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Orthogonal almost complex structures of hypersurfaces

of purely imaginary octonions
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Abstract. First we give the new elementary proof of the structure equations of G2
and the congruence theorem of hypersurfaces of the purely imaginary octonions Im ¢
under the action of G2. Next, we classify almost complex structures of homogeneous
hypersurfaces of Im € into 4-types.
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1. Introduction

It is well known that the octonions € is a non-commutative, non-
associative, alternative division normed algebra ([5]). The automorphism
group of the octonions is an exceptional simple Lie group Gs.

One of the purposes of this paper is to give the new elementary proof
of the structure equations of G which are obtained by E. Calabi ([2]) and
R. L. Bryant ([1]). Our method is basically the analogy of calculations of the
formula of Frenet-Serre about a curve in a 3-dimensional Euclidean space.

Let ¢ : M® — Im € be an immersion from a 6-dimensional orientable
manifold M® into the purely imaginary octonions Im¢€ = {z € € | (z,1) =
0} = R7, where 1 is a unit element of ¢. Then we define the metric of M®
induced from the canonical metric of Im (= R7).

Next we define the canonical orientation of the hypersurface M%. The
octonions is considered as a pair of the quaternions H & H. We define the
oriented basis (the orientation) of Im € as

Im € = spangr{i,j, k,e,ic, je, ke},

where {i,7,k} is the basis of pure imaginary part of quaternions and ¢ =
(0,1) € H® H. Then M% admits the orientation which is compatible with
the above orientation of Im € such that
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ENT,(M) =Im¢,

where ¢ is a unit normal vector field whole on M®. By algebraic properties
of €, we define the (induced) almost complex structure J of M® by

P« (JX) = pu(X)E (= pu(X) x &),

for any X € T,,M®, (p € M), which is compatible with the induced metric,
where X is the exterior product of € (see Section 2). Then the orientation
of M5 is compatible with the one which comes from the almost complex
structure J.

Let ¢ : M5 — Im¢€ and ¢’ : N — Im € be two isometric immersions.
We call ¢ and ¢’ are Gy (resp. SO(T7))-congruent if there exist a g € Ga
(resp. € SO(7)) and an orientation preserving diffeomorphism v : M% — N©
satisfying

gop=¢ ot

up to a parallel displacement. We can easily see that, if p and ¢’ are Gso-
congruent, then the two induced almost complex structures coincide.

In Section 3, we give the congruence theorem of hypersurfaces of Im €
under the action of Go5. We note that this theorem is also related to the
orbit decomposition (under the action of Gg), of the Grassmann manifold
GZ (Im €) of oriented k—planes in Im €. This decomposition is also related to
the double coset decomposition with respect to G2\ (SO(7)/SO(3) x SO(4)).

Let ¢ : M% — RT be an orientable hypersurface of a 7-dimensional
Euclidean space. The main purpose of this paper is to describe the set
of all induced almost complex structures of g o ¢ for any g € SO(7). We
restrict our attention to the Riemannian homogeneous hypersurfaces S* x
R%F (generalized cylinders) for any k € {0,...,6}. We will classify almost
complex structures of S* x R5~F into 4-types. In particular, we can show
that (for general g € SO(7)) the induced almost complex structures of go ¢
are different from that of ¢, in the case S? x R* and S% x R3. We also
describe the moduli space of imbeddings from S? x R* and S x R?, to Im €
up to the action of Gs.

In the present paper, all manifolds and tensor fields are always assumed
to be of class C'°°, unless otherwise specified.
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2. Preliminaries

Let H be the skew field of all quaternions with canonical basis {1,1, j, k},
which satisfies

P==k=-1, ij=—ji=k, jk=—-kj=1i, ki=—ik=]j.

The octonions (or Cayley algebra) € over R can be considered as a direct
sum H @& H = € with the following multiplication

(a + be)(c+ de) = ac — db + (da + be)e,

where ¢ = (0,1) ¢ H® H and a, b, c,d € H, where the symbol “~” denotes
the conjugation of the quaternions. For any z,y € €, we have

(zy, zy) = (z,2)(y,9),

which is called “normed algebra” in ([5]). The octonions is a non-
commutative, non-associative alternative division algebra. The group of
automorphisms of the octonions is the exceptional simple Lie group

Go ={g € SO(8) | g(uv) = g(u)g(v) for any u,v € €}.
The “exterior product” of € is defined by
uxv=(1/2)(vu — uv),

where v = 2(v, 1) — v is the conjugation of v € €. We note that uxv € Im €,
where

Im€={uedc|(ul) =0}

2.1. Ga-structure equations

In this section, we shall recall the structure equation of G which was
established by R. Bryant ([1]). To do this, we fix a basis of the complexifi-
cation of the octonions CR®gr€ over C given by

N=(1/2)(1-Vv-1e), N=(1/2)(1+V-1e),
E, =iN, E,=jN, E3=—kN, E,=iN, FE,=jN, FE3=—kN,
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where ~ denote the complex conjugation of CRr €. We use the same symbol
of the conjugation in the three ways, but it is possible to distinguish the
conjugation, if the element included in H or € or CQr€. We extend the
multiplication of the octonions complex linearly on C®gr€ and denote by
AB. Then we have the following multiplication table;

A8 c | B | B | B [ B | B | B |
€ -1 —V=1E:|—/—1Es|—/—1E3||/—1E1 |/=1E>|\/—1E3
E, || V-1E, 0 . B> -N 0 0
E; || V-1E, E3 0 —E; 0 -N 0
Es || V/=1Es | —E» E 0 0 -N
E, ||-v/—1E:| —-N 0 0 0 —E3 Es
Ey || —v/—1E» -N 0 Es 0 —E
Es ||—v/—1E3 0 -N —Es FE 0

The multiplication table of the exterior product A x B is given by

W[ [ B [ & [ & [ B | B | & ]
€ 0 —V/—1E1|—V/—1Ez:|—/—1E3|| /=1E1 | V/=1E> | /—1FE;
By || V=1E; 0 . Ey —/—1¢/2 0 0
By || V=1E> E3 0 —E 0 —/—1¢g/2 0
Es || V=1Es | —E> Ey 0 0 0 —/—1¢/2
Ey ||—V—1E1| V/—1g/2 0 0 0 —E; Es
Ey || —V/—1E> 0 V—1e/2 0 Es 0 —E
Es ||—v—1E3 0 0 V—1¢g/2 —Es E 0

To calculate the Maurer-Cartan form of Go, we define the representation
p:Go — Endr(Im ) of G2 by

p(g)(u)

g(u),

(2.1)

for any u € Im €, where Endgr(Im €) is the set of all linear endomorphisms
of Im €. Extending the representation p(g) complex linearly on C @ g Im €,
we set

(u £ f)=(pl9)(e) p(9)(E) pl9)(E))

(e E E)M,
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where
f:(f17f27f3)7 E:<E17E27E3)7 E:<E_17E_27E_3>7

and M = M(g) is a M7x7(C)-valued function on G3. Each components
of (u, f, f) can be considered as a vector valued function on Gy, that is,
u: Gy — Im¢€, f; : Go — CRrIm¢, f; : Go - C g Im €. The (local)
section (u, f, f) on Gy is called the Go-frame field. It satisfies

(u, fiy =0, (fi, f3) = (fi [;) = 0, (fi, f) = 0is/2-

Also we extend the exterior product x complex linearly, we have the follow-
ing relations.

fixu: V_lfia <f1><f27f3>:_1/27
for any ¢ € {1,2,3}.
Proposition 2.1 ([1]) Let (u f f) be the Go-frame field. Then we have
0 |—V-1'0|V/-1'¢

a(w f F)=(uf7) —Zz;gle_e [Z} o= (s r)e

(2.2)

where,  ='(91 62 63) is an Mzx1(C) valued 1-form,  is an su(3) valued

1-form, which satisfies

k+'R=03x3, tre=0,

and
0 60 -6
0]=1-02 0 6
02 —0' 0

The integrability condition d o d = 0 implies that
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d) = —kANO+[0] NG, (2.3)
di = -k AK+30 N0 — ("0 N0)I3, (2.4)
where I3 denote the 3 x 3 identity matrix.

We will give the direct proof of Proposition 2.1.

Proof. Taking a exterior derivative of Go-frame field (u ff ), then we get

dlu f f)=(¢ E E)dM = (u f f)M 'dM.

where M~'dM is a go-valued left invariant 1-from on G5, that is, the
Maurer-Cartan form of Ga, where go(= p.(T.G2)) is the Lie algebra of
G2. By (2.2), we will prove the following equality

M~YdM = . (2.5)
To do this, we set
Yoo | Yo1 | Yo2
M~'dM = | 1o |11 |12 | (2.6)
oo | 21 | a2

where oo is a R-valued 1-form, to1,102 are Mjy3(C)-valued 1-forms,
1/}10, ¢20 are M3><1 (C’)—valued 1—fOI‘HlS7 1/111 y ¢22, ’gblg, 1/)21 are M3X3(C)—Valued
1-forms, respectively.

(1) Since (u,u) = 1, we get 1pgp = 0.
(2) We show that 199 = 19. Since du = du, we have

3

3 3
Z fi(th10)" + Z (th20)’ Z

=1

From which, we obtain

w20 = %

(3) We show that 1o = —3"th1o. Since (u, f;) = 0, we have
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0= (du £i) + {u,dfi) = 5Oa0) + (W)’

Hence we obtain the desired result.
(4) We show that ¢02 = %twlo, ¢12 = wgl, ’lﬂgz = 7,D11. In fact,

3 3
df; = U(¢01)i + Z (Y11 Z Z 7!)21
j=1 j=1

Since df; = df;, we see that

() = Wor)t = (), (o)l = W)l ()] = (e

for any 4,7 € {1,2,3}. We get the desired result.

0 (¥10)® —(¥10)? )
< (1/110)3 0 (¥10)* ) Since, f1 xu =

(5) We will prove that 99 = £
(¥10)® —(¥10)" 0

v —1f1, we get
dfi X u+ f1 X du = v/ —1df1. (27)
By (2.6), we get

. h. s. of (2.7)
=dfi x u+ f1 X du

3 3
= {u(%l)l + Zfi(wll)li + Zfz(wzﬁﬁ} X u
+ f1 % { Z Ji(¥10)" + Z fi(¢10)i}

:ﬁ{u<—ww )4—2]2 Y1)t + fi(— (W21)1)

TR = ()2 = V(1)) + ol — (o)} + VT (00)?) }
(2.8)
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On the other hand,

r. h. s. of (2.7)

3
= ﬁ{u(¢01>1 + Zfi(d}u)li + fi()] + fo(¥21)] + f3(1/’21)£1)’}'
= (2.9)

Therefore, by (2.8), (2.9), we have

(¥21)1 = —(W21)1,
(Y21)] = —(¥21)] = V=1(¥10)°,  (¥21)] = —(¢21)} + V—1(¢10)*.

Hence, we obtain

V-1

(o)1 =0, (a1)i = _T(wIO)gv (21)F = vl

~——(¢10)*.

In the same way, since fo X u = /—1f9, f3 X u = v/—1f3. We get the
desired result.

(6) Since (fi, f;) = 30ij, we see that 111 + 11 = Ogxs.
(7) We will show that tr(i11) = 0. Since (f1 X fa, f3) = —%, we get

= (df1 X fa, f3) + (f1 x dfa, f3) + (f1 X fa,df3)
= ((f1 x f2)(11)1. f3) + {(f1 % f2)(11)3, f3) + (= f3, f3(¥11)3)

_5((@@11)% + (11)5 + (P11)3).

Therefore, we obtain

tr(yn) =0
Summing up the above arguments, if we set wa = t(el 62 03), we
0o 6 —o2
have [0] = (—93 0o o > Furthermore, if we put k£ = 11, then we
0?2 —6' o

obtain (2.5).
(8) Since dod = 0, we can easily see that
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dp = —1p N
From which we obtain (2.3), (2.4). O

2.2. Im € x G3-structure equations
We obtain Im € x Ga-structure equations from those of Gy. For (z,g) €
Im € x Go, by (2.1), we define

p:Im€ x Gy — Endr(Im ).
such that
ple; g)(v) = p(g)(v) +z = g(v) + =,
for any v € Im €. Since g(0) = 0, we can easily see that
plx,9)(0) = g(0) + = ==

Extending the representation p complex linearly on C® gIlm €, we set

(x5 u f f)=(plz,9)(0) 5 plg)e) p(g)(E) plg)(E)).

Then we obtain

Proposition 2.2 Let ([,U cu f f‘) be the Im € x Ga-frame field. Then we

have
0| O1x7
d(z;u f f)=(z;u ff) 5—2%@ _\/?té \/[_0?9
ol 2v/-16 0] R
=(z; u f f)Y,

where p is a R-valued 1-form, and w is a M3x1(C) valued 1-form, respec-
tively. The integrability condition implies that

dp —vV—1"0"w+ V1" Ao =0,
dw —2vV-10 AN p+ Kk ANw+[0] Aw =0,
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df=—kANO+[0] NG,
di = -k ANKE+30 N0 — ("0 NO)Is.

3. Almost complex structures of hypersurfaces of Im ¢

In this section we define the almost complex (Hermitian) structures on
hypersurafces of Im €, and give some its fundamaenatl properties.

Let M be a connected orientable 6-dimensional manifold and ¢ : M —
Im € be an immersion from M to Im €. Then M admits the induced metric
g and the global unit normal vector field £&. For any X € T,M ("p € M),
we define the linear transformation J,

Jp : TyM — TpyM,  (p.(JpX) = 0. (X)E),

For any X,Y € T,M the linear transformation J, satisfies J,(J,X) = —X,
9(Jp X, J,Y) = g(X,Y). Let TM,T*M be the tangent bundle, cotangent
bundle of M, respectively. We denote I'(M,T*M ® TM) the space of
T* M ®T M-valued global C* sections on M. We define the almost complex
structure J € D'(M,T*M @ TM) as J(p) = J, for any p € M.

3.1. Ga-congruence class of hypersurfaces

Let M, N be two 6-dimensional orientable manifolds and ¢ : M — Im €,
¢’ : N — Im € be two isometric immersions. The two hypersurfaces (M, )
and (N, ') are said to be Ga-congruent if there exist an element (g,a) €
G5 x Im € and an orientation preserving isometry 1 : M — N satisfying

for any p € M, that is, the following diagram commutes

M—2>Tme

wl lh(gm

N—>Im¢

where h(g q)(u) = g(u) + a for any v € Im€&. We can easily see that the
Go-congruency of hypersurfaces in Im € is an equivalent relation. We will
show that the almost complex structure J is an invariant up to the action
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of G2 in the following sense.

Lemma 3.1 Letp: M —Im¢€, ¢ : N — Im€ be two isometric immer-
stons with same orientation. Suppose that they are Ga-congruent. Then we
have

J = (1/}*)_1 o J o,

where J and J' are almost complex structures on M and N, respectively.

Proof. Since g € G5 and a 6-sphere S® = G5/SU(3), we have £ = g(&).
Therefore we obtain
OL(J (X)) = Pl (12 (X)€" = g(0u(X))g(&) = gl (X))
= g(p«(JX)) = ¢, (¥ (I X)),

and ¢, is injective, we obtain
TP (X) = (JX),

for any X € T, M. We get the desired result. ([

We note that ¢, (T2°M) = TYON. If g € SO(7), then the induced
almost complex structures do not necessarily coincide.

3.2. Construction of Ga-frame field on a hypersurface

Let ¢ : M — Im € be an oriented hypersurface of Im € and £ be the unit
normal vector field on M. We construct the (local €-valued) Gy —frame field
(e1,...,e7) on M, from £. For any p € M, we set es(p) = &(p). Next, we
put e1(p) € Typyp(M), (le1(p)| = 1). We define e5(p) as e5(p) = e1(p)es(p).
We take eq(p) satisfying ea(p) € (spanr{ei(p),es(p),es(p)})*, (le2(p)| = 1).
Lastly, we set e3(p), es(p), e7(p) as

es(p) = e1(ple2(p), es(p) = e2(plea(p), er(p) = es(p)ea(p).

Then the multiplication table of the product of (e1(p),...,e7(p)) coincides
with that of (i, j, k, ¢, i€, je ke). Therefore, there exists an A, € Go C M7
such that

(el(p) 67(]9)) = (z j k € ie je ks)Ap.
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Let U (C M) be a neighborhood of p. Then we can define the C* map A
from U to Mz7x7 by A(q) = A, for any ¢ € U. Also, we obtain the local

Go-frame field (6’1 67) onU.

3.3. Invariants of G-congruence class

The purpose of this section, we define the geometrical invariants of hy-
persurfaces under the action of G». Let T,,M be the tangent space at p € M
and T,M ® C be the complexification of T,M. We define the eigen-space
of the almost complex structure J as

T,°M ={X e ,M®C | J,X =v-1X},
T)'M ={X e T,M®C | J,X =—V/-1X}.
Then, we have
T,M®C =T,"°M & Ty M.

We represent the above spaces by using the G5 frame field. Let (eq,...,e7)
be a local G5 frame field as above. We set

f1 = (61 — \/j@5)/2, f2 = (62 — \/j1€6)/2, f3 = —(63 — \/j1€7)/2

Then we can easily see that Jf; = /—1f;, for any ¢ € {1,2,3}. Therefore,
we obtain

T,}’OM = spanc{fi, f2, f3}, Tﬁ’lM = Spanc{fhf%f:s}-

We also note that (g ff ) is a local Ga-frame field on M. Next, we define

the map ¢ : U — Im € x G2 (C Im € x M7,7(C)), (which is called the local
lift of ¢) by

p=(p € f )
By Proposition 2.2, we have
dp=p- 5"V

In this case, we see that *u = 0, and that
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3

dp= Y0+ Fo = (5 ) (4).

=1

where w' (i € {1,2,3}) are C-valued 1-forms, w = (! w? w?3). Also, we

have

2,/—160

where 67 is a C-valued 1-form and 6 = t(91 62 03). By Cartan’s Lemma,
there exist M3y 3(C)-valued (local) functions 2, B such that

=TI R (“’) (3.1)

where the each component of B, 2 is given by

We can easily see that

Lemma 3.2 The functions on a hypersurface of Im €
tr3, tr(*BB), detB, tr('AA), tr{(*AA)?}, det(*AA),

are invariants up to the action of Gs.

We note that tr8B is independent of the almost complex structure, which
corresponds to the norm of a mean curvature vector field.

3.4. Ga-congruence theorem of hypersurfaces of Im €
The purpose of this section is to prove the following

Theorem 3.1 Let M, N be two 6-dimensional orientable manifolds and
0: M —Im€, ¢ : N — Im¢€ be two isometric immersions. Suppose that
there exists an orientation preserving diffeomorphism v : M — N which
satisfies

dpody = Jnvod, VYgn=gum, P (wy AwkAwy) =wi Awl Awly,



364 H. Hashimoto and M. Ohashi

where gar, gn (resp. Jar, In, and Wi, wls) are the induced metrics (resp. in-
duced almost complex structures and the dual 1-forms) on M, N, rspecyively.
Then there exits an (a,g) € Im€ x Go satisfying

gop+a=y oy,

that is, v, ¢’ are Gy-congruent.

Proof. Let (&, f, f) be the (local) Go-frame fields on ¢(M). We set the
(complexified) vector field v; on M such that

de(v;) = fi,

for any ¢ € {1,2,3}. From the assumption, we see that di(v;), is also the
local (1,0) vector fields on N, for any ¢ € {1,2,3}, and (d¢(v1),dv(ve),
dip(vs)) is an SU(3)-frame field on N. If we identify d(¢’ o ¢)(v;) with f/,
then the corresponding dual 1-forms wy,wys satisfy

@D*WN = WHr- (32)

Since v is an isometry from M to N, the corresponding Levi-Civita connec-
tions VM, V¥ satisfy

dp (VM x(Y)) = V7V gy (dop(Y)), (3.3)
for any vector fields X,Y on M. From which, we show that
v N =M, N =6M, (3.4)

where kM k™, (resp. 0M, ON) are the su(3) (resp. Mszyx1(C))-valued 1-
forms of M, N, respectively. In fact,

g (VN (dy(vi), dep(575))
N (dp (VM (0)), dip(07))

gN( ( M al(0)F) ) o)

2(¢"k

Il
)

== Iﬂ'/

(3.5)

i?
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therefore, we get the first equality of (3.4). Similary, we have the second
equality of (3.4).

Since Im € x (G5 is a Lie group, there exists a Im € x GGo-valued function
g on M such that

¢ o1h(p) = G(p) - 3(p), (3.6)

for any p € M, where ¢', ¢ are Im € x G-valued functions (the lift of ¢', )
on N, M, respectively. To prove Theorem 3.1, we will show that the function
g is constant on M. Hence we may show that

dg=d(¢' o (¢)7') = 0. (3.7)
In fact, by Proposition 2.2, we have
d(¢' ot (p)71) = d(¢' 0 9p) - (§) 7 + (¢ o) - d(@) !
= (@' o)) ((¢'o9h) U =" W) - (p)~". (3.8)

By Proposition 2.2, (3.2) and (3.4), we see that

(¢ 0v)" ¥ =@" 0.
Therefore, we get the desired result. O

3.5. Ga-orbits
3.5.1 S% 8% V;'(Im¢) and G (Im ¢)

Let S® and S° be a 6-dimensional unit sphere in Im¢ and a 5-
dimensional unit sphere in R® C Im € where R® = {u € Im¢€ | (u,e) = 0},
respectively. It is well known that

S6 =~ @Gy/SU(3), S°=SU(3)/SU(2). (3.9)

Let V; (Im €) be a Stiefel manifold of oriented 2-frames in Im €. It is well
known that

Vor(Im @) = {(u,v) € S® x S%| (u,v) = 0}.

We shall prove the following
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Proposition 3.1
Voh(Im €) =2 Gy /SU(2).

Proof. First, we prove that G acts transitively on V,"(Im¢). For any
(u,v) € Vot (Im €), by (3.9), there exists a g € G such that u = g(¢). Then
we get (1, 9(1)) = {9(2), 9(i)) = (£,4) = 0, and, since (u,v) =0

g9(i), veTLS°,

where T1S% = {X € T,,S% | | X| =1 }. Here, we will identify 7,,S¢ with RS,
then we have

i, g '(v)€eTS% =S5,

Since S5 = SU(3)/SU(2), there exists an h € SU(3) C G5 such that

where, SU(3) = {g € Ga | g(¢) = €}. Therefore
g(h(i)) = v. (3.10)
Moreover, since h(e) = &, we get
g(h(e)) = g(¢) = u. (3.11)
By (3.10), (3.11), we have
(9(n(i)),g(h(e))) = (u,v).

Hence the G acts on V5 (Im €) transitively, and its isotropy subgroup is
SU(2). O

By Proposition 3.1, we can see that
Corollary 3.1
G (Im €) = Go /U (2),

where G4 (Im €) be a Grassmann manifold of oriented 2-planes in Im €.
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3.6. Vi (R") and G (R") (Gz-orbit decomposition)

Let V3H(R") and G5 (R") be a Stiefel manifold of oriented 3-frames in
R" and a Grassmann manifold of oriented 3-planes in R”, respectively. For
any (eq,e2,e3) € V57 (RT), by Proposition 3.1, there exits a g € Gy such
that g(i) = e1, g(j) = e2. Since g € G5 we have g(i)g(j) = g(k). In general,
the following equality does not hold ejes = e3. Therefore we see that two
manifolds V3" (R"), G (R") can not be represented as orbits of G&.

Next we consider the canonical form of the each element of G§ (R7) 3 V
by Go. Let V = spangr{e1, ez, e3} € G3 (R7).

(1) If we assume that ejes = eg, then there exists a g € G satisfying

V = spanr{g(i),9(j), 9(k)}.

In this case V is called an associative 3-plane.

(2) Suppose that ejes # e3. We note that there exists a g € G2 such that
g(i) = e1, g(j) = e2. By the assumption, we may assume that g(k) # es,
then we have

dim(spangr{g(k),es}) = 2.
We can take u € spangr{g(k),es} so that
luf =1, (u,g(k)) = 0.
If we put (e3, g(k)) = cos (0 < 6 < ), then
es = cosfg(k) + sin Ou.

Since u € (spangr{g(i),9(4),g(k)})*, we may put u = g(¢). Hence we
have

V = spanr{g(i), 9(j), g(cos Ok + sinfe)}.

Summing up the above arguments, we obtain

Proposition 3.2  For any V € G (R"), there exist ag € G2 and a § € R
(0 < 0 <) satisfying

V = spanr{g(i), g(j), g(cos Ok + sin fe)}.
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A 3-dimensional vector space V in Im€ is called associative if
spang{u,v,uv} =V, where {u, v} is an oriented orthonormal pair of V. We
also note that the Grassmann manifold G,ss(Im€) of associative 3-planes
are given by

Gass(ImE) ~ G2/SO(4).
We note that the representation
pso) : SO(4)(= Sp(1) x Sp(1)/Z2) — G
is given by
pso)(q1,q2)(a + be) = qragr + (g2bq1)e,
where (q1,¢2) € Sp(1) x Sp(1) and a + be € Im¢.

4. Second fundamental forms of the generalized cylinder of Im €

4.1. Homogeneous hypersurfaces of Im ¢ with unique homoge-
neous almost complex structure
In this section, we shall give the invariants of R®, S x R>, R x S°, S¢
and proof of the uniqueness of the induced almost complex structure up to
the action of Gs.

4.1.1 RS
Proposition 4.1 Let ¢y : RS — Im € be an isometric imbedding defined
by

¢0(l’1, T2,X3,T4,T5, 1‘6) = .”L‘li + l’zj + $3]{3 + :L'4i€ + ZL’5j€ + Jl6k‘€,
where (x1, 72,23, T4, Ts5,76) € RS, Then we have
triB®B =0, triAA = 0.

The automorphism group of the induced almost Hermitian structure coin-
cides with R® x SU(3)(C R® x SO(6)) and it acts transitively on R®. The
induced almost Hermitian structure is also unique under the action of Gs.

Proof.  Since the isotropy subgroup of Gg at ¢ is SU(3), we observe that
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the automorphism group of R® coincides with R® x SU(3). O

4.1.2 S' X R
Proposition 4.2  Let 11 : S' x R? < Im € be the mapping defined by

P1(0,70,q) = e je " + zoi + ge,

where [0] € S, (z9,q) € R x H(= R®). Then we obtain

_ 1 - 1
t = — t = —
tr %%—16, trtAA 6

The automorphism group of the induced almost Hermitian structure coin-
cides with U(2) x R® (C SO(2) x (SO(5) x R®)), and it acts transitively on
S x R>. The representation pu2) : U(2)(~ St x §3) — Im¢€, is given by

pu ) (0,q)(a+be) = e®ae™™ + (¢'be™)e,

where a + be € Im €, and ([0],¢) € S* x S3.

Proof. First, we construct the Gs-frame field along the map ;. Let &
be the unit normal vector field, given by ey = & = e?je 0 = 205 =
cos 207 + sin 20k. Next, we take a tangent vector e; = i of S! x R®, then

we have (e1,e4) = 0. We set e5 by
e5 = e1eq = i(cos 205 + sin 20k) = — sin 205 + cos 20k.

Also we take the vector field e = ¢ on S! x R®, then e is orthogonal
to the associative 3-plane spanp{ei,es,e5}. Lastly we put {es,eq,er} as
e3 = ejeg = i€, eg = egey = — cos 20je — sin20ke, e; = ezeq = sin20je —
cos 20ke. Then the frame field (ey,...,er) is a Gao-valued function on S x
R®. Therefore we have

1
fr= 5(1 — V/—=1(—sin 26j + cos 26k)),
fo= %(5 + v/—1(cos 26j¢ + sin 20ke))
f3= —% (z‘g — +/—1(sin 20je — cos 29k5)).
\
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We note that Jf; = /—1f;. Therefore
diy = idzg — 2(sin 2605 — cos 20k)dl + (dq)e,

From which, we have

w! = dxy + V/—1d6,

w? = (dg,1) — v/—1(cos 20(dq, j) + sin 20(dgq, k)),

w3 = —(dg,1) — v—1(sin20(dq, j) — cos 20(dq, k)).
In the same way, since

d¢ = —2(sin 265 — cos 20k)d0,

we have

V=10" = ——V;lde, V=16% = vV/=16° = 0.

Hence, we obtain

1 100[(-100 w
\/—10:—1 0000 0O <w>
0000 0O
The 2nd fundamental form of 1, is given by
1 100 1 100
EB:_Z 000], 2[21 000
000 000

From which, we get the desired result. From the definition of 1; and the
representation p,(2), we see that the automorphism group of St x R® is
U(2) x RS, a

Proposition 4.3  The almost complex structure on S' x R® induced from
Im € is unique up to the action of Gs.

Proof. Let g be a fixed imbedding from S! x R® to Im € by
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wo(uo, u1,v1,...,05) = iug + jui + kvy + - - - + kevs,

where u3 + u? = 1. Next,let ¢ be a homogeneous isometric imbedding from
St x R® to R”. Then there exists an orthonormal basis (61 ey €3 ... 67)
of R” such that

o(x0, T1,Y1,5 .-+, Ys) = €120 + €221 + €3y1 + - - - + e7ys,

where 23 + 22 = 1. By Proposition 3.1, there exists a g € Ga such that
g(i) = e1, g(j) = ez. From this, we have

spanr{g(k),...,g(ke)} = spanr{es,... er}.
Therefore there exists an A € SO(5) such that
(9(k), ..., g(ke)) = (e3, ..., er) A,

We set the diffeomorphism 1 : S x R> — S x R5 by
Y(ug,uy, vy, ...,0v5) = (ug,ug, (vy,..., v5)tA).
Then we have
9(po(ug,ur,v1,...,05)) = (W (ug, u1,v1,...,0s5)).

Therefore the induced almost complex structure of ¢y coincides with that
of . O

4.1.3 R'x S°
Proposition 4.4 Let 15 : R' x S° < Im € be an imbedding given by

20 20
w5($,Z0,21722):€$+E Z1 +E Z_l
22 Z2

where x € RY, zo, 21, 22 € C, |20]*+|21|*+|22|? = 1, and E = (E1, Es, E3).
Then, we have

_ 9 _ 1
BB = = tr'AA = —.
r BB 16 reAA 16
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The automorphism group of the induced almost Hermitian structure coincide
with R* x SU(3) (C R' x SO(6)) and it acts transitively on R' x S5. The
induced almost Hermitian structure is unique up to the action of Gs.

Proof.  Let pgy(s) be the representation of SU(3) to Endr(C ®g Im )
defined by

) 1 0O1x3 O1x3 Yo
psu(U)w)= (e E E) (0351 U 03x3 s
O3x1 O3xz U Ve

for any v = vge + Z?Zl v; B; + E?Zl vit3E; € C @z Im €. We represent the
imbedding 15 by using psy(3). For any U € SU(3) we set ¢5 : Rx SU(3) —
End(C g ImC) as

0 |01x3|01x3

T 1 ]01x3|01x3
O3x1|03x1| U 03_><3
03x1[03x1|03x3| U

1/;5(va) = (0;€7E7 E)

where x € R. Then we see that

V5(2, 20, 21, 22) = ¥s(z, U)(po)-
where po =(1 0 1 0 0 1 0 0). We note that S* = {psy ) (U)(i) | U €
SU(3) C M3«3(C)}. Therefore we have
Doy ))S° = spanr{psu) (U)(J); psue)(U)(k), psus)(U)(ie),
psu(s)(U)(je), psu)(U)(ke)}

The unit normal vector field £ is given by pgy(3)(U)(7), and we set ey = £ =
psus)(U)(i). We put the orthonormal frame field of T,,(R" x S°) by

e1 = psu)(U)(ie), ex=psu@)(U)(F), ez = —psue)(U)(ke),
es = psu)(U)(e), es = —psuw)(U)(k), er=psue)(U)(je)-
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Then (eq,...,e7) is a Ga-frame field. In Section 3.2, we set

fi=gle—vVTes), fo=gles—vTeo), fs = —5(es — v le).

N =
DO =

To calculate the second fundamental form, we note that
dips =edz+d¢, dE=er@p' +er@p’+er@p’ —eg@pt —e3 @ p°

where p', ..., u% are R-valued 1-forms of S°. The dual 1-forms w® (i €
{1,2,3}) are given by

wl =pt —vV=1dz, w?=p%—v—1pt, w3=p’+V—-145,

Also the 1-forms 6 (i € {1,2,3}) which satisfy d¢ = 327 fi(—2v/—16") +
fi(2¢/—16") are obtained by

1 1
V=IO = Sty V167 = = (7 = VTut),

¢ﬁm:_gm+¢ﬁmy

Hence we get

o N O

0 1
0], A=--10
2 0

From the above arguments and the definition of ¢5, the automorphism group
of R x 8% is R! x SU(3). By the similar arguments of the proof of Proposi-
tion 4.3, we obtain the uniqueness of the almost complex structre of R! x S°.

O
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4.1.4 S°
Proposition 4.5 Let g : S — Im € be the mapping from S to Im ¢,
defined by

Y6(0, q1,q2) = cosO(quiqi) + sin 0(qziqn )e,
where (0,q1,q2) € S x S3 x 83, Then we have
triB®s = %, triAA = 0.
The automorphism group of the induced almost complex structure coincides

with Ga, and it acts transitively on S®. The induced almost complex struc-
ture is unique up to the action of Gs.

Proof. Since the immersion g is totally umbilic, we get diyg = d€. Then

we have
w
) )

1
B=-5l A=0s5xs.

\/—1(9 - (—51—3

Hence we obtain

It is well known that the automorphism group of the induced almost complex
structure coincides with Gy ([4]). O

4.2. Non-homogeneous induced almost complex structure on
R? x S§*

42.1 R?*x S§*

Theorem 4.1 Let ¢y : R?> x S* < Im € be the mapping from R? x S* to

Im €, defined by

VY421, 2,90, Y1q) = Yoi + 15 + T2k + y1¢¢,

where (v1,72) € R%, y3 +y? = 1, and ¢ € S* C H, where S* is a 3-
dimensional unit sphere in H. Then we have

_ 1 _ 1
tr'B®B = g3+ yg), triAd = gyf.
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The automorphism group of the induced almost complex structure is R? x
U(2) (C (R?*x SO(2)) x SO(5)). Therefore, it does not act transitively on
R? x S,

Proof. We construct the Go-frame filed on R%?xS*. Let ey = & = yoi+y1qe
be a unit normal vector field on R? x S*. Next we put e; = j, then, we

have es = ereqs = —yok + y1(qj)e. Moreover, we put ez = (gi)e. Then
we obtain {es,eg,e7} as e3 = erea = (qk)e, e = eseq4 = —y1i + Yoqe,
er = eses = —y1k—1yo(qj)e. From which, (eq,...,e7) is a Go-valued function

on R? x S*. Next, we set the complex-valued Gy-frame field on R? x S* as

(fl = %(] — V=1(=yok + y1(gj)e)),
fo = %( (¢i)e — V=1(=y1i + yoge)),
\fs = %((qk)ef-i- V—=1(y1k + yo(gj)e)).

Then we have, J f; = /—1f;. To calculate the forms w' for any i € {1,2,3}.
Since

dpy = idyo + jdxy + kdzg + (ge)dyr + y1(dg)e,
we see that

w' = dr1 + V—1( — yodxz + ¥ (qdq, 5)),

w? = y1(qdq, i) + vV—1(—y1dyo + yodyr),

w® = —y1(qdg, k) + v=1(yrdwa + yoy: (qdg, 5))-
In the same way, we get

d¢ = idyo + (ge)dyr + y1(dq)e.

Therefore

1/_1 _ )
V-160' = —Tyf<qdq,9>,
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1 . -1
V-16* = —5Y1(qda, ) — C(yldyo + yody),

1 v —1
V-16° = §y1<(jdqa k) —

Yoy1(qdq, j).

Hence, we have

. v 0 woyr | —vi 0 —your
V=1o=—2| 0 2 0 0 0 0 (‘f)

yoyr 0 1+uyd|—voyr 0 93

We obtain lastly

. vi 0 your . —yi 0 —you
B=—| 02 0 |, A=—| 0 0 0 |. 0
yoy1 0 1+ 92 —yoy1 0y

From above arguments and the results, the induced almost complex
structure is not homogeneous. Next, we shall prove

Proposition 4.6 The induced almost complex structure on R? x S* is
unique up to the action of Gs.

Proof. Let (g be the fixed immersion from R? x S* to Im € by
wo(ur, ug,vo, ..., v4) = fuy + jug + kvo + - - - + kevy,

where (u1,u3) € R? and Z?:o v? = 1. Next we take an isometric im-

mersion ¢ from R? x S* to R”. Then there exists an orthonormal basis
(e1 €2 e3 ... er) of R” such that

o(x1,22,Y0,...,Ys) = €121 + €22 + e3yo + - - - + €7y,

where (z1,72) € R? and Z?:o y? = 1. By Proposition 3.1, there exists a
g € G4 satisfying

g(i) =e1, g(j) = e

Also, we have
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spang{g(k),...,g(ke)} = spangr{es, ... er}.
Therefore, there exists an A € SO(5) such that
(g(k),...,g(ke)) = (es,...,er)A.
We define the diffeommorphism 1 of R? x S* as follows
Y(ug, ug, o, - . -, v4) = (ug,us, (vo, ..., v4) A).
Then we have
9(po(ur,ug,vo,...,v4)) = @((u1,u2,v0,...,04)).

Therefore the induce almost complex structure of g coincides with that of
®. O

4.3. 1-parameter family of homogeneous almost complex struc-
tures on S? x R*
431 S?xR*

In this section, we give the explicit representation of Gy-frame fields
on S% x R* C Im¢, and the Go-invariants. Let ¢ € S?(C H) be the unit
quaternion. We define the map 7 : S3 — S? such that 7(q) = ¢ig, which is
called the Hopf map.

Proposition 4.7  Let 3 o be the 1-parameter family of imbeddings from
52 x R* to Im€, as follows

©2.04(qiq, J) = cos(a)qig + sin(«)(qiq)e + yoe + y1(—sin(a)i + cos(a)ic)

+ yo(—sin(a)j + cos(a)je) + y3(— sin(a)k + cos(a)ke).
(4.1)

where qig € S? and § = (yo,y1,Y2,y3) € R*, for some fived o € [0,7/3].
Then, we have

G éu +eos2(3a)),  tr("ARl) = éu ~ cos?(30)).

The automorphism group of the induced almost Hermitian structure coin-
cides with SU(2) x R*(C SO(3) x (SO(4) x RY)) and it acts transitively on
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S% x R* for any o € [0,7/3].
From which, we have

Theorem 4.2 Fora € R (0 < a < 71/3), let (S? x R, pa.,) be defined
as in Proposition 4.7. The family of the imbeddings @2 . induce the 1-
parameter family of the almost complex structures J, on S? x R4, which are
not Go—congruent to each other. Moreover the induced almost Hermitian
structure (Jo, (, ) is (1, 2)-symplectic iff « = 0 or w/3.

We here note that ¢z, and g o1r/3 are Ga-congruent. The almost
Hermitian manifold (M, J, {, )) is said to be (1,2)-symplectic if (dw)?) = 0,
where w = (J, ) is the canonical 2-form (or Kéhler form) on M. In our
situation, (dw)™?) =0, is equivalent to A = 0.

Proof. First we note that the imbeddings are equivariant in the following
sense. Let prrr : Sp(1) — Ga be the representation of the Lie subgroup
Sp(1) of G2, which is defined by

prir(q)(a+be) = qaq + (qbq)e, (4.2)
where a,b € H (see [7]). In fact, we see that pyr; satisfies
p111(q)(a+be)prr1(q)(c + de) = prir(q) (ac — db + (da 4 be)e),

for any a,b,c,d € H. From (4.1) and (4.2), it follows immediately that the
imbedding ¢» , is rewritten as

©2.0(qiq, §) = prrr(q)(cos(a)i + sin(a)ie) + yoe + y1(— sin(a)i + cos(a)ie)

+ y2(—sin(a)j + cos(a)je) + y3(—sin(a)k + cos(a)ke).
(4.3)

Therefore, we see that the imbeddings are equivariant and the induced al-
most Hermitian structures are homogeneous for all a € [0, 7/3]. In fact, we
define the Gs-frame field by

§ = {pr11(g)(cos(a)i + sin(a)ie)},

= %{pnf(q)(fsin(a)i + cos(a)ie — vV=I(e)),
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Fa = 3 {pris(a) (G — VT (= cos(a)k + sin(0)ke))
fz= —%{pHI(q)(— sin(a)k — cos(a)ke — vV —1je) }.

Then we see that (f1, fa, f3) is a SU(3)—frame field on g (5% x RY).
To calculate the Gy invariants, we define the local 1-forms j1, pp on S?
by

p1 = (d(qiq), ¢jq), pe = (d(qiq), ¢kq).
Then, we obtain
w' = dyy —V—1dyo,
w? = cos(a)py — sin(a)dyz + v/ —1(— cos(2a) g + sin(2a)dys),
w3 = sin(2a) g 4 cos(2a)dys — v/ —1(sin(a) 1 + cos(a)dys),
at ¢ = 1. Since
d§ = cos(@)(j @ p1 + k @ p2) + sin(a)(je @ p1 + ke @ p2),

at ¢ = 1. Hence we have

0 0 0
B — _i 0 cos?(a) +cos?(20)  Y5L(sin(2a) — sin(4a)) | |
0 —¥L(sin(2a) —sin(4a))  sin?(a) + sin®(2)
(4.4)
0 0 0
A= —i 0 cos?(a) — cos?(2ar) —@(sin@a) + sin(4a))
0 —¥L(sin(2a) +sin(4a))  —sin?(a) + sin?(2a)
Therefore from (4.4), we get the G5 invariants on S? x R* given by
tR 1 2 oIt 1 2
tr(*BB) = é(l + cos*(3a)), tr("™AA) = §(1 — cos”(3a)). O

Proposition 4.8 Let ¢ be any isometric imbedding from S% x R* to Img.
Then there ezist a g € G2 and o € [0,7/3] such that gop = s o. Hence the
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moduli space (up to the action of Gs) of isometric imbedddings from S? x R*
to Im€& coincides with {2 |a € [0,7/3]}.

Proof. If 52 is included in an associative 3-plane, then the imbedding from
S? x R* to Im¢€ is G-congruent to ¢o(S? x R*). By Proposition 3.2, we
may assume that S? is included in the 3-dimensional vector space

spang {g(i), g(j), g(cosOk + sinbe)},

for some 6 € [0,7/2]. By changing the basis of the 3-dimensional subspace
in Im€ suitably, we may assume that

S? C spang {cos ai + sin aie, cosaj + sinaje, cosak + sinakel,

for some « € [0, 7/3]. Hence we get the desired result. O

4.4. Deformation of almost complex structures on S§3 x R3
44.1 S3® X R?
The purpose of this section is to prove the following

Theorem 4.3 Let p3, : S x R — Im€ be a 1-parameter family of
imbeddings defined by
©3.0(90, 91, G2, 3, T1, T2, T3)
= x1(cos i + sinae) + x2j + x3k + qo(— sin ai + cos ae) + ge,

where ¢ = q11 + g2 + g3k, Z?:o @2 =1, (z1,72,23) € R and a(0 < a <
w/2) is a parameter of the deformation. Then we have

tr(*BB) = % (2(1 — 1) sin® o + 3),
1
tr(*AY) = 1—6( —2(1 — ¢;¥)sin® a + 3).

From which, we can easily see that

Corollary 4.1 There exists a 1-parameter family of induced almost com-
plex structures J, on S® x R3, for any a (0 < a < 7/2), which are not G
equivalent. Moreover, the induced almost complex structures J, (0 < a <
7/2) are not homogeneous.
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Proof. First we construct the Go-frame field on ¢3 (S x R3). We put
= qocosa + q. Moreover, we set e4 = { = —qosinai + (gocosa + q)e =
—qo sin ai + pe, and we take e; = j, and put e5 = ejeq = qosinak + (uj)e.
Next, we set e = % (pi)e, where A = /1 — go 2 sin® a. Then ey is orthog-
onal to the associated 3-plane spang{ei,es,e5}. Also we put {es,eq,er}
as

1 1
€3 = e1€y = Z(uk:)a, €g = €364 = —Z(Azz' + o sin aus),

1 . .
e7 = ezeq = —Z(AQk — qosina(pj)e),

then we obtain the Go-frame field {ej,es,...,e7}. We now set
1,. . .
fr =50 = V=Haosinak + (uj)e)),

1
fo = A (pi)e + v/—1(A% + qosinape},

fs = — g L(nh)e + VT4 — gosin a(ii)e)

We calculate the second fundamental forms of ¢3 .. Since we have
dps.o = (cos ai + sin ae)dxg + jdri + kdxo
+ (—sin i + cos ag)dqo + (dg)e,
we get
wh = dry — V=1(sina(gadro — qodra) + cos a(gadgo — qodga) — (ddd, 7)),

1 : .
w? = _Z{(ql sin adxg + cos a(qrdqo — qodqr) — (qdq,z>)

+ \/—71(cos adz — sin af|q|?dgo — qo(qdq, 1>))}a
. 1. .
w3 = Z{(Qs sin adizg + cos a(gsdqo — qodgs) — (qda, k))

+ V-1 (q0q2 sin? adzg + A%dxo

+ go sin a(cos a(gadgo — qodgz) — (Gdq, j)) }-
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On the other hand, we take exterior derivative of the unit normal vector
field &, then we get

d¢ = (—sin i + cos ag)dqp + (dq)e.
Therefore, we have

V—16" = 5 (cos a(gadgo — qodge) — (9dg, 5)),

(cos a(qrdgo — qodqr) — (ada, 7))
— V/—1(sina(|g]*dgo — qo(ada, 1)) },

_ L
24

1 _
V=10" = ——{(cos a(asdgo — qodgs) — (dda, k))
+ V=1 (qo sin av(cos a(gadgo — godgo) — (3daq, 5)) }.

Hence we have

1

V—=10' = _§{WI —dxy + vV —1sina(gadzy — qu:vg)}, (4.5)
1 1

V—160% = —2{w2 + Z(ql sina 4+ v/ —1cos a)dxo}, (4.6)
1 1

V=163 = —2{w3 - Z(sin a(gqs + vV —1qoge sin a)dzy + \/—1A2dx2) }

(4.7)

Now, we want to know the (local complexified) vector fields {v1,va, v3}
on 5% x R, which satisfy ¢34, (v;) = fi (i =1,2,3). We set

E1:<3> , E2=(8> , EB:(8> ,
8.23’0 » 0%‘1 » 83)2 p

Ey=(q+q)i, Es=(q0+a)j, Es=(q+qk.
The tangent space T,(S® x R?) at p € S® x R? is given by

T,(S® x R*) = spang{E1, E», E3, Es, E5, Eg}.
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The elements of the image @3, (T,(S® x R?)) are given by

i = cos ot + sinae i =7 i =k
903,04* 81130 - ) Q03,oc* 8%1 =1 903,0(* 81‘2 — N,

. d
©3,0,((q0 + q)i) = @(803,01(008 0(qo + q) + sin6(go + q)i )‘9 0
=qisinai+ (q1(1 — cosa) + (qo + q)i)e.

In the same way

©3,0,((90 +9)j) = g2 sin i + (q2(1 — cos ) + (g0 + q)3)e,
03,0, ((q0 +q9)k) = g3 sinaid + (g3(1 — cos ) + (qo + q)k)e.

Since (3,0, (L), 93,0, (E;)) = 0i;, we have

0 V-1 . v-1
03,0, (V1), 030, 2] ) =— (uj, 1) sina = go sin v,
Oxg 2 2

<
i wga*<£1>> |
<

i = 1 sin o
8:1:2 N 2 % '

V=1 0,1
Slna —
g A T2

8

]

<(P3 g Ul » P30y

Therefore we obtain

o V-1 a .
fl = 903704*(7)1) = S03,a*( 371 - B q0 811104671'2 +Ul>7

where 7 is a some (complexfied) vector filed on S3. Hence

| 0 1 0 -1 0
v = \/27% smaa—o + 202, \/;CIO sinaa—m + 1. (4.8)
In the same way, we get
UQ:—i(qlsina—\/—lcosa)i—i—v} (4.9)
2A dzo 7
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i
24

-1 0

VU3 = as—
3 2 8.’L‘2

. . 0 N
(qg sin o — v/—1qoqs sin? a) o + 03, (4.10)
0

where 1, U3 are some (complexified) vector fields on S®. Since w'(v;) = 47,
and, from (3.1), (4.8), (4.9), (4.10), we obtain

— V10 () = ——{w — dz1 + V—1sina(gadzo — qodzs)}
) (ﬁ o 198 1 0 >

5 qQSmaa—O—i—fa—xl— 5 qosmaa—m—i—vl

(1—(g0° + g2*)sin® @),

%\H

= V—10%*(vp) = —;{1 — ﬁ((ql2 —1)sin?a + 1)}7

1 A% sin?a
_ /13 — _ _ _

5 a3% + qo’q2? sin® 04)}7

= /=10 (vy) = q2zzla(cosa +v-1q sina),

_sina
= /=10 (v3) = A {qo ((¢0* + q2 )sm a—1)+ v —1gag3sin a}

_sina
=V —16%*(v3) = Vv { sin (q193 + qog2 cos @)

+ v/ —1(g3 cos & — qoq1qo sin® a))}.

If we put X = sin? o, then we have

1644BY] = (1 — o2 X) {1~ (g0 + *) X }”
= X" g0 (90 + @)} + X*{ = 2¢0%(00® + 02*)(2q0° + @27 }
+ X2{6g0%(q0° + ¢2°) + @2} + X{ —2(2q0* + @2*) } + 1,
164483 = { — (200> + (@* — 1)) + 1}
= X {200 + (¢2® = D} + X{ = 2(2¢0° + (* = 1))} + 1,
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16A%|83| = { = a0*(q0® + ¢*) X — ¢5° X + 1}2
= X4{Q04(QO2 + Q22)2} + X3{2QO2(132(%2 + CI22)}
+ X2 = 2¢0%(q0® + %) + ¢3*} + X{ — 2¢3%} + 1,
324%|B| = 26> X (1 — > X){(¢1* — DX + 1}
= X = 20%¢2°(00” = D} + {22°(=0” + (0 — 1))}
+X{2q22},
824 |%BY| = 2X (1 - 00°X) {00” ((a0” + ©2*)X = 1)" + @2 as° X}
= X" — 290" (90® + ¢2*)*}
+ X%{2q0° (90 + ¢2*) (390 + ¢2°)* — ¢2°q3%) }
+ X2{2( = q0*(q0” + 2(q0” + 2°)) + 2°a3%) } + X {2q0° },
32A4%983| = 2X { X (q1g5 + qogz cos @)® + (g3 cos @ — goq1¢2X)* }
= X*M20020:2 (1% — 1)} + X220052 (@12 — 1) + qo2e?)}

+X{2q:32}.
Hence
_ 1
tr("B%B) = 17 { X7 (200" (1 — 01”)) + X7 (90" Bao” + 4(ar* — 1))

+ X (—20Bq* + ¢ —1)) +3}

= %6(2(1 —1*)X +3).

In the same way, we obtain

- 1

tr("AA) = T {X?(= 200" (1 = @1?)) + X* (4q0° (1 — ¢1*) + 3q0")
+X(—2(3¢0° + (1 —¢1?))) + 3}
:%(—2(1—q12)X+3). O

Proposition 4.9 Let ¢ be any homogeneous isometric imbedding from
S3 x R3 to Im€. Then there exist a g € Go and o € [0, 7] such that
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goY = Pa-
Proof. We fix the immersion ¢ from S® x R? to Im €, as
wo(uo, - - ., ug,V1,V2,V3) = Ugl + - - - + U3ze + v1ie + vaje + vske,

where Z?:o u? =1 and (vq,vq,v3) € R3.
Let ¢ : S? x R® — R" be an arbitrary immersion. Then there exists an
orthonormal frame {ey, ez, €3, ..., e} of R satisfying

wo(zo,...,T3,Y1,Y2,Y3) = Toe1 + - - - + Tzeq + y1€5 + Ya2es + yser,

where Z?:o 2? =1 and (y1,y2,y3) € R®. If we set V = spang{es,eq,er},
then by Proposition 3.2, we have

V = spanr{g(i), g(j), g(cosOk + sinbe)}.

In the same argument of the proof of Proposition 4.8, we get the desired
result. O
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