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On the boundedness of a class of rough maximal operators
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Abstract. In this paper, we study the L? boundedness of a class of maximal op-

erators T{(g)‘} and a related class of rough singular integrals on product spaces. We
J

obtain appropriate LP estimates for such maximal operators and singular integrals.
These estimates are used in an extrapolation argument and allow us to obtain some
new and improved results for certain maximal integral operators and singular integrals
on product spaces under certain sharp conditions on the kernel functions. Also, one
of our main results in this paper is a corrigendum of a result obtained by Ding-Lin.
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1. Introduction and statement of results

Throughout this paper, let R™, n > 2, be the n-dimensional Euclidean
space and S™~! be the unit sphere in R"™ equipped with the normalized
Lebesgue surface measure do. Also, we let ¢ denote £/|¢| for £ € R™\{0}
and p’ denote the exponent conjugate to p, that is, 1/p+1/p" = 1.

A problem that has attracted the attention of many authors in re-
cent years is finding a class of kernels M so that the maximal operator
supge [Tk f| is bounded on LP for some p, where T is the singular inte-
gral operator defined by

Tk f(x) = p.v. - flz —y)K(y)dy.

Such maximal operators were studied initially in [11] and subsequently
by many other authors. See for example, [1], [2], [4], [5], [12], [13], [26].

L. K. Chen and H. Lin [11] studied the L? boundedness of the maximal
operator sup ¢y [Tk f| whenever the class of kernels M is given for a fixed
function Q € L'(S"~!) and a fixed number v > 1 by
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Q)

|z["

M= MO (Q) = {K(x) = h(|z]) :

h is a radial function such that ||| z+® dr/r) < 1}.

They proved the following:

Theorem A Let Q be an arbitrary but fized function defined on S™!
with Q € C(S"™ ') and satisfies [g,_. Q(y)do(y) = 0. Then Ag)(f) =
SUPkenn () [Tk f| is bounded on LP(R™) for (ny)/(ny —1) < p < 0o and
1 <~ < 2. Moreover, the range of p is the best possible.

In the case v = 2, L. K. Chen and X. Wang in [12] investigated the L?
boundedness of the more general class of maximal operators sup gcas |Tx f1,
when M =: M®({Q;}) where {Q;} is an arbitrary but fixed countable
subset of L'(S"~!) and

€; (")

|z["

MO{9,) = {K<x> =3 2 e

o dt\ '
</ E ]hj(t)\7t> < 1} for a given v > 1.
0 -
J

L. K. Chen and X. Wang [12] proved the following:

Theorem B Assume that 2n/(2n—1) < p < co. If {Q;} is a fized count-
able subset of L*(S™~1) with [y, . Q;(y)do(y) = 0 and > HQj||%2(S"—1)

< o0, then ng)]}(f) is bounded on LP(R™), where Hg))7}(f) =

‘ 2
SUPgen (o, 1) [Tk fl. - That is, HHEQ)J-}(f)HLp(Rn) < Cpllfllerny for all
f in the Schwartz class. Moreover, the range of p is the best possible.

We notice that if we take in the definition of M) ({Q;}) our countable
set {Q;} to be the singleton ©, where € is a fixed function defined on S"~!
with Q € L*(S"™') and satisfies [q,_, Q(y)do(y) = 0 and if we take the
countable set {h;} to be the singleton h and letting h vary with h belongs

to the class L?(R,,dr/r), the maximal function H%)]}(f) will reduce to

the maximal function Ag)(f) Thus, the maximal operator Hg])}(f) is a
J
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natural extension of the maximal operator Ag )( f)-

On the other hand, Ding and Lin [13] considered the analogue of The-
orem B in the product space setting. Let 1 < v < oo and {{;} be an
arbitrary but fixed countable subset of L!(S"~1 x S™~1) satisfying the fol-
lowing cancellation conditions for all j:

/5n1 Qj(u,-)do(u) = /Sm1 Q,;(-,v)do(v) = 0. (1.1)

Let EO)({Q;}), 1 < < 0o, denote the class of all kernels of the form

E:h'“””r|ﬂmg’

where

0 o0 d dt 1/v
([ [ Smeor®) " <u
o Jo %5 rt

Now define the singular integral Tk by

Tx f(z,y) = p.v. /Rn . flx —u,y — v)K(u,v)dudv

and T{(g)}(f) = SUPKeEM ({Q;}) Tk f|-

The following can be found in Ding and Lin in [13]:
Theorem C  Suppose v = 2 and {Q;} C L4(S"! x 8™ 1) for some
1 < q < oo and satisfies -, ||Qj”%q(8n71xsmfl) < 00. Suppose that p and q
satisfy one of the following conditions:

(a) 1 < q <2 and max{2nq'/(2n +nq" — 2),2mq’/(2m +mq' —2)} <p <
20 /(¢ - 2),

(b) 2 < ¢ <max{2(n—1)/(n—2),2(m—1)/(m —2)} and max{2nq’/(2n +
ng' —2),2mq’ /(2m+mq' —2)} <p < 0,

(¢) ¢ >max{2(n—1)/(n—2),2(m—1)/(m—2)} and 1 < p < 0.

Then the maximal operator T{(Q) }(f) can be extended to a bounded op-
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erator on LP(R™ x R™). That is,

“Tfé)j}(f)“Lp(RnXRm') < Cpllf e mn xmom)

for all f € LP(R™ x R™).

We should point out the range of p given in Theorem C is not true. In
fact, if we take for example, ¢ = oo, then we notice from Theorem C that
the range of p is 1 < p < oo which is impossible because the best range
of p for the maximal operator T{%)j}(f) to be bounded on LP(R™ x R™) is
2n/(2n —1) < p < 00. So it is natural to ask what is the right range of p so
that T 2, is bounded on LP(R™ x R™). One of the main purposes of this

{9}
paper is to determine the right range of p so that T {(52%}( f) is bounded on
LP(R™ x R™). In fact, we shall deal with the more general class of operators
Tg\)y (9} (for v > 1) as described in the following theorems, where ® and

U are suitable functions defined on [0, 00),

Ty ()= s [Txouf] (1.2)
B KeEM™ ({Q;})
and
Ticawf(9) = [ fla = (ful’sy = (ol K (. 0)dud
R’VL><R7!L
Theorem 1.1 Let Tg&,’{ﬂj} be given as in (1.2) with 1 <y < 2. Assume

that ® and ¥ are C?([0,00)), convex, and increasing functions with ®(0) =
U (0) = 0. Suppose that {Q;} is a fized countable subset of L1(S™~1 x S™~1)
for some 1 < q < oo with H HQjHLq(Snflxs'm—l)Hl,Y/ < 0o. Then the inequality

17870 g0,y (Dl o xremy

2/%
q
<Cp <> €211 Lasn-1 xsm—1)|| o [1f | Lo (R7 xR (1.3)

qg—1

holds for (aBy')/(W'a+af —v') < p < o0 and 1 < v < 2, where a =
min(m,n) and § = max{2,q'}.
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We notice that if we take in the definition of the maximal function

Tg\)ll7{9j}(f) our countable set {Q2;} to be the the singleton 2, where

is a fixed function defined on S"~! x S™~! with Q € L1(S"~1 x §m~1)
and satisfies (1.1) with Q; replaced by Q and if we take the countable set

{h;} to be the singleton h and letting h vary with h belongs to the class
LY(Ry x Ry, 29) the maximal function Tg\)y’ {Qj}( f) will reduce to the
Q)

maximal function Mg'y o f(z,y), where ./\/lf;)\l,Q is the maximal operator

defined by

MPyol@y)= s [Sewanf@y)|  (14)
heL’Y (R+ ><1{+7 drdt

Tt

and So w0, is the singular integral operator defined on the product space
R"” x R™ by

Sd),\lf,(l,hf(xay)

= p.v./ Mhﬂu\, o)) f(z — @(Ju)u',y — ¥(|v|)v")dudv. (1.5)
R

nxrm [u]?[o]™

Therefore, by Theorem 1.1 we immediately get the following:

Theorem 1.2 Let Mg)\pg be given as in (1.4) with 1 < v < 2. Assume
that ® and ¥ are C*([0,0)), convex, and increasing functions with ®(0) =
U(0) = 0. Suppose that Q € LI(S"~1 x S™~1) for some 1 < q < oco. Then

)
HMq;y,\I/,Q(f)HLp(Rn xR™)
q 2/
<Cp <q_1> 12| La(sn—1xsm—1) |l fllLr (&2 xR (1.6)

holds for (afBy)/(Ya+af —7") < p < oo and 1 < v < 2, where a =
min(m,n) and § = max{2,q'}.

Here we point out that if @ = min(m,n), then we have

max {(Y'nB)/(v'n +nB —~"), (¥'mB)/(v'm +mp —~)}
= (aBY)/(Ya+aB —+).
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Theorem 1.3  Let S¢ w q,n be given as in (1.5). Assume that ® and ¥ are
C?([0,00)), convez, and increasing functions with ®(0) = ¥(0) = 0. Suppose

that Q € LY(S"~ x 8™1) for some 1 < q <2 and h € L"(R4 x Ry, 42dt)

for some 1 <y < o0. Then

HS<I>,\I/,Q,}L<f)HLp(RnXRWL)
< Cplg — 1)Vl paggn-1xsm—1) || | Lo (e xrom) (1.7)

holds for 1 < p < 0.

By the conclusions in Theorems 1.2-1.3 and applying an extrapolation
method, we get the following results:

Theorem 1.4 Let 1 < v < 2. Assume that ® and ¥ are C?%(]0,0)),
convez, and increasing functions with ®(0) = ¥(0) = 0.

(a) If Q e Log L)*/7' (8" 1 x 8™~ 1) and 1 < v < 2, the operator ME;{IHQ
is bounded on LP(R™ x R™) for 2 < p < oc;

(b) IfQ € BC(IU’2/7 _1)(8"_1 x 8™ and 1 < v < 2, the operator Mfgng
is bounded on LP(R™ x R™) for 2 < p < oc;

(c) If Q € LY(S" ! x S™~ 1) and v = 1, the operator MEI])\I,Q is bounded
on L*(R"™ x R™).
Here, L(log L)" (S™~! x 8™~1) (for a > 0) denotes the class of all mea-

surable functions Q on S™~1 x 8™~ which satisfy

||QHL(log L)®(Sn—1x8m—1)

— /Sn_lxsm_l 1Q(z, )| log™ (2 + |z, y)|)do(2)do(y) < oo

and B[SO’U)(S”_1 x 8m~1) denotes a special class of block spaces whose defi-
nition will be recalled in Section 2.

Theorem 1.5  Suppose that ® and ¥ are C?([0,)), conver, and increas-
ing functions with ®(0) = ¥(0) = 0. Suppose that h € LY (R4 x Ry, 4dt)
for some 1 <~ < 0.

(a) IfQ € L(log L)?/7 (8" 1 x 8™ 1) and 1 < v < oo, the operator Se. v a.n
is bounded on LP(R™ x R™) for 1 < p < oc;
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()
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IfB(gO’Q/W/_l)(S”_1 xS™=1) for some q > 1 and 1 < v < oo, the operator
So,w.0,n 15 bounded on LP(R™ x R™) for 1 < p < oo;

If Q € LY(S" ! x S™1) and v = 1, the operator So w . is bounded
on LP(R™ x R™) for 1 < p < oo.

Remarks

(1)
(2)

Theorem 1.1 is a corrigendum of Theorem C in the sense that it provides
us with the right range of p.

The LP boundedness of M((;)\I,Q under the same conditions on p,~ and
Q as in Theorem 1.2 was proved in [1], but the main thrust of Theorem
1.2 is that it provides us with estimates which will be useful in employ-
ing an extrapolation argument and in turn allow us to obtain the LP
boundedness of MEDV)\I,Q under optimal size conditions on €.

For any ¢ > 1,0 < a < f and —1 < v, the following inclusions hold and
are proper:

LY(S™ 1 x 8™~ 1) ¢ L(log L)? (8"~ x s™~1)
C L(log L)*(S™ ! x 8™~ 1),

L Lr(s" ! x 8m71) € B8 x 8™ for any — 1 < v,

r>1

BéO’UQ)(S”_1 x S™ 1) ¢ Béo’”l)(S”_1 x 8™ 1) for any — 1 < vy < va.

The question with regard to the relationship between BC(IO’U_I)(S”_1 X
S™~1) and L(log L)"(S™ ! x S™~1) (for v > 0) remains open.
Theorem 1.4 (a) was obtained in [5] only in the case v = 2 and in [4] in
the case 1 < v < 2, but with p in the smaller range v/ < p < co. Thus,
Theorem 1.4 (a) improves the corresponding results in [26], [5] and [4].
Also, it is worth mentioning that the condition Q € L(log L)%/ (S"~! x
S™~1) was shown by Al-Qassem and Pan in [4] to be optimal in the case
v = 2 in the sense that the exponent 2/ in L(log L)%/ (S*~! x 8™~ 1)
cannot be replaced by any smaller number.

Theorem 1.4 (b) was obtained in [1] only in the case v = 2. Thus,
Theorem 1.4 (b) improves the corresponding result in [1]. Also, we
point out that the condition Q € Bt(]O’Q/A/_l)(S"_1 x S™~1) for some
g > 1 was shown by Al-Qassem in [1] to be optimal in the case v = 2 in
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the sense that the 2/4" in Béog/ Y=Y cannot be replaced by any smaller
number.

If ®(t) =t and U(t) = t, we denote Sp v o,n by Sq,p. In [6], Al-Salman,
Al-Qassem and Pan were able to show that the L?(R™ x R™) (1 <p <
o0) boundedness of Sq j, holds if Q € L(log L)?(S"~! x S™~1) and h €
L (R4 xR,). Also, the condition that Q € L(log L)?(S"~* x S™~1) is
the most desirable size condition for the LP boundedness of Sq ; in the
sense that the operator Sq ; mail fail to be bounded on LP for any p if
the condition is replaced by the condition Q € L(log L)?=¢(S"~1xS™~1)
for any € > 0. On the other hand, Theorem 1.5 (a) implies that if h €
L"(Ry xRy, d:ft) for some vy > 1, the singular operator Sq j, is bounded
on L? under the much weaker condition Q € L(log L)%/7" (8"~ x §™~1),
The reason for this new phenomena on singular integrals is that the
singular operators S, (with h € L7(Ry x Ry, 29 for some 1 < vy <

rt
00) have weaker singularities than the singular operators S ; due to

the presence of the strong condition on h.

In [3], Al-Qassem and Pan proved that S j, is bounded on LP (R x R™)
for 1 <p<ooif Qe Béo’l)(Sn_1 x S™~1) for some ¢ > 1 and h €
L>*(R4+ x Ry). Again, as in Remark 6 above, under the condition
he L' (Ry x Ry, %9 for some v > 1 we obtain from Theorem 1.5 (b)

rt

that Sq 5 is bounded on on LP(R™ x R™) for 1 < p < oo if ) satisfies

the weaker condition 2 € Bq(,o’2/'yl_1)(S"_1 x S™~1) for some g > 1.

Theorem 1.5 (b) implies that the operator Sqj; when h € L*(Ry X
R, 4dt) is bounded on L' (R™ x R™) and L>=(R" x R™), while Sq ; is
not. Also, when h € L' (Ry xRy, 429%) the operator Sq,j, is bounded on
LPif Q € LY (S" 1 xS™~1), while Sq ; is not bounded on L? for any p if
Qe LY(S" 1 xS™~1) unless Q(u, v) is an odd function in each one of the

variables u and v, i.e., Q(u,v) = —=Q(—u,v) = —Q(u, —v) = Q(—u, —v).

Throughout the rest of the paper the letter C' will stand for a constant

but not necessarily the same one in each occurrence.

2.

Some definitions and lemmas

The block spaces originated in the work of M. H. Taibleson and G. Weiss

on the convergence of the Fourier series in connection with the developments

of the real Hardy spaces. Below we shall recall the definition of block spaces
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on 8"~ x S™~1 For further background information about the theory of
spaces generated by blocks and its applications to harmonic analysis one can
consult the book [20]. The special class of block spaces Béo’v) (St x Sm—1)
(for v > —1 and ¢ > 1) was introduced by Jiang and Lu with respect to the
study of singular integral operators on product domains [18].

Definition 2.1 A g¢-block on S"~! x S™~lisan L4 (1 < ¢ < oo) function
b(z,y) that satisfies (i) supp(b) C I; (ii) ||b]|ze < |I|72/¢, where | - | denotes
the product measure on S~ x 8™~ and I is an interval on 8?1 x S™~1,
ie, I ={z €S|z -z <a}x{yeS™!:|y—yl < B} for
some «, 3 > 0 and (zg,y0) € S" ! x S™~1. The block space Béo’v) =
B (871 x §m=1) is defined by BY") = {Q € L1(S"1 x §m~1): Q =
220:1 Auby, Méoﬂ))({)\#}) < oo}, where each A\, is a complex number; each
b, is a g-block supported on an interval I, on S"~1 x 8™ 1 v > —1 and
M ({0d) = 02y L +10g TV (11 7)Y Let 120500 (g0 -1y

= Nq(o’v)(Q) = inf{MéO’v)({)\#})}, where the infimum is taken over all g-
block decompositions of €.

Definition 2.2 For arbitrary functions ®(-) and ¥(-) on R4, 8 > 2 and
Q:S" 1 x Sm71 — R, we define the sequence of measures {oq nok.d :
k,d € Z} and the corresponding maximal operator oo.ne o0 R" x R™ by

/ fdoanek,d =/ / h(Jul, [v])
RrxR™ 9d+1<|v|<fd+1 Jok <|u|<or+1
Qu', ")

Jul|v[™

F(@(jul), (|v])) dudo;

oo.no(f) = S loa,n.0.k.al * .
7]

Lemma 2.3 Let 0 > 2 and Q € LI(S"! x S™71) for some 1 < q <
2 and satisfies the cancellation conditions in (1.1) with Q; replaced by .

Assume that ®, ¥ are C?%(]0,00)), convex, and increasing functions with
B(0) = T(0) = 0. Let
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9d+ 9k+1

Ir,a(§,n) = </9 .

/ ,y)
Sn—1yxgm—1

% e—i(<1>(t)§~x+\11(8)n‘y)do-(l»)do-(y) 2dijs> 1/2‘
Then there exist positive constants C and A such that
(D(OF) €)™ (W64 )~ ;
(D(OF+1)[¢)) 7 (T (0%H)) |ﬁ;
Thal,n)] < Clog(®)9], K . (2.1)
(D(OF+1) )7 (T (0% n])~ 7
(D(6%)[¢) ™7 (v <ed+1>m|ﬁ

where C' is a constant independent of k,d,&,n,q and 6.

Proof. By Schwarz’s inequality we have

2

/ Qa, y)e (@O DETHO"D19) 4o (1) do ()
Sn—lx8m—1

S /
Sm—1

- /S . < /S nilxsnilQ(x,y)Q(u, y)e_iq>('9kt)5'(z_u)da(fv)da(“))dU(y)

and hence we have

eacf <toso) [ ([ 0@t

« < /1 He@(9”)6@“>Cf>da(x)da(u)>da(y). (2.2)

do(y)

/ Oz, y)e O 0o (1)
Sn—l

Write

0 0
/ e*i@(ekt)g.(xfu)% _ / H/(t)%,
1 1



On the boundedness of a class of rough maximal operators on product spaces 11

t
where H(t) = / e~ W) gy, <t <.
1

By the assumptions on ¢ and the mean value theorem we have

% (2(0%w)) = 0%@' (0%w) >

O (0% w)

k
(I)(H)forlgwgtge.

>

By van der Corput’s lemma we get |H(t)] < [®(0%)¢|7Y¢E - (x — u)|~1t, for
1 <t < 0. Hence by integration by parts,

0
—1 (rz—u dt - -
‘/ e iR(OTE >t’s0<log9)|<1>(9’f)£| e (@ =)
1

By combining this estimate with the trivial estimate ’ffe—iq’(ekt)&'(m_“)%
< (log 8) we get

0
—i (z—u dt —a —a
[ emerveemafll < clopo) e le (@ - u)
1

forany 0 <a <1. (2.3)
By Hélder’s inequality and (2.2)—(2.3) we get

| Tka(&,m)| < Clog 0)]|2 | (0% )¢| 27

X </SMXSM € (2 — u)|—aq’da(x)da(u)) &

By choosing « so that g’ < 1 we obtain that the last integral is finite and
hence

| Tk.a(€,m)| < C(log 0)[|€2]]4|®(%)¢| 2. (2.4)
Similarly,
| Tra(€,m)| < Clog )] o[ T(0%)n] 2. (2.5)

Also, by the cancellation conditions on 2 and by a change of variables we
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obtain

aent< [ ([ 0wy

2
5 ’6—1‘@(9’%‘/)6:6 _ 1}da(m)do(y)> %
S

Since @ is an increasing function we get
| T,a(€,m)| < Clog ()| @(6*)el.

By combining the last estimate with the trivial estimate |J 4(§,7)| <
C'log(0)]|2|1 we get

| Ta(€,m)] < Clog(0)]|2)1|@(65+1)e| 2w (2.6)
Similarly,
| Te,a(€,m)| < Clog(0)[|2]1 W (% )| (2.7)

By combining the estimates (2.4)—(2.7) we obtain the estimates in (2.1).
Lemma 2.3 is proved.

Lemma 2.4 Let 0,9,V and Q be as in Lemma 2.3 and let h € L7 (R4 x
R, d:ft) for some 1 < v < oco. Then there exist positive constants C and
A such that

|60.h.0,k,a(E5 )|

(@(6%)[el) 7 (2(O")n)~ 7
k+1\[£]) 5757 A+ 1Y) 5797 -
< Clogt)2 oy, 4 PO TIED X (U (ot )Inl)k ; .
(@(6FH1)e rw (T (%))~ 77 ;
[(BOF) (€)™ 77 (B0 |n]) 77,

where C' is a constant independent of k,d,&,n,q and 6.

Proof. By Holder’s inequality we get
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G0,n0,k,d(EM)| < 0l (r, xR, 2z

rt

9d+1 9k+1

(L

/ Q(z, y)e— PO+ ()ny)
Snfl ><S7YL71

Y dtds\ V"
ts ) '

X do(x)do(y)

Now, if 2 < 4/ < oo, by noticing that |fS"*1><Sm*1 Q(x,y)e  (EOEz+T(s)ny)
da(x)da(y)‘ < |I€2]]1 we get

~ 1-2/~"
|60.n.0ka(&m)] < IRAT TNl 1 ry xm, ey

9d+1 9k+1

(L

/ Oz, )~ (BOCT+V()n-9)
Snfl XSm—l

2 1/
dtds
X dO’(.’IJ)dO’(y) ts)

By the last estimate and Lemma 2.3 we easily get the estimates in (2.8).
On the other hand, if 1 < «' < 2, the estimates in (2.8) follow by Lemma
2.3 and Holder’s inequality. This completes the proof of Lemma 2.4.

We shall need the following lemma which has its roots in [14] and [3].
A proof of this lemma can be obtained by the same proof (with only minor
modifications) as that of Theorem 15 in [3]. We omit the details.

Lemma 2.5 Let {ap}rez and {bj}jez be any two arbitrary lacunary
sequences of positive numbers with infrez(agi1/ar) > a > 1 and
inf;ez(bj+1/b;) > b > 1. Let {oy; : k,j € Z} be a sequence of Borel
measures on R™ x R™. Suppose that for some o, 3, C > 0, B > 1 and
Po € (2,00) the following hold for k, j € Z, (§,n7) € R™ x R™ and for
arbitrary functions {gx ;} on R™ x R™:

[e] B
(|41 €75 b 177|507

o 5
|ag41&] 050 |bym|~ Tee®
(i) |6x,(&m)| <CB 7

x| T [y

Jaxg| =5 |bj| s,
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1/2
(if) H( > !Uk,j*gk,j\Q)

k,jEZ

1/2
s (5 o)
Po

k,jEZ bo

Then for py < p < po, there exists a positive constant C), independent of B
such that

Z O'kd'*f

k,jeZ

<GBy
p

holds for all f in LP(R™ x R™).
By the same argument as in ([24, p.57]) we get

Lemma 2.6 Let ¢ be a nonnegative, decreasing function on [0,00) with
fooo o(t)dt =1. Then

‘ | st - metiar] < ),

where M, f(x) = suppcr = fOR |f(z — sy)|ds is the Hardy-Littlewood mawi-
mal function of f in the direction of y.

For § > 2 and y € S"!, let Mg g, (f) denote the maximal function
defined by

gr+1

Moo f@) =sup| [ s —own |

keZ

Lemma 2.7 Assume that ® is as in Lemma 2.3. Then
| Moy ()]|, < Cpll0z0)]I £, (2.9)

for some constant C, > 0 independent of y, all1 <p < oo and f € LP.

Proof. By a change of variable we have

ICARES! dt
Ma g f(z) < sup ( L w <$‘ty”@—l(t)@'(cb—l(t)))'

keZ
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Without loss of generality, we may assume that ®(¢) > 0 for all ¢ > 0. By
Lemma 2.6 and since the function m is non-negative, decreasing

and its integral over [®(6%), ®(6**1)] is equal to log, we obtain
M g, f(x) < C(log) M, f(z). (2.10)
Since My (f) is bounded LP(R"™) with bound independent of y, we immedi-

ately get (2.9). This completes the proof of Lemma 2.7.

Lemma 2.8 Let 0, ® and U be as in Lemma 2.3 and o¢, }, 4 be given as
in Definition 2.2. Assume that h € LY (R4 x Ry, det) for some 1l < v < o0
and Q € L' (8" ' xS™ Y. Then

om0 (], < Colog )7 (1Al 1 (r. xr., aziey [ QU1 sn-1xsm 1) |l
(2.11)

for1 <p<ooand f € LP(R™ x R™), where C, is independent of 2,0 and
f.

Proof. By Holder’s inequality we have

1
|UQh0kd*f T y)\ < ||h||Lw(R+xR+ d’”‘“)HQHL/l’YS” 1xgm—1)

gd+1 gk+1
</6 /9 /S"1><Sm1

X |Qu,v)|| f(z — ®(t)u,y — ¥(s "Y do(u)do(v)

dtds) el

ts

Therefore,

1
oonef (@ y) < HhHLw(R+xR+,th)HQHL/;/Sn Lygm—1y

rt

x ( / Qu,0)]
Sn—1lxsm—1

, 1/~
X (Ma g 0 Ma o) (1] ><x,y>da<u>da<v>) |

and hence by Minkowski’s inequality for integrals we get
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1
Has*l,h,e(f)Hp < HhHLW(R+ ><R+,d“’”)HQHL/IA(/snflxsmfl)

Tt

x < / Qu,v)|
Snfl XSmfl

/4
< [ (Ma g 0 Mag ) (7 >Hm,da<u>da<v>) .

Thus, the last inequality and Lemma 2.7 imply (2.11) which completes the
proof of the Lemma 2.8.

By following a similar argument as in [16] and [2] we obtain the following:

Lemma 2.9 Let 0,®,V, h and Q be as in Lemma 2.3. Then for v < p <
00, there exists a positive constant C), which is independent of 0 such that

1/2
H < Z |UQ,h,0,k:,d * 9k,d|2>

k,d€Z

< Cp(log 9)2/7 ||h||L“f(R+ xRy, drdt)

( > \gk,d!2> -

k,d€Z

p

X ||Q”L1(Sn—1><svn—l) (212)

P
holds for arbitrary measurable functions {gi q} on R™ x R™.
Let Mg be the spherical maximal operator defined by

Msf(a) =sup [ 1= r0)jdr(0).

r>0

By the results of E. M. Stein [22] and J. Bourgain [10] we have

Lemma 2.10 Suppose that n > 2 and p > n/(n —1). Then Mg(f) is
bounded on LP(R™).

We shall need the spherical maximal operator M gp defined on functions
f(z,y) on R™ x R™ by

Mgspf(x,y) = sup /Sn1 s |f(x — 710,y — sv)|do(0)do(v). (2.13)

r,5>0
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Let Mgl) and Mg) denote the operators defined on functions f on
R" x R™ by (M f)(w.y) = (MG)f(0)(x) and (M) =
(Mg))f(:z;, ))(y). By using Lemma 2.10 and the inequality Mgp f(z,y) <
(./\/lg) o M(Sl))f(x, y) we get the following:

Lemma 2.11  Suppose that n,m > 2 and p > max{n/(n—1),m/(m—1)}.
Then Mgp(f) is bounded on LP(R™ x R™).

Now, we need the following simple lemma.

Lemma 2.12 Letq > 1 and 3 = max{2,q'}. Suppose that Q € LI(S"~1 x
S™=1). Then for some positive constant C, we have

2

/Snl s Q& n) f(&n)da(§)da(n)
< C”QHfznin{Q,q} /Sn_1 - ‘Q(é“’n)’maX{O,QfCI}U(f’n),Qda(f)dU(n)
(2.14)

and

/SM s (g, n)[2xt02=a} £ (& — ¢,y — 1) |do(€)do ()

max — 2 B
< O Q| mx02=9} (Mg p(|£1%/2) (2, 1)) (2.15)

for all positive real numbers t and r, (z,y) € R™ x R™ and arbitrary func-
tions f.

Proof.  First, we prove (2.14). If ¢ > 2, by Hoélder’s inequality we have

2

‘ / &, n) (€, m)do (€)do(n)
gn—1ygm-—1

, 2/q
<pol( [ el doedot)

<19 [ e Par(€datn).
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which is the inequality (2.14) in the case ¢ > 2. Next, if 1 < ¢ < 2, (2.14)
follows from Schwarz’s inequality.

Now, we prove (2.15). If ¢ > 2, the inequality (2.15) is obvious. How-
ever, if 1 < g < 2, (2.15) follows easily from Holder’s inequality and noticing
that (57,)" = ¢'/2. The lemma is proved.

3. Proof of main results
Proof of Theorem 1.1. Since L(S"~! x Sm~1) C L?2(S"~! x S™~1) for
g > 2, Theorem 1.1 is proved once we establish that

HTtg\)I/,{Qj}(f)HLP(R"me)

D 19l a(sn-1xsm-1)

J

< Cylg— 1)~

Iflleerrxrm)y — (3.1)
'
holds for 1 < ¢ < 2, (ag'¥") /(Y a+aq¢ —') <p < oo and 1 < < 2, where
a = min(m,n).
To prove (3.1), we consider three cases.

Case 1. v = 2. By Holder’s inequality we obtain

Téfzp,{gj}f(x7 Y)

<L Sl e e

X f(z —®(r)u,y — Y(t)v)do(u)do(v)

2 1/2
drdt
r) . (32)
rt

Let § = 29", Since @ is convex and increasing in (0, 00), we have ®(t)/t
is also increasing for ¢+ > 0. Therefore, the sequence {®(0%) : k € Z} is a
lacunary sequence with ®(6%+1)/®(0%) > 0 > 1. Let {I'.0}>, be a smooth
partition of unity in (0,00) adapted to the interval I o = [(®(6%+1))~1,
(®(0%=1))~1]. To be precise, we require the following:

[hocC™®, 0<TI}e <1, Zrkﬁb(t) =1,
%
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supp'r, e C g0,

dSFk7¢(t)‘ < Cs

where C, is independent of the lacunary sequence {®(6%) : k € Z}.
Define the multiplier operators M4 in R™ x R™ by (W)({,n) =
Tro(|E)Taw(n)f(&,n). Then for any f € S(R" x R™) and k,d € Z
we have f(2,y) = > .cz(Mg+ti,a+sf)(x,y). Therefore, by Minkowski’s in-
equality we have

9d+ 0k+1

(2 dT’dt
T O,0,{Q; }f x y <ZA /gk ZA],kd,l,s,rt 7”>
S ZHl,sf(x7y)7
l,s
where
9d+1 9k+1 1/2
o drdt
Hy s f(x,y) (Z/@ / |Ajkdts,re f (2,y) rt> ;
k,d,j

Ajkdisrtf(Ty) = /Sn s Qj(u, v)(Mys1.avsf)
X (x — ®(r)u,y — V(t)v)do(u)do(v).

Therefore, to prove (3.1) for the case v = 2, it suffices to prove the inequality

V() < Colg — 1) (ZHQ ||2) a8 pl (33)

holds for 1 < ¢ < 2, (¢ /(v a+ag —v") < p < 0o and for some positive
constants C}, and 9.

We start proving (3.3) for the case p = 2. By Plancherel’s theorem and
Lemma 2.3 we obtain

=[5
R»xRm™ 9

ga+1

or drdt
odr
/ |Aj kd st f (@,9)] 7d33d3/
o*
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0d+ 9k+1

/Ak+z d+s kd,j /9 ok

/ ()
Snfl XSm—l

x e HEMETHYONY) g (1) dor(y)

2

a2drdt

x| f(&,m)| —dgdn

< C2—2A<u|+|s|>(q 1)

EmEL ey

k,d

< -2 (ZHQ 12) 1418

where Ap g = {(&,n) € R" xR™ : ([¢],|n]) € Ixe X Igw}. Therefore we
have

1/2
| Hys(f)]2 < C27 2D (g — 1)~ (ZHQ Hq) 1£]l2. (3.4)

Next, we compute the LP-norm of H; ,(f) for p > 2. By duality, there is a
nonnegative function ¢ in L®/2'(R" x R™) with llgll(p/2)» < 1 such that

| Hys(f / Z/e / |Aj kdt,smtf (2,9)]
</ > 19 L[]
R"xR™ | Sn-1xgm-1

x rﬂ]—mv)\»Mk+l,d+sf<x,y>!2
X g(x + B(r)u, y + U(t)v)do(u)do (v )@d;pdy

. T 2
<c(Sih) [ (St

X 00, 1,0(9)(—z, —y)dzdy

gd+1 gk+1

a2drdt

g(z,y)dxdy

gatt gkl
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< C<Z \Q]Hl) Ho-;lj,1,9(§)||(p/2)’

J

< (1917 ) o0 21512,
J

Z \Mk+l,d+sf}2
k,d (»/2)

where g(z,y) = g(—z, —y) and the last inequality follows from Lemma 2.8
and using Littlewood-Paley theory ([23, p.96]). Thus we have

/2
[1Hs(Pllp < Cplg = 1)~ (ZIIQ H2> [fllp for 2 <p <oo.  (3.5)

JEZ

By interpolation between (3.4) and (3.5) we get (3.3) for the case p > 2.
Finally, we compute the LP-norm of H; ;(f) for (2aq')/(2a+ aq’ —2) <
p < 2. By changing variables and using the properties of ® and ¥ we get

2(6) W@) drdt
Hysf(x,y) ( / / Xiktdsf(x,y }) ,
(1) J¥(1)

k.d,j
where

Xikpasf(T,y)
- [ 0 (1, 0) (M5 ) (@ — 0¥,y — 0%0)dor(u)dor ()
Sn 1><Sm 1
By duality there is a function h = hy, g, s ;(x,y,r, t) satisfying ||h|| <1 and

hi,di,s,j(x,y,7,t)
i <z2 <52 [L2<[<I>(1),<I>(0)] x [\11(1),\11(9)],‘1:?) k d} >,dmdy>

such that
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®(0) v (0)
ERGIEY D S N | 0, (u,0)
R"xR™ k:,d, . @(1) \I/(l) Sn—1ygm-—1

J
X (Miyt,atsf)(@ — 0% ru,y — 0%0) by a5, (2, y, 7, )

drdt
rt

(0) r2(0)
* roene Z % o
PR g J@(1) S (1) JSnotxsmd

J

X do(u)do(v) dxdy

X (Mytt,a+sf) (@, 9)Prars,; (@ + 05 ru,y + 0%v, r, t)

drdt
X da(u)da(v)%dacdy

1/2
(Z \Mk+z,d+sf’2>
k.d

< ||y (n))1?

)

_— p/
p
where
o(0) r2(9)
Y (h) = < / / / Q;(u, v)
;d ; ®(1) Jw(1) JSn—1xSm—1 !
2
X hig i, (:E + 0% ru, y + 0%, r, t)da(u)da(v) dr;jt) .
T
By the Littlewood-Paley theory we get
1Hs (Nlp < Coll Fllo | (Y (B)V2]]- (3.6)

Since p’ > 2 and ||(Y (h))'/?|,, = HY(h)H;,/?Q, there is a function b € L®'/2)

(R™ x R™) such that ||b||¢,/2)» <1 and

o(0) p¥(0)
Y lyz = [ ( Lo Q, (u, v)
v Ranme; ; o(1) Ju(1) Jsn-1xgm-1 "’

X hig s, (:C + 0% ru, y + 0%, r, t) do(u)do(v)

drdt > 2

rt

X b(x,y)dzdy.
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By Schwarz inequality and Lemma 2.12, we get

®(0) ,T(0)
(L oo )
o(1) Jw(1) Jgn-1xgm-1

drdt
X P, (2 + 0% ru,y + 0%, r, t)do(u)do(v) :t )

®(6) U ()
C(log6) / / < / Q;(u,v)
(1) \Ij(l) Sn—1ySm-—1

X hig s, (m + Hkru, Y+ Gdtv, T, t) da(u)da(v))

2(0) p¥(0)

min{2,q}

log@ / / < |Q HLq(sn{ 1q><sm—1)
@(1) Jw(1)

x ( / 1 (u, ) ex(02-a)
Sn—1xSm-—1

1/2- 2
‘hkdlsj(w—i-ﬁruy—i-@tvrt‘da )do (v )) >

2.0} D(9) [(6)
C(log®) (ZHQ HLQ(S”7q1><Sm1)>/ /

®(1) Jw(1)

~ Z/ U)|max{0,27q}

n—1ygm-—1

2 drdt
rt

drdt
rt

drdt

X |, s (T + 0Fru y + 0%, rt) ‘ do(u)do(v)— -

Therefore, by a change of variable, Fubini’s theorem, Hélder’s inequality,
and invoking Lemma 2.12 we get

min{2, max{0,2—
I ()2 < Cllog6) (Z o qu(;nfEXSm_l)nszj||;(;n_1;gm_1))

() ,¥(0) drdt
24ar

S (ES [ L Irasestenrn )

R7xR™ \ 7 @(1) Jw(1) rt
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< (MSP(\B\(I//Q)(—»T; —y))2/qld$dy

< C(log#) (ZHQ 1Z 0 (gm—1 xgm— 1)>
@(0) r¥(0) drdt
20ar
zz/ | st PO
J

(1) J¥(1) p'/2

<[ (1772

»'/2)

By the condition on p we have (2/¢")(p'/2)" > o’. Thus by the choice of b
and invoking Lemma 2.11 we get

YWl e < Cla—1)- (Zuﬂ I 1>)

which when combined with (3.6) and then interpolating with (3.4) we get
(3.3). This completes the proof of (3.3).

Case 2. v = 1. Write Tk o0 f(2,9) = [~ Jo~ > hi(r ) Fry j(, y)drdt
where

Frpj(,y) = / f(@ = @(r)u,y — W(t)0)Q; (u, v)do (u)do(v).
Sn—1ySm-—1
By duality we have

T( @,V {Q; }f(x Y)

- H i le(LOO(R+><R+ didr) ;)

= HF” RN le(LOO(R+><R+,drdt),j)

< sup / flx —@(r)u,y — Y (t)v)Q;(u,v)do(u)do(v).
Sn—lxsm—1

7,t,r>0
Now, by Holder’s inequality, we have

Fre (@) < sup |95l (Msp (1f]7) (z,9))
J



On the boundedness of a class of rough maximal operators on product spaces 25

and hence we have
Tty £ @ 0) < 19l acsnsxsms) [ (Msp (1) (@,9)) 1

By the last inequality and Lemma 2.11 we obtain (3.1) for the case v = 1.

Case 3. 1<vy<2 Forl<p,quw<oo,let LP(I“(LI(Ry x Ry, 4rdt) j),

rt
R"™ x R™) denote the space of all measurable functions G,(x,y,r,t) defined

on R" x R™ x Ry x R4y with the mixed norm

HGHLP(ZW(Lq(RerRJ”d:ft)’j),Ranm), where

HG||LP(ZW(L‘?(R+><R+,‘“‘“ .J),R*xR™)

rt

= H HHG(-)('» g ')HL(I(R+xR+,drdt)”lu HLp(Ranm)

rt

w/q\ p/w 1/p
drdt

=</ (}j(/ |Gj<x,y,r,t>|”> ) d:cdy) .
R” xR™ ; R, xR, rt

drdt
rt

If p =00, ¢ = 00 or w = 00, we can define LP(I“ (L9 (R4 xR,
R") by the usual modification.
By duality we have

),J), R"x

()
“Tcr»?q/,{nj}(f)HLp(Ranm) - HF(f)HLp(zv’(Lv’(R+xR+,fi““ ), R xR™ dxdy)?

Tt

where F : LP(R™ x R™) — LP(I"' (L7 (Ry x Ry, @) ) R™ x R™) is a
linear operator defined by

F(f) (a0 yir t55) = / Fx = @),y — W(E)0), (u, v)do(u)do (v).

Sn—1lxsm—1
From the inequalities (3.1) (for the case v = 2) and (3.1) (for the case v = 1),

we interpret that

IEU Leqzr2my xRy, 42dt ) ) Re xR

Tt

<C(q- 1)_1HHQJ'HL‘J(S"*xSm*l)leHfHLP(Ranm) (3.7)

for (2aq¢')/(2a + ag¢’ — 2) < p < 0o and
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HF( )||LP(l°°(L°°(R+><R+ drdt) j),R"xR™)

< CH “Qj||L4(S"*1><Sm*1) Hloo HfHLP(R"XRm) (3’8)

for ¢a’ < p < oo. Applying the real interpolation theorem for Lebesgue
mixed normed spaces to the above results (see [9]), we conclude that

HF(f)HLp(W(m’ (R4 xR, ,4rdty ) RnxR™)

rt

< Cplg = 1) 27194 14 A fllor®exrm) (3.9)

holds for 1 < ¢ < 2, (a¢'Y)/(¥Ya+aq¢ —7') <p <ooand 1 <+ <2, where
a = min(m,n). This completes the proof of Theorem 1.1.

Proof of Theorem 1.3 (a). To prove Theorem 1.3 we need to consider two
cases.

Case 1. 1 < v < 2. First, we notice that Se v onf(z,y) =lime, o,
Sg,qufih (x,y) for f € S(R™ x R™), where Sc(;flfé)h is the truncated sin-
gular integral operator given by

sitsen- .|
PR |[v|>e2 J|u|>e1 |’LL| |U|m

x h(|ul, |v]) f(x — ®(|u))u’,y — U (|v]|)v")dudv.  (3.10)

We may assume without loss of generality that ||hl| (g, «r,, aza) = 1. By
Holder’s inequality and duality we have

|1SSwE) flay)| < / / |h<r,t>|\ /S L @y = (o)
£o €1 ’n71>< m—1

« Q(u, v)dor(w)do (v) d:ft
([ s ety v
v . 1/
x Q(u,v)do(u)do(v) drft>

= MYy of(z.).
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Thus, by Theorem 1.2 we have
18552 (D], < Cola = D77 [Q Lagsn-1xsm I £l (3.11)

for (ag’'y")/(Ya+aq —+") < p < oo with @« = min(m,n) and 1 < v < 2 and
for some positive constant C), is independent of £; and ;. In particular,
(3.11) holds for 2 < p < o0 and 1 < 7 < 2. By a routine duality argument,
(3.11) also holds for 1 < p <2 and 1 <y < 2. By Fatou’s lemma and (3.11)
we get (1.7) for 1 <p<ooand 1 <~y <2,

Case 2. 2 <7y < oo. Asabove, we deal with Sf;l\l}gé)h Write S((Ififé)h(f) =
deezdghgkd « f. By invoking Lemmas 2.4, 2.5 and 2.9 with 6 = 27
a = ®(0%) and by = ¥(6%) we obtain the inequality (3.11) for v/ < p < oo
with C, independent of ¢; and e5. Since 7' < 2, we get (3.11) for 2 < p < o0
and 2 < v < co. As above, by duality and Fatou’s lemma we get (1.7) for
1 <p<ooand 2 <y < oo. This completes the proof of Theorem 1.3.

Proof of Theorem 1.4 (a). We employ the extrapolation method of Yano
(see [27] or [28, Chap. XII, pp.119-120]). Assume 1 < v < 2 and Q €
L(log L)2/7" (8"~ x 8™~ 1) are fixed and  satisfies (1.1). Fix p with 2 <
p < oo and a function f with ||f|, < 1. Let R(Q) = ||M§I]{I,Q(f)||p
Decompose 2 as follows: For k € N, let J.(Q) = {(z,y) € S"~1 x S™~1;
2% < |Qz,y)| < 251} For k € N, set a, = Qxj,. (), where xa is the
characteristic function of a set A. Set I(Q) = {k € N : |||l > 27} and
define the sequence of functions {Q(K)}HGI(Q)U{O} by

Q) (2, ) = || ( v~ [ () (w) ~ L astaoyiato

—i—/sn_lxsm_ldm(u,v)da(u)da(v)>; (3.12)
00a) =) = 3 fas], 2 w0) 613)
KEI(Q)

It is easy to verify that the following hold for all k € I(Q) U {0} and for
some positive constant C":
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/ 1
> w7l < =191l (erixsmoni (314)
K = (1OgL)2/'y (S'n 1yw8m 1),

REI(Q) log2
/ Q¥ (u, )do(u) = / Q) (. v)do(v) = 0; (3.15)

Snfl Sm—l
Aw,y) = Q0 (z,y) + > e (@, y); (3.16)

KEI(Q)

120l 1 < 27 for k € 1(R) and [|Q]|; < 27, (3.17)

Thus, by (3.14)—(3.17), Minkowski’s inequality and applying Theorem 1.2
we get

IMS % ()| o e scremy

- HM&ZQ,WUH D lasliMyy oo (F)

I{EI(Q) LP(R”XR"”’)

<ROQO)+ > a1 ROQ™)
KeEI()

< IOy + Z K
KEI(R2)

S C(]' + HQ||L(logL)2/'Y'(Sn—1 Xsm—l))-

2/7" | .
a1 1954 2

Proof of Theorem 1.4 (b). Assume 1 <~y <2and Q€ 330’2/71_1)(5”_1 X
S™~1) for some ¢ > 1 are fixed and (2 satisfies (1.1). We may assume without
loss of generality that 1 < ¢ < 2. Fix p with 2 < p < oo and a function f
with || f[l, < 1 and let A() = [|M% o(f)]lp- Since @ € B> 77D (gn-1x
S™~1) we can write Q as = ZZO:1 Auby, where A, € C, b, is a g-block
supported on an interval I, on S~ x S™~1 and Méo’z/vl_l)({Au}) < 00.
To each block function b,,(-,-), let (-, -) be a function defined by

S(w9) = bula) = [ buupir = [ b(eo)doo)

Sm—1

+ /snlxsml bu(u,v)do(u)do(v).
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Let D = {u € N:|I,| < e 7}, 8 = (X0, [\) and let Q, = Q —
ZMEDA Q,. Also, for p € D we let w, = log(|I,|~'). Then one can
easily Verlfy the following;:

Q=00+ > Ny (3.18)
pneD

/ O (1, )dor(u) — / (-, v)dor(v) = 0 for all € DU{0}; (3.19)
S‘IL—l S‘"L—l
[€20]|, < de. (3.20)

Also, for u € D we have 1 + i < ¢q and hence by Holder’s inequality we

have
o
HQHHLFL < 4Hbu”q|fu|@
on o
R A (3.21)

By (3.18)—(3.21) and invoking Theorem 2.1 we get

AQ) < A(Q,) + D MalA(Qy

HeD
<c <q_1 22l + D7 Il (log 1171 \\ﬂu\m;)
peD :
<cC ( dei(q—1)"" +83" (1Al (log L]~ 1)2/7)>

pneD

— Cp(]‘ + ||QHB((ZUa2/’Y/—1)(SnflXsm—l))‘

Proof of Theorem 1.5 (a) and (b). A proof of Theorem 1.5 (a) can be con-
structed by Theorem 1.3, using an extrapolation argument and using a sim-
ilar argument employed in the proof of Theorem 1.4 (a). Details will be
omitted. Also, a proof of Theorem 1.5 (b) can be obtained by Theorem
1.3, extrapolation and following a similar argument employed in the proof
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of Theorem 1.4 (b). Again details will be omitted.
Theorem 1.5 (c). Assume v = 1. It is easy to see that the inequality

S50, f(a,y)]

< Pl v my xrey,2rae) [ L1 sn-1xsm-1) || | oo (R xRm)

Tt

holds for all f € L*°(R"™ x R™) and for almost every (z,y) € R" x R™. By
(3.22) we get

[ E5] -

< WAl ey e 2l 5ty |l e e
for all f € S(R™ x R™). By duality, we have

195520 D s e ey

<Pl xry 2za) 1 Ly sn=1 s [l L1 @ xmm)

rt

for all f € S(R™ x R™). Thus by interpolation between the last two esti-
mates we get

H‘S'gl\lfle),h(f) HLP(R” xR™)

< MAllzr my xrey, azan) 19 sn-rxsmn) [ fll e @gn xmem)

rt

for 1 < p < oo andall f e S(R™ x R™). Finally, using density argument
we get

5520 o crmy

= ||h||Lw(R+xR+,%) 191 (sn=1xsm=1) [ fl| Lo (®r xR

for 1 <p < oo and for all f € LP(R™ x R™).
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