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On non-symmetric relative difference sets
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Abstract. Let D be a (m, u, k, \)-difference set in a group G relative to a subgroup U
of G. We say D is symmetric if D(—1) is also a (m, u, k, A)-difference set. By a result of
[7] D is symmetric if U is a normal subgroup of G. In general, D is non-symmetric when
U is not normal in G. In this paper we study a condition under which D is symmetric
and show that if D is semiregular then D is symmetric if and only if the dual of dev(D) is
a divisible design. We also give a modification of Davis’ product construction of relative
difference sets and as an application we give a class of non-symmetric semiregular relative
difference sets.
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1. Introduction

Let G be a group of order mu and U a subgroup of G of order u. A
k-subset D of G is called a (m, u, k, \)-difference set in G with respect to
U if the list of quotients d1d2_1 with dy, do € D (di # dg2) contains each
element in G\ U exactly A times and no element in U. The definition yields
the group ring equation

DD = k4 \G - U) (1)

where we identify a subset X of G with a group ring element X = Y orex T €
C[G] and set X(=1) =3 271 D is also called a relative difference set
relative to U and U is called a forbidden subgroup. By definition m > k and
k? = k + M(mu — u). We note that D(-1) is not always a relative difference
set. For a (m, u, k, A)-difference set D in a group G relative to U, dev(D) (=
(P, B)) is an incidence structure with a set of points P = {g | g € G} and
a set of blocks B = {Dg | g € G}. Then dev(D) is a (m, u, k, X)-divisible
design ([7]). If m = k then (m, u, k, \) = (uA, u, uA, \) and D is said to
be semiregular.

A (m, u, k, \)-difference set D is called symmetric if DY) is also a
(m, u, k, A)-difference set. In Section 2 we study a semiregular relative
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difference set D and show that D is symmetric if and only if the dual of
dev(D) is a divisible design (Corollary 2.7).

In Sections 3 and 4 we give a construction for relative difference sets
D such that dev(D) is non-symmetric. To construct such difference sets we
present the following lemma on products of semiregular relative difference
sets, which is a modification of Theorem 2.1 of [4] or Result 2.1 of [8].

Lemma 3.1 Let X = G x H be a group, where G is a group of order u’\
and H is a group of order uX'. Let D be a (ul\, u, u\, \)-difference set in
G relative to a subgroup U of G of order u and let C' be a (uX, u, uX, \')-
difference set in G' = U x H relative to U. Then

(i) CD is a (u2AN, u, u? AN, ud\)-difference set in X relative to U x 1.
(ii) CD is symmetric if and only if D is symmetric.

We note that U is not assumed to be normal in G in Lemma 3.1.
Roughly speaking, Lemma 3.1(ii) implies that a non-symmetric and a split-
ting semiregular relative difference sets that share a forbidden subgroup
give us another non-symmetric one. By a recursive construction applying
Lemma 3.1 we obtain a class of non-symmetric semiregular relative differ-
ence sets (see Theorem 3.2 and Proposition 4.4).

2. Divisible designs and relative difference sets

Let D be a relative difference set in a group G relative to U. Then
dev(D) is a divisible design. However, the dual of dev(D) is not always a
divisible design. In this section we study a condition under which the dual
of dev(D) is a divisible design when D is semiregular.

Definition 2.1 An incidence structure (P, B) is called a square

(m, u, k, X\)-divisible design if the following conditions are satisfied.

(i) [P =Bl =mu.

(ii) There exists a partition P = P;UPyU- - -UP,, of P such that [Py = --- =
|P,,| = u and for any distinct points p, ¢ € P the number of blocks
B € B containing p and ¢ is 0 if p, ¢ € P; for some ¢ € {1, ..., m}
and A otherwise. (Each P; is called a point class of (P, B).)

(i) |B| =k (VB € B).

Counting all triples (p, ¢, B) (p, ¢ € B, p # q € P, B € B) in two ways
we obtain the following fundamental equation.
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k(k—1) = Xmu — u) (2)

Definition 2.2 (i) A square (m, u, k, \)-divisible design is said to be
symmetric if its dual is also a square (m, u, k, A)-divisible design. In other
words, there is a partition B = By U --- U B,, of B such that for any two
distinct blocks B, C € B

|BOC\:{0 if B, C € B; for some i € {1, ..., m},

A otherwise.

i) A (m, u, k, \)-difference set D is said to be symmetric if D=1 is also
a (m, u, k, A)-difference set.

Remark 2.3 (i) InTheorem 6.2 of [3], W.S. Connor showed that (P, B)
is symmetric whenever k£ > u\ and (k, ) = 1.

(ii) If a (m, u, k, A)-difference set D in a group G relative to U satisfies
DDY = DV D, then dev(D) is symmetric.

(iii) By Jungnickel’s result in [7], DD = DD D whenever G > U.
Hence, if G > U, then D is symmetric.

Definition 2.4 A square (m, u, k, A\)-divisible design (P, B) is called a

transversal design and denoted by TDy[k; u| if [BNP;| =1 for any B € B
and any point class P; of (P, B).

Hence, a square (m, u, k, A)-divisible design is a transversal design if
and only if &k =m (= ul).

Lemma 2.5 Let D be a transversal design TDy[uX;u]. If the dual of D is
a (m, n, k, p)-divisible design for some m, n, k, up € N, then (m, n, k, p) =
(uA, u, uX, \) and D is symmetric.

Proof. Clearly mn = u?)\, k = u\. By Theorem 3 of [2], k > nu. Hence
uX > np (3)

By (2), ul(uX — 1) = k(k — 1) = p(u?\ —n) = ul(up) — pn. From this
un =0 (mod uA). Applying (3), we have uA = nu and so (nu)(np —1) =
pu(mn —n) = nu(m — 1). It follows that m = nu. As n’u = mn = u?), we
have n = u and so A = u. Therefore the lemma holds. ([

A (m, u, k, A)-difference set is called semiregular if m = k (or equiv-
alently m = k = u)). Then, clearly |G| = u?\. In this case dev(D) is a
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transversal design TD ) [u); u.
As an application of Lemma 2.5, we can show the following.

Proposition 2.6 Let D be a semiregular relative difference set in a group
G relative to a subgroup U of G. Then the following conditions are equiva-
lent.

(i) dev(D) is symmetric.

(ii) DV s a relative difference set in G relative to a subgroup of G.
(iii) The dual of dev(D) is a divisible design.

Proof. Set (P, B) = dev(D) and assume (i). Then, there exists a partition
B=DB;U---UB,) of B such that for any two distinct blocks B, C € B,

BﬁC|—{O if B, C € B; for some i € {1, ..., u\}, (1)

A otherwise.

Set By = {Dgi, Dg2, ..., Dgy}, where g1 = 1. As Dg; N Dg; = () for
any distinct i, j € {1, 2, ..., u}, for each By there is an element g € G so

that By, = {Dg1g, Dgag, ..., Dgug}.
We note that

Dg; N ng =) <— {(dl, d2) ’ di,ds € D, dig; = dggj} =0.
Hence
DgiNDg; =0 < {(d1, d2) | dv, da € D, di"dy = gig; '} = 0. (5)

Set V.={gi(=1), g2, ..., gu}. Let g;, gj € V. Then, by (5), Dgl-gj_1 ND =
(). Hence Dgig;1 € By and so gig;1 € V. Thus V is a subgroup of G of order
u. Assume a € G\ V. Then Da ¢ B;. As D € By, we have |D N Da| = A
by (4). Then |{(dy, d2) | a = dy*da}| = A\. Thus DCVD = u) + \(G - V).
Therefore (ii) holds. Clearly (ii) implies (iii). By Lemma 2.5, (iii) implies
(1). O

As a corollary of Proposition 2.6, we have

Corollary 2.7 A semireqular relative difference set D is symmetric if and
only if the dual of dev(D) is a divisible design.

Under the above assumption, DD % D1 D in general. To our
knowledge, transversal designs obtained from semiregular relative differ-
ence sets and previously known were symmetric. In Section 3 and 4 we



On non-symmetric relative difference sets 431

will give examples of semiregular relative difference sets D with dev(D)
non-symmetric. Then they give us examples of non-symmetric semiregular
relative difference sets.

Concerning the case m > k we would like to ask the following.

Question 2.8 Let D be a (m, u, k, \)-difference set in a group G such
that m > k. Is D symmetric whenever the dual of dev(D) is a divisible
design ?

3. Non-symmetric relative difference sets

In this section we construct non-symmetric relative difference sets. To
do this we need the following lemma.

Lemma 3.1 Let X = G x H be a group, where G is a group of order u?X
and H is a group of order u)N. Let D be a (u), u, u\, \)-difference set in
G relative to a subgroup U of G of order u and let C' be a (uX, u, uX, \')-
difference set in G' = U x H relative to U. Then

(i) CD is a (uAN, u, u?AN, udX)-difference set in X relative to U.

(ii) CD is symmetric if and only if D is symmetric.

Proof. Let ¢1,co € C and dq, dy € D and assume cid; = cade. Then
01_102 = d1d2_1 c UHNG =U. Thus di = dy and so ¢; = cg. Therefore
CD is a subset of X.

Let S and T be subsets of G and H, respectively. We identify S and T
with S x {1} (C X) and {1} x T (C X), respectively. Then, by assumption,
the following hold.

DDV = uX + \(G - U) (6)
ccY =uN + N(UH -U) (7)
G=UD, UC=UH (8)

Hence, substituting (6) and (7) we have
(cD)(CcD) Y =¢c(ppV)c=Y
=C(ur+ ANG = U))Cc=Y
—u CCTY 1 acGeY —acucY.
As C,;U CUH and U <UH, we have CU = UC. Similarly GC = CG. It
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follows that

(CD)(CD) Y =ul(uXN + N(UH - U)) +  GecY —xuco=
= NA+uNAUH — uN\U

+AGuN +NUH = NU) = AU (uN + NUH - \'U)
=uENAFuNAX —U).

Thus we have (i).

Since UH > U, we obtain CC-YC = ¢CY = u N+ NUH —NU. Hence
(cD)=YeD = DY (CetND = DEYD (N + NUH — NU)D. By (8),
we have

(CD)TVCD = uXNDEVD + uXNAX — uNAG. 9)

Assume CD is symmetric. Then (CD)"VCD = w? N\ + uXN (X — V)
for a subgroup V of X of order u. By (9), uNDYVD —uNAG = u? N\ —
uXNAV. Thus DVD = ul + M\(G — V). In particular, V is a subgroup of
G of order u and so D is symmetric. Conversely, assume D is symmetric.
Then DEYD = ul + A\(G — V) for a subgroup V of G of order u. Then,
by (9), (CD)"DCD = uXN(uX + MG — V) + uNAX — uNAG = v’ N\ +
uNA(X — V). Therefore C'D is symmetric. Thus we have (ii). O

We note that Lemma 3.1(i) is a modification of Result 2.4 of [8], where
N is assumed to be normal in G.

We now prove the following theorem on a recursive construction of non-
symmetric semiregular relative difference sets.

Theorem 3.2 Let D be a (uly, u, ulg, Ao)-difference set in a group G
relative to a subgroup U of G. Let H; be a group of order u); and assume
the existence of a splitting (uX;, u, u;, \;)-difference set, say D;, in U x H;
relative to U x 1 for each i € {1,2,...,n—1}. Set A = XAiAa--- A\p_1.
Then,

(i) D1Dz---Dy1D is a (u™\, u, u™\, u 1 \)-difference set in G x H,_1

xH,_o X ---x Hy relative toU x 1 x --- x 1.

(ii) D1Dy---Dy—1D is non-symmetric if and only if D is non-symmetric.

Proof. Set X=GxH,_1. Since Ux Hy,_1 contains a (u\p—1,u, U p—1,A\p—1)-
difference set D,,_1 relative to U x 1, applying Lemma 3.1 we have that
D, 1D is a (uA\n_1, u, u2A\,_1, ud\,_1)-difference set in X relative to
U x1.
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Set X' = (G x Hy—1) X Hy—2 and let 1) be the natural projection from

U x H,—9 to X'. Then we can regard D, _o as a (ulp—2, U, UNp—2, Ap—2)-
difference set relative to (U x 1) x 1. Applying Lemma 3.1 again, we obtain
a (WA n_1An_2, U, U3AN_1An_2, uEAN,_1\,_2)-difference set Cy,_2C,, 1D
in X’ relative to U x 1 x 1. Repeating the procedure we have the theorem.
O

4. Examples of non-symmetric relative difference sets
We denote by m* the square free part of a positive integer m.

Proposition 4.1 Assume the existence of a splitting (3\, 3, 3\, \)-differ-
ence set. Then

(i) p=1 (mod 3) for each prime divisor p (# 3) of \*.

(ii) The congruence > = —12 (mod 4\*) has a solution in integers.

Proof. Let D be a (3, 3, 3\, A)-difference set in a group G = H x U
relative to U ~ Zs. Let x be a linear character of G such that x |g is
principal, while x |y is not. Then, as U ~ Z3, x(D) = a + bw + cw?,
a+ b+ ¢ = |D| = 3\ for non-negative integers a, b, ¢. Hence x(D)x(D) =
a® 4+ b? + ¢ — ab — bc — ca. On the other hand, x(D)x(D) = 3\ by (1).
From this, (2a + b — 3)\)? 4+ 3(b — \)? = 4\. Thus an equation x? + 3y* =
4 has an integral solution (z,y) = (2a + b — 3X, b — A). In particular,
2+ A*. By Theorem 7 in Section 7.6 of Chapter 2 in [1], the congruence
2?2 = —12 (mod 4)\*) is solvable.

Let p (# 3) be an odd prime dividing A*. Assume p = 2 (mod 3).
Then, by Theorem 2 in Section 2.2 of Chapter 5 in [1], (p) is a prime ideal
in the ring of algebraic integers in Q(w). This is contrary to the fact that
X(D)x(D) = 3X. Thus p = 1 (mod 3). Therefore the proposition holds.

U

Example 4.2 By Proposition 4.1, there are no splitting (3, 3, 3\, A)-
difference sets for A = 2,5, 6, 8, 10, 11. On the other hand, here exist
splitting a (3A, 3, 3\, A\)-difference set for A = 1, 3,4, 7,9 (for A = 7, see
[9]). Also there exists a splitting (3 - 22°3t, 3, 3 - 223!, 2253%)_difference set
for any s, t > 0 by Corollary 4.4 of [5].

We now show that a relative difference set in G = S3 X Zg construcred
in [6] is non-symmetric.
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Example 4.3 Let G = (a,b,c | a® =0 =& =1,b7'ab = a7!, ac =
ca, bc = cb) and set D = {1, ¢, 2, ¢3, a, ac, b, a®bc®, abc*, a’be, bet, abe}.
Then D is a (12, 3, 12, 4)-difference set relative to U = (ac?) ~ Z3. We
can easily check that DD(™1) = 12 + 4(G — U), while DC"YD = 12 4 4a +
4a® + 4b + 4ab + 4a®b + 4c + 3ac + 5a’c + 3bc + 5abc 4 4a’be 4 4¢? + 2ac? +
2a2c? + 4bc? + 4abc? 4 4abc? 4 4c® + 4ac® + 4a®c3 + 6bc? + 2abc? + 4a’bcd +
4c* + 2act + 2a%ct + 4bct + dabct + 4abct + 4¢P + Sac® + 3a’c® + 3bc® +
5abc® + 4a2bc®. Thus DY is not a relative difference set. Thus D is a
non-symmetric relative difference set.

By Theorem 3.2 and Examples 4.2 and 4.3 we have the following.

Proposition 4.4 There exists a non-symmetric (223mT1)\, 3, 223m+1)\
223™m \)-difference set D for any X\ = 2223172 (> my + ma) and
s, t (my1, ma, s,t € NU{0}). Under this condition, dev(D) is a non-
symmetric T Doz2gm[223™T1); 3.

Example 4.5 Let G = (a, b) x (c) ~ S3 x Zg, where a® = b?> = 1, bab =
a1 and let H = (d) x {e) ~ Zy x Zg. Set X = G x H. Then one can verify
that C = {1, e, €2, €3, ac’e*, ac’e®, a’c*d, de, ac’de?, a’c*de?, ac’de?, de®}
is a (12, 3, 12, 4)-difference set in (a?c*d) x (e) ~ Zg x Zg relative to {ac?) ~
Z3. By Example 4.3, D = {1, ¢, ¢?, ¢3, a, ac, b, a®bc®, abc*, abe, bet, abe}
is a non-symmetric (12, 3, 12, 4)-difference set in G relative to {ac?) ~ Zs.
Applying Lemma 3.1, CD is a non-symmetric (144, 3, 144, 48)-difference
set.
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