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Remarks on the Levi conditions for differential systems

Giovanni TAGLIALATELA and Jean VAILLANT

(Received April 4, 2007; Revised October 24, 2007)

Abstract. In this paper we prove two results on the Levi conditions for weakly hyper-
bolic systems with characteristics of constant multiplicities.

A first result concerns scalar operators: we prove that Levi conditions defined by the
second author in [29] are equivalent to the usual Levi conditions for scalar operator.

A second result concerns systems whose principal symbol has a Jordan form made of
a large number of 2 X 2 blocks. For these systems we express the first Levi condition via
an invariant constructed from the sub-characteristic matrix. Moreover we show that this
condition is necessary for the C°° well-posedness.
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1. Notations and Hypothesis

Let Q be an open neighborhood of 0 in R"*!, z = (x¢, 2') = (z0, 71,
vy Tpn) € Q, we note D = (Dgy, D') = (Dy, D1, ..., D) with D; = 9/0x;,
and € = (€0, &) = (0, &1, -+, &n).

Let h(xz, D) = a(z, D) + b(x) be an N x N system of order M, with
analytic coefficients in x € €, a(x, £) is its principal part; we consider the
Cauchy problem for h:

h(a: D)u = f(x)
gj

Ddulog—sy = gj(#'), j=0,1,..., M —1.

We assume that h is hyperbolic with constant multiplicities, with respect
to (1,0, ..., 0), that is, we assume that there exist irreducible polynomials
H., 7=1, ..., 19, homogeneous of degree s, in &, with analytic coefficients
in x such that

deta(w;€) = H" (23€) - Hry " (23), (1)
where myq, ..., m,, € N do not depend on (z, £) €  x R*"! and the poly-
nomial Hj --- H,, is strictly hyperbolic with respect to (1,0, ..., 0). We

recall that, thanks to Matsuura [17], the decomposition in (1) is equivalent
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to say that the roots in &y of the equation det a(z; &) = 0, are real and their
multiplicity is constant, that is, we have:
T
deta(z; &) = [ [ (60 — Ay (@: €)™, (2)
j=1
where the A(;) are real functions with \(;y(z; &) # Ay (2;¢'), for j # k, and
the m;y are constant on 2 x R".

To simplify the presentation, in the following we assume that there is
only one multiple factor H, of degree s and multiplicity m, and a simple
factor K, of degree x, but the general case can be treated in a similar way.

We recall the classification of systems introduced by Vaillant [24].

Let P be the set of homogeneous polynomials of degree v in &,
with analytic coefficients in z, and let P = ®,enP® be the ring of of
the polynomials in £, with analytic coefficients in z, and let P be the
localized ring of P with respect to (H), the prime ideal defined by H. P
is a principal ring, and in P a(x; ) is equivalent to a diagonal matrix [2,
§4, no. 6, Prop. 5 and Cor. 1], [24]. More precisely there exist two matrices
P(z;€) and Q(z; &) with entries in Pz, with det P and det @ invertible in
P(xy and such that:

HP 0 ... 0
0 H«
: 0 .
a(z;§) = P(z;§) : H Ll Q:E),  (3)
1
0 0 1
where the integers p = qo, q1, ..., q¢ are such that p > ¢ > --- > q, > 0,
and p+q1 +---+q =m.
We call the sequence (HP, H®, ..., H% 1, ..., 1) the type of the sys-
tem h with respect to the multiple factor H.
The sequence p, qi, ..., q¢ has the following property: H9+ T4 is the
biggest common divisor of the cofactors of a, H% %4 is the biggest com-
mon divisor of the cofactors of order M — 2 of a, .. .; there exists a cofactor

of order M — ¢ — 1 not divisible by H [2, §4, no. 6, Prop. 6].
Let T' be an open conic set of Q x R"*! we say that the generalized
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rank of h is constant on I', if det P and det @) in (3) never vanish in I'.

If h is of type (HP, H®, ..., H% 1, ..., 1), and the generalized rank
is constant on I', we can reduce a, uniformly on the compacts of I', to
its Jordan form, and the sequence (p, q1, ..., q¢) gives the dimensions of

the Jordan blocks related to the characteristic roots of H. More precisely, if
A@1)s -+ -5 A(s) are the zeroes in &g of H(2;&o, £') = 0 and if X(511), -+ -5 A1y
are the zeroes in & of K(x;&, &) =0, so that

S

det a(r;§) = H(&) — Ayl €n)™ H(fo — Mot (@),
j=1

j=1
then there exists a matrix Ag(z, &) with analytic coefficients, homogeneous
of degree 0 in £ such that

s+x
AalaA() = ® agjy,
j=1
where a(;y = (& — )\(j)(ac;g’))lm +J,ifj = 1,...,5 and a¢) = & —
Agy(@; &), ifj=s+1,..., s+ x.
Here I, is the identity matrix of order m, J = ®f;:0 Jg. and the Jg,
are the Jordan nilpotents blocks gr X gi:

01 0 ... 0

0 1 0

Jg = 0 0
: o1

0 ... 0 0

On can define the type in a different way.

Let z € Q be fixed, we consider the ring of polynomials in &, and we
construct the type of Jordan as previously.

The type defined in this way depends on Z, and if we order the set of
the m-ples (p, q1, ..., q¢, 0, ..., 0), by the lexicographic order, thanks to
the analitycity of the coefficients, the maximal value is obtained on an open
dense set, and this type coincide with the type defined previously.

This second method can be applied also to systems with non analytic
coefficients. The systems with constant maximal rank correspond to the
systems with maximal type and constant generalized rank. This allows us
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to define in the same way the conditions L(q) for the systems with maximal
type (analytic coefficients and variable generalized rank or C*° coefficients
and constant generalized rank).

We remark that if p=1, ¢ =m —1, g1 = --- = q¢ = 1) the system is
diagonalizable and strongly hyperbolic: the Cauchy Problem is well-posed
in C* [26] and in all Gevrey spaces [12].

2. Definition and properties of the conditions L(q)

Let A be the cofactor matrix of a, so that aA = Aa = H™KIy. Since A
is divisible by H™~P [2, §4, no. 6, Prop. 6], we set A = (1/H™ P)A; A(x;§)
is a matrix whose entries are polynomials in & with analytic coefficients in
x, of degree ps + x — M.

Notations For a scalar or matrix-valued differential or classical pseudo-
differential operator A’(x; D), of order < v, we denote by A = o, (A’) the
homogeneous symbol of order v, which is equal to the principal part of A’,
if it is of order v, and 0 if not. Note that o, is an additive function.

Conversely, if A(z;€) € My (P®), where My (P®™) is the set of the
N x N matrix, whose entries belong to P*), we denote A’(z; D), any dif-
ferential operator of order < v such that o, (A") = A. If A(z;€) is scalar,
we associate to A a matrix operator A’'(z; D), such that o, (A") = Aly.

For example, H' is an N x N operator of order s such that os(H') =
HIy, K'is an N x N operator of order x such that o, (K') = KIy, A" is
an N x N operator of order ps + x — M such that 0,4\ —n(A") = A.

Let g = (91,92, - .-, ), with 1 <k <m —1and 1 < g; < p. We set:

o =ps+x—1

k
ukzuo—i-k(x—l)—i-quj, for 1 <k <k.
j=1

We construct the conditions L(q) as the conditions L introduced in [29)].
Anyway, here the sequence q1, g2, - .., g« is not necessarily the sequence of
the invariant factors.

Let A, H', K’ be matricial operators with principal symbols A, HI
and K1, the operator

St :=hA — H"K'
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is of order pg, since the operator hA" and H'’ K’ have the same principal
symbol.

We say that h verifies the condition Li(q) if there exists differential
operators A’, H', K’  such that

Aoy, (S1) is divisible by HP~%,

We remark that the condition Lj(q) is equivalent to the following: there
exists a symbol Aj(x; &) homogeneous of order 3 — M + 1 in £ such that:

Aoy (S1) = HP ™ Ay

If Ly (q) is satisfied, we multiply on the left by a the previous identity,
and we get:

0 (S HYEK = aly,

which implies that the operators S} H'" K’ and hA have the same principal
symbol; hence the operator

Sh = hA) — SH'" K’

is of order p;.
We say that h verifies the condition La(q) if there exists a differential
operator A}, whose principal symbol is Ay, such that

Aoy, (S%) is divisible by HP~%2,

As before, Ly(q) is verified if and only if there exists a symbol Ag(x;&)
homogeneous of order po — M + 1 in £, such that

Aoy, (83) = HP™® Ay,
and, if Lo(q) is verified, we have:

0, (S9)HPK = al,
that is: the operator

Sh = hAy — S| H'P K’

is of order po.
We proceed by induction. Assume that h verifies the conditions Li(q),
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..., Lg(q): there exists differential operators A’, H', K', A}, ..., Aj_4,
whose principal symbols are A, H, K, Ay, ..., Ap_1, (Aj(z;€) is homoge-
neous of order p; —M +1 in £) and a symbol Ag(z; &) homogeneous of order
pr — M + 1 in £, such that

'AO-UI@—I(S]/C) = HP" %Ay,
where the S;- and the Ay are defined by:

1:==hA"'— H"K'
Spp1:=hA, — SLH'YK', k> 1,

hence:
k—1
SI,chl _ Z(_l)shA%,sH/qk_s-HK, . HICIkK/
s=0
+(-1)*RAH'MK' - H'* K +(—1)"" ' HPK'H'"K' ... H* K’

The condition Lyy1(q) is: there exists a matrix operator A} and a
symbol Ag1(z;&) homogeneous of order pgy; — M + 1 in &, such that

A0y (1) = HP 7T Aoy
The last condition is the condition L(q):
Ao, (S) is divisible by HP=

We resume the properties of the conditions L(q) in the following Propo-
sition:

Proposition 2.1

(1) The conditions L(q) are invariantly defined.

(ii) The conditions L(q) do not depend on the choice of the operators H',
K', A AN, o AL

(iii) We can express the conditions L(q) as differential relations between
the coefficients of h (indeed thanks to the previous property, we can
choose H = INH (z; D), K' = INK (2; D), A" = A(x; D)).

(iv) Let A(xz; D') be an elliptic classical pseudo-differential operator of or-
der 0, if h verifies the conditions L(q)~, the transformed operator b=

ATLhA werifies the same conditions L(q).
(v) If h verifies the conditions L(q), its formal adjoint verifies L(q) too.
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Proposition 2.1 has been proved in the case p = m in [28, Chap. II].
The proof in the general case, which is essentially the same, will appear in
a forthcoming paper.

We note that we can consider any sequence q with 1 < q; < p. Anyway,
only a finite number of conditions L(q) are independent. For instance, for
scalar operators the condition L(q), with q = (q1, ..., qx) and q1 + -+ +
qx > m is a consequence of the condition L(q') with ¢’ = (qq1, ..., qx—1)
(see below). The conditions L(q) define a germ of Noetherian analytic set
in x.

3. Results

The conditions L(q) have been introduced to study the Cauchy Problem
in C*° and in Gevrey spaces.

In general, if h is of type (HP, H%, ..., H%), there exists a x such
that the conditions L(q) with q = (q1, ..., g, 1, ..., 1) are necessary for
the Cauchy Problem to be well-posed in C* and moreover they are sufficient
if the coefficients of h are analytic or the generalized rank of A is constant.

For example if h is of type (H™) (maximal generalized rank: p = m
and ¢ = 0) we get the above result with ¢ = (1,...,1) and K = m — 1
[28]. Analogously, if h is of type (H?, H, ..., H) (thatis¢q1 =---=q =1
and £ = m — p) we get the same result with the same q [21]. In [23], it is
considered the cases of multiplicity < 5 and, in particular, it is proved the
above result with ¢ = (2, 1, 1, 1, 1, 1) (that is x = 6) if h is of type (H3, H?)
and q=(2,1,1,1,1,1, 1, 1) (that is k = 8) if h is of type (H?, H?, H).

Considering general g, we get the conditions for the well-posedness in
Gevrey spaces. For the precise statements see [31] for the cases of multi-
plicity <5 and [22] if h is of type (H™) or (H?, H, ..., H).

In this paper we prove two results regarding two different cases.

A first result concerns scalar operators:

Theorem 1 If h is a scalar operator verifying L(q), the Cauchy Problem
for h is well-posed in all Gevrey spaces ¥* with 1 < d < dy, where:

q1 q1 + gz
qi— 1" g1 +g2—2
QL+ a2+ + e m
Tt gt ge—k m—k—1

do := min<

). (4)
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Moreover, if q = (1, ..., 1), with Kk = m — 1, the Cauchy Problem is
well-posed in all the Gevrey spaces and in C*.

To prove Theorem 1 we will show in Section §4 that the conditions L(q)
for h are equivalent to the fact that A have a decomposition with respect to
H of type:

h=KH"™ +L,H" + - +1L,H" 4+ -+ ,H", (5)

with v, =m—q —q2 —---—¢qp, for r =1, ..., k and [,H'"" is of order
< M —r or zero.

In particular, h has a good decomposition in the sense of De Paris [5],
if and only if h verifies the conditions L(q), with ¢ = (1, ..., 1), and k =
m— 1.

Theorem 1 follows from the results of [5, 3, 6].

A second result is about first order systems of the type

(H?, H?, ..., H? H,..., H). (6)

r times

Such operators are the hardest to deal with, due to the large number
of Jordan nilpotent blocks appearing in the principal symbol.

For this kind of systems we study the first conditions L(q) which is
necessary for the well-posedness in C*°. This condition is obtained with:

q=1(2,2,...,2,1), k=r. (7)
~—_———
r — 1 times

In particular the first order systems of type (H?) (systems with double
characteristic and maximal rank) has been extensively studied [4, 8, 14, 25,
32]. In this case the conditions L(q) are reduced to the condition:

L1(q): Aoy, (h A — H?K') s divisible by H.

For this kind of systems we prove that conditions L;(q) is equivalent to
the usual condition on the sub-principal symbol. More precisely:

Proposition 3.1 If h is of type (H?), then condition L1(q) is equivalent
to each of the following conditions:

1
A[SA +3{a, A}] is divisible by H, (8)
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{AS + %{A, a}]A is divisible by H, 9)

where S is the sub-characteristic matrix:
1 n
S:=b— iz%axja, (10)
j=1

and { -, -} is the Poisson bracket.
More generally, we have:

Theorem 2 If h is of type (6) and q is as in (7), then the conditions
Li(q), .-, Ly—1(q) are always satisfied and the condition L,.(q) is equivalent
to each of the following conditions:

.A[SA + %{a, A}}r is divisible by H, (11)
{AS + %{A, a}y.A is divisible by H, (12)

where S is the sub-characteristic matriz in (10).
Moreover, the condition L,(q) is necessary for the Cauchy Problem to
be well-posed in C*°.

The proof is standard: we reduce the operator to a simple microlocal
form and then we construct an asymptotic solution which violates the a-
priori inequality which is a consequence of the well-posedness. We give the
essential part of the calculations in a simple case in paragraph §5, but the
general case can be considered in a similar way.

Remark 3.2 By using the method of Ivrii-Komatsu one can prove that
the condition L,(q) is necessary for the well-posedness in %, with s > 2,
but we will not develop the calculations here.

4. Scalar operators

We recall that if h is a differential operator of order M with analytic
coefficients, H a irreducible factor of the principal symbol of A, with multi-
plicity m, De Paris showed that h admits a decomposition with respect to
H [5, Prop. 1]:

M
h=> 1LH",
r=0
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where v, € NU {400} and the operators [, are with analytic coefficients,
whose principal symbol is not divisible by H, and moreover [,H'"" is of
order M — r or zero (we will set v, = +oo and I, H'"™ = 0 if [, = 0).

There exists several way to decompose h with respect to H, and the v,
depend on choice of the operator H' with principal symbol H; only vy = m
is an invariant.

We set:
() i= max ().
o(H) .
o) = ) o(H) =1 ifo(H) > 1
“+00 ifo(H)=1.

Remark 4.1 Note that o(H) < m and consequently a(H) > m/(m — 1).
Remark 4.2 Let

O(r) := mi
(r) Orgnplgr(vp + ),
0 is defined on {0, 1, ..., m}, it is not increasing and it depends only on h
and H [6, Prop. 1.1]; moreover:

o(H) =1+ max (LH(T))

1<r<m T
Hence o(H) and «(H) depend only on h and H.

We recall that an operator h has a good decomposition with respect to
H if o(H) = 1, or, equivalently if a(H) = +oo or §(H) = m. Moreover, h
has a good decomposition if h has a good decomposition with respect to all
its invariant factors.

The condition of good decomposition does not depend on the choice of
H' with symbol H.

Let ¥¢ be the set of the pseudo-differential operator of order ¢ and,
for fixed H, let 4™ be the set of the operators in ¥ which have a good
decomposition with respect to H with vy > m.

Lemma 4.3 Let A’ € U and B' € UP, then A'H'’B' € vothr,
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Proof. Tt’s enough to show that if B’ € ¥#, we have the following decom-
position:
P! ! r7/P / —1 / /
H"B =B H"+R,|H +--+R,, H+R,, (13)

with R, € WA= for j=1, ..., p.
If p =1, we have:
H/B/ :B/Hl+ [H'/7 B/],

and [H', B'] € ¥F+s—1,
We proceed by induction: we assume that (13) holds true for p and we
prove it for p + 1. We have:

H/p-HB/ _ H/(H/pB/)
=H'B'H” + H'R,,H" ' +.--+ H'R, , H+H'R,,
_ B/H/p+1 + [H’, B’]H’p—i-R;’lH/p—i- [H’, ;’ﬂH/p—l
+--+R, H +[H R,

and choosing R, ; = R ;+[H', R, ;_,], we get the wished decomposition

(we set R;z,o =B, R;’pﬂ =0, for any p et R;?,j =0, for any p and j < 0).
U

Lemma 4.4 Let A’ € ¥ and B' € VP, then [A'H'", B, [HPA',B'] €
\I/onrﬂfl,pfl'

The proof follows from Lemma 4.3.

Proposition 4.5 If h is a scalar operator satisfying L(q), then a(H) =
do, where dy is defined in (4).

Remark 4.6 If N =1, then p=m and we have yp = M — 1 and

k
,uk:M—l—i-k(X—l)—i—quj, for 1 <k < k.

j=1
Proof. Assume at first that the sequence q = (qu, ..., q,) verifies the con-
dition
Qg tattae<at o+ djg (14)

for any j, k such that j + k < k.
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In particular, if (14) is verified, we have q; < q;, for any j =2, ..., k.
We show that if h verifies L(q), then h has a decomposition with respect
to Hwithv, >M—q1—q2— -+ — qr.
Since A = A = 1, the conditions L(q) are
Li(q): S1:=h—-H"K' 00 (S}) = H™ WA,
Ly(q): S5 := hA} — STH'M K’ oy (Sy) = H™ %Ay,

Li(@): 8= Wy~ S VK 0, (8)) = HPA,

Le(q): S = hA_y = S, H'" "K' 0y, ,(S)) = H" ™A,

We show by induction that the conditions Li(q), ..., L;(q) are equiva-
lent to the conditions

Ly(q) : Sy = A H™ " + Ry 1™ T®

+"'+R€l’j,1H/m_ql_ —q; +T{,J7

ng—k+1(q) : Sllg = A;Hlm_qk + R;€71Hlm_qk_qk+1

/ Im—Qg—-—0q; /
ot Ry H + Ty k15

L]'D—1,2(CI) S = ;'—1H/m_qj_1 + R;—l,lHlm_qj_l_qj + T} 40,
LP(a): Sj=ANH™ Y +7T7,,
for some R, 5 with R[, ;H'™" %77 9et8 g Wha—1=0 and T}, 5 € Whe—1=F,

The conditions L;(q) and L]]‘:,)1 (q) are clearly equivalent, hence we assume

the equivalence between Li(q), ..., L;j(q) and Lffj(q), e Lfl(q) and we
prove the equivalence of L;j11(q) and ij+1(q), cee Lf+171(q).

Let us show that the condition L]j-:)_l_l’l(q) is equivalent to the condition
LjD’Q(q). We have:

f=hA - STH'V K
= (H"™K'+S)N; — (A;H'™ Y +T; ) HY K’
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=(H"K' +NH™ " + Ty )N, — (MH™ Y 4T ) HY K
=[H"K', Nj]+ N\ H™ "\, + T N, - T JHY K.
Now, thanks to Lemmas 4.3 and 4.4:
[H'™K', Aj) € W=t A H™T TN € gramman
and moreover 7] | A}, € Wk ~1, hence the condition L;41(q) is equivalent to:
o, (T H'Y K') is divisible by H™%+1,
that is:
o, 1—1(Tj4) is divisible by H™~%~%+1,
which is equivalent to:
= ;’IH/m*qrqu + T,
and hence:
LEo(q): S5 = AGH™ ™Y 4 R H™ 9700 T,
Let us show that the condition L]%(q) is equivalent to the condition
L?_m(q). We have:
Si=hA; -8, \HY K
= (K N R T T A
—( ;,1H’m_qj’1 + 3971,1H/m_qj71_qj + T]{71,2)quj71K/
=[H™K', ;‘—1] + (AllH/miqlA;‘—l - ;‘—1,1H/m7qu/)
+ (R H™ RN =T o H'VK) 4+ T oAy,
and, using Lemmas 4.3 and 4.4:
[H'™K', A ] € Grs—1mT
MH™ N g,
R H™ YK e whi-1m=,
Ry H™ TN, e g mbmm A,

T[N, € Whi—12,
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If we compare with LjD’Q(q), we see:
;1 —1(Tj_ o H'P 7 K') is divisible by H™~%~%+1,
that is:
Op; 5—2(Tj_1 o) is divisible by H™%-17% %+,
which is equivalent to:

/ . > /Mm—q;—1—9q;5;—q5+1 /
T 10=Rj_1H + 715 43,

hence:

D ol Al m—q;_1 / /m—gj_1—aq;

Lilys(a): Sjo =A;H V7 + R H VT
/ M= —1—0q; —q;+1 /

+ R]71’2H + 7}7173.

We prove in a similar way that the condition LkD 1k H(q) is equivalent

to the condition Lij_k+2(q). Indeed we have:

Shp1=hA}, — S H'* K’

j—k
— (H/mK/ + AllH/m—ql + ZRll,EH/m_ql_”'_qu + T].,j—k‘-‘rl)A?c
=1
Jj—k
_ (AzHlm*% + Z R;MH/mf%*qu*“-*qk+z+1 + Tk,j—k-;-l)H/qu/
=1
=[H"K', A+ (M H™ A} — Ry H'™ T K')
j—k—1
+ Z ( llnglm—ql—"'—CIZJflA% _ R;MH,m_qu_m_quHK’)
=1

+ (Ry ™Y TNL — T e HYK') 4+ Ty A
Using Lemmas 4.3 and 4.4: we have
[H'™K', A}] € Grem=t o N E'™T VAL € gHemea

Ry (H'™ WK g ghem =i

Rll ZH/m—ql—”'—quA;C = \I,Mk—&m—ql—"'—q“l’

R;c EH/mf%H*-"*%HHK/ c \ijk—f,m—qkﬂ_..._quH
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/17]._}615;”%*(11*---*Cljf/cﬂA;c c \I,uk—(j—k),m—ql—m—qj_k+17

T ni1Ay € Phk—(—k+1)
hence, if we compare the last identity with LkD+17j_k+1(q), we see that:

Oty (T gy H'K') s divisible by H™ k10— +1,
that is:

O-kalf(]'*kJrl)(T/g,j—k—f—l) is divisible by H™ %k~~~ dj+1,
which is equivalent to:

Tfj i1 = Ry j pH'™ 777070 o L,
hence:

Ljora2(q): Sp=ALH™ ™% + Ry (T

L R;ﬁj_kHlm—%—m—qj—qg‘H 4 Tlg,j—k+2'
Condition Lfﬁ(q) is
h=H"K' + AN H™ " + R \H™ "%
ok Ry HTTUTTT 4T

which gives:

U(H):max<q1, q1+¢|2 q1+q2++qf€ m >

2 Y K |

and since o — o /(0 — 1) is not increasing

. q1 q1 + gz
alH :m1n< , ,
() q1—1 q1+q2—2
qi+qe+---+ 4k m >
ittt —Kk m—k—1/

If q does not verify the condition (14), we prove as in [22] that we can
find g, with qg > qj, forany j =1, ..., , which verifies (14) and o (H) =
aq(H); moreover, if h verifies L(q), then h verifies L(g) too.

In fact, if q does not verify the condition (14), let £ be the smallest
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integer such that there exists j and k for which 7 + k =K and
i+ +qi+dr+-+dg > a1+t gk
Let 71 and 73 be such that
(a+-+a5)+(@+ - +az)
=max{(q1+-+a;) + (@ ++a) |j+E=7}

we can assume that

1 1
—(q+-+an) > —(q1+-+4a5) (15)
J1 J2
We set ) =q1, ..., q4x_; = q5—1 and ¢~ = qz + cg where
cgi=(m+ - +au)+(@m+ - +an)—a— —ds
We have:
oo 4 d. .
/CI1 lq] - = q1+ +q] ) 1SJ<E7
N R
- Fd% _ Gt tae
I . N VI SR o il
which gives ay(H) < aq(H).
On the other side, thanks to (15), we have:
g+ g
T
G+ tdetee (@t +an) (gt +ap)

Cmtctget =R (@t tan) F(mto ) —F
__ nlmttap)/nt el +45)/7
nla+-+ap)/n+npla+--+ap)/p-F
(n+2) @1+ +d5;)/n _ Wttt
TRt ta)/n- (k) st tan R
which gives ay(H) > aq(H), and hence oy (H) = aq(H).
We proceed in the same way if q' does not verify (14), for j, k, with
j+k=r+1, replacing q’ with q”. We construct by induction g*, with the
wished properties. O
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Remark 4.7 We can give a different proof: we reduce the scalar operator
to a first order system h by the standard method. We prove that his of type
H™, and the conditions L(q) for & are equivalent to the conditions L(q) for
h. The result follows then from [28] and [22]. In particular, we remark that
if h verifies the conditions L(q), with ¢ = (1, ..., 1) and kK = m, then A
has a good decomposition (cf. [28, Prop. 2.3]), for a suitable choice of A’.

5. Proof of Theorem 2

We prove at first Proposition 3.1.
To simplify the notations, in the following we note P ~ (), to say that
P — @ is divisible by H. The condition Li(q) is:

Ao,y (hA' — H?K') ~ 0.
Thanks to Proposition 2.1-(iii) we can choose A’ := A(z, D), H' :=
H(x, D)I, K' := K(z, D)I, and we have:
Ouo(hA' — HPK') ~ N " 0 0y A+ DA = 0, HOy HKI.
j=1 j=1

Hence, in order to prove the equivalence between the condition Lj(q)
and the condition (8) it’s enough to prove:

A|Y 06,00, A=Y 0 HOL HKT + 5 Y 0g,0,,04 — S{a, A}
j=1 j=1 j=1

~ 0. (16)
Since O¢, 0y, (H?K) ~ 20¢, H),; HK , we have:

1 1
Og, HOw HKT ~ 50g,0u, (H?KT) = 50,02, (ad)
1
=3 [0¢,02,0A + O¢,a0y, A+ 05,00, A + adg, 04, A,

which gives (16).
In order to prove the equivalence between the condition (8) and the
condition (9), it’s enough to remark that:

A{a, A} ~{A, a}A.
In fact, since Aa = H?KI, we have: Og;aA ~ —adg; A and 0, ;aA ~
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—adz; A, hence:
Afa, A} —{A, a}A
= A0¢,a0,; A — ADy;a0¢, A — O, ADy;aA + 0y, ADg ;a A
~ —0¢;AaOy; A + Op; AaOg; A + O ; AaDy; A — Oy Aadg ;A = 0.

This completes the proof of the Proposition 3.1, and shows (11) and (12)

for r = 1.
Now we assume that h is of type (6) with r > 2, and we prove that the

conditions Li(q), ..., L,_1(q) are satisfied, and the condition L,(q) is:
L, (q): Aoy, [(hA' = H?K')'] s divisible by H. (17)
If p = g1 = 2, the first condition is trivially satisfied and we have:
Ay = Aoy, (7).
We choose A} := A’'S], so that:
Sh=hA'S, — S|H’K' = (hA' — H*K')S, + [H?K', S}]
= (hA' — HPK"? + [HK', S1).
Now, from Lemma 4.4 we see that oy, ([H’QK’, S1]) is divisible by H,
hence, if r = 2 the second condition is:
Aoy, (hA' — H?K')?) ~ 0.
If r > 2 the second condition is always satisfied and:
Ay = Aoy, (S5).
Hence we choose A} := A'S) so that:
St =hA'Sy — SyHK' = (hA' — H*K')Sy + [H?K', S))]
= (hA' — H?K")* + (hA' — H’K')[HK', S}] + [H”K', S}).
If 7 = 3, since o, ((H?K’, S}]) and o, ((H*K’, Sj]) are divisible by
H, the third condition can be written as:

L3(q): Aoy, (hA' — HK')?) ~ 0.
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We easily prove by induction that

o

-1
Sl/c _ (h.A’ _ H/QK/)k + (h.A’ _ H’QK/)k_l_l[HIQK/, Sl/]v
1

o~

for k=1, ..., r, where:
2
O-Nk—l(Sllﬂ) ~ o-ll‘k—l ((hA/ _ Hl K/)k),

since oy, , ([H’QK’, S/]) ~ 0, which shows the equivalence between L,(q)
and (17) for general 7.

Since pj = (j+ Do, for j =1, ..., r =1, ifp=q = = g_1 = 2,
we have:

Ty [(RA = HPK'Y'] = [0, (hA' — H?K))]",
hence we can write the condition L,(q) as:
L, (q): Afoy,(hA'— H?K")]" s divisible by H. (18)
In order to prove the equivalence between (11) and (18), we set:
B:=o,,(hA" — H?K"), C:=8A+ %{a, A},
and we show by induction
AB" ~ AC" forr >1 (19)
Thanks to Proposition 3.1, we have:
AB ~ AC ~ CA. (20)

Now, assuming (19) for r—1, we show it for r. Using (20) and induction
hypothesis, we have:

AB" = ABB" ' ~ ACB" L ~ CABTL ~ CCTTIA = CT A,

which gives the equivalence between (11) and (18).

Now we construct the asymptotic solution of h.

To simplify the presentation, here we consider here only the special
case of a single space variable, that is * = (x¢, 1), and we assume that
the system has only one characteristic root, which vanishes identically; the
general case can be proved in a similar way (see [15], [23] and the reference
therein cited).
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Assume at first that m = 2r. Let:
h(z, D) = IDg+ JD1 + b(x), (21)

where x = (zg, z1), and

0 1
0 0 0
01
J= 00 (22)
0 01
0 0
Proposition 5.1 If h is as in (21), then conditions Li(q), ..., L,—1(q)

are satisfied, and moreover h verifies the condition L,.(q) if and only if any
of the following equivalent conditions are satisfied:

(1) JOJ)" =0

(ii) B =0; where B} = b if 1 and 3 are odd and B} = 0 otherwise:

ber 0 ba3 0 -+ byg.—1) O
o o o o0 --- 0 0
by 0 baz O - by@e—1 O
g0 0o 0 o 0 o,
bor1 0 bar3 O bar,c2r—1) 0
o o o o0 --- 0 0
(iii) B" = 0; where
b21 b2z 0 by(2,—1)
= by1  baz -0 by(o—
5 4,(2r—1)
b2r,1 b2r,3 T er,(Qrfl)

Proof. We have A = IDy — JDj, hence: S| = bDy — bJDy; the condition
L, is then:

J(BJ)" = 0.

In order to show the equivalence between (i) and (ii), we remark that,
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since J; = 1, if and only if I is odd and J =1+ 1 and Jj = 0 otherwise, the
element (1, J) of J(bJ)" is non zero only if I is odd and J is even, and in this
case we have:

(TOI)), = D0 R TS - J v T
S S
K2, ..., Kar—2 odd
where in the second sum all the Ko, K4, ..., Ko,_o are odd. This proves the
equivalence between (i) and (ii).
The equivalence between (ii) and (iii) is straightforward. O
Example 1 ([27]) Let
01 00 bi bé bé bé
00 0O by b5 b5 b
h(z, D) = 1D D LR T
(z, D) 1o 00 1|6 B o o
0000 bl b3 b3 b

~ b b3
(33
bt b3

and h verifies the condition Ly if and only if B = 0, that is:
b2 +b3=0 and b2bs — D30} =0.

Thanks to Proposition 5.1, if the condition L, (q) is not verified, the
matrix B has an eigenvalue A which does not vanishes identically on 2. We
can then choose an open set w C () such that

Ma)| =6 >0, foranyzcw.

We will construct a formal development of the type:
e .
u(e) = explzin + (@)n'?] Y (@)n 72,
j=0

which formally verifies h(z, D)u(x) = 0. Here 7 is a complex number which
will be suitably chosen in the following, and n'/2 is one of the two square
roots 7 (cf. (34)).
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Notations For V = (vy, va, ..., vo,_1, v2,)! € R?", we set:

U1 0

0 V2

V3 0

vV = 0 v = | va
V2r—1 0
0 Vor

so that V. =V’ 4+ V”. Similarly (hV)" and (hV)” indicate respectively the

vectors
2r
kel h,lng . 0 -
A% . 0 o
(hV) = 0 (hV)" = =1V

2r ' r—

U e T N 0 -

0 k1 hk’"V

Remark 5.2 Let J* denote the transposed matrix of .J, then we have:
V' = JJ*V and V" = J*JV, for every V € R?".
0 Since JV = JV”, for any V € R?" the condition JV = 0 is equivalent to
V" = 0; moreover the condition JV = U’ is equivalent to V" = J*U’.
We have:

h(z, D)u(x) =exp [xm + wnl/Q]
x | T¥on + [JYi + Doy + Dy Yo n'/?

oo
+ 3 [I¥2 + Doti¥ia + DigpT Vi + Y]]
§=0
Since all the terms in the development should be zero we get the fol-
lowing equations for Y;:
JYy =0
JY1 4+ DYy + D13pJYy = 0,
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JYjy2 + DoYYj1 + D19 Y + hY; =0,  j=0,1,... (Ej)

Using the Remark 5.2, the equation (E_3) gives

Yy =0 (23)
(that is YO% =0, for £ = 1,...,r) and it gives no condition on Yj; the
equation (E_1) becomes:
JY{" + DoyYy = 0, (E-1)
(that is Y2¢ + D(ﬂ/JYO%_l =0,for{=1, ..., r)and it gives no condition on
Y7,
(Ep) gives:
JYY + DoyY{ + D1 JY{ + (hYy) =0, (Eo)
DY + (hYp)" = 0. (Eo)"
By multiplying (Fy)” by J, and thanks to (E_1)" we have:
(Dov)*Yg — J (hYp)" = 0. (24)
It’s clear that:
J(WV"Y" = JhV' = JbV' = BV', for any V € R?", (25)
hence, from (24) we get:
(Do) — B]Yy = 0. (26)
We choose 1 a solution of the problem
(Doy)* = A =0
-

where ) is a non zero eigenvalue of B and zp € w. We choose Y{j proportional
to an eigenvector related to \.
Now we consider (Fj):

JY3' 4+ DoyYy + D1y JYy + (kY1) =0, (Ev)
DoyYy' + (hY1)" = 0. (Er)”

By multiplying (E;)” by J and thanks to (Ep)" and (E_;)" we get:
(Dot)*Y{ = J(hY1)" + Dot [(hY5)" — Dot D13¥g] = 0 (27)
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Using (25), we have:

J(hV1)" = JhYy = JRY] + JhY{' = BY] + DoJY{ + JbY{
= BY{ — Do(DoyYg) — JbJ " (DoY5)
= BY — Doy DYy — [DEI + Doy JbJ*|Yy.

On the other side:
(YZY = Doy + (b3 = DYy + JI°bY;,
hence (27) gives:
[(Dov)* — B]Y{ 4+ 2Dg DYy + Jeo(2)Yy = 0, (28)
where
co(z) := (Dgw — (Dot)* D) J* + Dop(bJ* + J*D).
Combining (26) and (28), we can see that Y] satisfies the conditions:

Yy € Ker[(Doy)*I — B, (29
2Dy DYy + Jeo(x)Yy € Im[(Doip)*I — B]. (30
Reducing w, we can assume that the dimension of Ker[(Dgy)%I — B

is constant and equal to rg, with 1 < rg < r, and we choose a bas
Ur(z), ..., Uny(2) of Ker[(Doy)?I — B] with U; € C*°(w). We choose

o — ~— ~—

T0o
Yy =Y yoe(x)Us(x)
/=1

where the yo, € C*°(w) are determined by integration of (30). Note that
(30) is a system of 7y ordinary differential equations, whose principal part
is the matrix whose columns are the Uj, and hence its rank is rg. We can
determine completely Y.

We determine then Y/ thanks to (E_1)’.

Now we consider (Es):

JY[ + DoyYs + D19 JY3 + (hYz) =0, (E)
D077Z)Y3// + (hYQ)// =0. (EQ)”

By multiplying (F3)” by J and thanks to (E7)" and (Ey)" we get:
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(Dow)*Y3 — J(hY2)" — (Doy)* D1ypY]
+ Doy (hY1)' + JPi(v, Do)Yy =0, (31)
where, here and in the following, Pi(v, Dy), P>(1¢, Dy), ..., are differential
operators in Dy, whose coefficients depend on 9 and its derivatives, which

is useless to specify.
Now:

J(hYs)" = JhYs = JhYy + JhYy = BYy + JhJ*JYy
= BY; — JhJ*(DoypY{ + J P2 (¢, Do)Yy)
= BY; — Do(DovYY)
— Dotp JbJ*Y, — JhJ*JPy(1p, Do)Yy
= BY] — Doy DoY{ — DY,
— Dotp JbJ*Y! — JhJ*JPy(1p, Do)Yy
Dop(hY1) = Doy (DoY1) + Dop(JD1Y1) + Do (bYr)
= Doty DoY{ + Do J DY,
+ Do J J*bY] + Doy J J*bY{
= Doy DoY{ + Do J J*bY]
+ Do Do D1 Yy + Dotp J J*bJ* Do) Y.

Equation (31) is then:
[(Dow)*I — B]Y; + 2Dy DoY{ + Jeo(x)Y{ + JPs(w, Do)Yy =0,

Let Y{ be a solution of (28) (which exists thanks to (30)), we choose:

0

Y :=Y{+ Y yre@)Ue(x),
(=1

we determine the y; ¢(x) so that:
2Dy DoY{ + Jeo(x)Y{ + JP3(v, Do)Yg € Im[(Doy)*T — BJ,

and we show as before that we can determine Y/, and hence Y3’ thanks
to (Eo)/.

The components Y;" can be determined by Yo, ..., Yj_1, using (E;—2)",
hence we need only to determine the components Yj’ .
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We consider (E}):
JY” Lot DoypY! I Dlz/JJY,g_l + (hY;) =0, (E;)
DY/, + (W) = 0. (B)"

By multiplying (E;)” by J and thanks to (E;_1)” and (E;_2)" we get:

(Do)?Y] — J(hY;)" — (Doy)* D1opY]_,
+ Dytp(hYj—1)' + JP;1(¥, Do)Y]_y = 0.
Now:
J(hY;)" = JhY; = JhY] + JhY] = BY] + JhJ*JY}'
= BY] — JhJ*(DoyY]_1 + JPj2(v, Do)Y;_)
= BY; — Do(DoyY;_,)
— Doy JbJ*Y]_y — JhJ" TP (¢, Do)Y]_,
=BY] — DoyDoY[ | — DY,
— Do JbJY]_y — JhJ*JPj (v, Do)Y]_,
Dop(hYj-1)" = Doy(DoYj-1)" + Dot)(JD1Yj-1)" + Dotp(bY;—1)’
= Doy DoY]_y 4+ DopJD1Y]" 4
+ Doy JJ*bY]_y + DotpJ J*bY!
= DotpDoY]_1 4+ Dotp JJ*bY[_1 + Pj3(1h, Do)Y]

Hence equation (E;)” is equivalent to:

[(Do)?I — B]Y/ + 2Dy DoY]_,
+ Jeo(x)Y]_y + JPja(y, Do)Y]_o = 0. (32)

Assume by induction that

2DopDoY]_y + Jeo(x)Y] 4
+ JPja(ep, Do)Y]_y € Im[(Doep)*I — B],

and let ffj’ be a solution of (32), we choose:

70
=Y+ > yju(z)Us()
=1
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and we determine the y; ¢(z) so that:
2D DoY] + Jeo(x)Y] + JPjr1,4(w, Do)Y;_y € Im[(Doy)*I — B],
which is obtained by (Ej1)”.
Using the same argument we can determine all the Y.
If r < m/2, we have
01
00 0

o O

instead of (22).

In this case the asymptotic solution can be constructed in the same way,
but we choose at each step the last m —2r components of Y} identically equal
to zero.

Now we show, by standard argument, that the existence of the formal
asymptotic solution contradicts the well-posedness in C* of the Cauchy
problem. Indeed, if the Cauchy Problem is well-posed in z = (zg, 1), a
consequence of the Closed Graph Theorem is that for any neighborhood w
of z, there exist €, 6 > 0 and k € N such that, if we set K1 = [z1 —¢, 21 +¢]
and K = [zg, o+ J] X K1, we have K C w and the following estimate holds
true:

lallox < C[lhulisc + [z, )y, | (33)
for any u = (ug, ..., uy) € [C>(U)]Y, where
|ullk,xk = max max max|Dgu;(x)|

j=1,.., N |a|<k z€K

is a semi-norm of C*(w).
Let n = i7j, with 77 € R, we choose the sign of 1) and n'/? so that

Re(Dow(:c)nl/2) >0, forallze K. (34)
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For k € N, let u, be:

K

U () = explz1n + @D(x)nl/Q] Z Yj(x)n_j/2;
7=0

we have:

||uﬁ||0,K — [U+ 0(77)] . eXp|: sup (Rew(@_‘_ 57 .'131)771/2)i|’
r1 €K1

if |n| — 400,
for some U # 0, thanks to the choice of Yy # 0, and

HUO(@, ')Hk,Kl :O(ﬁk)[U—i—O(m] -exp{ sup (Re¢<@7 331)7]1/2)],

T1 €K1
if [n| — +oo,
|h || ek = O(ﬁk*N”) ‘exp[ sup (Rew(@—i- d, x1)ﬂ1/2)},
1 €K,
if [n| — +oo,

for some N, > 0.
It is clear that thanks to the choice of 1 and 7, the sequence of the wu,
does not verify uniformly the inequality (33).
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