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Abstract. The purpose of the paper is to consider an equivalence problem of sec-
ond order partial differential equations for one unknown function of two independent
variables under scale transformations. For this equivalence problem, explicit forms of
invariant functions are given. In particular, if all of these invariant functions vanish,
then PDEs are equivalent to the flat equation.
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1. Introduction

Sophus Lie initiated the study of geometric structures associated with
differential equations by considering a certain equivalence problem of second
order ordinary differential equations. To explain his work, we introduce a
notion of the (local) equivalence problem of differential equations in general.
We remark that every notions (e.g. coordinate transformations, functions)
appearing in this paper are assumed to be in the local category. We need
to fix classes of differential equations and a group of coordinate transfor-
mations to consider this problem. Then, the local equivalence problem of
differential equations is a problem how differential equations change under
local coordinate transformations. We can also express this problem in terms
of group actions. Let X be a set of certain differential equations and G be
a local coordinate transformation group which acts on X. Then the equiv-
alence problem for differential equations in X is interpreted as the problem
of determining the orbit decomposition under the action of G on X. Lie
studied the equivalence problem in the case of
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G = Cont(J'(R,R)), X ={y" = f(z,y.9)| f e C®(J'(RR))},

where Cont(J*(R,R)) is the contact diffeomorphism group preserving the
canonical contact structure on J*(R,R). For this problem, he obtained the
fact that this action is transitive. Namely, the orbit decomposition of X for
the action of G has just one orbit. After the work of Lie, A. Tresse studied
the following case. Let G be the subgroup Diff(R?)°®* consisting of contact
prolongations of diffeomorphisms on R? to the jet space J'(R,R), and X be
the same set of differential equations. Under this set up, Tresse considered
an orbit decomposition of the action of G on X. In contrast to the above
problem considered by Lie, Tresse proved that this action is not transitive.

At the same time, Elie Cartan also considered the same problem with
a different method which is now called the equivalence method ([Gar], [02],
[St]). Tresse and Cartan proved independently the following result by using
their original methods [GTW].

Theorem 1.1 (Tresse, Cartan) Let G = Diff(R?) be the diffeomor-
phism group of R?. Two second order ordinary differential equations y" =
flx,y,y) andy” = g(x,y,y") are transformed for one to another by contact
prolongations of elements of G if and only if A(f) = A(g) and B(f) = B(g),
where A and B are functions expressed by:

d2f ! df df oy
A= A(f) = da?;?y —4 dicy —3fyfy’y’ ‘|’6fyy ‘|’fy’ <4fy’y - ;xy >7

i o ,0 .0
B:B(f):fy/y’y’y’ (lev_ax+y8:y+f8:y’>'

It is well-known that this result is also obtained by using the theory of
construction of Cartan-Tanaka connections by N. Tanaka ([Tan2|, [Ya3]).
After their works, some researchers studied the equivalence problem in the
case of more restricted diffeomorphism groups ([Gar], [02]). For example,
Kamran, Lamb and Shadwick considered the equivalence problem with re-
spect to the fiber preserving diffeomorphisms ¢ on R? [KLS]:

¢ (z,y) = (X(2),Y(2,9)).

Along this historical background, it is natural to extend the above-
mentioned theory to the case of two independent variables. We consider an
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equivalence problem for the following second order PDE for one unknown
function of two variables y = y(x1, z2):

0%y
Or:0w; fij (@1, 2,9, 21, 22), (1)

where f;; (1 <14, j < 2) satisfying f;; = f;; are C* functions on the 1-jet
space J'(R? R) := {(z1, 22,9, 21, 22)} with the canonical contact structure
C! = {0 := dy — z1dz1 — 20dzy = 0}. By this contact structure C!, we have
the identification 21 = y,,, 22 = Yz, with respect to the dependent variable
z = z(x,y), hence we have second order PDEs (1) of normalized type. If
fi; all vanish, (1) is called the flat equation. We set M = {second order
PDEs (1)}. For these PDEs, we can choose many coordinate transformation
groups as well as the second order ODEs. As a typical example, there is the
following pseudo Lie group:

Diff(R?)°™ = The contact prolongation of Diff(R?) to J*(R? R).

In this case, we can apply the Tanaka theory to the equivalence problem as
well as the case of Tresse-Cartan for second order ODEs ([Tan2|, [Ya3]). This
problem is also studied precisely by Ozawa, Sato, Suzuki [SOS]. However
they did not use the Tanaka theory and the Cartan’s equivalence method.
They characterized the orbit of the flat equation under contact prolonga-
tions. Omn the other hand, there are no results of equivalence problems
associated with more restricted diffeomorphism groups for PDEs (1). Thus,
it is natural to research an equivalence problem in the case of a restricted
transformation group as well as second order ODEs. So, we take the group

cont

ScaleDiff(R?)
= The contact prolongation of ScaleDiff(R3) to J!(R?,R),

where ScaleDiff(R?) is the diffeomorphism group consisting of scale trans-
formations defined by,

¢(x1,22,Yy) = (X1($1)7X2($2)7Y(331,9627y))‘ (2)

~

Since ¢ is a transformation on J°(R? R) = R3, we can also characterize this
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transformation geometrically as follows. Scale transformations preserve not
only fibers on J°(R? R) but also the web-structure on the base space R?
consisting of by parallel translation of zi-axis and zs-axis. Now we state
the main problem treated in the present paper as follows.

Problem 1.2 Ezamine the orbit decomposition under the action of
ScaleDiff(R3)<°nt on M.

We can not apply the Tanaka theory to this equivalence problem, be-
cause a symmetry group under ScaleDiff(R? )Cont is not semi-simple. Thus, it
is necessary to use Cartan’s classical method. We will calculate explicitly in-
variant functions for this equivalence problem by using Cartan’s equivalence
method ([Gar], [O2], [St]). To apply the theory of G-structure, we assume
the integrability condition (6) with respect to the equation (1). Then, our
main result can be stated as follows.

Main Theorem. For Problem 1.2 of equations (1) satisfying the inte-
grability condition, we obtain the {e}-structure .7-"((;12). The structure equation

of this {e}-structure ]-"82) is given by

[ (&+4) Ao+ @1 A by 42 Ay 1

QA0+ My Ay + Msby A By + Myioy A By + Mso A by

g(l] (&+4 =) A by + Moy Ay + M701 Ny )

éz +Mgq N Oy + Moo A g

|t = ’?Mjl ,

w2 PN W

‘?‘ 511 A By 4 Sawe Ay + Ss301 A by + Sabs A Gy + Ssir A by

7 +S6@1 A @9 4 S705 A G — Moy A s
LY Sgin A @y + Soin A By + S50y A + S1oha Adn

51101 A Qg + S1a@s A Oy + S1301 A &g + S1402 A s

where torsions M;, S; are found on (24). Moreover, torsions My, My, Ss, S4,
57,510,513 are described by other torsions. Thus, we have 15 invariant
functions M;,S; (i=1,3,5,6,7,8, j=1,2,5,6,8,9,11,12,14).
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This theorem is obtained by Theorem 3.8 and Proposition 3.9. More-
over, we obtain the following necessary and sufficient condition with respect
to this equivalence problem. For the second order PDE (1) satisfying the in-
tegrability condition, if these invariant functions (24) vanish, then this equa-
tion is locally equivalent to the flat equation via the theory of G-structure

[St].

Corollary 1.3  Suppose that the second order PDE (1) satisfies the inte-
grability condition. Then, the equation (1) is locally equivalent to the flat
equation under contact prolongations of scale transformations if and only if
invariant functions M;,S; vanish. In particular, we assume that defining
functions f;; in the equation (1) are given by the following form:

f11 = P(z1,22,9), fiz = Q(z1, 22,), foo = R(z1,22,9).

Then, the equation (1) is locally equivalent to the flat equation under con-
tact prolongations of scale transformations if and only if the integrability
condition Py = Qy = Ry, =0, Py, = Qu,, Qz, = Ry, is satisfied.

This corollary is given by Corollary 3.12 and Corollary 3.13.

2. Equivalence problem and G-structure

In this section, we introduce the G-structure associated with Problem
1.2.

First, we consider contact prolongations ¢") on J* (R2,R) of scale trans-
formations ¢ in (2) as follows:

¢(1)(m17x27y7’21722) = (X17X27Y7Z1722)7 (3)
where Z; = %, Zy = W Indeed, we can see that ¢(!) are
xq xo
contact diffeomorphisms by:
o9 =Y,0,

where 0 = dy — z1dxy — zodxo is the contact 1-form. Next, we introduce
exterior differential systems Z corresponding to PDEs (1) as follows. We
choose the following adapted coframe of J!(R2 R) corresponding to the
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equation (1),

0, = dy — z1dx1 — z2dza,

0, = dz — fuudxi — fiadzs,

0y = dzo — fordx1 — faadxa, (4)
Wy = dxlu
Wy = dza.

We consider the completely integrable system (Frobenius system)

consisting of this coframe. This system Z is a differential ideal of the algebra
Q(J1) :== @T(A*T*J') consisting of differential forms defined on J*(R2, R).
The correspondence between the second order PDE (1) and the integrable
system Z is described as follows. We consider vector fields X satisfying
the following property. 1-forms 6, annihilate X, while w, do not annihilate
X. At any point on J'(R% R), such vector fields are generated by two
vector fields v1,vs. The integral surfaces which are tangent to the 2-plane
span{vy,v2} at any point are the graphs of solutions of the second order
PDE (1). Then, the parameters (x1,z2) are regarded as a local coordinate
system of this integral surface.

The integrability condition (Frobenius condition) of the integrable sys-
tem 7 is:

1

df; =0 (mod 6y,0,,0,) (i=0,1,2). (6)

Note that this condition is equivalent to the integrability condition of the
PDE (1). Then, the above integrability condition is equivalent to A = B =
0, where A and B are given by

A= (fi1)z, — (f12)zr + (f11)y22 + (f11)21 f12 + (fi1) 20 fo2
- (f12)y21 - (f12)z1f11 - (f12)22f12,

B = (f12)zs — (f22)2, + (f12)y22 + (f12) 21 f12 + (f12) 2, fo2
— (fo2)y2z1 — (f22) 2, fi1 — (f22)2, f12-
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Remark 2.1 From now on, we discuss only overdetermined systems (1)
satisfying this integrability condition.

A family of integral surfaces of Z gives a 2-dimensional foliation on
JYH(R? R). We describe the infinitesimal automorphism group of the folia-
tion, and consider the principal bundle over J!(R? R) with this group as
a structure group. To define this structure group, we take another PDE of
the same form:

%Y

v v = Fij(X 7X 3K27Z )
OX,0X, (X1, Xo 1, Z2) (7)

where this equation is defined on the jet space J'(R* R) = {(X1, X»,Y,
Z1,Z5)} with the canonical contact form 6 := dY — Z1dX; — Z2dXs. For
this PDE, we also have the following adapted coframe:

00 = dY - ZlXm - ZQdXQ,
01 = dZy — F11d Xy — F12d X5,

0y = dZy — Fp1d X, — Fypd Xy, (8)
w1 = d—X17
Wwo = dX2

If the contact prolongation ¢(*) of the scale transformation ¢ transforms a
solution of the PDE (1) to a solution of the PDE (7), then ¢(") induces
a linear transformation between the adapted coframe (4) and the another
coframe (8). We express an explicit form of these linear transformations.
First, we have the following relation by the form of ¢(1:

60y = agfly (a0 # 0),

¢170; = oy + b1y + baw; + baws,

¢ 0y = cobly + €10, + cowy + Cswsy, 9)
60wy = ew, (e #0),

M wy = fuwy (f £0).
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Moreover, we have by = by = ¢y = c¢3 = 0, because ¢!) transforms a
solution of the PDE (1) to a solution of the PDE (7). More precisely,
if we restrict coefficient functions bs, b3, ca, c3 to a solution surface, then
ba, b3, co, c3 vanish. Now, by the integrability condition, the integral surfaces
of Z form a foliation in J!(R?, R). Hence, if we take any point v in J*(R?, R),
then there exists a solution surface of (1) which contains v, and we have
by = b3 = ¢ = ¢3 = 0 in the above transformation (9). Consequently, we
have the following linear transformation of adapted coframes:

0o a 000 0] 6,
0, bcO0O 0|6
| =1e 0 g 0 0| |0y], (10)
w1 0 00~hO| |w
| w2 | 0 0 0 0 K] [ws]

where a, b, ¢, e, g, h, k are functions defined on J!(R?, R). Thus we have linear
transformations of coframes determined by ¢(). Moreover, we have the
condition that contact prolongations ¢(*) must satisfy the following structure
equation of the exterior differential system Z:

dfg = —01 ANwi — O3 A wo (mod 90),
d61 =0 (mod 90,91,92), (11)
d92 =0 (mod 90,91,92).

In this equation, the first equation means that contact prolongations pre-
serve a linear symplectic structure on the contact distribution. Moreover,
the second and third conditions mean that contact prolongations ¢! pre-
serve the integrability condition of Z. The first relation gives the condition
a = ch = gk. Summarizing, we get the linear transformations of coframes
of the following form:

b0 ch 00 0 0] [6,
6, b ¢ 00 0|6,
bl =1e 0 g 0 0] |0,]. (12)
Wy 0 00h 0] |w
Wl L0 00 0 K| |w]
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Therefore, we obtain the following 5-dimensional Lie group as the infinites-
imal automorphism group:

ch 00 0O
b ¢ 0 00
G= e 0 g 0 0| eGL(,R)|ch=gk,. (13)
0 00 A O
0 000 K

Then, we have the reduced G-bundle F¢ of the coframe bundle Fg, (R5) over
JY(R2,R). This bundle Fg is G-structure associated with the equivalence
problem of second order PDE (1) for scale transformations.

3. Cartan’s equivalence method

In the previous section, we introduced the G-structure Fg associated
with the second order PDE (1). In this section we compute local invari-
ant functions for the equivalence problem. For this purpose, we adopt the
Cartan’s equivalence method ([Gar], [02], [St]).

To compute the structure equation on F¢g, we take the tautological 1-
form of Fg defined as follows.

Definition 3.1 The tautological 1-form w on Fg is a R°-valued 1-form
on F¢g defined by

W’(w,gm)<X) = g;lﬂ'*(X) for X € T(z,gm):'rG7 (14)

where 7 is the bundle projection of Fg — J1(R? R).

From this definition, we have the tautological 1-form (6y, 61, 02, w1,ws)
in (12) on Fg. To obtain the structure equation, we compute the exterior
derivative of this tautological 1-forms (g, 61,02, w1, ws).

- [ dc dh - -
9, depdh g0 0 0 0o
01 B _be de g 0 0 0,
d|Oy| = |de _eds o da g | A |0
ch cgh g
w1 0 0 0 4 o wi
(w2 ] 0 0 0 0 %] [w
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T1w1A90+T2w2/\00—91 /\w1—02/\w2

0o N (Tswy + Tyws) + 01 A (Tswr + Tsws)
+02 A (Trwi + Tswo)

+ | Op A (Towy + Thowsz) + 61 A (T1iws + Tiows) ) (15)
+05 A (Thswi + Traws)
0
L 0 i
where
b e b? (fir)y . b(f11)z | e(fi1)z
h=-g T=-g B= 2 R T T g2
be (f12)y b(f12)- e(f12)2 b (fi1)=
_ - 1 2 T — 2 Wiz
T4 2 hk ek a2z T ch o
(f12)2, c(f11)z, b (f12)z
Ty=-—S2a  op o AW o 2
6 ko T gh 8T T eh h o
be 9(f12)y bg(f12)= e(f12) 2,
Ty = -
77 (ch)? cz (ch)? T a2
e? 9(f22)y | bg(f22) e( fa2)
T — o Yy Z1 z2
T S e Ly
€ g(f12)21 _ _g(f22)21 _ (f12)22
T = e Tio = k0 Tiz = P
e (f22)

ST Tk

Remark 3.2 We put w=(0p, 01,02, w1,ws) and write the structure equa-
tion as follows:

dw=—-0Nw+TwANuw.

In the above, we note that 6 is a g-valued 1-form and Tw A w is a R5-valued
2-form, where g is the Lie algebra of G. In fact,

do=d(gw) =dg - g ' Nw+Tw A w,
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component of # is called the pseudo-connection form and Tw A w is called
the torsion 2-form, and coefficient functions of 2-forms in each component
of Tw A w are called torsions [IL].

To simplify the structure equation, we set:

a'—@—iw ~
T e en Tt e

8= % _ % B {(5)2 B (f}1112)y L+ b(g;)zl N 6(£1£322 }wl
_ {<cb;f>z _ (f;;)y . b(gzk)zl . e<JCﬁhzZ>ZQ }%

= ijfgt B {(cbhe)z B g(ffl;)y " bgffé? " e(ilf;)Zz }wl
{2 e e

By substituting the above terms into the structure equation (15), we
get the following proposition.

Proposition 3.3 The structure equation on Fg is written as:

90 o+ Y 000 O 90
01 3 a 0 0 0 01
d|O| = € 06 0 0] A6
w1 0 00~ O w1
wo 0 00 0 ¥ Wo

—01 /\w1 —92 /\u.)g
L1601 ANwq + Lo Awg + L3Oy Awq + Lz A wo
4+ | Lo A wy + L1 A wg + Labo AN wq + Lgboy Awa | (16)
0
0
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where
2b (fu)- e (fi2): c(fi1)2
Lyi=—-=—"— L, Ly=——— =, Lyi=———2
! ch noo P ch P gh
b (fi2)- 9(f22)- 2¢  (f22)-
Ly =——— 2 L ::_71 Le = —— — 2
4 ch o ck 6 ch k0
a+y=050+1.

Remark 3.4 In the structure equation (16), some torsions in (15) are ab-
sorbed in pseudo-connection forms in the g-valued 1-form. This procedure
is called absorption of torsions, the above expression of pseudo-connection
forms «, 3,¢,9,7,1 are obtained by solving the absorption equation (pre-
cisely, see Chapter 10 in [02]).

There exists ambiguity for the pseudo-connection forms of Fg. Hence,
we consider a reduction of G-structure Fg. Precisely, refer to Lecture 4 in
[Gar] or Chapter 10 in [O2] (normalization of torsions and group reduction).
To eliminate the group parameter b of G, we choose an element (z,g,) € Fg
which satisfies Ly(x, g,) = 0, for example,

1 0 00O
—(fi12), 1 0 0 0
(x,92) = | =, 0 0100 (17)
0 0010
0 000 1]
The isotropy subgroup Gy for (z, g,) above is
G1={g9 € G| L(x,99.) = 0}
[ch 00 0 O]
0 ¢ 00O
= e 0 g 0 0| e GL(5,R)|ch=gk. (18)
0 00 A O
0 00 0 K

We consider the reduced G;-structure Fg, which has the structure group G;.
For two G-structures F¢(U) on an open set U and F(V') on an open set V,
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Fe(U) and Fg (V) are locally isomorphic if and only if F¢, (U) and Fg, (V)
are locally isomorphic ([Gar, Lecture 4, Theorem]). Hence, it is sufficient
to apply the equivalence method to the Gi-structure Fg,. To compute the
structure equation of Fg,, we need to take the tautological form of Fg,. In
this case, this tautological 1-form is obtained by substituting the condition
L4 = 0 into the tautological form (12) of Fg:

90 Ch@io

9:1 —c(f12) 2,60 + by
Oy | = ebo + gbo

w1 hwy

(w2 | kwa

Then, the structure equation on Fg, is given by

fo o+ 7y
0, 0
d|by| = €
w1 0
| &2 ] . 0

o O O L0 o
O O o> O O
o O o o

o O O O

(8

Nld)l/\éo—l—Ngdjg/\éo—él/\o:ll—ég/\djg

Ngél AWy + N4é1 A Wy + N5él A é() + N6é2 A

+N7é2 VAN éo + Ngwi A éo + Noway A éo

T | N1y Ay + N1y Adoy — NiBy Ay + Nigby Ao

where

_deedg
ch cgh’
e
£ Na=
Chv 3

+Niswi A éo + Niawo A éo

0
0
dg dh dk
;7 ’7_77 @Z)_?a

(19)
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(le)zl
kj )

(le)zzzl
ch

(f12)2222

Ny=—
4 gh )

N5 =—

C
No = ——(f11)z,, Nr=-—
3 6 gh(fll) 2 7

Ng = _hlz{(flz)i — (f11)y — (f12) = (f11)z + g(fn)zQ
+ (f12)22I1 + (f12)zzyzl + (f12)zzz1f11 + (f12)Z222f21}a

Ny = ﬁ{(flz)y + (f12)22 (f12) 21 — (f12) 2225
- (f12)zQyZ2 - (f12)zQzlf12 - (f12)2222f22}7

e+ g(fi2)z 9(f22)z € (f22) 2,
Nijg=———"——"""= Nyj=—""= Nijg=—— —
10 Ch ) 11 Ck ) 12 Ch k; )

Niz = C%{(fm)y + (f12)2 (f12) 2}

e? N 9(f22)y n 9(f12)2 (f22)s  e(fo2)2
(ch)? chk chk chk

Nig = —

To simplify this structure equation, we set:

a=aqa— N5é0 — N3wq 4+ Nows,
& =& — Nsly + Nizin + Niadoa,
8 =0 — N5é0 + N1iw1 — Nyiows,

¥ =7+ (N1 + N3)ar,

% =1+ (N + Ni2)o.
By substituting these terms into the above structure equation, we get the
following.

Proposition 3.5 The structure equation on Fg, is written as:

- A - - - - A -

fo a+4% 0 0 0 0 0o
0, 0 & 000 0,
dléy| =] ¢ 0460 0|A|b
n 0 0040 o1
ol L0 000 ¢ |
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Niofy A&y 4 Ni16y A G

—0y A&y — Oy Ao

Niob1 A &g + Ngby A &1 + Nofo A Oy
+Ngwi A éo + Ngwa A éo

0
0

In the structure equation (20), there still remains ambiguity of pseudo-
connection forms. Hence, we shall take the next step of reduction. To

eliminate the group parameter e of G1, we choose an element (z,¢,) € Fg,
which satisfies Nig(z, g,.) = 0, for example,

(1’,933) =

L
\
i
N
=
w
A
o O O = O

The isotropy subgroup G» for (z, g, ) above is

Go = {g € G | N1o(z, gg,) = 0}

[ch O

o O O O
S O OO

0

o

@)

o O O O

0

> O O O

000
000
100 (21)
010
00 1
€ GL(5,R) | ch = gk ;. (22)

We take the reduced Ga-structure F¢g, which has the structure group Gs.
Similarly to the case of G1-structure, we apply the equivalence method to the
Go-structure Fg,. We have the tautological 1-form on Fg, by substituting
the condition Njg = 0 into the equation (12):
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- A -

90 i Ch@
0, —c(fi2)2,60 + cbr
02| = |—9(f12):00 + 902
w1 hwy
[wo] L kwa

Then, the structure equation on Fg, is given by

- A - - - - A -

90 Oé—f—’}/OOOO 90
0, 0 a« 000 0,
dléy =] 0 0686 0 0| A6
&1 0 00~ 0 o1
| L0 000 % |@f

Mio@n Ao + Myy@a A By — 01 Aoy — 0y A g
Mlég ANwi + Mgél VAN éo + Mgég VAN éo + My A é()
+Msg N Oy + Migwr A 01 + Myiwe A 01

+ M6é1 N wg + M7é1 VAN éo + MQéQ A éo + Mg, A éo
+Mowa A Oy + Miawi A g + Mizwa A Oy

0
L 0
where
dc dg dh - dk
Oé—?a 5_?7 ’7_?7 ¢—k;
C(fll)ZQ (le)ZQZl (flz)zQZQ
Ml gh P 2 ch ) 3 gh )

My = = {2, — i)y — i)z (Fin)e, — (an)as(fr2)e
+ (f12) 2021 + (f12) 20921 + (f12) 202, f11 + (flz)Z2Z2f21},

Ms = %{(fn)y + (f12)z (f12) 2 — (f12) 2022
- (f12)Z2yZ2 — (f12) 2021 J12 — <f12)z2z2f22}7
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Mg = _g(f22)21 7 M, = — (f12) 212 7
ck ck

Mg = i (f12)y + (f12)z, ([12)20 — (f12) 212, — (f12) 21921
- (f12)z1z1f11 - (f12)z1z2f21}7

My = —'i%'{(f12)31 — (f22)y — (f12) 25 (f22) 21 — (f12)2, (f22) 2,
+ (f12) 2120 + (f12) 21922 + (f12) 2020 f12 + (f12) 2120 f22

Mo = %{(fll)zl = (f12)22 ) My = (f12)217

k
f12)z,

M12:(h )

Mz = %;{(sz)zQ — (f12)z }-

To simplify the structure equation, we set
& = o — Moy + Moy + My,
¥ =7+ (Mg — Mg)an,
5 =& — Mafy + Moy + My3ia,
b =1+ (Mg — Mis)ds.

Then, we obtain the following:

Proposition 3.6  We have the following structure equation on Fg,.

bo a+4% 0 0 0 0 0o
6, 0 4000 6,
dléy| =] 0 060 0|A|6b
o 0 0040 1
| & 0 000 ¢ |d

WL A él + o A ég
M105 A &1 + Msfy A Gy + Myin A0y + Msios A g
+ | Mgy A @9 + M70y A Gy + Mgin A Gy + Modon Al |  (23)
0
0
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We note that the structure equation (23) defines uniquely the pseudo-
connection forms &, 4, (5 1/1 Hence, we can obtain the Gs-invariant 1-
forms (00, 01, 02, w1, wa, &, 9, 1!1) on Fg,. To consider invariant functions for

Problem 1.2, we need to take the prolongation F, 5 ) of Fg, defined as follows.

Definition 3.7 Let Fg be a G-structure and g C Hom(V, V) be the Lie
algebra of the structure group G. Then, the prolongation Fg1 of Fg is a
principal bundle over Fg with the structure group G*, where G* is the group
which has the corresponding Lie algebra g! := (g @ V*) U (V ® S?(V*)).

For the Ga-structure, we see that g(l) = 0 and the group Ggl) = {e}.
Hence, féQ) is the {e}-structure over Fg,. That is, .7-"82) is absolute par-
allelism on Fg,. Now we choose the tautological 1-form (ég,él,ég,djl,@z,
d,f?,zﬁ) on .7-"82). By taking the exterior derivation of this tautological 1-
form, we obtain the following structure equation on the {e}-structure.

Theorem 3.8 The structure equation of the {e}-structure .7-"82) with the
tautological 1-form (éo, 01, 0o, 01, s, d,*y,iﬁ) is given by

[ (&+4) Ao+ @1 A by + 2 Ay ]
G A0y + My Ay + Msby A By + Myioy A By + Msoo A by
gf (644 — ) Ads + My £y + Miby Ay A
éz +Mgr N Oy + Moo A g
dl“r| = ’W’l ,

) Y A Dy

O:‘ S1@1 A By 4 Sawe Ay + S301 A by + Sabs A Gy + Ssin A by

B +Sg61 A Qg + Sefy Aoy — Mrby A
LV Ss@1 A Qg + Soin A by + Ss0; A &1 + S106 A i

51101 A Qg + S1a@s A Oy + S1301 A &g + S1402 A Dy

where torsions M;, S; are given by
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c 1
M, = *g*h(fu)gw Ms = *g*h(fﬁ)ﬁzﬁz?

M = = {10, — 2010, Fi2)a, + (i), (oo,

Ms = (f12)e, + (f12)0,(f12)8, — (f12)8,0, }

1

hk
1

Mg = _g(fm)ﬁﬁ Mr = =2 (2)og,

My = - {(fe, + (Fi2de, (Frode, — (Fdoe, }
My = {—2 (f12)8,(f22)8, + (f22)8,0, + (f11)a, (f22)e, },

Sl = @{(fll)Q2Q1£2+(f11)Q2Q2 (f22)Q1+(f11)Q2Q1 (f22)g2 _(f12)g2gl (fll)Qz
— (f12)a,0,(f12)0, — (f12)a,0, (f11)a, +2(f12)a,0, (f12)e, }»

S = o {(Fes,e, — (2dosg, — (Fdoe, (F2, ) (24)
S, — (fi2 0)2020191, S, — (flzc);;flgz? g = 2(f12)92elc; (fll)Q1Q17

Se = hlk — (f12)a, — (f12)e, (f12)a, + (f11)e, (f22)0, + (f12)0,w, }»

S = (f11)9192g_h(f12)9292, Sg = }le{(fH)@ o — 2(f12)g2£2},

S = ﬁ{(fll)ﬁlﬁo - 2(f12)Q2Q0 + (fll)Q1Q1 (f12)Q2
+ (f11)Q1Q2(f12)Q1 — 2(f12)glg2(f12)g2 — 2(f12)Q2Q2(f12)Q1 }7

— 2
SlO _ (f11)91929_; (f12)Q2Q27 Sll — %{2@012)@1&1 _ (f22)Q2g1 }7
S12 = ﬁ{ —2(f12)0,0, — 2(f12)0,0, (f12)0, — 2(f12)0,0,(f12)a, + (f22)0,0,

+ (f22)0,0, (f12)0, + (f22)0,0, (f12)0, }+

2(f12)QIQ1 - (f22)Q1Q2 S, = 2(f12)Q1Q2 - (fzz)Q2Q2
ck ) 14 — gkﬁ )

Si3 =
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and we used the dual frame of the coframe (8,071,045, w;,ws):

0 0 0
aﬁo _@, 8Q1 _0721’ 8Q2 _8722’
0 0 0 (3
Op, = e +Zla +f11 +f12
0 0 0 0
8g2—87$2+ 8 +f21 +f2282

In the above torsions, there are the following relations.

Proposition 3.9 Torsions My, My, Ss, S4,S7, S10, 513 are given by:

h

My = hQ{ gh(Ml) + %Ml(fm)ﬁl - ch1<f22)92};

Mgzklz{cgk(M& C;Mﬁ(fll)e *?Mﬁ(ﬁ?) }
k

Sg — —E(

1 1

M7)Q2, Sy = —E(MIS)QN S7 = _E(Ml)ﬁl + M,
1 1

Sto= —(M)g, +2Ms,  Siz = —2M + _(Mo)a,

Hence, the vanishing of My, My, Ss, S4, .57, S10, S13 is given by the van-
ishing of other torsions. Consequently, we obtain fifteen invariant functions.
By the theory of G-structure [St], we have the following results.

Theorem 3.10 ([St]) If a G-structure is locally flat then its structure
function vanishes identically.

Theorem 3.11 ([St]) Let G be a group of finite type. A necessary and
sufficient condition for a G-structure to be locally flat is that the structure
function of all prolongations of G be constant and equal to the corresponding
structure constants of the flat G-structure.

From these theorems, the vanishing condition of invariant functions
M;,S; (i = 1,3,5,6,7,8, 7 = 1,2,5,6,8,9,11,12,14) gives the following
corollary.

Corollary 3.12  Suppose that the second order PDE (1) satisfies the
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integrability condition A = B = 0. Then, the equation (1) is locally
equivalent to the flat equation under contact prolongations of scale trans-
formations if and only if invariant functions M;,S; (i = 1,3,5,6,7,8,
j=1,2,56,8,9,11,12,14) vanish.

First, it is easy to check that the functions f;; satisfying A = B = M; =
S; = 0 are written as quadratic polynomials in 21, zo. Hence, if there is a
polynomial z1, 23 of degree three among f;;, then the corresponding equation
(1) is not equivalent to the flat equation under contact prolongations of scale
transformations.

Next, we give some examples of equations which are equivalent to the
flat equation. To show the vanishing condition of invariant functions more
explicitly, we consider the functions f;; given by:

Jfi1 = P(x1,22,9), fi2 = Q(x1,22,9), fao = R(x1,22,y). (25)

Then, Corollary 3.12 gives the following corollary.

Corollary 3.13  Suppose that the functions fi; in (1) are given by (25).
Then the equation (1) is locally equivalent to the flat equation under contact
prolongations of scale transformations if and only if P, = Q, = R, = 0,
Pacz = Qacl; Qacg = Rxl-

The condition P, = @, = R, = 0, Py, = Qz,, @z, = R, in this
corollary are obtained by the integrability condition A = B = (0. Namely,
the vanishing condition of invariant functions (i.e. M; = S; = 0) is absorbed
into the integrability condition. Therefore, we can see that the second order
PDE (1) for the functions f;; given by (25) is locally equivalent to the flat
equation if and only if it is integrable.
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