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Spectral gaps of the one-dimensional Schrodinger operators
with periodic point interactions
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Abstract. We study the spectral gaps of the Schrodinger operators

2 (o]

Hi = 7%+l;w 618" (x — k — 2rl) + B268'(x — 27l)  in L2(R),
d2 >

Hy=———5+ > Bid(w—r —2nl) + B2b(x — 2nl)  in LA(R),

l=—c0

where k € (0, 27) and (1, B2 € R\{0} are parameters. Given j € N, we determine
whether the jth gap of Hy is absent or not for k =1, 2.
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1. Introduction

In this note we discuss the spectral gaps of the Schrodinger operators
formally expressed as

& .
Hi=———+ l; (610" (& — K — 271) + B8 (x — 2x1))  in L2(R),
G
Hy= 25+ Y (Bid(e —r—2n0) + Bad(x — 2xD))  in L*(R),
l=—00

where k € (0, 27) and (1, B2 € R\{0} are parameters, §(x) stands for the
Dirac delta function at the origin, and ¢§'(z) is the derivative of §(z). The
precise definitions of these operators are given through boundary conditions.
Put

A= {Ii} + 27, Zo =21, Z = Z1 U Zs,

T11:<(1) ﬁll>,Tf=<ﬁ1l ?) for 1=1,2.
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For k =1, 2, we define
(Hry)(z) = —y"(z), = €eR\Z

Dom(Hy) = {y € H*(R\Z)

y(t+0) g (Yt —=0)
=T, f teZ;, 1=1,25.
(Voro) =7 () o tea =t
It follows by [5, Theorem 3.1] that Ha is self-adjoint. The proof of the
self-adjointness of H; is similar to that of [5, Theorem 3.1].

Since the interactions are 2m-periodic, we can utilize the Floquet-Bloch
reduction scheme (see [10, Section XIII.16]). For 6 € [0, 27|, we introduce
the Hilbert space

Hyp={ue L}.(R) | u(z +27) = eV Yu(z) ae zcR}

equipped with the inner product

2
(u, vV)H, = / u(z)v(z)dz, wu, v € Hy.
0
We define the operator Hg in Hy by
(Hgy)(x) = —y"(z), zeR\Z

y € H*((0, 2m)\{~}),

(;/f(ii%))) _7h (3@///((2‘_?)) for te 27, z:1,2}.

We further introduce the unitary operator U from L?*(R) onto f027r OHedO
defined as

Dom(H}) = {y € Hy

1 o0
Uu)(x, ) = — V10 (z — 21).
@), 6) = 7= 3 ¢/ uta = i)
=—00
The operator Hj admits the direct integral representation

2
UHU = / SHEAD.
0
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For 6 € [0, 2rr] and j € N = {1, 2, ...}, we denote by )\?(9) the jth eigen-
value of Hg counted with multiplicity. The basic properties of )\g‘?(G) and
o(Hy) are summarized as follows.

Proposition 1 The following claims hold true.

(a) The function )\f( -) is continuous on [0, 27].

(b) We have )\;‘?(9) = )\?(277 —0).

(c) For @€ (0, ), all the eigenvalues of HY are simple.

(d) If 5182 > 0 or k = 2, then the function )\;?(9) is strictly monotone
increasing (respectively, decreasing) as 0 varies from 0 to w for odd (respec-
tively, even) j.

(e) If B1fP2 < 0 and k = 1, then the function )\?(0) is strictly monotone
decreasing (respectively, increasing) as 6 varies from 0 to w for odd (respec-
tively, even) j.

(f)  The spectrum of Hy, is expressed as

o(H) = A5 (0. 7)

U U e

Jj=16¢€[0,n]
We define
(/\;?(W), A?H(ﬂ)) for 7 odd,

(Af(O), A?H(O)) for j even

k

in the case that kK = 2 or B2 > 0, while we set

(A;?(Tr)a )\?4_1(%)) for j even,

()‘?(0), /\;?H(O)) for j odd

J

if k=1 and (102 < 0. We also put
k _ \k
B; = /\j([O, 7]).

The closed interval B;“ is called the jth band of the spectrum of Hy, the
open interval Gé? the jth gap. The purpose of this note is to determine
whether the jth gap is empty or not for a given j € N. Our main results
are the following two theorems.
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Theorem 2 Suppose 31 # P2 and By + P2 # —2m.
(i) If either B1 + P2 # 0 or k/m ¢ Q holds, then we have

1 .
Gi#0 for jeN
(i) Let B1+ B2 =0, k/m =m/n, (m, n) € N}, ged(m, n) =1, and m ¢
2N. Then we have
Gj=0 if j—1€2nN,
1 . .
G;#0 if j—1¢2nN,
(iii) IfBi+B2 =0, k/m =m/n, (m, n) € N2, ged(m, n) = 1, and m € 2N,
then we have
G}:(/) for j—1¢€nN,
1 .
Gj#0 for j—1¢nN.

Theorem 3 Assume (31 # (s.
(i) If either By + P2 # 0 or k/m ¢ Q holds, then we have

G]z #0 for jeN.
(i) IfBi+B2=0, k/m =m/n, (m, n) € N2, gcd(m, n) =1 and m ¢ 2N,
then we have

GJZ =0 for je2nN,

GJ2~ £0  for j¢2nN.
(iii) Let By + B2 =0, k/m = m/n, (m, n) € N?, ged(m, n) =1 and m €
2N. Then we have

Gi=0 if jenN,

G3#0 if j¢nN.

The one-dimensional Schrédinger operators with periodic point inter-
actions have been studied by numerous authors; we refer to [3, 4, 6, 8] and
[1, 2] for a thorough review. R. Kronig and W. Penney were the first to
introduce such an operator; they studied in [8] the spectrum of the operator
Ly = —d*/dz® + a> 72 §(z —al) in L*(R), where a € R\{0} and a > 0

are constants. This operator, which is called the Kronig-Penney Hamilto-
nian, serves as the most fundamental model in the modern textbooks of
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solid-state physics (see e.g. [7]). The Kronig-Penney Hamiltonian was ex-
tensively generalized with the advance of the theory of point interactions. In
[3, 4] F. Gesztesy, H. Holden, and W. Kirsch introduced the operator Ly =
—d?/dx® +a Y )2 8 (z—al) in L*(R) and discussed its spectral properties
in detail. Among other results they prove that every gap of o(Ls) is present
if @« # —a and that only the first gap is absent if « = —a. In [4] it is also
showed that every gap of (L) is present. In [6] R. Hughes performed the
Floquet analysis on the following operator which involved the generalized
point interaction:

(Lsy)(z) = —y"(x), x€R\aZ,

Dom(L3) = {y € H*(R\aZ)

y(aj+0) y(aj —0) :
(o) =ea () e Z}’
where A € SL2(R), ¢ € C, and |¢| = 1. It is also proved in [6] that all the
gaps of o(L3) are absent in the case that ¢ = 1 and A = —1I, where [ stands
for the 2 x 2 identity matrix. We further recall the well-known fact that
every gap of the spectrum of the Mathieu operator —d?/dx? + o cos(2mz/a)
in L?(R) is present (see [10, Section XIII.16, Example 1] and [9, Section 7]

for related topics).
In most works on the one-dimensional Schrodinger operators with peri-

odic point interactions, the interaction support is supposed to be identically
spaced lattice aZ. On the contrast, this paper is based on an interest in the
interactions supported on the non-identically spaced lattice {0, k} + 27Z.
Our main results say that some gaps of the spectrum of Ly (respectively,
L) begin to be absent when the second interaction —a> ;2 ¢'(x—s—al)
(respectively, —a> 2 d6(z — s —al)) with s/a € Q\Z is turned on it.
The next section is devoted to the proof of the results. Since the proof
of the assertion for o(Hz) is similar to that for o(H;), we demonstrate only
Theorem 2 and Proposition 1 for £ = 1. Let us review our idea in proving
Theorem 2. The band edges are given by the zeros of the function D(-) +
2, where D is the discriminant defined by (4). Although the discriminant
is expressed in an explicit way in terms of x and A, the double zeros of
D(-) £ 2 is somewhat hard to discuss directly because of the complexity
of the expression of this function. We eliminate this difficulty by using
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the monodromy matrix; we reduce the problem to a system of algebraic
equations (9) ~ (11) in the proof of Lemma 5, which is a key lemma in
proving Theorem 2. We remark that the assumptions 81 # (2 and (1 +
B2 # —27 in Theorem 2 are essential; it can be showed that if 81 + B =
—2m, then one of the gaps of o(H;) disappears at the origin.

2. Proof of the results
Let us consider the equation

—y"(z) = dy(z) on R\Z,

<g(éi%)>>:<(l) ﬁll> <5(<i_—%)>> for tez, =12 U

where A is a real parameter. By yi(x, A) and ya(z, \) we denote the solu-
tions of this equation subject to the initial conditions

(yl(+07 )‘)v y/1(+07 )‘)) = (1’ O) (2)

and

(42(+0, A), 12(+0, 1)) = (0, 1), (3)
respectively. Let D(A) be the discriminant of the equation (1):

D(A) = y1(27 +0, A) + yh(27 + 0, N). (4)

The sequence {)\; (0)}52, gives all the zeros of the function D(-)—2 counted
with multiplicity, while the sequence {)\]1 () ?il provides all the zeros of the
function D(-) 4+ 2 repeated according to multiplicity. We further introduce
the monodromy matrix of (1):

M) = <m11()\) m12()\)> B <y1(27r+0, A ya(2r +0, /\)>‘

ma1(A) maa(N))  \Wi(27+0,A) yh(2m+0, A)

Put 7 = 27 — k. By a straightforward computation, we obtain
m11(\) = cos 7V A cos KV
— (B1 + B2)VAcos TV Asin sV
— ﬁgﬁ sin 7V cos KV
+ (812X — 1) sin 7V Asin KV A, (5)
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mia(A) = (81 + Ba) cos TV A cos KV

+ (\1”\ - ﬁlﬁz\f)\) sin 7V cos KV A

1
+ 7 cos TVAsin kVA — Ba sin 7V A sin kV/A, (6)

ma1(A) = — Vsin 7V cos KV 4+ B1 Asin 7V A sin £VA

— VAcos TV Asin KV, (7)
maa(A\) =cos TV A cos KV — 01 Vsin 7V cos KV

—sinTVAsin sV (8)

for A # 0, where we fix the branch of the square root as

argﬁ € {0, g}
for the sake of definiteness. Besides, we have

m11(0) =1, my2(0) = By + B2 + 2w, mo1(0) =0, mae(0) =1.
First, we prove the following implication.

Lemma 4 We have M(\) = I (respectively, M (\) = —I) if and only if A
is a double eigenvalue of Hi (respectively, HY).

Proof. Assume that X is a double eigenvalue of Hj. Let {wi(z), we(z)}
be a basis of Ker(H} — \). Since w;(z) and ws(z) are linearly independent
solutions of (1), we see that y; (z) and ya () are linear combinations of wy ()
and wsy(x). Thus we get y1,y2 € Dom(H{). This together with (2) and (3)
implies M(\) = 1.

Next we prove the converse. Assume that M (A) = I. This combined
with (2) and (3) yields y1, y2 € Dom(H}). Since y1(z) and y2(x) solve the
equation (1), we have y1, yo € Ker(H} — ). Since y; and yo are linearly
independent, we infer that X is a double eigenvalue of H&.

In a similar way, we claim that M (\) = —I if and only if A is a double
eigenvalue of H}. O

To prove Theorem 2 we need the assumption

(A1) By # B2 and By + Bo # —2m.

The following lemma plays the most important role in the demonstration
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of Theorem 2.

Lemma 5 Suppose (A.1). If M(\) = I or M(\) = —I, then we have
sinTVA =sinkvVA =0, A #0, and 1 + 32 = 0.

Proof. Suppose that M(X) = I or M(\) = —I. First, we prove that
sin 7v/Asin kv A = 0. Seeking a contradiction, we assume that

sin 7V Asin KV # 0.

We define 21 = cot kA, o = cot7VA, and C; = FVA for | = 1, 2.
Inserting (5) ~ (8) into the equalities

mn(/\) — mgg()\) = O,

ﬁmlg()\) = 0,
1
—meo1(A) =0,
7 21(A)
and dividing those by sin 7/ Asin nﬁ, we have

(C1 — Co)zy — (C1 + Ca)za + C1C2 =0, 9)
(01 + Cz)xglj + (1 — Cng)ml 4+ 29— Cy =0, (10)
—x1— 29+ C; =0, (11)

respectively. Using (9), (11), and C; # 0, we get
G

5

Plugging this into (10), we infer that

Tl = T2 =

(Cy — C) (ic% n 1) —0.

Since 31 # B2 and A # 0, we have O — Cy # 0 and hence C? = —4. By
(12) we arrive at

Tr] = L9 = :|:\/ —1.

However, this violates the fact that cot z # ++/—1 for all z € C. Hence we
have

sin 7V Asin kvVA = 0,
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namely,
sinTVA=0 or sinkVA=0. (13)

Next we prove that X\ # 0. Since 81 + 2 # —27 by assumption, we
have

my2(0) =27 + By + B2 # 0.

This together with mj2(A) = 0 implies that A # 0.
In the former case of (13), we claim by ms2;(\) = 0 and (7) that

ma1(\) = —VAcos TVAsin kv =0

and thus sin kv/A = 0. In the latter case of (13), we infer by (5), (8), and
mn()\) — mQQ()\) = 0 that

mi1(A) — maa(\) = (B1 — Bo)VAsin TV A cos KV = 0
and hence sin 7v/\ = 0. Therefore, we get

sin 7V = sin sV = 0

in each case of (13). Combining this with m2(A) = 0 and (6), we get
mia(N) = (81 + B2) cos TV Acos kVA =0

and thus 61 + G2 = 0. O

We prove Proposition 1 at the very end of this section. Assuming this
fact for the moment, we complete the proof of Theorem 2.

Proof of Theorem 2 (i). Since {z € C | sinz = 0} = 7Z and since 7 =
21 — K, we infer that the following two statements are equivalent.

e There exists A # 0 such that sin 7V = sin kv = 0.

e xenQ.
This together with Lemma 5 and Proposition 1 yields the conclusion. U

Next we turn to the proofs of Theorem 2 (ii) and (iii). We assume
(A.2) B1+ P2 =0, k/m =m/n, (m, n) € N? and ged(m, n) = 1.

The following lemma provides the double eigenvalues of H} or H..
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Lemma 6 Suppose (A.2). If m ¢ 2N, then we have

ANeR|MWN) =1 or M(\)=-I}={j’n?|jc N} (14)
If m € 2N, then we get
22 |
{NeR|MN) =1 or M()\)——I}—{4 ’]EN}. (15)

Proof. First, we discuss the case that m ¢ 2N. Suppose that M(\) = I
or M(\) = —I. Then we infer by Lemma 5 that sin7v/A = sin kv = 0
and A # 0. Combining this with 7 = 27 — k, k/7 = m/n, (m, n) € N2,
ged(m, n) = 1, and m ¢ 2N, we infer that there exists a j € N for which
A = n2j2. On the other hand, we claim by (5) ~ (8) that M (n?i?) = I for
i € N. Hence, we obtain (14). The proof of (15) is similar. O

Let us demonstrate the following claim.

Lemma 7 Suppose (A.2) and j € NU{0}. If m ¢ 2N, then the func-
tion D(-) admits exactly 2n zeros inside the interval (n?52, n?(j + 1)?).
If m € 2N, then the function D(-) has exactly n zeros inside the interval
(n®5°/4, n?(j +1)%/4).

Proof. Since 1 + B2 = 0, we have

D(\) =2cos TV Acos iV — (82N + 2) sin 7V Asin V)

= /B2 + 2sin 7/ A cos kv A
X <\/% cot TV — VB + 2tan H\/X) (16)
1

We fix j € NU{0}. First, we demonstrate the assertion for m ¢ 2N. We
define

cot TV,

filx) = \/B%)\+2tann\f)\, fo(A) = \/W
Pr={xe w2 n2(j +1)%) | KV € {g} +n2},
Py={xe (n?% 0+ 1)) | 7V e nZ},

P=P UP,

S={xe @ n*(i+1)%) | D(N) = 0},
S1={xe (@5, n*(G+ 1)\P | i(N) = fa(V)},
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Sy ={X e (n?j2, n%(j +1)?) | sin TV = cos kVA = 0}.
By (16) we have

S =5,U85,.
Put
1 . T 2
QK= —(m]ﬂ+§(2k—1)> for k=1,2,...,m,
K
1 2
q2’1:<—((2n—m)j7r+l7r)> for [=1,2,....,2n—m —1,
-
r:jj{(k,l)GNQ|kﬁm,l§2n—2m—1,q17k:q27l}.
We obtain

m 2n—m—1

P = U{ql,k}, P, = U {q2,1},
k=1 =1

fSo =r, P =2n—r—1.

Let {rs}gifr_l be the rearrangement of the elements of P such that r; <
ret1 for s =1,2, ..., 2n —r — 2. We define rog = ¢2,0 = n?j% and ro,_, =
@2, 9n—m = n*(j + 1)2. Notice that

filA) = Foo as A—q £0 for k=1,2,...,m,
fo(A) = +too as A—q;£0 for [=0,1,...,2n—m,

and that the function fy()\) is continuous on (n2j2, n?(j 4+ 1)?)\P; for s =
1, 2. Furthermore, we have

1
/ A —
Hi) 2/ B2\ + 2 cos? KV

K
>
VA %)\—}— 2 cos2 kv

>0

(%Bf sin 26V + iV + 3;)

on (n%52, n%(j + 1)%)\ P, because sint +t¢ > 0 for t > 0. Likewise, we get
fA(\) < 0on (n?j2, n?(j+1)?)\P2. Thus, we infer that the equation f1(\) =
f2(X\) admits exactly one root on (7, rsy1) foreachs =0, 1, ..., 2n—r—1.
So we get #S1 = 2n — r and hence §S = 2n. Therefore we get the assertion
for m ¢ 2N. In a similar way, we get the conslusion for m € 2N. O
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We further need the following implication.

Lemma 8 Suppose (A.2). The function D(-) admits a unique zero in the
interval (—oo, 0].

Proof. Put

2
A+ 2

By (16) we have
D(\) =cosTV Acos m&(Q — (62X +2) tan 7V A tan /@\F)\)
= (BIX+2) cos TV A cos /ﬁ\fA(hl(A) — ha(N)).

hi(X\) ha(A) = —tanh7v —Atanh kv —XA for A <0.

Note that ha(\) is a continuous, non-positive, strictly monotone increasing
function on (—oo, 0]. Note also that hj(\) is a continuous function on
(=00, —2/B82) U (—2/62, 0] and that

hi(\) <0 on (—oo, 2)U< 2 O],

lim hi(A) =0, lim  hi(\) = —o0,
A——00 A——2/B2-0

2
hi(A) >0 on (——2, 0}.
1
Thus the equation hi(\) = ha()\) admits a unique root on (—oo, —2/3%)
and has no root on (—2/3%, 0]. This together with D(—2/3?) # 0 yields
the conclusion. O

Now we are ready to prove (ii) and (iii) of Theorem 2.

Proof of Theorem 2 (ii), (iii). Note that all the zeros of D(-) are given by
the sequence {)\; (m/2)}52, and that 3182 < 0. This together with Proposi-
tion 1 and Lemmas 6, 7, and 8 implies the assertions. ]

While the proof of Proposition 1 is almost same as those of [10, Theo-
rems XII1.89 and XIII.90], we demonstrate this proposition for the sake of
completeness.

Proof of Proposition 1. Now we suppose only 31, B2 € R\{0}. A subtlety
arises only in (d) and (e). First we discuss (e). Suppose 3152 < 0. By (4),
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(5), and (8) we have
lim D(\) = —c0. (17)

A——00

Note that X is an eigenvalue of Hj if and only if D(\) = 2cos. This
combined with (17) implies that

D(\) < =2 for X< A(m), (18)
M () > M (r) for 6 €0, 7] (19)

Let us prove that A\l (7) is a simple eigenvalue. Seeking a contradiction, we
assume that \{(7) is a double eigenvalue. Since

D()\Jl-(ﬁ)) =2cosf for 6€[0,n]and j €N, (20)

we claim by (19) that

A}(g) > Al(r) = A(n). (21)

By (c) we have

4(3) < u(3)

This combined with (21) and (a) implies that there exists a 6y € (7/2, 7)
for which

My(60) = M ().

However, this violates (20). So we conclude that Al (7) is a simple eigen-
value. Thus we get the assertion in (e) by mimicking the arguments in the
proof of [10, TheoremXIII.89(e)], (see also the proof of [6, Theorem 2]). We
also obtain the claim in (d) by noticing

lim D(A\) =+o0 if (12 > 0.

A——00

O
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