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Cyclides
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Abstract. We give a classification of cyclides as surfaces which contain many circles
and their geometric properties.
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0. Introduction

A sphere in E® is characterized as a closed surface which contains an
infinite number of circles through each point. But we do not know a sur-
face other than a sphere or a plane, which contains infinitely many circles
through each point of it.

In 1980, Richard Blum found a closed C™ surface of genus one
which contains six circles through each point, and he gave a conjecture:

Conjecture 1 (R. Blum) A closed C* surface in E® which contains
seven circles through each point is a sphere.

In 1984, Koichi Ogiue and Ryoichi Takagi have given the following:

Theorem (K. Ogiue and R. Takagi) A C* surface in E3 is (a part of)
a plane or a sphere, if it contains two circles through each point, which are
tangent to each other.

Moreover considering the fact that an ellipsoid contains two circles
through each point except only at four points, they gave a conjecture in

such as

Conjecture 2 (K. Ogiue and R. Takagi) A simply connected complete
C™ surface in E? is a plane or a sphere, if it contains two circles through
each point.

We had the following partial affirmative results toward conjectures 1
and 2:
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Theorem ([N1]) A simply connected complete C*® surface in E® is a
plane or a sphere, if it contains three circles through each point.

Theorem ([N2]) A closed C® surface of genus one in E3 cannot contain
seven circles through each point.

Moreover, we got following theorems.

Theorem ([N1]) A C* surface in E* is (a part of ) a plane or a sphere,
if it contains three circles through each point, any two of which are tangent
to each other or have two points in common.

Theorem ([MN]) A simply connected complete C! surface in E® is (a
part of ) a plane or a sphere, if it contains two circles through each point,
which are transversal to each other.

Theorem ([ON2]) A smooth ovaloid in E® is a sphere, if the surface
contains a circle of an arbitrary but fized radius through each point.

Here, we pay attention to the fact that cyclides contain many extrinsic
circles. A cyclide is a surface in a 3-dimensional Euclidean space E3 defined
by a quartic equation of the form

3
(22 + 22 + 22)% + 2(x? + 23 + 13) Z b;x;

1i=1

3 3
+ Z Q;i;T;T; + 2Zaia7i +a=0.
ij=1 i=1

It is known that such a surface corresponds to a complete intersection of
two quadrics in a 4-dimensional real projective space via pentaspherical
representation. An ordinary torus gives a typical example and quadratic
surfaces are considered as singular examples. A closed C* surface of genus
one which contains six circles through each point found by R. Blum is also
one of cyclides. '

In this paper, we study geometric properties of cyclides and give a clas-
sification of cyclides from conformal point of view because we are interested
in circles contained in a surface, so it is natural to apply conformal geometry.
Main results are summerized as

Theorem A non-singular cyclide is conformally equivalent to a cyclide
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of the form
(z3 + 23 + 23)% — 20127 — 20922 — 203223 +a =0 (a #0),

which is topologically a torus, a sphere or two spheres. A cyclide with sin-
gularities is conformally equivalent to a quadratic surface.

A cyclide contains n circles through each non-umbilic point and n — 1
circles through each isolated umbilic point unless it is a sphere or a pair of
two spheres, where n =1, 2, 3, 4, 5 or 6.

According to this theorem, a cyclide is covered by at least one family
of circles. Therefore it is natural to regard a cyclide as a surface enveloped
by a family of some spheres (which are called Meusnier spheres) determined
by a family of circles. G. Darboux ([D]) took an interest in such a property
of cyclides and gave concrete expressions for families of such spheres that
envelope the given cyclide. We review such a property of cyclides and get
the following.

Proposition A cyclide which is topologically a torus is a surface en-
veloped by three distinct families of Meusnier spheres determined by circles
on the cyclide. Each sphere contains one or two circles on the cyclide and
it is tangent to the cyclide along the circle or at two points, respectively.

After all, to the author’s knowledge, circular tubes and cyclides are the
only surfaces that contain many circles through each point. Therefore it is
natural to conjecture the following.

Conjecture A surface in E3 is a cyclide if it contains two circles through
almost eve point.

1. Pentaspherical representation

Let 1, T2, T3 be natural coordinates in E3 and let uy, ug, us, ug be
natural coordinates in E%. Suppose that E3 is imbedded in E? in such a
way that uy = 1, ug = T2, uz = 3, ug = 0. Let S3 be a unit sphere in
E* defined by u? + u2 + u?,, + u2 = 1. Then the stereographic projection of
S% —{(0,0,0,1)} onto E? is given by

%

T, =

- ., 1<i<3
1—U4
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or equivalently

( I 221
l_mf—l—w%%—x%—l—l
219
QR e gy
< 2x3
Ry B iy
\ 1 2 3

Let P4(R) be a 4-dimensional real projective space with homogeneous coor-
dinates v1, v2, v3, V4, Voo. Suppose that E* is mapped onto Py(R)—{ve, = 0}
by
Vs
U = —, 1<4i<4.

Voo
Then S3 can be identified with ¥ = {(v1, va, v3,v4, Vo) € Py(R) | v} + v¢ +
v3 + v} —vX = 0}. This identification combined with the stereographic
projection gives a correspondence between geometric objects in E3 and

those in ¥, which is called the pentaspherical representation. For example,
a sphere in E3 given by

ai 2 a2 2 as 2
- +l2——mmm | + 23— ——m
Qoo — Q4 Aoo — Q4 Qoo — Q4

_ a%—i—a%—{-a%—l—aﬁ—ago
(Goo — a4)?

corresponds to a complete intersection in Py(R) given by

(1.1)

a1v1 + a2V2 + a3v3 + A4V4 — QooVeo = 0
v+ 03 + 03 + 02 —vZ =0,

and a plane in E3 given by

biz1 + baza + b33 = by
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corresponds to a complete intersection in P4(R) given by

biv1 + bovg + b3vs + ba(vg — vse) =0
{101 9U2 + b3vs + ba(vs — Voo) (1.2)

v? +vi + 03 + v — v =0.

A circle in E® is given as an intersection of a sphere and a plane. In
view of (1.1) and (1.2), we see that a circle in E corresponds to a complete
intersection in P4(R) given by

v? 4+ 03 + v +vi—0vE =0
a1v1 + a9V + agvz + a4Vs — AooVoo = 0 (1.3)
biv1 + bavg + bgvs + b4(v4 — Uoo) =0.

A Mobius transformation is a projective transformation of Py(R) which
leaves ¥ invariant, and a conformal transformation is a transformation of
E3 corresponding to a Mdbius transformation.

2. Cyclides and their pentaspherical representation

A cyclide is a surface in E3 corresponding to a complete intersection in
P4(R) of the form

o0
Y aiuiv; =0 (a; = aj)
ij=1 (2.1)

v +v3 + vi+ v -2 =0.
We see that (2.1) corresponds to
(@44 + 20400 + Goo0o) (z} + 75 + 23)°
3

+4(F + 23 + 23) D (aia + Gico) s

1=1

3 3
+ 2 2(261“' — Q44 + aoooo)a:% +4 Z a;;TiX;j
i1 i3
3
—4 Z(am - aioo)xi + @44 — 20400 + Aooco = 0, (2.2)

1=1
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which is of the form

3
e(x? + 23 + 23)? + 2(2? + 23 + z3) Z b;x;
i=1

Z Qi LT + 2 Z a;T; +a= (ai; = aji), (2.3)
,j=1

wheree =1ore =0.

Conversely, we see that a cyclide given by (2.3) corresponds to a com-
plete intersection in Py(R) given by

3
Z a;ijviv; + 2 Z i )Vivg + 2 Z i + ) ViVoo
< 9] =1 9 i=1 (2.4)
—I— (8 + a) (v +v%) +2(e — a)vaveo =0
\'U1+'U2+/U3+'U4—"U 0

Since a Mobius transformation maps a complete intersection of the form
(2.1) to a complete intersection of the form (2.1), a conformal transformation
maps a cyclide to a cyclide.

3. Cyeclides of the form (z% + 22 + x2)? — 2a,2? — 2a222 — 2a3x2 —
2
=0

Consider the following “standard” form of a cyclide:

(22 4 22 + 22)? — 20122 — 20922 — 20322 —a®> =0
(a1 > ag > as, a> 0). (3.1)

We first prove the following.
Proposition 3.1 A cyclide (3.1) is topologically a sphere.

Proof. If a; = a2 = ag, then (3.1) is an ordinary sphere. Therefore we
consider the opposite case, and we may assume without loss of generality
that a; # ao. Then x3, considered as a function of x; and z3, is a Morse
function on the surface, which has at most 10 critical points. By investigat-
ing the indices at the critical points of x3, we see that the Euler number of
the surface is 2 so that the surface is topologically a sphere. O
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By applying a conformal transformation given by

1/ya 0 0
0 1/Va 0 |,
0 0 1/Va

we see that a cyclide given by (3.1) is conformally equivalent to a cyclide
given by

ay az as

Therefore we may assume without loss of generality that a = 1 in (3.1) as
far as we are interested in conformal properties of cyclides.

Proposition 3.2 A cyclide (3.1) contains

(1)  two circles (resp. one circle) through each non-umbilic (resp. umbilic)
point if ay,as and ag are distinct.

(ii) one circle through each non-umbilic point if either a; = ag or as = as.

(iii) 4nfinitely many circles through each point if a1 = as = as.

Proof.  Since our assertion is conformal, we assume that a = 1. Then we

see that a cyclide given by (3.1) corresponds to a complete intersection in
P4(R) given by

(3.2)

alvl + a2v2 + a3v3 2U4V50 = 0
'U1+U2+U3+'U4""U = 0.

We may assume without loss of generality that a; > a2 > a3. We see that
(3.2) is equivalent to

{ (a1 — a2)v? — (ag — a3)v? Vg — V3 — 2U4V00 + agv3 =0 (3.3)

U1+U2+U3+U4_'U O

We first consider the case where a; > as > a3. Then (3.3) can be
written as

( (Va1 — agu1 — Vag — azv3)(vVair — agvi + /ag — azvs)
1—+/a2+1 14+ a2 +1
=a2<v4+ 2 'voo) <v4+ . 2 Vo
2

a2

7N

\'U1+'02+'U3+'U4_'U 0
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Therefore we get
[ v? + 03+ 03+ v -0k =0

1—+/a3+1
vV ap — agv] — \/as — asvg = a(v4 + 2 voo>

a2

a 1+ /a2 +1
k Valp — agvy ++/ag — azvy = Ez <v4 + a22 ’Uoo)

for an arbitrary a or

(
v +v3 +vi 4+ v — v =0

1++/a2+1
Va1 — agv1 — \/ag — azvz = ﬁ(m + a22 voo)

\ /3 az

for an arbitrary 3. In view of (1.3), we see that (3.1) contains two families
of circles.

a 1-— \/a§+1
Vai — agv + as — aszvgy = -2 (v4 + 2 voo>

We next consider the case where ag = a3 to prove (ii). We see that
(3.3) can be written as

(
v+ v+ 02+ -0 =0

1—+/a2+1
vai — agvy = ’Y('U4 + 2 voo)

az
a 14+ +/a3+1
Vap — agv) = 72 (’U4 + a 2 Uoo)
2

for an arbitrary . This implies that (3.1) contains a family of circles.
Tha case (iii) is clear. d

\

4. Cyclides of the form (22 + z2 +z2)? — 2a,22 — 2a222 — 2a322 +
2
a“ =20

Consider the following “standard” form of a cyclide:

2 + 22 + 22)% — 20122 — 2a912 — 2a372 + a® =0
1 2 3 1 2 3
(a1 > ag > a3, a > 0). (4.1)
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By the same reason as in the previous section, we may assume without loss

of generality that a = 1 in (4.1) as far as we are interested in conformal
properties of cyclides.

We first consider the case where (4.1) has no singular point.

Proposition 4.1 A cyclide (4.1) is

(i) a sphere if a1 =az = a3 = a.

(ii) topologically a torus if a; > as > a > as.

(iii) topologically concentric two spheres if a; > as > a3z > a.
(iv) topologically exclusive two spheres if a; > a > ag > as.
Proof. (i) is clear.

(ii): The surface is connected and x; considered as a function of
and z3 is a Morse function on the surface which has 4 critical points. By
investigating the indices at the critical points, we see that the Euler number
of the surface is 0 so that the surface is topologically a torus.

(iii) and (iv): The surface has two connected components and x; con-
sidered as a function of x5 and x3 is a Morse function on the surface which
has at most 12 critical points. By investigating the indices at the critical

points of x;, we see that the Euler number of each connected component
is 2. 0

R. Blum considers the four cases of torus type
(A)
(23 + 22 + £2)? — 20127 — 20122 + 2022+ a®> =0 (a1 > @)
(B1)
(22 + 23 + 22)% — 20122 — 20122 — 20323 + 2?2 =0
(a1 >a > a3 # —a)
(B2)
(2% + 23 + 23)* — 20123 — 20923 + 20z +a®> =0 (a1 > ag > a)
(C)
(z3 4 23 4 22)% — 20122 — 20022 — 20322 + a2 =0
(a1 > a2 > a > a3 # —a)

and proves the following.
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Proposition 4.2 ([B])

(i) A cyclide of type (A) is an ordinary torus and it contains four circles
through each point.

(ii) A cyclide of type (B;), i = 1,2, contains five circles through each point.

(iii) A cyclide of type (C) contains siz circles through each point.

Proof.  Since our assertion is conformal, we assume that a = 1 in (4.1).
Then we see that a cyclide given by (4.1) corresponds to a complete inter-
section in Py(R) given by

a1v? + agv3 + azv3 — v —v%, =0 (49)
’U1+’02+’U3+U4—’U 0 .
We prove (iii): We see that (4.2) is equivalent to
(a1 — a2)v? — (ag — a3)v? = (ag + 1)v3 — (ag — 1)vZ (4.2)
v2 +v3 +vi 4 v -2 =0 '
or
2 _ 2 2
a'l — as ’Ul (CL3 + 1) — (1 - a3)voo - (G’? - a3)’l)2 (4 2//)
'U1+'U2+'U3+'U4_'U =0 (_1<a3<1) .
or
(a1 + D2 + (a3 + 1)v3 = 202 — (ag + 1)v3 (4.2")
v? + v+ 02+ -0 =0 (a3 < —1)
or
(a1 — 1) ¢ - (1 —a3)v % - 2”2 — (a2 — l)v% (4 2////)
v? 4+ v2 +v2+vs —vi =0

It is easily seen that (4.2") can be written as

(Va1 — agv1 — Vag — azvs)(va1 — agu1 + ag — azvs)
= (Vaz + Tvg — Vaz — lus)(Vag + 1vg + Vaz — 1v)

’U1+'U2+'U3+'U4_'U = 0.
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Therefore we get

v+ v+ v+ 0l -0 =0

var — agv1 — vag — azvz = a(vVaz + lvg — vVag — Tue)
1

Vai — agvr + vas — asvy = a(\/a2 + 1lvg + Vag — 1veo)

for an arbitrary « or

v+ 03+ 03 +03 —v2 =0

Va1 — aguy — vag — azvz = B(vag + 1vg + Vag — Tvy)
1

Vvai — agvy + as — azvz = B(\/ag + 1vg — Vag — luy)

for an arbitrary 5. In view of (1.3), we see that the cyclide contains two
families of circles.
By applying the same argument to (4.2") or (4.2"") and to (4.2""), we
conclude that a cyclide of type (C) contains six circles through each point.
The assertions (i) and (ii) can be proved similarly. O

Remark Let £ and 9t be homotopy classes of a torus generated by a
“latitude” and a “meridian”, respectively, so that the fundamental group
is generated by £ and 9. Then we see that the circles corresponding to
(4.2) belong to £, the circles corresponding to (4.2") or (4.2") belong to
9 and the circles corresponding to (4.2"") belong to £ + 9 and £ — M,
respectively.

Proposition 4.3 A cyclide of type (B1) is conformally equivalent to a
cyclide of type (B2) and vice versa.

Proof.  Since our assertion is conformal, we consider a cyclide of type (Bs)
with a = 1:

(2% + 73 + 23)? — 20127 — 20022 + 202 +1 = 0. (4.3)
Then we see that a cyclide given by corresponds to a complete inter-
section in P4(R) given by

{alv%—l—agvg—vg—vff—vgozo (4.4)

v+ v+ v +02 —v2 =0,
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We see that (4.4) is transformed to

—v? — 3 + agv? + av: —v3, =0
20,24 22 22 .2 (4.5)
V] + vy +v3 + v —ve =0
by a Mobius transformation given by
0 0010
0 01 0O
01 0 0O
1 00 00
0 00 01
We see that (4.5) corresponds to a cyclide
2 ) 22 ay + 3 ) a + 3 9
-2 -2
($1+$2+$3) al—-lzl al_l.'IIQ
-2 1
P S g S (4.6)
aiy — 1
which is a cyclide of type (B1). The converse can be shown similarly. O

Remark We see that is transformed to by a conformal trans-

formation (an inversion) given by

( 2(.’1,‘1 - 1)

xh = +1
V7 (xy —1)2 + 22 + o2
) :C’ _ 2.’1,‘3
27 (1 - 1)2+ 23 + 2}
.’L‘/ _ 2x2
\ 37 (xy—1)24 23 + 2

We next consider the case where (4.1) is topologically two spheres.

Proposition 4.4 A cyclide (4.1) of type a1 > a2 > a3 > a is conformally
equivalent to a cyclide (4.1) of type a1 > a > a2 > a3.

Proof. It follows from [Proposition 4.1 that the former is topologically
concentric two spheres and the latter is topologically exclusive two spheres.
We see that the latter is mapped to the former by an inversion with respect
to a sphere which “separates” two portions of the latter. 0
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Proposition 4.5 A cyclide (4.1) contains two circles (resp. one circle)
through each non-umbilic (resp. umbilic) point if a; > as > a3 > a or
ai > a > az > a3 and it contains one circle through each non-umbilic point
if a1 >ax=a3>a oray =ag>az>a ora; >a>ay=as.

Proof.  Since our assertion is conformal, we assume that a = 1 in (4.1).
Then we see that a cyclide given by (4.1) corresponds to a complete inter-
section in P4(R) given by (4.2). If a; > ao > a3 > 1 is the case, we see that
(4.2) is equivalent to (4.2") and we obtain the assertion by the same method
as in the proof of Proposition 4.2 Note that a circle passing through an
umbilic point may reduce to a point. The case where a; > 1 > ay > a3 can
be proved similarly. O

Finally we consider the case where (4.1) has singular points.

Proposition 4.6 A cyclide (4.1) is

(i) conformally equivalent to an elliptic cone if a; > ag > a3 = a.
(i) conformally equivalent to a hyperbolic cone if a1 > as = a > as.
(iii) conformally equivalent to two planes if a; = as = a > as.

Proof. (i) It is easily seen that (0, 0, +1/a) are the singular points.
By applying an inversion with center at (0, 0, \/a), we see that (4.1) is
conformally equivalent to an elliptic cone.

(ii) It is easily seen that (0, ++/a, 0) are the singular points. By ap-
plying an inversion with center at (0, \/a, 0), we see that (4.1) is conformally
equivalent to a hyperbolic cone.

(iii) It is easily seen that {(z1,z2,0) | z2+23 = a} is the set of singular
points. By applying an inversion with center at (0, \/a, 0), we see that (4.1)
is conformally equivalent to two planes. 0

Remark Since we are interested in conformal properties, we do not dis-

tinguish between circles and lines in the following:

(i) A generic elliptic cone contains three circles through each non—smgular
point.

(i) A circular cone contains two circles through each non-singular point.

(iii) A hyperbolic cone contains one circle through each non-singular point.
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5. Cyclides of the form (z2+z2+2)% —2a;x3 —2az2—2a3x2 =0
Consider the following particular form of a cyclide:

(22 + 22 + 22)? — 2012 — 20973 — 20325 =0 (a1 > az > a3).

(5.1)

We see that a cyclide (5.1) has a singular point at the origin and it is con-
formally equivalent to a quadratic surface, that is, we prove the following.

Proposition 5.1 A cyclide (5.1) with the origin removed is

(i)  conformally equivalent to an ellipsoid if a1 > az > a3z > 0.

(ii) conformally equivalent to a hyperboloid of one sheet if a1 > az > 0>
as.

(iii) conformally equivalent to a hyperboloid of two sheets if a; > 0> ag >
as.

(iv) conformally equivalent to an elliptic cylinder if a1 > az > a3 = 0.

(v) conformally equivalent to a hyperbolic cylinder if a1 > az =0 > as.

(vi) a pair of siamese-twin spheres which is conformally equivalent to two
planes if a; > ag = a3z = 0.

Proof. By applying an inversion with center at the origin, we easily verify
the assertions. 0

Remark Since we are interested in conformal properties, we do not dis-

tinguish between circles and lines in the following:

(i) A generic ellipsoid contains two circles through each non-umbilic point
and one circle through each umbilic point.

(ii) An ellipsoid of revolution contains one circle through each non-umbilic
point, unless it is a sphere.

(iii) A generic hyperboloid of one sheet contains four circles through each
point.

(iv) A hyperboloid of one sheet of revolution contains three circles through
each point.

(v) A generic hyperboloid of two sheets contains two circles through each
non-umbilic point and one circle through each umbilic point.

(vi) A hyperboloid of two sheets of revolution contains one circle through
each non-umbilic point.

(vii) A generic elliptic cylinder contains three circles through each point.

(viii) A circular cylinder contains two circles through each point.
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(ix) A hyperbolic cylinder contains one circle through each point.

6. Conformal classification of cyclides

The purpose of this section is to give a conformal classification of cy-
clides. First of all, we prove the following.

Proposition 6.1 A cyclide (2.3) with € = 1 can be transformed to a cy-
clide (2.3) with e =0 by a conformal transformation and vice versa.

Proof. A straightforward computation shows that a translation followed
by an inversion with center at a point on the surface is a desired conformal
transformation. a

Therefore it is sufficient to consider cyclides of the form (2.3) withe =1
as far as we are interested in conformal properties.

Proposition 6.2 A cyclide (2.3) with € = 1 can be transformed to a cy-
clide of the form

3 3
(x% + I% + .’13%)2 + Z au:c? + 2 Zaixi +a=0 (6.1)

i=1 i=1
by an isometry.

Proof. A straightforward computation shows that a translation z; —
x; + %’ followed by a rotation is a desired isometry. O

Proposition 6.3 A cyclide (2.3) with € = 1 is conformally equivalent to
a cyclide of the form

3
(z2 + 22 +22)% + Z auzs + 2a3x3 +a = 0. (6.2)

i=1

Proof. By [Proposition 6.2, it suffices to show that a cyclide of the form

is conformally equivalent to a cyclide of the form [6.2).
Note that a cyclide corresponds to a complete intersection in Py(R)
given by
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3 3

Z a;v: — QZaz‘vi(w — Vo) + (1 4 a)(vZ + v2)

— —

Z z +2(1 — a)v4v00 =0
v + 03 + 03 + 02 — v =0.

Put
ail 0 0 —al aq
0 a99 0 —as az
A= 0 0 ass —as as y

—a; —ay —az l+a 1—a
ai as a3 1l—a 1+a

and consider the equation in A: det(A — AJ) = 0 or equivalently det(JA —
AI) = 0, where J is given by

1 00 0 O
01 0 0 O
J=]10 0 1 0 0
0 0 01 O
0 0 00 -1

and I denotes the identity matrix. This is equivalent to

(/\2 - 4(1)(/\ — au)(/\ — agg)()\ — a33)
- 40,%()\ — a22)()\ - a33) - 40,%()\ — all)()\ - a33)
— 4a§()\ —a11)(A —ag) =0. (6.4)

We may assume without loss of generality that a;; > ago > ags. It is clear

that if aj;1 = aoo = ass, then a cyclide of the form is rotationally
equivalent to a cyclide of the form [6.2).

We next consider the case where a1; = agy > as3. We see that is
reduced to

(/\ — CL11){(>\2 — 40,)()\ — au)()\ - (1,33)
—4(a? + a2)(\ — a33) —4a3(A —a11)} =0
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which is equivalent to A = a;; and

(A2 — 4a)(X — a11) (X — as3)
— 4(0,% + a%)(/\ - a33) — 40%(/\ — a11) = 0. (6.5)

Let g()) stand for the left-hand-side of [6.5). Then we obtain g(a11) =
—4(a? + a2)(a11 — as3) < 0. If a3 = a2 = 0, then the assertion is trivial.
Otherwise, since g(a;;) < 0, has at least one simple real solution
(# a11). Let A\ (= a11) and Ay be simple real solutions of and let
e; and ez be vectors satisfying Ae; = \Je; (1 = 1,2) and teyJe; = 1,
teaJeg = 1 and te;Jey = 0. Then we can see that A is transformed to a
matrix of the form

A1 0 0 0O
0 X 0 0 O
0 0 x * x (6.6)
0 0 *x x «x
0 0 *x * x

by a Mobius transformation given by (ey, eg, e3, €4, € ), Where eg, €4 and e
are vectors satisfying ‘esJes = 1, teqJeq = 1, teoJecw = —1 and te;Je; = 0
(1 <1i# j <o0). This implies that can be transformed to a cyclide of
the form (22 + 23 + 23)2 + byz3(z? + 22 + 22) + 30, asa? 4 2a3x3+a = 0
by a conformal transformation. This can be transformed to a cyclide of the
form by a translation z3 — z3 + %3. The case where a1 > age = as33
can be treated similarly.

We finally consider the case where a1; > age > az3. Let f stand for the
left-hand-side of [6.4). Note that f(a;) = 0if and only ifa; = 0 (i = 1,2, 3).

Case 1: Neither of a11, ag2, a3z is a solution of [6.4).

We see that f(a11) = —4a%(a11 — a22)(a11 — a33) < 0, f(a22) = —4a§
(a22 — a11)(a22 — asz3) > 0 and f(as3) = —4af(ass — a11)(ass — aze) < 0.
This implies that has at least two simple real solutions. Therefore, by
the same argument as above, we see that A is transformed to a matrix of
the form (6.6) by a Mdbius transformation.

Case 2:  Some of a1, agz, ass are solutions of (6.4).

Suppose that f(a;;) = 0 so that a; = 0. If, in addition, one of ay and
as is zero, then the assertion is trivial. Therefore we consider the case where
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aza3 # 0. We see that is reduced to

()\ — an){()\Q — 4a)()\ — a22)()\ - a33)
— 40%()\ — a33) - 4a§()\ - a22)} =0

which is equivalent to A = a;; and

()\2 - 40,)()\ - agz)()\ — a33) - 40,%()\ - a33) — 4a§()\ — agg) =0.
(6.7)

If a1; is a simple solution of [6.4), then we see that has another
simple real solution, say, \o. Let te; = (1,0,0,0,0) and let es be a vector
satisfying Aes = AyJes, tegJey =1 and ey Jey = 0. Then A is transformed
to a matrix of the form (6.6) with A\; = a1 by a Mdbius transformation given
by (e1,e2, €3, e4,€x), Where e3, e4 and ey, are vectors satisfying tezJes = 1,
teaJes =1, teaoJeos = —1 and teiJej =0(1<i#j<o0).

If a11 is a double solution of [6.4), then either has at least one
simple real solution or it has a triple solution. In the former case, we can
apply the same argument as above to see that A is transformed to a matrix
of the form (6.6) with A\; = a;; by a Mdbius transformation.

In the latter case, can be written as (A — a11)?(A — 8)2 = 0 for
some 3 with agz < B < ags so that we have

[ a11 + 38 = ag + as3
3B(a11 + B) = axa33 — 4a
ﬁ2(3a11 +f6) = 4a% + 4a§ — 4a(azs + as3)

2
L a11ﬁ3 = 4a%a33 + 4a3a22 — 4aagoass.

(6.8)

We see that the eigenspace {X | AX = a;;JX} is spanned by ¥(1,0,0,0,0)

—4 —4 a1 +2 -
and t((), (a11—a2231(2a11—2)’ (a11—a33§1(3a11—2)’ T 1) if aj7 # 2. It follows
from (6.8) that the square of the norm of the latter is given by
4(a11—0)°

— T — > 0. Therefore A is transformed to a matrix of
(@11—2)%(a11—a22)(a11—a3s3)
the form (6.6) with Ay = A2 = a1; by a Mdbius transformation.

If a;;7 = 2, then the eigenspace {X|AX = 2JX} is spanned by
t(1,0,0,0,0) and ¢ (0, éz_—i, 55?3, 1, 0) and the latter is of course not null.
Therefore A is transformed to a matrix of the form (6.6) with A\j = Ay = 2
by a Mobius transformation.

If a1 is a triple or quadruple solution of [6.4), then we see that the
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remaining solution(s) is/are simple and hence A can be transformed to a
matrix of the form (6.6) with A\; = a7 by a Mobius transformation. O

Proposition 6.4 A cyclide (6.2) is conformally equivalent to a cyclide of
the form (3.1), (4.1) or (5.1) unless 27a3 = —2a3; and 12a = —a%s.

Proof. ~ Note that a cyclide corresponds to a complete intersection
in P4(R) given by

Zauv — 2a3v3(vs — Voo) + (1 + @) (v + v2,)
+2(1 — a)v4veo =0 (6.9)
v} + v+ v+ 02 -2 =0.

Put

ass —Aas as R (6.10)
—a3 l4+a 1-a
ag 1l—a 1+4a

o O O O
o o O

and consider the equation in A: det(A — A\J) = 0 or equivalently det(JA —
AI) = 0, where J is given by and I denotes the identity matrix. This
1s equivalent to A = a11, A = a9 and

A% — az3A\? — da) + daags — 403 = 0. (6.11)

We see that (6.11) has triple solutions if and only if 27a% = —2a3; and
12a = —a%;. If[6.11) m does not have triple solutions, then it has at least one
simple solution, say, A3. Let ‘e; = (1,0,0,0,0) and ey = (0, 1,0,0,0) and
let e3 be a vector satisfying Aes = A3Je3 and tesJes = +1. We can find
vectors e and e which satisfy ‘eqJes = 1, fegJes = F1 and te;Je; = 0
(1 <i# j<o0). It is easy to see that is transformed to a matrix of
the form

aill 0 0 0 0
0 a2 0 0 O
0 0 X3 0 O
0 0 0 x =
0 0 0 =* x
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by a Mobius transformation given by (e, ez, €3,€e4,€). This implies that
(6.2) can be transformed to a cyclide of the form (22 +22+22)2+ 30| auz?+
a = 0 by a conformal transformation. 0

Proposition 6.5 A cyclide (6.2) with 27a2 = —2a3; and 12a = —a}s
(asz < 0) has singular points and it is
(i) conformally equivalent to an elliptic paraboloid if (ass — 3a11)(ass —

3(122) > 0.

(ii) conformally equivalent to a hyperbolic paraboloid if (as3 — 3a11)(a33 —
30,22) < 0.

(iii) conformally equivalent to a parabolic cylinder if either azgz = 3ai; or
agz = 3aze.

(iv) a sphere if a;; = a2 = %a33.

Proof.  We see that (O, 0, + —ﬂ%&) are singular points. By applying an
inversion with center at (0, 0, \/—%3), we get the assertions (i), (ii), (iii).
Under the assumption of (iv), (6.2) is reduced to

2 2
2 /
{$%+37%+<£C3i _a_g_3_> +§a33}{$%+:c%+<w33!: _Eéﬁ) }zO.

This implies that the surface is a sphere with a singular point. OJ

Remark Since we are interested in conformal properties, we do not dis-

tinguish between circles and lines in the following;:

(i) A generic elliptic paraboloid contains two circles through each non-
umbilic point and one circle through each umbilic point.

(ii) An elliptic paraboloid of revolution contains one circle through each
non-umbilic point.

(iii) A hyperbolic paraboloid contains two circles through each point.

(iv) A parabolic cylinder contains one circle through each point.

Summarizing these results, we get the following.
Theorem 6.6 A cyclide is conformally equivalent to one of the standard
forms (3.1) and (4.1) or a quadratic surface.
7. How many circles does a cyclide contain through each point?

R. Blum ([B]) gives an answer to the above question when the cyclide
is topologically a torus (cf. [Proposition 4.2). Summarizing the results given
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in sections 3, 4, 5 and 6, we get a complete answer to the question given as
the title of this section.

Theorem 7.1 A cyclide contains n circles through each non-umbilic point
and n—1 circles through each isolated umbilic point unless it is a sphere or
a pair of two spheres, wheren =1, 2, 3, 4, 5 or 6.

8. Cyclides as enveloping surfaces of families of spheres: Con-
sideration & la Darboux

Let X be a tangent vector at a point p of a surface. Then we can
associate a sphere S(p, X) with the properties that (1) S(p, X) is tangent
to the surface and (2) the radius of S(p, X) is equal to the normal curvature
of the surface in the direction of X. Let v be a circle lying on a cyclide.
Then, by the theorem of Meusnier, we see that S(p,+) contains . We call
S(p,y) the Meusnier sphere determined by ~ and p.

According to [Theorem 7.1, a cyclide is covered by at least one family of
circles. Therefore it is natural to regard a cyclide as a surface enveloped by
a family of Meusnier spheres determined by a family of circles. We review
such a property of cyclides following G. Darboux ([D]). He gave concrete
and explicit expressions for families of such spheres that envelope the given
cyclide.

We consider cyclides which are topologically tori, that is, cyclides of
the form (4.1) with a1 > a3 > a > as.

Consider a sphere
x% + x% + :c§ — 2c171 — 2¢9x9 — 2c373 — 2¢ = 0. (8.1)

Since a circle is a plane curve, the necessary condition for a cyclide (4.1)
and a sphere to intersect along a circle is that a quadratic surface

4(c1xy + coxo + c3T3 + 0)2 - 2a1x% — 2a2:v% - 2a3:1:§ + a?
+ A(22 + 23 4+ 22 - 2c12) — 20929 — 2c373 — 2c) =0 (8.2)

represents two planes for a suitable choice of a constant \. Note that these
two planes may coincide. We see that (8.2) reduces to

(p171 + P22 + P33 + p) (171 + g2 + q3z3 +q) = 0 (8.3)
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so that it represents two planes only when
(A2 — 4a?)(\ — 2a1)(\ — 2a2)(A — 2a3) = 0 (8.4)

(A = 4e) (A — 2a1) (A — 2a2)(A — 2a3) =0 (8.5)

4(\ = 2a2)(A — 2a3)c? + 4(\ — 2a1) (X — 2a3)c)
+4(X\ — 2a1)(\ — 2a2)cE + (A — 2a1) (N — 2a2)(A — 2a3) = 0.
(8.6)

hold. Note that one of the planes given by contains the circle under
consideration and another plane also contains a circle on the cyclide. It
follows from that A has five possibilities: +2a, 2a;, 2a2, 2as3.

CaseI: )\ =2a.

We see from and (8.6) that the necessary condition for (8.2) to
represent two planes is that ¢, co and c3 satisfy

2¢2 + 2c3 B 2c2

ay — a as —a a— as

=1

and ¢ = §. We can verify that a family of spheres with these conditions
actually envelopes the given cyclide.

Moreover we see that p1, p2, ps3, p; q1, 92, g3, q in satisfy

2 2 2 2 2 2
( PL_ P P )< @ . % 4 ):0
a —a az —a a— as a —a a — a a— as

and p=q=0.

Case Ila: A = —2a (> 2a3).

We see from and (8.6) that the necessary condition for (8.2) to
represent two planes is that c;, co and c3 satisfy

2c? + 2c3 2c3

a+ a a+az a-+as

=1

and ¢ = —%. We can verify that a family of spheres with these condi-
tions actually envelopes the cyclide.
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Moreover we see that p1, p2, P3, P; q1, g2, g3, g in satisfy

2 2 2 2 2 2
( P n P35 i pP3 > ( qi i 49 n q3 ) -0
a+ ay a+ a9 a—+ as a—+ap a—+ a9 a+ asg

and p=q=0.

Case ITb: X\ = —2a (< 2a3).

We see from and (8.6) that the necessary condition for (8.2) to
represent two planes is that c;, co and c3 satisfy

2c2 2c3 2c3 _1
a—+ap a+ as a—+ as
and ¢ = —%. Under these conditions, the quadratic part of (8.2) is semi-

definite so that (8.2) cannot represent two planes. Therefore this case does
not occur.

Case III: X\ = —2a = 2as.
We get from (8.6) that c3 = 0. Hence (8.2) reduces to

4(cr1z1 + coaza + ¢)? — 24122 — 20272 + a? 82
— 2a(z? + 73 — 2¢171 — 2c079 — 2¢) = 0. .
Note that if (8.2) represents two planes, then (8.2") gives two lines on the
z1x9-plane. We see that (8.2') gives two lines on the z;z2-plane only when
¢ = —$%. If this is the case, (8.2") reduces to

(20% —a; — a)a:% + 4cicoxi10 + (205 —ag — a):c% =0,

which represents two planes containing xs-axis. We see that the sphere
containing two circles determined by these two planes is tangent to the
cyclide only when these two planes are coincidental. The condition for the
two planes to be coincidental is given by

2 2
2ci 2c3
a+ ay a+ az

We can verify that, under these conditions, a family of spheres with
cg = 0 actually envelopes the cyclide.

= 1.

Case IV: X = 2a; (# 2a2).
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We get from (8.6) that ¢; = 0. Hence (8.2) reduces to

4(cazg + c373 + €)? — 20972 — 20372 + a?

0 (8.2")
+ 2a;1 (2% + 23 — 2coz9 — 2c373 — 2¢) = 0.

Note that if (8.2) represent two planes, then (8.2") gives two lines on the
rox3-plane. But it is impossible, because the quadratic part of (8.2") is
positive definite. Therefore this case does not occur.

Case V: X = 2a; = 2as.
We see that (8.2) reduces to
4(c1zy + cox2)? + 8cz(crzy + Cox2) T3 + 2(20% + a1 — az)z3

— 4(ay — 2¢)(c1z1 + cawa) — 4ez(ay — 2¢)z3 + a?
—4ajc+ 4% = 0,

which represents two real planes (possibly coincidental) only if ¢; = ¢3 = 0.
If this is the case, we get

2(20% +a; — a;;):c% —4cs(a; — 2¢)x3 + a? —dajc+4c* = 0.
This represents coincidental two planes if and only if
2c5(a? — a®) — (ay — a3)(a? — dajc + 4c%) = 0.

We can verify that, under this condition, a family of spheres with
c1 = cg = (0 actually envelopes the cyclide.

Case VI: X = 2ay (# 2a1).
We get from (8.6) that co = 0. Hence (8.2) reduces to

4(c1x1 + c3x3 + c)2 — 2a1x% - 20,3:1:% + a2

) ) (8.2”/)
+ 2az(z] + 25 — 2c121 — 2¢3x3 — 2¢) = 0.

Note that if (8.2) represents two planes, then (8.2") gives two lines on the
z1x3-plane. We see that the necessary condition for (8.2") to give two lines
on the z;x3-plane is that c;, cs and c satisfy

2¢2 B 2c2 1 (ag — 2c)?

a; —as ag —as a —a? ’
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We can verify that, under this condition, a family of spheres with
cz = 0 actually envelopes the cyclide.

Moreover we see that pi, p2, ps3, p; q1, q2, g3, q in satisfy

2
i _ a4 \_,(_r
ay —ay az —as a1 —as az —as a2 — a2

and po = q2 = 0.

Case VIIa: A = 2a3 (< —2a).
We get from (8.6) that c3 = 0. Hence (8.2) reduces to
4(c1z1 + coxa + 0)2 — 2a1xf — 2a2x§ + a? 8 2””)
+ 2a3(xf + .’B% — 20171 — 2¢c919 — 26) =0.

Note that if (8.2) represents two planes, then (8.2"") gives two lines on the
r1z2-plane. But it is impossible, because the quadratic part of (8.2"") is
positive definite. Therefore this case does not occur.

Case VIIb: A = 2a3 (> —2a).

We see that the necessary condition for (8.2"") to give two lines on the
z1z2-plane is that c;, c2 and c satisfy

2 2 2
2c] N 2¢  _ { (a3 — 2c)
a, —as ap — as a% — a?

We can verify that, under this condition, a family of spheres with
c3 = 0 actually envelopes the cyclide.

Moreover we see that py, pa, p3, p; q1, g2, g3, q in satisfy

2
i r} qi g\ _ pq
+ + =45
ay — as as — asg ay; — as ag — as az —a

and p3 = q3 = 0.
Respective cases occur as follows:
(A) Ifa; =ay > a > a3 = —a, then cases I, III and V occur.

(Byja) If a; = ag > a > —a > as, then cases I, ITa and V occur.
(B1b) If ay =ag > a > a3 > —a, then cases I, V and VIIb occur.
(B2) Ifa; > az > a > a3 = —a, then cases I, III and VI occur.
(Ca) Ifa; >az >a> —a > a3, then cases I, ITa and VI occur.
(Cb) If ay > ay > a > a3z > —a, then cases I, VI and VIIb occur.
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Summerizing the above consideration, we get the following.

Proposition 8.1 A cyclide which is topologically a torus is a surface en-
veloped by three distinct families of Meusnier spheres determined by circles
on the cyclide. Fach sphere contains one or two circles on the cyclide and
it is tangent to the cyclide along the circle or at two points, respectively.

Remark Let £ and 99 be homotopy classes of a torus generated by a
“latitude” and a “meridian”, respectively, so that the fundamental group
is generated by £ and 9. Then we see that the circles corresponding to
case V or VI belong to £, the circles corresponding to case IIa, III or VIIb
belong to 9 and the circles corresponding to case I belong to £ + 9t and
£ — M, respectively.

9. Hulahoop surfaces: A construction of cyclides of type (A) and
(B1)

A hulahoop surface is defined in to be a smooth surface obtained
by revolving a circle around a suitable axis. Let y(a,b,7), 7 > 0, be a circle
on the xz9-plane defined by (z1 — a)? + (z2 — b)? = r? and let v(a,b, 7, a)
be the circle obtained by tilting ~(a, b,r) around the diameter parallel to
the x;-axis by the angle o, -5 < a < 5. Let H(a,b,7, ) be the surface
obtained by rotating <y(a,b,r, @) around the zs-axis. Then H(a,b,r, ) is
given by

4bcosa, ,

(x% + w% + :1:%)2 - (z] + :1:% + x%):cg

sin «

—2(a® 4+ b% +r?)(2? + 23) — 2(a2 +b? +1?

2 I3

2a% + 2% cos? '
sin“ o

4b cos «

(a® + b2 +12)z3 4 (a? + % +1r2)2 — 4a?r? = 0.
(9.1)

sin

It is easily seen that H(a,b,r, @) is a smooth surface if and only ifa = b =0
and a = Z or a # 0 and (a® — %) cos® a + b* # 0. We see that H(0,0,,%)
is a sphere and otherwise H(a,b,r, ) is topologically a torus. Note that
H(a,b,r,a) is a cyclide corresponding to a complete intersection in Py(R)
given by
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00
E aijvivj =0

ij=1 (9.2)

v? 4+ v2 +v2 +v? -0 =0,

a1 = agy = —2(a? + b% + r?)

2

2a* 4 2b cos?
ds = —2 <a2+62+r2— a +. cos a)
sin® «

Q44 = Qoo = (a% + 0% +72)2 — 4a’r? + 1

2b cos o

asy = a43 = ——, (@®+b%+7r2+1) (9.3)
sin «
2b cos o
300 = Qo3 = — (a2+b2+r2—1)
sin a
Qoo = Goos = —(a% + 0% +72)2 + 4a’r2 + 1

\ 0 otherwise.

Proposition 9.1 A hulahoop surface is conformally equivalent to a cy-
clide of type (A) or of type (B,).

Proof.  Put A = (as;;), where a;;’s are given by (9.3), and put

1 0 00 O
01 0 0 O
J=10 01 0 O
00 01 O
0 0 0 0 -1

Consider the equation in A: det(A—AJ) = 0 or equivalently det(JA—AI) =
0, where I denotes the identity matrix. This is equivalent to A = —2(a? +
b? + r2) and

)\3+2<a2+b2+r2

sin? o

4b2 2

—.cc2)s Oé(aQ + b2 4 r2) — 4a2'r2} A
sin” «

24”4 2b cos? a) \2

—4{(a2+b2+r2)2+
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2a2% — 2b2 cos? «

—8L(a®+ b2 +1%)3 — _ a® + b% +1?)?
2
sin® «
4,.2
~ 4a®r*(a® + b* + %) + 8.a2'r }20. (9.4)
sin” o

We see that (9.4) has three real solutions, say, A3, A4, Aso, Which are different
from —2(a? + b% + r2). We first consider the case where A3, A4 and Ay, are
distinct. Then, we can find vectors eg, e4 and ey, which satisfy Ae; = \;Je;
(i =3,4,00), tesJes = 1, tegJeq = 1, teoJeco = —1, tejJe; =0 (1 # j). It
is easy to see that the quadratic equation (9.2); is transformed to

—2(a? 4+ b2 + 1) (v? + v2) + A3v2 + MV — AoV, = 0 (9.5)

by a Mobius transformation given by (er,ez,es, eq,e0), where ‘e =
(1,0,0,0,0) and ‘es = (0,1,0,0,0). Note that [9.5), together with v?¥ +
v3 +v? +v3 —v2, = 0, corresponds to a cyclide of the form (x% +z3 + z3)? —
2a17% — 2a;2% — 2a373 + 1 = 0, which is of type (By).

We next consider the case where (9.4) has multiple solutions. Since
(a? — r?) cos® a + b% # 0, (9.4) has multiple solutions only when b = 0 and
sina =1 or b=0 and sina = . In this case, it is clear that the surface is
nothing but an ordinary torus. O

10. A construction of cyclides of type (B2)

Let v be a curve given as an intersection of a sphere x? + 22 + 2% = r?

2 2
and an elliptic cylinder 24 + 7% =1 (r > a > b). Then 7 is represented as

1 = acosf
T9 = bsind

z3 = /72 — a2 cos?  — b2 sin? 6.

Consider a family of circles ¢(#) with the following properties:
(a) c(0) is vertical
(b) the center of c¢(f) is on the zjz2-plane
(c) c¢(0) is tangent to O~(6) at v(#), where O denotes the origin.

: : : ar? cos @ br2 sin §
Then ¢(f) is a circle with center at (a2 pc s Yo M vy s ey T and

. 2_42 20_b2ain
of radius r4/F-=gocos 0=b2sin"0 = Ty erefore the surface M(a,b, ) generated
a? cos? 0+b?sin” 0 !
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by the family of circles is represented as

/

ar cos 8(r + /72 — a2 cos? 6 — b2 sin? 6 cos )
Tr1 =
! a2 cos? 6 + b2sin? 0
) brsin 6(r + /12 — a2 cos? 6 — b2 sin? f cos ©)
To =
2 a? cos? 6 + b2 sin? 0
rvVr2 —a2cos?f — b2sin2f
T3 = sin .
\ Va2 cos? 0 + b2 sin? ¢

By eliminating 6 and ¢ from these equations, we obtain

227.2_(12
r( ):c%

2 .2 2)2
(331 '+'.'L'2 +£L'3) -2 a2
r2(2r? — b?)
b2
which is a cyclide of type (Bs).

-2 x%+2r2x§+r4——-0

Note that the above construction is different from an enveloping by a
family of spheres given as Case III in §8.
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