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Abstract. This paper proves a new regularity criterion for a density-dependent

incompressible liquid crystals model with vacuum but without any compatibility

condition.

1. Introduction

In this paper, we consider the regularity criterion for the density-dependent

incompressible nematic liquid crystals model [2, 3, 14, 18]:

qtrþ divðruÞ ¼ 0; ð1:1Þ

qtðruÞ þ divðrun uÞ þ ‘p� Du ¼ �‘ � ð‘dp‘dÞ; ð1:2Þ

qtd þ u � ‘d � Dd ¼ dj‘dj2; jdj ¼ 1; ð1:3Þ

div u ¼ 0; ð1:4Þ

ðr; u; dÞð�; 0Þ ¼ ðr0; u0; d0Þ; jd0j ¼ 1 in R3; ð1:5Þ

lim
jxj!y

ðr; u; dÞ ¼ ð~rr0; 0; ~dd0Þ; ~rr0 ¼ lim
jxj!y

r0;
~dd0 ¼ lim

jxj!y
d0; ð1:6Þ

where r denotes the density, u the velocity, p the pressure, and d represents the

macroscopic molecular orientations. ð‘dp‘dÞi; j :¼
P
k

qidkqjdk, and hence

‘ � ð‘dp‘dÞ ¼
X
k

Ddk‘dk þ
1

2
‘j‘dj2:

When d is a constant vector with jdj ¼ 1, then (1.1), (1.2) and (1.4)

represent the well-known density-dependent Navier-Stokes system, which has

been an object of many studies [7, 1, 12, 15]. Fan-Ozawa [7] proved the
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following regularity criterion

u A L2=ð1�rÞð0;T ; _BB�r
y;yÞ with 0 < r < 1: ð1:7Þ

Very recently, Li [15] shows the local well-posedness of strong solutions

to the problem (1.1)–(1.6) with vacuum but without the following compatibility

condition

‘p0 � Du0 þ ‘ � ð‘d0 p‘d0Þ ¼
ffiffiffiffiffi
r0

p
g

for some ðp0; gÞ A H 1 � L2, which was used in [1, 12].

When u ¼ 0, (1.3) is the well-known harmonic heat flow.

Li-Wang [16] have proved that the problem (1.1)–(1.6) has a unique

local strong solution. Fan-Gao-Guo [5] and Fan-Li [6] showed some blow-up

criteria. The aim of this paper is to prove a new regularity criterion

u;‘d A L2=ð1�rÞð0;T ; _BB�r
y;yÞ with 0 < r < 1 ð1:8Þ

for the problem (1.1)–(1.6) in the framework of [15]. We will prove

Theorem 1.1. Let 0a r0 a sup r0 < y, ‘r0 A L2 \ Lp ð2 < pa 6Þ,
u0 A H 1, ‘d0 A H 1, div u0 ¼ 0 and jd0j ¼ 1 in R3. Let ðr; u; dÞ be a local

strong solution to the problem (1.1)–(1.6). If (1.8) holds true with 0 < T < y,

then the solution ðr; u; dÞ can be extended beyond T > 0.

Remark 1.1. For the case that inf r0 > 0, Theorem 1.1 is proved recently

in [8]. Concerning related studies, we refer to [4, 9, 10, 20] and references

therein.

Remark 1.2. We can prove a similar regularity criterion

u;‘d A L2ð0;T ; _BB0
y;yÞ:

Remark 1.3. We can prove some similar regularity criteria in a bounded

and smooth domain.

In the proofs, we will use the following Gagliardo-Nirenberg inequality

k‘dk2L4p=ð p�2Þ aCkdkLykDdkL2p=ð p�2Þ ; ð1:9Þ

and the following interpolation inequalities [11, 17, 19]:

k‘dkL p aCk‘dk1�y
_BB�r
y;y

kdky
_HH rþ2 ; ð1:10Þ

k‘2dkL2p=ð p�2Þ aCk‘dky
_BB�r
y;y

kdk1�y
_HH rþ2 ð1:11Þ

with 0 < r < 1 and y :¼ 2
p
, and p ¼ 2ð1þ2rÞ

r
.
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We will also use the following bilinear estimates [13]:

ku � ‘ukL2 aCkuk _BB�r
y;y

kuk _HH 1þr ; ð1:12Þ

k‘ðu � ‘dÞkL2 aCkuk _BB�r
y;y

k‘dk _HH 1þr þ Ck‘dk _BB�r
y;y

kuk _HH 1þr ð1:13Þ

with 0 < r < 1.

2. Proof of Theorem 1.1

Due to the aforementioned existence and uniqueness theorem for local

strong solutions, by using a standard continuation argument, we only need

to establish a priori estimates on smooth enough local solutions. Hence, by

using a standard argument we assume the existence of strong solutions in the

maximal interval ð0;TÞ, and all the calculations we are going to perform are

completely justified. By proving uniform bounds for all t A ½0;TÞ, for appro-

priate norms of the unknowns, we will show that the solution can be continued

beyond T , which is in contradiction to its maximality.

First, observe that, thanks to the maximum principle, it follows from (1.1)

and (1.4) that

0a raC: ð2:1Þ

Testing (1.2) by u and using (1.1) and (1.4), we see that

1

2

d

dt

ð
rjuj2dxþ

ð
j‘uj2dx ¼ �

ð
ðu � ‘Þd � Dd dx: ð2:2Þ

Testing (1.3) by �Dd and using d � Dd ¼ �j‘dj2 and jdj ¼ 1, we find

that

1

2

d

dt

ð
j‘dj2dxþ

ð
jDdj2dx

¼
ð
ðu � ‘Þd � Dd dxþ

ð
ðd � DdÞ2dx

a

ð
ðu � ‘Þd � Dd dxþ

ð
jDdj2dx: ð2:3Þ

Summing up (2.2) and (2.3), we get

1

2

ð
ðrjuj2 þ j‘dj2ÞðtÞdxþ

ðT

0

ð
j‘uj2dxdta 1

2

ð
ðr0ju0j

2 þ j‘d0j2Þdx: ð2:4Þ
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Testing (1.2) by qtu and using (1.1) and (1.4), we get

1

2

d

dt

ð
j‘uj2dxþ

ð
rjqtuj2dx

¼ �
ð
ru � ‘u � qtu dxþ

ð
‘qtu : ‘dp‘d dx

¼: I1 þ I2: ð2:5Þ

Using (1.12) and (2.1), we bound I1 as follows.

I1 a k ffiffiffi
r

p kLyk
ffiffiffi
r

p
qtukL2ku � ‘ukL2

aCk ffiffiffi
r

p
qtukL2kuk _BB�r

y;y
kuk _HH 1þr

aCk ffiffiffi
r

p
qtukL2kuk _BB�r

y;y
k‘uk1�r

L2 k‘2uk r
L2

a ek ffiffiffi
r

p
qtuk2L2 þ ek‘2uk2L2 þ Ckuk2=ð1�rÞ

_BB�r
y;y

k‘uk2L2 ð2:6Þ

for any 0 < e < 1.

On the other hand, because ðu; pÞ is a solution of the Stokes system,

�Duþ ‘p ¼ f :¼ �‘ � ð‘dp‘dÞ � rqtu� ru � ‘u: ð2:7Þ

It follows from the _HH 2-theory of the Stokes system and (1.12) that

k‘2ukL2 aCk f kL2

aCk‘ � ð‘dp‘dÞkL2 þ Ck ffiffiffi
r

p
qtukL2 þ Cku � ‘ukL2

aCk‘dk _BB�r
y;y

kdk _HH 2þr þ Ck ffiffiffi
r

p
qtukL2 þ Ckuk _BB�r

y;y
kuk _HH 1þr

aCk‘dk _BB�r
y;y

k‘2dk1�r
L2 k‘Ddkr

L2 þ Ck ffiffiffi
r

p
qtukL2

þ Ckuk _BB�r
y;y

k‘uk1�r
L2 k‘2ukr

L2

a
1

2
k‘2ukL2 þ Ck ffiffiffi

r
p

qtukL2 þ Ck‘DdkL2 þ Ck‘dk1=ð1�rÞ
_BB�r
y;y

k‘2dkL2

þ Ckuk1=ð1�rÞ
_BB�r
y;y

k‘ukL2

which gives

k‘2ukL2 aCk ffiffiffi
r

p
qtukL2 þ Ck‘DdkL2

þ Ck‘dk1=ð1�rÞ
_BB�r
y;y

k‘2dkL2 þ Ckuk1=ð1�rÞ
_BB�r
y;y

k‘ukL2 : ð2:8Þ
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Here we used the following bilinear estimate [13]:

k‘ � ð‘dp‘dÞkL2 aCk‘dk _BB�r
y;y

kdk _HH 2þr with 0 < r < 1: ð2:9Þ

By integration by parts, the term I2 can be rewritten as

I2 ¼
d

dt

ð
‘u : ‘dp‘d dx� 2

ð
‘u : ‘dp qt‘d dx

¼:
d

dt

ð
‘u : ‘dp‘d dxþ I3: ð2:10Þ

Using (1.3), (1.9), (1.10), (1.11) and (1.13), we bound I3 as follows.

I3 aCk‘ukL2p=ð p�2Þk‘dkL pk‘qtdkL2

aCk‘dkL pk‘ukL2p=ð p�2Þ ðk‘DdkL2 þ k‘dkL pk‘2dkL2p=ð p�2Þ

þ k‘dkL pk‘dk2L4p=ð p�2Þ þ k‘ðu � ‘dÞkL2Þ

aCk‘dkL pk‘ukL2p=ð p�2Þ ðk‘DdkL2 þ k‘dkL pk‘2dkL2p=ð p�2Þ þ k‘ðu � ‘dÞkL2Þ

a ek‘Ddk2L2 þ Ck‘dk2L pk‘2dk2L2p=ð p�2Þ þ Ck‘ðu � ‘dÞk2L2

þ Ck‘dk2L pk‘uk2L2p=ð p�2Þ

a ek‘Ddk2L2 þ Ck‘dk2_BB�r
y;y

kdk2_HH 2þr þ Ckuk2_BB�r
y;y

kdk2_HH 2þr

þ Ck‘dk2_BB�r
y;y

kuk2_HH 1þr þ Ck‘dk2ð1�yÞ
_BB�r
y;y

kdk2y_HH 2þrkuk2y_BB�r
y;y

kuk2ð1�yÞ
_HH 1þr

a ek‘Ddk2L2 þ Cðkuk2_BB�r
y;y

þ k‘dk2_BB�r
y;y

Þðkuk2_HH 1þr þ kdk2_HH 2þrÞ

a 2ek‘Ddk2L2 þ ekDuk2L2

þ Cðkuk2=ð1�rÞ
_BB�r
y;y

þ k‘dk2=ð1�rÞ
_BB�r
y;y

Þðk‘uk2L2 þ kDdk2L2Þ ð2:11Þ

for any 0 < e < 1. Here we used the interpolation inequality [11, 17, 19]:

k‘ukL2p=ð p�2Þ aCkuky
_BB�r
y;y

kuk1�y
_HH 1þr with 0 < r < 1: ð2:12Þ

Applying D to (1.3), testing by Dd and using (1.9), (1.10), (1.11) and (1.13),

we reach

1

2

d

dt

ð
jDdj2dxþ

ð
j‘Ddj2dx

¼ �
ð
‘ðdj‘dj2Þ‘Dd dxþ

ð
‘ðu � ‘dÞ‘Dd dx
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aCk‘dkL pðk‘dk2L4p=ð p�2Þ þ k‘2dkL2p=ð p�2Þ Þk‘DdkL2

þ Ck‘ðu � ‘dÞkL2k‘DdkL2

aCk‘dkL pk‘2dkL2p=ð p�2Þk‘DdkL2 þ Ck‘ðu � ‘dÞkL2k‘DdkL2

a ek‘Ddk2L2 þ Ck‘dk2_BB�r
y;y

kdk2_HH 2þr þ Ckuk2_BB�r
y;y

kdk2_HH 2þr þ Ck‘dk2_BB�r
y;y

kuk2_HH 1þr

a 2ek‘Ddk2L2 þ ekDuk2L2

þ Cðkuk2=ð1�rÞ
_BB�r
y;y

þ k‘dk2=ð1�rÞ
_BB�r
y;y

Þðk‘uk2L2 þ k‘2dk2L2Þ ð2:13Þ

for any 0 < e < 1.

Combining (2.5), (2.6), (2.8), (2.10), (2.11) and (2.13), taking e suitably

small, noting that

ð
‘u : ‘dp‘d dx

����
����a k‘ukL2k‘dk2L4 aCk‘ukL2kDdkL2 ;

and using the Gronwall inequality, we conclude that

k‘ukLyð0;T ;L2Þ þ k‘ukL2ð0;T ;H 1Þ þ k ffiffiffi
r

p
utkL2ð0;T ;L2Þ

þ k‘dkLyð0;T ;H 1Þ þ k‘dkL2ð0;T ;H 2Þ aC: ð2:14Þ

Testing (1.3) by dt and using d � dt ¼ 0 and (2.14), we deduce that

1

2

d

dt

ð
j‘dj2dxþ

ð
jdtj2dx ¼ �

ð
u � ‘d � dt dx

a kukL6k‘dkL3kdtkL2 aCkdtkL2 a
1

2
kdtk2L2 þ C;

which gives

kdtkL2ð0;T ;L2Þ aC: ð2:15Þ

Testing (1.3) by �Ddt and using (2.14), we derive

1

2

d

dt

ð
jDdj2dxþ

ð
j‘dtj2dx ¼

ð
‘ðdj‘dj2 � u � ‘dÞ � ‘dt dx

aCðk‘dk3L6 þ k‘dkLyk‘2dkL2 þ kukL6k‘2dkL3

þ k‘ukL2k‘dkLyÞk‘dtkL2

aCð1þ k‘dkLy þ k‘2dkL3Þk‘dtkL2

a
1

2
k‘dtk2L2 þ Cð1þ k‘dk2Ly þ k‘2dk2L3Þ;
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which leads to

kdtkL2ð0;T ;H 1Þ aC: ð2:16Þ

Taking qt to (1.2), testing by ut and using (1.1) and (1.4), we find

that

1

2

d

dt

ð
rjutj2dxþ

ð
j‘utj2dx ¼

ð
divðruÞu2t dxþ

ð
divðruÞðu � ‘Þu � ut dx

�
ð
rðut � ‘uÞ � ut dxþ

ð
qtð‘dp‘dÞ : ‘ut dx

¼: I4 þ I5 þ I6 þ I7: ð2:17Þ

Using (2.1) and (2.14), we bound Ii ði ¼ 4; 5; 6; 7Þ as follows.

I4 ¼ �
ð
ru‘u2t dxa 2k ffiffiffi

r
p kLyk

ffiffiffi
r

p
utkL3kukL6k‘utkL2

aCk ffiffiffi
r

p
utk1=2L2 k

ffiffiffi
r

p
utk1=2L6 k‘utkL2 aCk ffiffiffi

r
p

utk1=2L2 k‘utk3=2L2

a
1

16
k‘utk2L2 þ Ck ffiffiffi

r
p

utk2L2 :

I5 ¼ �
ð
ru‘½ðu � ‘Þu � ut�dx

a krkLykukL6k‘ukL2k‘ukL6kutkL6 þ krkLykuk2L6k‘2ukL2kutkL6

þ krkLykuk2L6k‘ukL6k‘utkL2

aCk‘2ukL2k‘utkL2 a
1

16
k‘utk2L2 þ Ck‘2uk2L2 :

I6 a k ffiffiffi
r

p kLyk
ffiffiffi
r

p
utkL3k‘ukL2kutkL6

aCk ffiffiffi
r

p
utkL3kutkL6 a

1

16
k‘utk2L2 þ Ck ffiffiffi

r
p

utk2L2 :

I7 aCk‘dkLyk‘dtkL2k‘utkL2 a
1

16
k‘utk2L2 þ Ck‘dk2Lyk‘dtk2L2 :

Inserting the above estimates into (2.17), we get

1

2

d

dt

ð
rjutj2dxþ

ð
j‘utj2dx

a
1

4
k‘utk2L2 þ Ck ffiffiffi

r
p

utk2L2 þ Ck‘2uk2L2 þ Ck‘dk2Lyk‘dtk2L2 : ð2:18Þ
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Applying qt to (1.3), testing by �Ddt and using jdj ¼ 1 and (2.14), we have

1

2

d

dt

ð
j‘dtj2dxþ

ð
jDdtj2dx

¼ �
ð
ðdtj‘dj2 þ dqtj‘dj2 � u � ‘dtÞDdt dxþ

ð
‘ðut � ‘dÞ : ‘dt dx

aCðkdtkL6k‘dk2L6 þ k‘dkL6k‘dtkL3 þ kukL6k‘dtkL3ÞkDdtkL2

þ Cðk‘utkL2k‘dkL6 þ kutkL6k‘2dkL2Þk‘dtkL3

aCðkdtkL6 þ k‘dtkL3ÞkDdtkL2 þ Ck‘utkL2k‘dtkL3

a
1

8
kDdtk2L2 þ

1

8
k‘utk2L2 þ Ck‘dtk2L2 : ð2:19Þ

Summing up (2.18) and (2.19), we arrive at

d

dt

ð
ðrjutj2 þ j‘dtj2Þdxþ

ð
ðj‘utj2 þ jDdtj2Þdx

aCk ffiffiffi
r

p
utk2L2 þ Ck‘2uk2L2 þ Ck‘dk2Lyk‘dtk2L2 þ Ck‘dtk2L2 : ð2:20Þ

Multiplying (2.20) by t,

d

dt
t

ð
ðrjutj2 þ j‘dtj2Þdx

� �
þ t

ð
ðj‘utj2 þ jDdtj2Þdx

aC

ð
ðrjutj2 þ j‘dtj2Þdxþ Cð1þ k‘dk2LyÞtðk

ffiffiffi
r

p
utk2L2 þ k‘dtk2L2Þ

þ Ctk‘2uk2L2 ; ð2:21Þ

which implies

sup
0ataT

t

ð
ðrjutj2 þ j‘dtj2Þdxþ

ðT

0

tðk‘utk2L2 þ kDdtk2L2ÞdtaC: ð2:22Þ

Now it is easy to verify that

sup
0ataT

tðk‘2uk2L2 þ k‘dk2H 2Þ þ
ðT

0

tk‘2uk2L6dtaC: ð2:23Þ

It is standard to find that

ðT

0

k‘ukLydtaC

ðT

0

k‘uk1=2
L6 k‘2uk1=2

L6 dt

aC

ðT

0

k‘2uk1=2
L2 ðtk‘2uk2L6Þ1=4t�1=4 dt
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aC

ðT

0

k‘2uk2L2dt

� �1=4 ðT

0

tk‘2uk2L6dt

� �1=4 ðT

0

t�1=2 dt

� �1=2

aC: ð2:24Þ

Taking ‘ to (1.1), testing by j‘rjq�2‘r ð2 < q < yÞ and using (1.4) and

(2.24), we have

d

dt
k‘rkq

Lq aCk‘ukLyk‘rkq
Lq ;

which implies

k‘rkLyð0;T ;LqÞ aC ð2a q < yÞ: ð2:25Þ

Similarly to (2.24), we haveðT

0

kuk4LydtaC

ðT

0

k‘uk2L2k‘2uk2L2dtaC;

thus ðT

0

krtk
4
Lqdt ¼

ðT

0

ku‘rk4Lqdta

ðT

0

kuk4Lyk‘rk4Lqdt

aC

ðT

0

kuk4LydtaC: ð2:26Þ

This completes the proof. r
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