
Hokkaido Mathematical Journal Vol. 39 (2010) p. 67–84

On positive solutions for p-Laplacian systems

with sign-changing nonlinearities

Dang Dinh Hai

(Received December 2, 2008; Revised April 3, 2009)

Abstract. We consider the existence and multiplicity of positive solutions to the

quasilinear system
(
−∆pi

ui = µiai(x)fi(u1, . . . , un) in Ω, i = 1, . . . , n,

ui = 0 on ∂Ω,

where Ω is a bounded domain in RN with a smooth boundary ∂Ω, ∆pi
ui =

div(|∇ui|pi−2∇ui), pi > 1, µi are positive parameters, and fi are allowed to change

sign.
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1. Introduction

Consider the system

{−∆pi
ui = µiai(x)fi(u1, . . . , un) in Ω, i = 1, . . . , n,

ui = 0 on ∂Ω,
(I)

where ∆pi
ui = div(|∇ui|pi−2∇ui), pi > 1, fi : Rn

+ → R, µi are positive
constants, i = 1, . . . , n, and Ω is a bounded domain in RN with smooth
boundary ∂Ω.

The p-Laplace operator arises in the theory of non-Newtonian fluids,
reaction-diffusion problems, flow through porous media, and petroleum ex-
traction (see [9]). The system (I) with fi nonnegative has been studied
extensively in recent years (see e.g., [3], [5], [13] and the references therein).
In this paper, we are interested in the case when fi may take negative values.
We shall establish the existence of positive solutions for (I) for large µi when
fi are positive near 0 or when fi are eventually positive and p-sublinear at
infinity. In particular, Theorems 1.1 and 1.2 below unify and extend results
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in [11], [18] to systems. Our approach is based on the method of sub- and
supersolutions.

We make the following assumptions:

(A.1) ai ∈ L∞(Ω), ai ≥ 0 and ai 6≡ 0, i = 1, . . . , n.
(A.2) fi : [0,∞]× · · · × [0,∞] → R are continuous for all i.
(A.3) There exist r1, . . . , rn > 0 such that for all i, fi(u1, . . . , un) = 0 if

ui = ri, uj ∈ [0, rj ] for j 6= i and fi(u1, . . . , un) > 0 if ui ∈ (0, ri),
uj ∈ [0, rj ] for j 6= i.

(A.4) There exist nonnegative numbers k, A,L, γ with A, L > 0, γ < 1/N ,
such that for all i,

fi(u1, . . . , un) ≥ −k

for all u = (u1, . . . , un), and

fi(u1, . . . , un) ≥ L

uγ
i

when ui > A.

(A.5) lim‖u‖→∞
fi(u1,...,un)
‖u‖pi−1 = 0 for all i, where ‖u‖ = max1≤i≤n |ui|, u =

(u1, . . . , un).

By a positive solution of (I), we mean a function u = (u1, . . . , un) ∈
W 1,p1

0 (Ω)× · · · ×W 1,pn

0 (Ω) that satisfies (I) in the weak sense i.e.,

∫

Ω

|∇ui|pi−2∇ui.∇ξdx =
∫

Ω

µiai(x)fi(u1, . . . , un)ξdx ∀ξ ∈ W 1,pi

0 (Ω),

and ui > 0 in Ω for all i.

Theorem 1.1 Let (A.1)–(A.3) hold. Then there exists µ0 > 0 such that
problem (I) has a positive solution u = (u1, . . . , un) when min1≤i≤n µi > µ0.
Furthermore

‖ui‖∞ → ri as min
1≤i≤n

µi →∞

for i = 1, . . . , n. If, in addition, lim‖u‖→0
fi(u1,...,un)
‖u‖pi−1 = 0 for all i, then (I)

has a second nontrivial nonnegative solution when min1≤i≤n µi is large.

Theorem 1.2 Let (A.1), (A.2), (A.4) and (A.5) hold. Then there exists
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µ0 > 0 such that problem (I) has a positive solution u = (u1, . . . , un) when
min1≤i≤n µi > µ0. Furthermore

‖ui‖∞ →∞ as min
1≤i≤n

µi →∞

for i = 1, . . . , n. If, in addition, fi ≥ 0 and lim‖u‖→0
fi(u1,...,un)
‖u‖pi−1 = 0 for all

i, then (I) has a second nonnegative nontrivial solution when min1≤i≤n µi is
large.

Theorem 1.3 Let (A.1)–(A.2) hold and suppose there exists C > 0 such
that

fi(u1, . . . , un) ≤ C‖u‖pi−1

for all u and i. Then there exists µ̃0 > 0 such that (I) has no nonnegative
nontrivial solutions when max1≤i≤n µi < µ̃0.

Note that µ̃0 ≤ µ0.

Remark 1 Theorems 1.1 and 1.2 generalize and improve results in [11],
[18]. In [18], the existence of at least two positive solutions to

−∆pu = λf(u) in Ω, u = 0 on ∂Ω (*)

was established for λ large for f ∈ C1(R+) satisfying

(F.1) f(0) = f(β) = 0, f > 0 on (0, β), f < 0 on (β,∞), limu→0
f(u)
up−1 = 0,

and (f(s)/sp−1)′′ < 0 on (0, β) if p > 2,
or
(F.2) f is strictly increasing on R+, f(0) = 0, limu→0

f(u)
up−1 = 0, and there

exist α1, α2 > 0, µ ∈ (0, p− 1) so that f(u) ≤ α1 + α2u
µ for u ≥ 0.

In [11], it was proved that (*) has a positive solution for λ large for f

satisfying limu→∞
f(u)
up−1 = 0 and f(u) > L > 0 for u large. A second positive

solution was established under the additional assumptions that f ≥ 0 and
limu→0

f(u)
up−1 = 0.

Examples 1 Let ai, i = 1, 2, satisfy (A.1) and let p1, p2 > 1. Consider
the problem
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−∆p1u = µ1a1(x) (u+v)r1 (1−u2)

1+uv in Ω

−∆p2v = µ2a2(x)(u + v)r2(1− v)e−uv in Ω,
, u = v = 0 on ∂Ω. (**)

Then it follows from Theorems 1.1 and 1.3 that
a. For all r1, r2 ≥ 0, (**) has a positive solution when min(µ1, µ2) is large.
b. For ri > pi − 1, i = 1, 2, (**) has at least two positive solutions when

min(µ1, µ2) is large.
c. For ri = pi−1, i = 1, 2, (**) has no positive solutions when max(µ1, µ2)

is small

Examples 2 The problem




−∆p1u = µ1a1(x) (u+v)s1+A

uγ1+1 in Ω

−∆p2v = µ2a2(x) (u+v)s2+B
vγ2+1 in Ω,

, u = v = 0 on ∂Ω,

where γi ∈ (0, 1/N), si ∈ (0, pi−1), i = 1, 2, and A,B < 0 has a positive so-
lution when min(µ1, µ2) is large and no positive solutions when max(µ1, µ2)
is small.

Examples 3 The problem



−∆p1u = µ1a1(x)(1− e−uγ1 )e

1
1+uv in Ω

−∆p2v = µ2a2(x)(1− e−vγ2 )e
1

2+uv in Ω,
, u = v = 0 on ∂Ω,

where γi > pi − 1, i = 1, 2, has at least two positive solutions when
min(µ1, µ2) is large by Theorem 1.2.

2. Preliminary results

Let Φ = (Φ1, . . . ,Φn), Ψ = (Ψ1, . . . ,Ψn) ∈ ∏n
i=1(W

1,pi

0 (Ω) ∩ L∞(Ω))
with Φ ≤ Ψ in Ω i.e., Φi ≤ Ψi in Ω for each i ∈ {1, . . . , n}. Then we say that
{Φ,Ψ} forms a system of sub-supersolutions for (I) if for each i ∈ {1, . . . , n},
Φi ≤ 0 on ∂Ω, Ψi ≥ 0 on ∂Ω,

∫

Ω

|∇Φi|pi−2∇Φi.∇ξdx ≤
∫

Ω

µiai(x)fi(Φ̃)ξdx ∀ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0,

(2.1)
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where Φ̃ = (Φ̃1, . . . , Φ̃n), Φ̃i = Φi, Φ̃k ∈ [Φk,Ψk] for k 6= i, and

∫

Ω

|∇Ψi|pi−2∇Ψi.∇ξdx ≥
∫

Ω

µiai(x)fi(Ψ̃)ξdx ∀ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0,

(2.2)

where Ψ̃ = (Ψ̃1, . . . , Ψ̃n), Ψ̃i = Ψi, Ψ̃k ∈ [Φk,Ψk] for k 6= i. It is well known
(see e.g., [4] or Appendix) that if such a system exists then (I) has a solution
u with Φ ≤ u ≤ Ψ in Ω.

We shall denote the norms in C1,α(Ω̄) and Lr(Ω) by |.|1,α and ‖.‖r

respectively.

Lemma 2.1 ([12]) Let f ∈ Lq(Ω) for some q > N , and let u ∈ W 1,p
0 (Ω)

be the solution of

−∆pu = f in Ω,

u = 0 on ∂Ω.
(2.3)

Then there exist α ∈ (0, 1) and C > 0 independent of u and f such that
u ∈ C1,α(Ω̄) and

|u|1,α ≤ C‖f‖
1

p−1
q . (2.4)

Furthermore, the map K : Lq(Ω) → C1(Ω̄) defined by Kf = u is compact.

Proof. Suppose that p > N . Then, by the Sobolev Imbedding Theorem,
u ∈ C(Ω̄) and there exists C1 > 0 such that

‖u‖∞ ≤ C1‖∇u‖p. (2.5)

Multiplying the equation in (2.3) by u and integrating gives

‖∇u‖p
p =

∫

Ω

fudx ≤ ‖f‖q‖u‖∞|Ω|
q−1

q . (2.6)

From (2.5) and (2.6), we obtain

‖u‖∞ ≤ C2‖f‖
1

p−1
q , (2.7)

where C2 is independent of u, f .
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If p ≤ N then (2.7) was established in [10, Lemma 1.3]. Let v be the
solution of

−∆v = f in Ω, v = 0 on ∂Ω.

Then v ∈ W 2,q(Ω) and since q > N , there exists β ∈ (0, 1) independent of
v, f such that v ∈ C1,β(Ω̄) and

|v|C1,β ≤ C3‖f‖q,

where C3 is a constant independent of v, f .

Let ũ = u‖f‖−
1

p−1
q , ṽ = v‖f‖−1

q . Then ũ satisfies

div
(|∇ũ|p−2∇ũ−∇ṽ(x)

)
= 0 in Ω, ũ = 0 on ∂Ω.

Since ‖ũ‖∞ ≤ C2 and

|∇ṽ(x)−∇ṽ(y)| ≤ C3|x− y|β for all x, y ∈ Ω,

it follows from Lieberman [14] that there exists α ∈ (0, 1) independent of u

and f such that |ũ|1,α ≤ C.
Next, we verify that K is compact. In view of (2.4), we only need to

show that K is continuous. Let fn → f in Lq(Ω) and un = Kfn. Then, by
(2.4), (un) is bounded in C1,α(Ω̄). Multiplying the equation

−(∆pun −∆pu) = fn − f in Ω

by un − u and integrating, we obtain
∫

Ω

(|∇un|p−2∇u− |∇u|p−2∇u
)
.(un − u)dx =

∫

Ω

(fn − f)(un − u)dx.

From this, (2.4), and the inequality (see [16])

(|x|p−2x− |y|p−2y
)
.(x− y) ≥ c|x− y|max(p,2)

(|x|+ |y|)2−min(p,2)
(2.8)

for all x, y ∈ Rn, where c is a positive constant depending only on p, we
obtain
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‖∇(un − u)‖r
r ≤ C‖fn − f‖q,

where r = max(p, 2) and C depends only on Ω, f, p, q. Thus un → u in
W 1,r

0 (Ω) and since C1,α(Ω̄) is compactly imbedded in C1(Ω̄), un → u in
C1(Ω̄). This completes the proof of Lemma 2.1.

Lemma 2.2 Let p > 1, M > 0, q > N and f , g ∈ Lq(Ω) with ‖f‖q,
‖g‖q < M . Let u, v satisfy

−∆pu = f in Ω,

u = 0 on ∂Ω,
,
−∆pv = g in Ω,

v = 0 on ∂Ω.

Then |u− v|1,0 → 0 as ‖f − g‖1 → 0.

Proof. By Lemma 2.1, there exist constants α, CM > 0 such that u, v ∈
C1,α(Ω̄) and |u|1,α, |v|1,α < CM .

Multiplying the equation

−∆pu− (−∆pv) = f − g in Ω

by u− v and integrating gives
∫

Ω

(|∇u|p−2∇u− |∇u|p−2∇u
)
.∇(u− v)dx =

∫

Ω

(f − g)(u− v)dx.

Hence it follows from (2.8) that

∫

Ω

|∇(u− v)|rdx ≤ c1‖f − g‖1‖u− v‖∞ ≤ c2‖f − g‖1,

where r = max(p, 2) and c1, c2 are constants depending only on p,M .
Thus ‖∇(u − v)‖r → 0 as ‖f − g‖1 → 0. Since |u − v|1,α < 2CM and

C1,α(Ω̄) is compactly imbedded in C1(Ω̄), Lemma 2.2 follows.

For each i, let λ1,i be the first eigenvalue of

−∆pi
u = λai(x)|u|pi−2u in Ω,

u = 0 on ∂Ω,
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and let φ1,i be the corresponding positive eigenfunction with ‖φ1,i‖∞ = 1.
It is well known that λ1,i > 0 and φ1,i ∈ C1(Ω̄) (see e.g., [2]). Let ψi satisfy

−∆pi
ψi = ai(x) in Ω, ψi = 0 on ∂Ω.

Then ψi > 0 in Ω and ∂ψi

∂n < 0 on ∂Ω, where n denotes the outer unit normal
vector.

For u = (u1, . . . , un), v = (v1, . . . , vn) ∈ C(Ω̄)n, we say that u ¿ v if
there exists ε > 0 such that ui + εφ1,i ≤ vi in Ω for all i.

We are now ready to give the proofs of the main results.

3. Proofs of main results

Proof of Theorem 1.1. Let xi ∈ Ω be such that φ1,i(xi) = ‖φ1,i‖∞ = 1
and D be such that D̄ ⊂ Ω and xi ∈ D for all i.

Let 0 < 2ε < min1≤i≤n ri, di ≡ ri − ε < ci < ri, and let Φi be the
solution of

−∆pi
Φi =

{
cpi−1
i λ1,iai(x)φpi−1

1,i in D

0 in Ω\D̄,
, Φi = 0 on ∂Ω.

Since

−∆pi
(ciφ1,i) = cpi−1

i λ1,iai(x)φpi−1
1,i in Ω,

it follows from the weak comparison principle [15] and the strong maximum
principle [17] that 0 < Φi ≤ ciφ1,i in Ω. By Lemma 2.2, |Φi − ciφ1,i|C1 → 0
as |Ω\D̄| → 0, where |Ω\D̄| denotes the Lebesgue measure of Ω\D̄. Thus
we can choose D so that

(ci − ε)φ1,i ≤ Φi ≤ ciφ1,i in Ω

for all i. Let Φ ≡ ΦD = (Φ1, . . . ,Φn) and Ψ = (r1, . . . , rn). We shall
verify that {Φ,Ψ} forms a system of sub-supersolutions for (I). Let Φ̃ =
(Φ̃1, . . . , Φ̃n), where Φ̃i = Φi and Φ̃k ∈ [Φk, rk] for k 6= i. By (A.3), fi(Φ̃) ≥ 0
in Ω and fi(Φ̃) ≥ mi in D, where

mi = min
{

fi(x) : (ci − ε)min
D̄

φ1,i ≤ xi ≤ ci, 0 ≤ xj ≤ rj , j 6= i
}

> 0.
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Let µ0 > 0 be such that µ0mi > λ1,ic
pi−1
i for all i and suppose

min1≤i≤n µi > µ0. For ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0, we have

∫

Ω

|∇Φi|pi−2∇Φi.∇ξdx =
∫

D

cpi−1
i λ1,iai(x)φpi−1

1,i ξdx ≤ µ0mi

∫

D

ai(x)ξdx

≤ µi

∫

D

ai(x)fi(Φ̃)ξdx ≤ µi

∫

Ω

ai(x)fi(Φ̃)ξdx,

i.e., Φ satisfies (2.1). Also Ψ satisfies (2.2) because of (A.3), which proves
the claim. Hence (I) has a solution u = (u1, . . . , un) with

(ci − ε)φ1,i ≤ Φi ≤ ui ≤ ri in Ω.

In particular, ri − 2ε ≤ ‖ui‖∞ ≤ ri. Replacing 2ε by 2ε
m , m ∈ N, we obtain

an increasing sequence (µ0,m) of positive numbers with µ0,1 = µ0 such that
(I) has a positive solution um = (um,1, . . . , um,n) with

ri − 2ε

m
≤ ‖um,i‖∞ ≤ ri

for all i when min1≤i≤n µi > µ0,m. Define u = um if µ0,m < min1≤i≤n µi ≤
µ0,m+1. Then clearly ‖ui‖∞ → ri as min1≤i≤n µi →∞.

Suppose next that lim‖u‖→0
fi(u1,...,un)
‖u‖pi−1 = 0 for all i. Define

f̄i(u1, . . . , un) = fi(ū1, . . . , ūn), where ūj = min(u+
j , rj), u+

j = max(uj , 0),
j = 1, . . . , n. Let ε > 0 and Φ0 = (−ε, . . . ,−ε), Ψ0 = (εψ1, . . . , εψn),
Ψ1 = (2r1, . . . , 2rn). Then, if ε is sufficiently small, Φ0 ¿ Ψ0 ¿ Φ ¿ Ψ1 in
Ω. We shall verify that {Φ0,Ψ0} forms a system of sub-supersolutions for
the system

{−∆piui = µiai(x)f̄i(u1, . . . , un) in Ω, i = 1, . . . , n,

ui = 0 on ∂Ω
(I*)

if ε is sufficiently small. Choose δ > 0 so that µiδ(max1≤j≤n ‖ψj‖∞)pi−1 <

(1/2)pi−1 for all i. Since lim‖u‖→0
fi(u1,...,un)
‖u‖pi−1 = 0 for all i, there exists

ε0 > 0 such that

fi(z1, . . . , zn) ≤ δ‖z‖pi−1 for all i (3.1)
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whenever ‖z‖ < ε0, z = (z1, . . . , zn) ∈ Rn
+. Let ε > 0 be small enough

so that ε max1≤j≤n ‖ψj‖∞ < min1≤j≤n(ε0, rj). Let ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0,
vi = εψi, vk ∈ [−ε, εψk] for k 6= i. Then we have

µi

∫

Ω

ai(x)f̄i(v1, . . . , vn)ξdx = µi

∫

Ω

ai(x)fi(v̄1, . . . , v̄n)ξdx

≤ µiδ‖v̄‖pi−1

∫

Ω

ai(x)ξdx ≤ µiδ
(
ε max

1≤j≤n
‖ψj‖∞

)pi−1
∫

Ω

ai(x)ξdx

≤ εpi−1

∫

Ω

ai(x)ξdx =
∫

Ω

|∇(εψi)|pi−2∇(εψi).∇ξdx.

On the other hand, if wi = −ε, wk ∈ [−ε, εψk] for k 6= i, we have

µi

∫

Ω

ai(x)f̄i(w1, . . . , wn)ξdx ≥ 0 =
∫

Ω

|∇wi|pi−2∇wi.∇ξdx.

Thus {Φ0,Ψ0} is a system of sub-supersolutions of (I*). Similarly, it can be
verified that {Φ,Ψ1}, {Φ0,Ψ1} are systems of sub-supersolutions of (I*).

It follows from the maximum principle that if u is a solution of (I*) then
0 ≤ ui ≤ ri in Ω, and hence u is a nonnegative solution of (I) with Φ0 ¿
u ¿ Ψ1. We shall show next that any solution of (I*) with Φ0 ≤ u ≤ Ψ0 in
Ω satisfies Φ0 ¿ u ¿ Ψ0. Clearly Φ0 ¿ u since u ≥ 0. Let u be a solution
of (I*) with Φ0 ≤ u ≤ Ψ0 in Ω. By (3.1),

−∆pi
ui = µiai(x)f̄i(u1, . . . , un) ≤ µiai(x)δ‖ū‖pi−1

≤ µiδ
(
ε max

1≤j≤n
‖ψj‖∞

)pi−1

ai(x),

which implies

ui ≤ (µiδ)
1

pi−1

(
max

1≤j≤n
‖ψj‖∞

)
εψi ≤ (1/2)εψi in Ω,

i.e., u ¿ Ψ0.Using the strong comparison principle [6], [7], we have ΦD ¿
ΦD1 if D̄ ⊂ D1, and therefore can assume that there exists a solution u of
(I*) with Φ ¿ u ¿ Ψ1.

Define Si = {ui ∈ C(Ω̄) : ∃c > 0 such that |ui| ≤ cφ1,i in Ω}. Then Si



On positive solutions for p-Laplacian systems 77

is a Banach space with norm ‖ui‖φ1,i
= inf{c > 0 : |ui| ≤ cφ1,i in Ω}. Let

S =
∏n

i=1 Si and define the following open sets in S:

O = {u ∈ S : Φ0 ¿ u ¿ Ψ1},
O1 = {u ∈ S : Φ0 ¿ u ¿ Ψ0},
O2 = {u ∈ S : Φ ¿ u ¿ Ψ1}.

If every solution v of (I*) with Φ ≤ v ≤ Ψ1 in Ω satisfies v ∈ O2 then it
follows from Amann’s three-solution Theorem (see [1], [8] or Appendix) that
(I*) has a solution u1 ∈ O\(Ō1 ∪ Ō2). In particular, u1 6= 0, u1 6= u. On
the other hand, if there exists a solution v of (I*) with Φ ≤ v ≤ Ψ1 in Ω but
v /∈ O2 then v is a second positive solution of (I). This completes the proof
of Theorem 1.1.

Proof of Theorem 1.2. Let k ≥ 0 be given by (A.4). By Lemma 2.1, there
exists a solution vi ∈ C1,α(Ω̄) of

−∆pivi =
ai(x)
dγ(x)

in Ω, vi = 0 on ∂Ω,

where d(x) denotes the distance from x to ∂Ω. Let c0, c1 > 0 be such that
c0d(x) ≤ vi(x) ≤ c1d(x) for all i and x ∈ Ω, and φi be the solution of

−∆pi
φi =





ai(x)
dγ(x) in Di

−mai(x)
dγ(x) in Ω\D̄i

, φi = 0 on ∂Ω,

where Di =
{
x ∈ Ω : d(x) > 4A

c0µ
βi/(pi−1)
i

}
, βi =

(
1 + γ

pi−1

)−1, and m =

k
(

4A
c0

)γ . Then φi ≤ vi in Ω by the comparison principle. Since

µiai(x)fi(u1, . . . , un) = µ̃iai(x)Fi(u1, . . . , un),

where µ̃i = µiL
2cγ

1
, Fi(u1, . . . , un) = 2cγ

1
L fi(u1, . . . , un), we can assume that

L > cγ
1 .

By Lemma 2.2, |φi − vi|C1 → 0 as µi → ∞. Since vi > 0 in Ω with
∂vi

∂n < 0 on ∂Ω, there exists µ0 > 0 such that
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φi ≥ 1
2
vi in Ω

for all i provided that min1≤i≤n µi > µ0, which we shall assume for the rest
of the proof.

Define f̃i(z1, . . . , zn) = sup0≤xi≤zi
fi(x1, . . . , xn). By (A.5),

lim
‖u‖→∞

f̃i(u1, . . . , un)
‖u‖pi−1

= 0

for all i, and hence there exists M > 0 such that

f̃i(M, . . . ,M)
Mpi−1

<
‖ψi‖1−pi∞ µ−1

i

2pi−1

for all i. Let Φi = µ
βi

pi−1

i φi, Ψi = Miψi, where Mi = M‖ψi‖−1
∞ for all i.

Then Φ ¿ Ψ if M is large enough. We claim that Φ = (Φ1, . . . ,Φn) and
Ψ = (Ψ1, . . . ,Ψn) form a system of sub-supersolutions for (I). Indeed, for
ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0, we have

∫

Ω

|∇Φi|pi−2∇Φi.∇ξdx = µβi

i

∫

Ω

(−∆pi
φi)ξdx

= µβi

i

∫

Di

ai(x)
dγ(x)

ξdx− µβi

i m

∫

Ω\D̄i

ai(x)
dγ(x)

ξdx.

(3.2)

In Di, we have

µ
βi

pi−1

i φi ≥ µ
βi

pi−1

i vi

2
≥ µ

βi
pi−1

i c0d(x)
2

> 2A,

and hence it follows from (A.4) that

fi(Φ̃) ≥ L

µ
βiγ

pi−1

i φγ
i

≥ L

µ
βiγ

pi−1

i vγ
i

≥ L

µ
βiγ

pi−1

i cγ
1dγ(x)

in Di,

where Φ̃i = Φi, Φ̃k ≥ Φk for k 6= i. This implies
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µi

∫

Di

ai(x)fi(Φ̃)ξdx ≥ µ
1− βiγ

pi−1

i L

cγ
1

∫

Di

ai(x)ξ
dγ(x)

dx

=
µβi

i L

cγ
1

∫

Di

ai(x)ξ
dγ(x)

dx ≥ µβi

i

∫

Di

ai(x)
dγ(x)

ξdx. (3.3)

In Ω\D̄i, we have

µβi

i m

dγ(x)
≥ mcγ

0

(4A)γ
µ

βi+
βiγ

pi−1

i =
mcγ

0µi

(4A)γ
= kµi,

which implies

−µβi

i m

∫

Ω\D̄i

ai(x)
dγ(x)

ξdx ≤ −µik

∫

Ω\D̄i

ai(x)ξdx ≤ µi

∫

Ω\D̄i

ai(x)fi(Φ̃)ξdx.

(3.4)

Combining (3.2)–(3.4), we obtain

∫

Ω

|∇Φi|pi−2∇Φi.∇ξdx ≤ µi

∫

Ω

ai(x)fi(Φ̃)ξdx,

i.e., Φ satisfies (2.1). Next,

∫

Ω

|∇Ψi|pi−2∇Ψi.∇ξdx = Mpi−1
i

∫

Ω

(−∆piψi)ξdx

= Mpi−1‖ψi‖1−pi∞

∫

Ω

ai(x)ξdx ≥ µif̃i(M, . . . ,M)
∫

Ω

ai(x)ξdx

≥ µi

∫

Ω

ai(x)f̃i(Ψ̃)ξdx ≥ µi

∫

Ω

ai(x)fi(Ψ̃)ξdx,

where Ψ̃i = Ψi and 0 ≤ Ψ̃k ≤ Ψk for k 6= i. Thus {Φ,Ψ} forms a system
of sub-supersolutions of (I), as claimed. Hence (I) has a solution u with
Φ ≤ u ≤ Ψ in Ω. Clearly, ‖ui‖∞ →∞ as min1≤i≤n µi →∞. We claim that
any solution u of (I) with 0 ≤ u ≤ Ψ in Ω satisfies u ¿ Ψ. Indeed, let u be a
solution of (I) with 0 ≤ u ≤ Ψ in Ω. Then we have 0 ≤ ui ≤ Mi‖ψi‖∞ = M

for all i. Hence
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−∆pi
ui = µiai(x)fi(u1, . . . , un) ≤ µiai(x)f̃i(u1, . . . , un)

≤ µiai(x)f̃i(M, . . . ,M) ≤ ‖ψi‖1−pi∞
2pi−1

Mpi−1ai(x) in Ω,

which implies

ui ≤ (1/2)Miψi in Ω for all i.

Thus u ¿ Ψ, as claimed. Next, suppose that fi ≥ 0 and lim‖u‖→0
fi(u1,...,un)
‖u‖pi−1

= 0 for all i. Let ε > 0, Φ0 = (−ε, . . . ,−ε), Ψ0 = (εψ1, . . . , εψn). Then, if
ε is sufficiently small, Φ0 ¿ Ψ0 ¿ Φ ¿ Ψ. As in the proof of Theorem 1.1,
we deduce that {Φ0,Ψ0} is a system of sub-supersolutions for the system

−∆pi
ui = µiai(x)fi

(
u+

1 , . . . , u+
n

)
in Ω, ui = 0 on ∂Ω, i = 1, . . . , n, (I’)

and any solution u of (I’) with Φ0 ≤ u ≤ Ψ0 in Ω satisfies Φ0 ¿ u ¿ Ψ0.
By modifying the proof for {Φ,Ψ}, we see that {Φ0,Ψ} is also a system of
sub-supersolutions of (I’) and any solution u of (I’) with Φ0 ≤ u ≤ Ψ in
Ω satisfies Φ0 ¿ u ¿ Ψ. Also, by replacing A by A/2 in the above proof
and using the strong comparison principle, we can assume that there exists
a solution u of (I’) with Φ ¿ u ¿ Ψ. Hence we obtain, as in the proof
of Theorem 1.1, a second nontrivial nonnegative solution u1 of (I). This
completes the proof of Theorem 1.2.

Proof of Theorem 1.3. Let u be a nonnegative solution of (I). Then

−∆pi
ui ≤ µiCai(x)‖u‖pi−1

∞

for all i, and the comparison principle implies

ui ≤ (µiC)
1

pi−1 ‖u‖∞ψi ≤ (µiC)
1

p−1 ‖u‖∞‖ψi‖∞ in Ω

for all i, where p = min1≤i≤n pi. Hence,

‖u‖∞ ≤ (µC)
1

p−1 max
1≤i≤n

‖ψi‖∞‖u‖∞,

where µ = max1≤i≤n µi. Thus, if (µC)
1

p−1 max1≤i≤n ‖ψi‖∞ < 1 then u = 0,
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which completes the proof.

Appendix

Consider the system

{−∆pi
ui = gi(u1, . . . , un) in Ω,

ui = 0 on ∂Ω, i = 1, . . . , n,
(II)

where Ω is a bounded domain in Rn with smooth boundary ∂Ω, pi > 1, and
gi : Rn → R are continuous, i = 1, . . . , n.

For each i, let λ1,i be the first eigenvalue of

−∆pi
u = λai(x)|u|pi−2u in Ω,

u = 0 on ∂Ω,

and let φ1,i be the corresponding positive eigenfunction with ‖φ1,i‖∞ = 1.
For u = (u1, . . . , un), v = (v1, . . . , vn) ∈ C(Ω̄)n, we say that u ¿ v if

there exists ε > 0 such that ui + εφ1,i ≤ vi in Ω for all i.
Define Si = {ui ∈ C(Ω̄) : ∃c > 0 such that |ui| ≤ cφ1,i in Ω}. Then Si

is a Banach space with norm ‖ui‖φ1,i
= inf{c > 0 : |ui| ≤ cφ1,i in Ω}. Let

S =
∏n

i=1 Si with norm ‖u‖S = max1≤i≤n ‖ui‖φ1,i
and BR denote the open

ball centered at 0 with radius R in S.
For each v = (v1, . . . , vn) ∈ C(Ω̄)n, let u = (u1, . . . , un) = Tv be the

solution of the system

−∆piui = gi(v1, . . . , vn) in Ω, ui = 0 on ∂Ω, i = 1, . . . , n.

Theorem A i) Let {Φ̂, Ψ̂} be a system of sub-supersolutions for (II). Then
(II) has a solution u with Φ̂ ≤ u ≤ Ψ̂ in Ω. If, in addition, Φ̂ ¿ Ψ̂ and
every solution v of (II) with Φ̂ ≤ v ≤ Ψ̂ in Ω satisfies Φ̂ ¿ v ¿ Ψ̂ then
there exists R > 0 such that

deg(I − T, BR ∩ A, 0) = 1,

where A = {u ∈ S : Φ̂ ¿ u ¿ Ψ̂}.
ii) Let {Φ̂0, Ψ̂0}, {Φ̂, Ψ̂}, {Φ̂0, Ψ̂} be systems of sub-supersolutions for

(II). Suppose Φ̂0 ¿ Ψ̂0 ¿ Φ̂ ¿ Ψ̂ and every solution u of (II) with Φ̂0 ≤
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u ≤ Ψ̂0 (resp. Φ̂ ≤ u ≤ Ψ̂, Φ̂0 ≤ u ≤ Ψ̂) in Ω satisfies Φ̂0 ¿ u ¿ Ψ̂0 (resp.
Φ̂ ¿ u ¿ Ψ̂, Φ̂0 ¿ u ¿ Ψ̂). Then (I) has at least three solutions u1, u2, u3

with u1 ∈ A0, u2 ∈ A1, u3 ∈ A2\(Ā0 ∪ Ā1), where

A0 =
{
u ∈ S : Φ̂0 ¿ u ¿ Ψ̂0

}
, A1 =

{
u ∈ S : Φ̂ ¿ u ¿ Ψ̂

}

A2 =
{
u ∈ S : Φ̂0 ¿ u ¿ Ψ̂

}
.

Proof. i) Let Φ̂ = (φ1, . . . , φn), Ψ̂ = (ψ1, . . . , ψn). Define ĝi(u1, . . . , un) =
gi(û1, . . . , ûn), where ûi = min(max(ui, φi), ψi), i = 1, . . . , n. Consider the
system

−∆pi
ui = ĝi(u1, . . . , un) in Ω, ui = 0 on ∂Ω, i = 1, . . . , n. (II*)

For each v = (v1, . . . , vn) ∈ C(Ω̄)n, let u = (u1, . . . , un) = T̂ v be the solution
of

−∆piui = ĝi(v1, . . . , vn) in Ω, ui = 0 on ∂Ω, i = 1, . . . , n.

Then T̂ : S → S is a bounded compact operator and therefore there exists
R > 0 such that deg(I − T̂ , BR, 0) = 1.

Thus T̂ has a fixed point u in B(0, R). We shall show that Φ̂ ≤ u ≤ Ψ̂
in Ω. Let ξ = (φi−ui)+ and suppose ξ 6≡ 0. Then ξ ∈ W 1,pi

0 (Ω), ξ ≥ 0, and

∫

{x:ui(x)<φi(x)}
|∇ui|pi−2∇ui.∇ξdx =

∫

Ω

|∇ui|pi−2∇ui.∇ξdx

=
∫

Ω

ĝi(u1, . . . , un)ξdx =
∫

{x:ui(x)<φi(x)}
gi(ũ1, . . . , ũn)ξdx

≥
∫

{x:ui(x)<φi(x)}
|∇φi|pi−2∇φi.∇ξdx,

where ũi = φi, ũk ∈ [φk, ψk] for k 6= i. Hence

∫

{x:ui(x)<φi(x)}

(|∇ui|pi−2∇ui − |∇φi|pi−2∇φi

)
.∇(ui − φi)dx ≤ 0,

a contradiction. Thus ξ ≡ 0 i.e., ui ≥ φi in Ω. Similarly, we have ui ≤ ψi in
Ω. Thus u is a solution of (II) with Φ̂ ≤ u ≤ Ψ̂ in Ω. If Φ̂ ¿ Ψ̂ and every
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solution v of (II) with Φ̂ ≤ v ≤ Ψ̂ in Ω satisfies Φ̂ ¿ v ¿ Ψ̂ then we deduce
from the excision property of the degree that

1 = deg(I − T̂ , BR, 0) = deg(I − T̂ , BR ∩ A, 0) = deg(I − T, BR ∩ A, 0).

ii) By (i), there exists R > 0 such that

deg(I − T, BR ∩ Ak, 0) = 1, k = 0, 1, 2.

Consequently, (II) has solutions u1 ∈ A0, u2 ∈ A1. Since

deg(I − T,BR ∩ A2, 0) = deg(I − T, BR ∩ A0, 0) + deg(I − T,BR ∩ A1, 0)

+ deg
(
I − T, BR ∩ (A2\(Ā0 ∪ Ā1)

)
,

it follows that

deg
(
I − T,BR ∩ (A2\(Ā0 ∪ Ā1)

)
= −1,

and the existence of a third solution u3 ∈ A2\(Ā0 ∪ Ā1) follows.
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