:
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(i) y(IX, 1Y) =~v(X,Y) forall I e and X,Y € Q.

(ii) I locally admits sections I,, a = 1,2,3, satisfying the quaternion
relations I1lo = —Iol; = I3 and 1 = {v1 I} + vols +v3l3 | v12 + v2? +
2
V3~ = 1}

(iii) @ is locally the kernel of an R3-valued one-form 7 = (11, 12, 73) satis-
fying the compatibility relations

Y, X,Y)=dn,(X,Y), a=1,23, (5.1)

where X,Y € Q.

Note that (5.1) is equivalent to v(X,Y) = dn.(X,1,Y); in particular,
(5.1) implies the condition (i). Note also that if (5.1) holds, then for any
other triple (17, I}, I;) of complex structures as in the condition (ii), there
exists an R3-valued one-form 7’ = (n},n5,n4) so that the compatibility rela-
tions (I, X,Y) = dn/,(X,Y) hold. Indeed, if I, = 37, Saplp, where (sqp)
is an SO(3)-valued function, then it suffices to choose n/, = 22:1 SapTp-
(Actually, this is a unique choice of 7, as verified by argument similar to
that in the proof of Proposition 5.3 below.)

On a quaternionic contact manifold of dimension > 7 with a choice of
metric v on @ in the conformal class, Biquard constructed a canonical con-
nection D®| called the Biquard connection (cf. [5] for the seven-dimensional
case). He also gave a distinguished rank three subbundle Q* of TM com-
plementary to Q. The connection D® and our canonical connection D on
a quaternionic pseudohermitian manifold are similar but differ in some re-
spects: first, DB preserves the Sp(n) - Sp(1)-structure of @, while D does
not in general, because of the generality of our structure; second, the torsion
tensor Tor of DB, restricted to Q x Q-+, has no Q-component and is more
sensitive to the GL(n,H)-Sp(1)-structure of @), because of the “quaternionic
extension” used in the construction of DB.

The bundle Q+ can be explicitly described. Choose a local R3-valued
one-form (11,72,713) as in Definition 5.1. Then Q-+ is locally generated by
vector fields { R, }a=1,23 characterized by

na(Rb) = 6aba d'r/a(RaaX) = 0, X e Qv (52)

and they further satisfy
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dnp(Re, X) = —dne (R, X), X € Q.

Let M be a quaternionic contact manifold, with the associated corank
three subbundle @ of T'M and two-sphere bundle I of complex structures of
Q. Then there are quaternionic CR structures having (Q,I) as the under-
lying structure. To show this, fix a metric v on ) and choose an arbitrary
rank three bundle Q* transverse to Q. First, we construct a local hyper CR
structure. So choose (I3, I, I3) locally and then choose a local R3-valued
one-form (71,72,7m3) so that (5.1) holds. Since 14|p. form a local coframe
for Q*, there is a unique triple (77, T, T3) of local sections of Q-+ such that
Na(Tp) = dap. Then set Q, = Q ® RT, @ RT,, and extend I,: Q@ — @ to
I,: Q, — Q. by defining 1,7, = T, and I,T. = —T;,. Note that we have
kerng, = Qq and 1g 0 Iy = ¢, and {(Qa, Io) }a=1,2,3 satisfies the conditions
for an almost hyper CR structure. Moreover, it is integrable. Indeed, for
X,Y € I'(Q), we compute using (5.1):

Na([X, Y] = [IX, LY]) = —dna(X,Y) + dna(I. X, I,Y)

= —(LX,Y) = v(X, LY)

= (),

M (La([X, Y] = [[.X, LY]) = ([X, LY] + [[LX,Y]))

= (X, Y] = [l X, LY]) = mp([X, LY] + [[.X, Y])
=dne(X,Y) — dne(I1oX, 1Y) + dnp(X, L.Y) + dimp (1. X, Y')
= Y(IX,Y) = y(LIX, LY) + 7 (1,X, L.Y) + 1T, X.Y)
=0,

and likewise,
nc(Ia([Xv Y] - [IaXa IaY]) - ([Xv IaY] + [IaXa Y])) =0.

In this way, for each local choice of (I1, I3, I3), we have the corresponding
local hyper CR structure {(Qq,I,)}. We now verify that two such local
hyper CR structures {(Qa,I,)} and {(Q/, 1)} satisfy the gluing condition

(1.10) if they overlap. Suppose that I/ = Zp Saplp as endomorphisms of
Q, where (sqp) is an SO(3)-valued function. Choose 1, = > Sqpnp and
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T}, Ty, T4 be the corresponding local sections of Q. We must show that

T, = Zsapr and I, = <Zsapf;>
P P

: (5-3)
Q4

where the notation I, is as in Section 1. Since the former relations are clear,

it sufficces to verify the latter relations of (5.3). Set I; = > sapl,. We
compute

[Ty = Z Sap5bqj;JTqv

p,q

and restricting the indices p, ¢ to those which extends to a cyclic permutation
(p,q,r) of (1,2,3), we further rewrite the right-hand side as

Z(Sapsbq — saqsbp)INqu = Z Sep Ty =T

r

Thus 1)) = I/, which gives the latter relations of (5.3).

The above construction actually gives a quaternionic pseudohermitian
structure such that the associated Levi form is the metric v, and therefore,
we have the canonical three-plane field (Q+)’. While (Q+)’ differs from Q~
in general, (Q1)" = @+ holds when Q% is Biquard’s one, locally generated
by the vector fields {R,}q=1,2,3 satisfying the Reeb condition (5.2). We
record this fact as the following

Proposition 5.2 Let M be a quaternionic contact manifold of dimension
> 7 with a choice of metric vy on the corank three bundle Q. Let Q* be the
rank three bundle locally generated by the vector fields { Rq }a=1,23 satisfying
(5.2), and equip M with a quaternionic pseudohermitian structure in the
way as above. Then Q- gives the canonical three-plane field associated with
the quaternionic pseudohermitian structure.

Proof. Let DB be the Biquard connection associated with the metric ~,
and V the affine connection, given by Proposition 3.1, associated with the
quaternionic pseudohermitian structure and the admissible three-plane field
Q+. When regarded as Q-partial connections, they coincide with each other,
since they are characterized by the same condition (3.6). We know that DB
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restricts to an Sp(n) - Sp(1)-connection on @, and therefore V restricts to
a ()-partial connection preserving the Sp(n) - Sp(1) strucutre of Q). So the
obstruction w°® vanishes, and in particular, w#®H = 0. This means that
Q= is the canonical three-plane field (and V is the canonical connection)

associated with the quaternionic pseudohermitian structure. We are done.
O

The following proposition generalizes [6, Proposition 2.1], which charac-
terizes a quaternionic contact real hypersurface in a quaternionic manifold,
to an arbitrary quaternionic CR manifold. It shows that the above men-
tioned coincidence of the Levi form with the metric v is actually the case for
any quaternionic CR structure which has (@, I) as the underlying structure.

Proposition 5.3 Let M be a quaternionic contact manifold, with the as-
sociated corank three subbundle @ of T M, two-sphere bundle 1 of complex
structures of Q and conformal class [y] of metrics on Q. Then for any
quaternionic CR structure on M having (Q,1) as the underlying structure,
the conformal class consisting of all Levi forms coincides with [y]. Fur-
thermore, if 0 = (01,02,03) is a local R3-valued one-form compatible with a
local hyper CR structure {(Qq, I4) }a=1,2,3 (constituting the quaternionic CR
structure), then Levig, (I1, I, I3) and 0 satisfy the compatibility relations

Levig(X,Y) = d,(X,1,Y), a=1,2,3, (5.4)

where X,Y € Q. In particular, the quaternionic CR structure under con-
stderation must be ultra-pseudoconver.

Proof. Let (Iy,I2,I3) be as in the statement of the proposition. The con-
dition (iii) says that there exists a local R3-valued one-form n = (91, n2,73)
such that the kernel of n coincides with @ and (5.1) holds: (I, X,Y) =
dn.(X,Y). First observe that 6, may be expressed as 0, = 22:1 SapTp,
where (s4p) is a GL(3,R)-valued function. Then for X,Y € @,

A0a(X,Y) = 8apdnp(X,Y) = 8ap 71, X, Y) = 4(Ju X, Y),
p p

where we set J, = Zp Saplp. We compute df,(X,1,Y) in two ways:

A0, (X, 1,Y) = v(J X, [,Y) = —v(1,J, X,Y)
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and

d0,(X,1,Y) = —db, (I, X,Y) = —y(J. [, X,Y).

This implies I,J, = J,I, as endomorphisms of @), and therefore J, is a
multiple of I, by a scalar-valued function: J, = A.ls, A\s # 0. Now
di,(X,1,Y) = A\v(X,Y), and so Levig(X,Y) = Ay(X,Y). Therefore,
A1 = A2 = A3, and denoting this function by A, we have df,(X,I,Y) =
Levip(X,Y) = (X, Y). O

We now look at a real hypersurface M in a quaternionic manifold, and
compare the quaternionic CR structure to the quaternionic contact structure
in this case. As explained in Section 2, M has a canonical quaternionic CR
structure, and therefore there exists a canonical corank three subbundle @)
of T'M, together with a canonical two-sphere bundle I of complex structures
of @ as in (ii) of the above definition. In contrast, a real hypersurface in
a quaternionic manifold does not admit in general a quaternionic contact
structure which the canonical (@,I) underlies. Ellipsoids as in Section 2
supply concrete examples; an ellipsoid in H**! does not admit a quaternionic
contact structure having the canonical (Q,I) as the underlying structure,
unless the ellipsoid is a quaternionic one. This follows from Proposition 5.3.
Indeed, for an ellipsoid which is not quaternionic, we observed in Section 2
that the complex Levi forms Levig, = df,(-,1,-) do not coincide on @ for
the standard choice of 6. In particular, (5.4) cannot hold. Note that, since
any ellipsoid in H"*! is diffeomorphic to the sphere S***3 it does admit a
quaternionic contact structure by pulling back that of the sphere. However,
the underlying structure (Q,I) is different from the canonical one of the
ellipsoid.

The hyper CR manifolds of Example 4 and Example 5 give concrete
examples of intrinsic quaternionic CR manifold which does not admit a
quaternionic contact structure with the same underlying structure (@Q,1I).
Indeed, for the pseudohermitian structure 6 of Example 4, (5.4) holds if and
only if

Ao

Ao+ By =Co+ Dy = AL+ C4 =By + Do = AL+ Dg = By +C4 = =~

for all . In other words, unless this last condition is satisfied, (5.4) cannot
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hold. For 6 of Example 5, (3.20) shows that h and Leviy are not proportional,
and therefore (5.4) cannot hold.

6. Appendix

6.1. All (Qv,I,) satisfy (1.6) and (1.7)

Let M be a hyper CR manifold, and fix a function v = (v1, ve, v3) with
values in S? C R3. In this subsection, we will show that (Qv, ) satisfies
the conditions (1.6) and (1.7) for all X,Y € I'(Q).

Let 6 = (61,0, 03) be an R3-valued one-form on M compatible with the
hyper CR structure. Set 0y := v16; + v205 + v303, so that Q, = ker0,,. Fix
an admissible triple (T3, 7%,T3) such that 6,(7,) = 1. Recall from Section
1 that endomorphisms INa of TM are defined by setting I;X = [, X for
X € Q, and INQTa =0, and that I, = (vlfl + vl + 1)3[~3)|Qv. We will use
the following relations:

0. = 0,0l, = —0yol,, 0,0l, =0, (6.1)
~ ZzIb on Qba

L=¢"_ (6.2)
—Iyl, on Q.

Proposition 6.1  For any S?-valued function v, (Qv, 1) satisfies
[X’ Y} - [IvXa IVY] € F(Qv)a (63)
L(XY] - [LX, LY]) — [X, Y] - [LX,Y) €T(Q)  (6.4)
for all X, Y € T'(Q).

Proof. We first prove (6.3) by verifying 6, ([X,I,Y] + [[,X,Y]) = 0 for
X,Y € I'(Q). Plug (1.7) into 6., use (1.5) and replace Y by I.Y. We then
obtain

Op([X, 1Y)+ [I.X, L,Y)]) + 0.([X, L,Y] — [[,X,I.Y]) = 0.
Rewriting this as

0o([X, I.Y] + [LI.X, I,Y]) = —0.([X, L,Y] + [[.I, X, I.Y])
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and using (1.6), we conclude
Op([X, I.Y] 4+ [I.X,Y]) = =0.([X, LY ]|+ [[,X,Y]), (6.5)
which also holds when b = ¢. Therefore,

Oy (X, LY+ [X,Y]) = > wpveby([X, Y] + [I.X, Y]) = 0.
b,c

Note that the terms involving the devivatives of v, disappear, since 6, van-
ishes on @). This proves (6.3).
Next we prove (6.4) by showing that

O (([X, Y]+ [[.X,)Y]) + [X,Y] - [LX,[,Y]) =0
for each a. The left-hand side is computed as

vavc o(L([X, LY) + [I.X,Y]) — [L,X, 1.Y]) + 64([X, Y])
_va (I(X, Y] + [L,X,Y]) + [X,Y] - [, X, ,Y])

+ > e 0o (I([X, LY + [LX,Y)) + L([X, L,Y] + [[,X, Y])

b#a
— [LX, 1,Y] - [LX,,Y))

+opve O (1n([X, LY + [LX,Y]) + L([X, L,Y] + [, X, Y]))
— [ X, I.Y] - [I.X, ,Y]).

Note that the sum over b, ¢ in the left-hand side is divided into four parts:
the sums over b=c¢, b #c=a, c# b=a, and b # ¢ # a # b. The second
and third sums are grouped into the second sum of the right-hand side, and
the fourth sum into the last term, in which b, ¢ are so that (a, b, ¢) is a cyclic
permutation of (1,2,3). The first sum of the right-hand side vanishes by
(1.7); the last term by (6.1), (1.6). The second sum also vanishes, since
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Oa(1o(1X, LY + [LX,Y])) = 6c([X, L.Y] + [L.X.Y])
= —0a([X, L.Y] + [[X,Y]) = 0a([La X, 1Y) + [[,X, [,Y))

by (6.1), (6.5) and (1.6). This completes the proof of Proposition 6.1. O

6.2. Levi form

In this subsection, by applying Proposition 6.1, we prove Propoisition
1.7, asserting that the Levi form on a quaternionic CR manifold is well-
defined.

Lemma 6.2 Let u, v be mutually orthogonal unit vectors in R® and X,Y €
Q. Then dOy(Iv X, 1Y) is independent of the choice of v orthogonal to u.

Proof. Let v/ be another unit vector orthogonal to u. Then v’ can be
expressed as v/ = Av + pu x v with A\? + 42 = 1, and we have

dOu(Iy X, I1,Y) = N2d0u (I, X, I,Y) + (i2d0y (Iu I, X, [, 1,Y)
+ Mi[dOu (I, X, TW I Y) + dOy (Iu 1, X, [,Y)].

Since dfy, restricted to @, is Iy-invariant, the right-hand side is equal to
Aoy (I, X, I,Y). O

Proof of Proposition 1.7. Let 0y = (0,) and 0y = (0),). Then 0/, =
22:1 Sapbp for an SO(3)-valued function (sqp). We must show that

A0, (X, 1Y) + d6 (I, X, ILY) = dfy (X, LY ) + dby (1, X, I3Y)

for all X,Y € Q. Since df] = Zizl(slpdep + dsip A B,) and 6,’s vanish on
@, we may assume that s,,’s are constants. Therefore, it suffices to verify

that

d0u(X, 1Y) + d0u(I, X, IuxyY) = d0y(X, 1Y) + d61 (1. X, 1Y) (6.6)

for all X,Y € Q, where u, v are any mutually orthogonal unit vectors in R3.
Note that by Lemma 6.2, the left-hand side of (6.6) is independent of v
(orthogonal to u). It is easy to verify that one can choose v orthogonal to
u, and v/ orthogonal to u’ = u x v, so that u’ x v/ = e; = {(1,0,0).
Using (6.4) and 0y o Iy, = Oy (cf. (6.1)), we can rewrite the left-hand
side of (6.6) as
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d0u(X, 1Y) — dby(I, X, Iy (I,Y))
= Oy (X, Iy (IgY)) — dbury (Iy X, I,Y)
= dbu (X, IY) — dfy (I, X, I, (Iy/Y))
= dbu (X, IyY) — dfy (I X, Iy (I Y)). (6.7)

For the last equality, we have used Lemma 6.2 again to replace v by v’.
Computing similarly as in (6.7) while noting that v/ and e, = (0, 1,0) are
both orthogonal to e, we can verify that the last expression is equal to the
right-hand side of (6.6). O
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