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ABSTRACT. The present paper considers a model selection criterion in regression models
using generalized estimating equation (GEE). Using the prediction mean squared error
(PMSE) normalized by the covariance matrix, we propose a new model selection
criterion called PMSEG that reflects the correlation between responses. Numerical
studies reveal that the PMSEG has better performance than previous other criteria for
model selection.

1. Introduction

In real data analysis, correlated data are often discussed in health sciences,
medical sciences, economics and many other fields. Longitudinal data, defined
from observations of subjects measured repeatedly over time, often arise in
these fields as an important example. In general, observations from each sub-
ject in longitudinal data are correlated. Liang and Zeger [11] introduced an
extension of the generalized linear model (Nelder and Wedderburn, [13]) to
the analysis of longitudinal data, known as the generalized estimating equa-
tion (GEE) method. Defining features of the GEE method are that we can
use a working (but not necessarily correct) correlation matrix as the correla-
tion matrix, and a full specification of the joint distribution is not required.
Hence, the GEE method is widely used in many fields for analyzing longi-
tudinal data.

In addition, the model selection problem in the GEE methodology is
also important. The goodness of fit of the model is commonly measured by
some risk function, and the model selection is performed by obtaining a certain
estimator of the risk function. For example, the risk function based on the
expected Kullback-Leibler (KL) information (Kullback and Leibler, [10]) is
often used, and the most famous estimator of the risk function is Akaike’s
information criterion (AIC) proposed by Akaike [1, 2]. The AIC is obtained
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by using the likelihood, it can be simply defined as AIC = —2 x (the maximum
log likelihood) + 2 x (the number of parameters). Furthermore, Nishii [14],
Rao [16] proposed the generalized information criterion (GIC) as a general
extension of the AIC, which is widely applied for selecting the best model, and
considered about various properties in many literatures.

However, in the GEE method, the maximum likelihood based model
selection criteria such as the AIC or GIC, are not applicable directly because
the GEE method is not likelihood based. Some model selection criteria like
the AIC or GIC in the GEE method have been already proposed. For
example, Pan [15] proposed the QIC (quasi-likelihood under the independence
model criterion) and Imori [9] proposed the modified QIC. These criteria are
estimators of the risk function based on the quasi likelihood (Wedderburn,
[17]). Cantoni et al [4] proposed the GC, (generalized version of Mallows’s
Cp) as a general extension of the Mallows’s C, (Mallows, [12]). Hin and
Wang [8], Gosho et al. [6] proposed the correlation information criterion (CIC)
to select the correlation structure. Unfortunately, above model selection crite-
ria are not derived by taking account into the correlation between responses.
For example, the risk function of the QIC is based on the independent quasi
likelihood. In this respect, these criteria may not be reflective of the significant
feature in longitudinal data.

The principal aim of the present paper is to obtain a new model selection
criterion that reflects the correlation between responses. In this study, we have
focused on deciding the best subset of variables. By using the risk function
based on the prediction mean squared error (PMSE) normalized by the covari-
ance matrix, we propose a new model selection criterion called the PMSEG
(the prediction mean squared error in the GEE).

The remainder of the present paper is organized as follows: In Section 2,
we consider a stochastic expansion of a GEE estimator. In Section 3, we
propose the PMSEG. In Section 4, we verify that the proposed PMSEG has
good properties by conducting numerical experiments. In Section 5, we con-
clude our discussion. Technical details are provided in the Appendix.

2. Stochastic expansion of the GEE estimator

Let y; be a scalar response variable, and let x.; be a /-dimensional
nonstochastic vector consists of all possible explanatory variables for the ith
subject at the jth occasion, where i =1,...,nand j=1,...,m;. Assume that
response variables from different subjects are independent and response vari-
ables from the same subject are correlated. For i=1,...,n, let y, = (yi,...,
Vim) s Xei= (Xeits-- s Xuim,) , and let X; = (xi1,..., %) be a m; x p sub-
matrix of the matrix X, ;. Liang and Zeger [11] used the GLM to model the
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marginal density of yj,

S (i xi, B, ¢) = exp[{ ;05 — a(0y5)}/¢ + b(yy, §)], (1)

where, a(-) and b(-) are known functions, 6; is an unknown location parameter
and ¢ is a scale parameter. In the GLM framework, the location parameter
depends on x; as 05 = u(n;) = 0(B), where u(-) is a known function, 7; = x;;
and f is a p-dimensional unknown parameter. In the present paper, we
assume that ¢ is known, and we also assume O to be the natural parameter
space (see, Xie and Yang, [18]) of the exponential family of distributions
presented in (1), and the interior of @ is denoted as ®°. Then @ is convex,
and in the @°, all derivatives of a(-) and all moments of y; exist. Under such
model conditions, the first two moments of y; are given by

15(B) = E(yy) = a(0y),  o3(B) = Cov(yy) = a(0y)d = v{u;(B)} (say).

In this situation, the expectation of the response y; is modeled by a link
function ¢(7) = (@ou) () and the linear predictor Ny 1€, gl (B)} =ny; =
x;B. When u(s)=s, we say that g(r) = (a)"'(r) is the natural link func-
tion. For example, the logistic regression model is defined with the natural
link function. We call the model with x, ; or x; as the full or candidate
model, respectively. We assume that the true probability density function
of y; can be written as (1), ie., the true model is one of the candidate
models.

Denote :”i(ﬁ) = (:uil (ﬁ)v s nuim,-(ﬂ))Tv Ai(p) = dlag{afl B),--- 70-1'2"1,»(ﬂ)}
and 4,(p) = diag(00;1/0n;, ..., 00,/ 0n;,), where diag(ai,...,a;) denotes the
s X s diagonal matrix whose the (i,i)th element is ;. We write D;(f) =
A;(B)A:(B)X;, Z:(B) = A*(B)R:oA*(B), where R;, is the true correlation
matrix, and Vi(B,a) = 4> (B)Ri(a)4*(B). Here, R;(a) is the working cor-
relation matrix that one can choose freely, which may possibly have a nuisance
parameter @. Depending on the situation, we can choose some useful working
correlation matrices. For example,

Independence:  (R), =0, if j#k,
Exchangeable: (R); = o, if j#k,
AR-1: (R); = (R),; = o/, if j>k,

l-dependent: (R); = (R);; =, if j=k+1
and (R); = (R),; =0, if j>k+1,

Unstructured:  (R); = (R)y; = oy, if j > k.
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If Ri(a) is equal to Rio, then Vi(By a)=Zi(B,) = A*(By)RioA*(By) =
Covly,], where B, is the true value of .
Liang and Zeger [11] proposed the GEE as follows:

(D) =SB (DY, (B, — (B} =0, @

where 0, is a p-dimensional vector of zeros. An estimator B of By is defined as
a solution of the equation (2), and the estimator is called the GEE estimator.
In the present paper, we assume the following important assumptions:

Assumption 1: m; =---=m, =m.

Assumption 2: R;(a) = R(a) and R; o = Ry.

In other words, we assume that all subjects have the common occasion size m
(the number of occasions) and the common true correlation matrix Rjy. As
a result, we consider a common working correlation matrix R(a), not R;(a).
These strong assumptions are necessary for deriving a new model selection
criterion. Hereafter, we replace m;, R;(a) and R;(, with m, R(a) and R,
respectively. Moreover, to simplify our discussion, we also assume that the
nuisance parameter a is known. Hence, we write V;(f,a) = Vi(f).

In order to propose a new model selection criterion in Section 3, a
stochastic expansion of ﬁ is needed. In this section, we obtain the stochastic
expansion of ﬁ up to the order n~'. For simplicity, we omit (f) from func-
tions of B. For example, w;(f) = w;, Ai(f) = Ai, Zi(B) = Zi, su(B) = s, and
so on. Furthermore, in order to distinguish a function of f evaluated at the
true parameter §, we write such as u;(By) = 1,0, 4i(By) = Aio, Zi(By) = Zii0,
$n(By) = sn0 and so on. Similarly, in the functions of the GEE estimator f,
we write such as ,uy(ﬁ) =y, A{(p) = A4;, Zi(p) =2, s,(B) =5, and so on.
Furthermore, in order to ensure asymptotic properties of the GEE estimator,
we consider the following regularity assumptions (see, e.g., Xie and Yang, [18]):

Cl.: p, is in an admissible set %, where % is an open set in R” for the

parameter f.

C2: x;peg() for all f e, where .4 is the image of a(@).

C3.: u(n;) is four times continuously differentiable and u(n;) >0 in

g(A)°.

C4.: H,, and M, are positive definite when »n is large, where

n

H() = DI V,'D;=H,,  Hyo=H.(By),

i=1

n
M,(B)=> D[V 'ZV'D;=M, ~ M,o=M,B,).
i=1



Model selection criterion based on the prediction mean squared error in GEEs 311

Conditions C1 and C2 are necessary to have the GLM for all . Conditions
C3 and C4 are necessary to calculate the bias. In addition, in order to ensure
the strong consistency, asymptotic normality and uniqueness of the GEE esti-
mator, we consider the following additional assumptions, which can be derived
slightly modifying the results reported by Xie and Yang [18]:

C5.: liminf Apiy(Hy0/n) > 0, where Apmin(A4) is the smallest eigenvalue of
sg;mmetrlc matrix 4.

C6.: Sequence {x;} lies in 2 with u(x; ) e®°, Be B, where 7 is a
compact set for regressors x;;.

C7.: In a neighborhood of f,, say N, there exist a constant ¢y > 0 and
some ¢ > 0, independent of n, such that, when n — oo, for any
p-dimensional vector 4, [|A]| =1,

AT %l > ¢l \/2H (M, ), a.s. for peN,
where Amax(A) is the largest eigenvalue of symmetric matrix A.
C8.: The equation (2) has a unique solution when n is large.
Note that conditions C1-C7 are sufficient conditions of Theorem 7 and Cor-
ollary 1 in Xie and Yang [18]. Hence, according to Theorem 7 and Corollary
1, ﬁ has the strong consistency and asymptotic normality. Moreover, from the
condition C8, § is a unique solution of the GEE (2). Furthermore, from C5,
Hn’() = O(n) )

Based on the above conditions, to perform the stochastic expansion of g,
we focus on the fact that §, =0,. By applying Taylor’s expansmn around
B = Py to this equation, we obtam the stochastic expansion of ﬁ’

The GEE estimator ﬁ’ can be expanded as

B—By=b10+bro+ 0)(n?), (3)
where
b= H,;losn,o, b= H,;lo(bIo ®1,)G3,0b1,0/2 — G1,0b1,0 — G2,0b1.0,

and G\, Gy and G3 are given by

1

Gio=— nOZDtO<0ﬂT®V ﬂﬁ>{lli®(yi_:ui,0)}a

Gro=— nOZ<— ® D/

) [Ip ® {Vz_ol (¥ _ﬂi,O)H>
B=hy

G3’0 = E{Ll(ﬂo)}’ Ll(ﬂO) - <56ﬂ ® a;n > ‘ﬂﬂ ’
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The derivation of (3) is given in Appendix. Note that for a matrix W = (wj),

the derivative of W by = (f,,..., ﬂp)T and f5, are respectively defined as
follows:

5 oW oW b ow™  owT\
L ow=(,..."), Ceow= (22,
B (aﬁl a/fp) o ( B, >

.~ ()
o \B)’

Also note that by and by are O,(n~'/?) and O,(n~"'), respectively.

3. Main result

In this section, we propose a new model selection criterion. The goodness
of fit of the model is measured by the risk function based on the PMSE
normalized by the covariance matrix as follows:

EZ{Z”:(Z[ - ﬁi)TEiT(} (zi — ﬁz)}‘| — mn,

where z; = (z;1, . . .,z,-m)T is an m-dimensional random vector that is indepen-
dent of y;, and has the same distribution as y;. It is easy to show that if ﬁ
is By, then Riskp has the minimum value of zero, i.e., the PMSE has the
minimum value of mmn. For this reason, we would like to select the model,
which has the minimum PMSE. However, since the PMSE is typically
unknown, we must estimate it.

We define R(f), Z(B,,B,) and Z(p) as follows:

ZA V- ) - m) A,

Riskp = PMSE — mn = E,

LB, By) = Z{y, 1By AT (B)R (By) A (By) (i — ()},

LB =5 ) Er ).

i=1

Based on the above, we estimate PMSE by Z(B, ﬁ,) where ﬂf is a GEE
estimator that is obtained under the “full” model. Specifically, ﬁf is defined as
the solution to the following equation:

sf n ﬂ* ZDT ﬂ* ﬂ*?aT){yl :uz(ﬂ*)} = 017
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where Di(B,) = Ai(f.)4:(B)X..i, Vi(B..a;) = A]*(B.)Ri(a;)4}*(B,) and R;(a;)
is a positive definite working correlation matrix that one can choose freely.
We assume that the nuisance parameter a; is known. Note that f, is an
I-dimensional unknown parameter under the full model. Also note that R;(a;)
is the same for all candidate models. The reason for us~ing ﬁf is~ discussed
later. For simplicity, we write Z(f,,0,) = £L(f,) and ZL(,) = &Z.

Since g(ﬁ, /;’f) is not an asymptotically unbiased estimator of PMSE,
we evaluate the asymptotic bias in order to propose the new model selec-
tion criterion. The bias when we estimate the PMSE by Z(g, /f,) is given
as

Bias = PMSE — E,{Z (8. 5;)} = [Riske — E,{Z(B)}] + [E{Z(B) - Z}]
+ [EAL — 2B} + [EAL(B) — 2 (B.8)}]
= Biasl + Bias2 + Bias3 + Bias4. 4)

Here, we can see that Bias3 in (4) satisfies

n

S i m0) {Zd — A7 BORT (B)AT (B} (i - m,o)]

i=1

Bias3 =E,

= mn — Ey{fjm —tti.0) AT P (BORT(BAT (B (s — m)}.

i=1

Therefore, we can ignore the calculation of Bias3 because it is not dependent
on candidate models.
On the other hand, Biasl + Bias2 + Bias4 in (4) is given by

Biasl + Bias2 + Bias4 = 2p + O(n™!). (5)

The derivation of (5) is given in Appendix.
Consequently, by substituting (5) into (4), we obtain the asymptotic expan-
sion of Bias up to order 1 as

Bias = 2p + Bias3 + O(n™"). (6)

Recall that Bias3 is not dependent on candidate models. Hence, the PMSEG
can then be defined by adding an estimated (Bias — Bias3) to Z(8,8,), ie.,

PMSEG = Z(,B;) + 2p. (7)

(7) is our proposed model selection criterion called the PMSEG (the prediction
mean squared error in the GEE). Recall that f; is estimated under the full
model and it is not dependent on candidate models. Since the covariance
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matrix in the PMSEG is estimated by ﬂf, the PMSEG can be simply defined.
If the covariance matrix is estimated by §, Bias3 in (7) is different for each
candidate model. Unfortunately, it is difficult and too expensive to calculate
Bias3. This is one of the advantages of using ﬁj for estimating the covariance
matrix. For actual use, we recommend to use the mdependence working cor-
relation matrix in order to obtain ﬁf since we can get ﬂ/ easily by omitting
the calculations of the working correlation matrix. Fitzmaurice [5] mentioned
that the GEE estimator under the working independence assumption is often
inefficient. Nevertheless, from some simulation results, we confirmed that the
estimation of the covariance matrix using the inefficient estimator does not
dramatically influence the performance of the PMSEG (see, Subsection 4.2).

4. Numerical studies

In this section, we confirm a usefulness of the PMSEG through compar-
isons with the QIC and modified QIC (called mQIC in this paper), which are
representative model selection criteria. The QIC and mQIC are estimators of
a risk function based on the quasi likelihood under the independence assump-
tion. The risk function that is estimated by the QIC (or mQIC), which is
called Riskq in this paper, and the quasi likelihood Q(-) are defined as follows:

n m R yil(x,Tﬁ) ot
Riskqg = E, { 2ZZQﬁ’ZU H Q(ﬁézij):J 4 %dl,
_ %
i=1 j= Zij
where z; = (z;1, . . .,z,-m)T is an m-dimensional random vector that is indepen-

dent of y; and has the same distribution as y;,. Note that since the Riskq
is considered under the independence assumption, all of the Riskg, QIC and
mQIC are not reflective of the correlation between responses. Also note that
the PMSEG and QIC (or mQIC) are estimators of the Riskp and Riskg,
respectively. In general, the Riskp and Riskq are different, i.e., the PMSEG
and QIC (or mQIC) are criteria from different viewpoints.

4.1. Selection probability and prediction error. At the beginning, we examine
the numerical studies for the frequencies of the selected candidate models
and the prediction error of the best models selected by the PMSEG, QIC and
mQIC. We prepare the fifteen candidate models with » =100 and m = 3.
First, we construct a 3 x5 explanatory variable matrix X.; = (%1, % 2,

x*‘,,g)T, i=1,...,100. The first column of X,; is 13, where 13 is a
3-dimensional vector of ones, and the second column of X, ; is 13 x ¢;, where
Gl,---,C100 are independent and identically distributed (i.i.d.) random variables

from binomial distribution B(1,0.5). The third column of X, is (0,1,2)",
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and the remaining six elements of X, ; are defined by realizations of inde-
pendent variables with uniform distribution on the interval [—1,1].
In this simulation, we prepare two situations, as follows:

Case 1: Cort[yy, y;-] = 0.85V~71 g, = (0.25,-0.25,-0.25,0,0) ",
Case 2: Corr|yjj, yj-| = 0.3540;-0.65, p, = (0.25,-0.25, —0.25,0,0)T7

where 0+ is the Kronecker delta, ie., ;- =1 if j= j* and J;- =0 if j # j*.
The explanatory variables matrix for the ith subject in the (5a + b)th model
consists of the first b column of X, ;, a =0,1,2, b=1,...,5. For the working
correlation matrix, we prepare three different matrices, exchangeable working
correlation matrix (¢ =0), AR-1 working correlation matrix (¢ = 1) and inde-
pendence working correlation matrix (¢ =2). Thus, in Case 1, the true model
is the eighth model, and in Case 2, the true model is the third model. We
simulate 10,000 realizations of y = (y11,..., Y13,-- -, V100,155 )/’10()3,)T in the
logistic regression model, i.e., y; ~B(1,p;), where p[jzlogit_l(x;ﬂo), i=
1,...,100, j =1,2,3. Note that we use the independence working correlation
matrix for obtaining ,BAf in this simulation. The average values of estimates
of the GEE estimator for each model and its variances are given in Tables 1
and 2. Furthermore, Tables 3 and 4 list the following characteristics.

Table 1. Average values of estimates of the GEE estimator and its variances for each model

in Case 1
1 2 3 4 5
B Var(B)| B Var(f)| B Var()| B Var(f)| B  Var()
—0.119  0.035 | —0.002 0.070 | 0.254 0078 | 0255 0.078 | 0255 0.078
Exch 0248 0.149 | —0251 0.154 | —0.251 0.154 | —0.251 0.155
;‘10 ange- —0256 0.006 | —0.256 0.006 | —0.256 0.006
aple 0.000 0.013 | 0.000 0.013
0.000 0.011
—0.118 0.034 | —0.002 0.069 | 0254 0077 | 0254 0077 | 0255 0.077
—0247 0.147 | 0251 0.152 | —0.251 0.152 | —0.251 0.153
AR-1 —0256 0.006 | —0.256 0.006 | —0.256 0.006
0.000 0.011 | 0.000 0.009
0.000 0.011
~0.119  0.035 | —0.002 0.070 | 0.254 0077 | 0255 0.078 | 0256 0.078
0248 0.149 | 0251 0.153 | —0.251 0.154 | —0.252 0.155
Indepen-
- —0256 0.006 | —0.257 0.006 | —0.258 0.006
~0.002  0.042 | —0.003 0.044
0.003  0.039
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Table 2. Average values of estimates of the GEE estimator and its variances for each model

in Case 2

B Nar(p)| B Var(B)| p Var(f)| B Var(f)| B Var(p)

—0.119 0.022 0.000 0.044 0.255 0.059 0.256  0.059 0.256  0.060
—0.249 0.096 | —0.252 0.099 | —0.253 0.099 | —-0.254 0.100

E;‘fha"ge' ~0.255 0014 | -0.256 0.014 | -0257 0.014
avle 0.001 0.036 | 0.001 0.037
0.002 0.035
—0.119 0.022 | —0.001 0.045 0.254  0.060 0.255 0.060 0.256 0.061
—0.249 0.097 | —0.252 0.100 | —0.253 0.101 [ —-0.254 0.102
AR-1 —0.255 0.014 | —-0.256 0.014 | —0.257 0.014
0.001 0.038 0.000 0.039
0.002 0.037
—-0.119 0.022 0.000 0.044 0.255 0.059 0.256  0.059 0.257  0.060
Indepen —0.249 0.096 | —0.252 0.099 | —-0.253 0.099 | —-0.254 0.100
denci —0.255 0.014 | —-0.256 0.014 | —0.257 0.014
0.000 0.044 0.000 0.045
0.003 0.042
(1): Prediction error of the best model in the Riskp/Riskg (PEBp/PEBg):
the Riskp and Riskq of the model selected by the criterion as the best

model, which are respectively estimated as

| 10000 n . .
PEBp = —— E. i — M [P s rayn — mn
P 10000 ; ;{ 4 /‘l(ﬁB”)} 1,0{ 1 ﬂl(ﬁBu)} )
1 10000 nom R
PEBq = ooon > E:q 2> > O(Bizy) -
10000 v=1 i=1 j=1

(2):  Selection probability: the frequency of the best model chosen by min-

imizing each criterion. In particular, the SPc/SPy is the frequency
that the working correlation matrix/mean structure of the selected
model is correctly specified.

Here z; is a future observation, and ﬂABU is the value of f of the selected model
at the oth iteration. In particular, both the PEBp and PEBq are important
properties because these are equivalent to the Riskp and Riskg of the best
model selected by the criterion, respectively. Moreover, the values in paren-
thesis indicate standard errors in Tables 3 and 4. We would like to note
that the PMSEG selects the model which minimizes the Riskp, and the QIC
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Table 3. Selection probability and prediction error in Case 1

Criterion b 1 2 3 4 5 SPc SPm | PEBp | PEBg

Exchangeable 095 0.08 11.02 262 1.10
PMSEG AR-1 261 048 5071 9.77 692
Independence 0.22 0.05 12.72 0.67 0.08

7049 | 95.61 | 437 | 416.66
(0.46) | (0.20) | (0.04) | (0.06)

Exchangeable | 4.36 0.01 2.60 3.46 3.60
QIC AR-1 3836 0.26 2220 6.11 5.86
Independence .51 0.00 3.09 517 341

7279 | 55.50 | 10.54 | 418.09
(0.45) | (0.50) | (0.07) | (0.07)

Exchangeable | 4.58 0.02 230 3.52 4.06
mQIC AR-1 38.62 0.23 21.34 596 5.87
Independence 1.30  0.00 3.01 5.08 4.11

72.02 | 5525 | 10.70 | 418.05
(0.45) | (0.50) | (0.07) | (0.06)

Table 4. Selection probability and prediction error in Case 2

Criterion b 1 2 3 4 5 SPc SPm | PEBp | PEBq

Exchangeable | 13.97 0.89 26.28 8.06 6.76
PMSEG AR-1 7.67 177 9.0 197 1.20
Independence | 2.06 0.85 17.00 1.73 0.69

55.96 | 72,79 | 4.88 | 416.24
(0.50) | (0.45) | (0.03) | (0.05)

Exchangeable | 29.70 1.14 20.06 7.46 5.64
QIC AR-1 2.55 0.19 1.70 1.17 1.14
Independence 7.53 096 16.64 256 1.56

64.00 | 57.93 | 5.53 | 416.61
(0.48) | (0.49) | (0.04) | (0.05)

Exchangeable | 21.63 3.27 19.76 6.27 4.77
mQIC AR-1 9.62 125 672 265 216
Independence 513 0.89 1227 215 1.46

55.70 | 58.21 | 5.54 | 416.53
(0.50) | (0.49) | (0.04) | (0.05)

(or mQIC) selects the model which minimizes the Riskg. Thus, the model
selected by the PMSEG does not necessarily minimize the Riskq and the model
selected by the QIC (or mQIC) does not necessarily minimize the Riskp. In
other words, in order to evaluate the goodness of the criterion, the PEBp and
PEBq are favorable indicators for the PMSEG and both QIC and mQIC,
respectively.

From Tables 3 and 4, we can see that the value of the PEBp from the
model selected by the PMSEG is smaller than that from the model selected by
the QIC (or mQIC). This result is justified since the PEBp is the favorable
indicator for the PMSEG. However, surprisingly, although the PEBq is the
favorable indicator for the QIC (or mQIC), the value of the PEBqg from
the model selected by the PMSEG is also smaller. This result means that the
PMSEG is better than the QIC and mQIC whether evaluating the goodness of
the criterion by the PEBp or PEBg. Moreover, both the frequency of selecting
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the true model and SPy; of the PMSEG are larger than those of the QIC and
mQIC in two cases. On the other hand, the SP¢ of the QIC is larger in two
cases. Furthermore, by comparing Tables 3 and 4, we can see that the differ-
ence between the PMSEG and both QIC and mQIC is more salient when the
correlation is large. We simulated several other models and obtained similar
results.

4.2. Estimation of the covariance matrix using an inefficient GEE estimator.
Recall that we must estimate the covariance matrix to calculate the PMSEG.
As we mentioned before, in order to calculate the covariance matrix in the
PMSEG, we suggest using the ﬁf obtained by solving the GEE with the
independence working correlation matrix and all explanatory variables. In this
subsection, we use working independence, exchangeable and AR-1 matrices to
obtain the ﬂf, and using these GEE estimators we calculate the covariance
matrix in the PMSEG. In this setting, we confirm the influence on the predic-
tion mean by using different working correlation matrices through numerical
experiments.

We prepare the fifteen candidate models with » = 100 and m = 5. First,
we construct a 5 x 5 matrix X, ; = (x*J-l,x*,,-z,x*_,-g,x*,l-4,x*,,-5)T, i=1,...,100.
The first column of X, ; is 15, and the second column of X, ; is 15 x ¢;, where
Cly--+,Gro0 are ii.d. random variables from B(1,0.5). The third column of
X. ;i (0,1,2, 3,4)T. The fourth and the fifth columns of X, ; are defined by
realizations of independent variables with uniform distribution on the interval
[—0.5,0.5] and [—1.5,—0.5], respectively.

In this simulation, we consider the following situation:

Corr[yj, yy-] = 0.3V By = (-0.45,-0.35,0.3,0,0) "

The explanatory variables matrix for the ith subject in the (5« + b)th model
consists of the first b column of X, ;,, a=0,1,2, b=1,...,5. For the working
correlation matrix, we prepare three different matrices, AR-1 working corre-
lation matrix (a =0), exchangeable working correlation matrix (¢ =1), and
independence working correlation matrix (¢ =2). We simulate 10,000 real-
izations of ¥ = (P11, Y155+, V100,15« - - yloo_s)T in the logistic regression
model, i.e., y; ~ B(1, p;), where p; = logit™ (x]By), i=1,...,100, j=1,...,
5. Under this setting, average values of estimates, variances and variance
ratios (VR) of the GEE estimator for using each working correlation matrix are
given in Table 5. Here, the VR is defined by the ratio of the variance of the
GEE estimator to that for using the AR-1 working correlation matrix. For
example, the value of the variance of the GEE estimator using the AR-1 and
independence structures in 5, are 0.093 and 0.108, respectively. Hence, the
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Table 5. Average of estimate (Est), variance (Var), variance ratio (VR) of the GEE estimator
of the full model, and PEBp for using each working correlation matrix

AR-1 Exchangeable Independence

Est Var VR Est Var VR Est Var VR
B —0.456 0.137 1.000 —0.457 0.145 1.058 —0.458 0.152 1.109
i —0.354 0.056 1.000 —0.353 0.057 1.018 —0.353 0.057 1.018
P 0.304 0.005 1.000 0.304 0.005 1.000 0.304 0.005 1.000
Pa —0.007 0.093 1.000 —0.006 0.101 1.086 —0.008 0.108 1.161
Ps 0.001 0.086 1.000 —0.001 0.093 1.081 —0.001 0.100 1.163

4.147 4.148 4.150

PEB
F (0.034) (0.034) (0.034)

VR is calculated as VR = 0.108/0.093 ~ 1.161. Moreover, the PEBp for using
each working correlation matrix is also given in Table 5 and the values in
parenthesis indicate standard errors.

From Table 5, we can see that the GEE estimator using the AR-1
(Independence) structure is the most efficient (inefficient). However, the values
of the PEBp using working AR-1 and independence matrices are 4.147 and
4.150, respectively. Therefore, we can see that the estimation of the covariance
matrix using the inefficient estimator does not dramatically influence the PEBp.
We simulated several other settings and obtained similar results.

4.3. Selection probability when the number of occasions is not small. In this
subsection, we calculate the selection probabilities using the PMSEG, QIC and
mQIC when the number of occasions m is not small. We prepare the ten
candidate models with »n individuals and m occasions. First, we construct a
m x 5 explanatory variable matrix X, ; = (x.;,... 7x,ﬂim)T, i=1,...,n. The
first column of X, ; is 1,, and the second column of X, ; is 1, x ¢;, where
Gls---,G, are i.i.d. random variables from B(1,0.5). The third column of X, ;
is (0,...,m— 1)T, and the remaining 2 x m elements of X, ; are defined by
realizations of independent variables with uniform distribution on the interval
[—1,1].
In this simulation, we prepared two situations, as follows:

Case 11 Corr[yy, yj-] = 02071 gy = (~1.2,-0.2,02,0,0), m = 2+%,
Case 2: Corr[y;, yj-] = 0271 g, = (~1.2,-0.2,0.2,0,0)",

m = max{6,0.1n}.
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The explanatory variables matrix for the ith subject in the (5a+ b)th model
consists of the first b column of X, ;, a=0,1, b=1,...,5. For the working
correlation matrix, we prepare two different matrices, independence working
correlation matrix (¢ = 0) and AR-1 working correlation matrix (a =1). We
simulated 1,000 realizations of y:(yll,...,ylm,...,y,,,l,...,y,,,,,,)T in the
logistic regression model, i.e., y; ~B(1,p;), where pgzlogitfl(x;/)’()), i =
1,....n, j=1,...,m. Note that we used the independence working correla-
tion matrix for obtaining [;’f in this simulation.

From Tables 6 and 7, we can see that the selection probability of an
underspecified model, which does not include the true model, converges to
zero for all criteria. In addition, its convergence speed becomes faster when
the number of occasions becomes large. On the other hand, we can also see
that the selection probability of the true model does not tend to one for all
criteria. Incidentally, in multivariate normal linear regression models, it is
known that the AIC has consistency under the high-dimensional framework
(see, Yanagihara et al. [19]). However, although the PMSEG, QIC and mQIC

Table 6. Selection probability (%) by using each criterion for ten candidate models in Case 1

1 2 3 4 5

N m | Criterion Ind AR-1| Ind AR-1| Ind AR-1 | Ind AR-1 | Ind AR-1

QIC 200 29.7 | 45 6.4 88 177 | 24 5.1 1.8 3.6
50 4 mQIC 16.6 333 | 3.5 7.4 78 187 | 1.9 5.4 1.4 4.0
PMSEG || 21.1 179 | 42 6.9 129 168 | 4.5 72 | 32 53

QIC 0.6 1.6 | 0.1 0.3 226 547 | 2.7 9.8 1.4 6.2
100 6 mQIC 0.5 1.7 | 0.1 0.3 139 634 | 1.7 10.9 1.0 6.5
PMSEG 0.8 09 | 0.1 0.1 289 475 | 45 82 | 22 6.8

QIC 0.0 0.0 | 0.0 0.0 18.1 549 | 3.6 126 | 2.9 7.9
150 8 mQIC 0.0 0.0 | 0.0 0.0 129 60.1 | 3.1 132 | 23 8.4
PMSEG 0.0 0.0 | 0.0 0.0 26.1 447 | 5.0 11.9 | 3.0 9.3

QIC 0.0 0.0 | 0.0 0.0 19.5 573 | 3.0 10.7 1.0 8.5
200 10 mQIC 0.0 0.0 | 0.0 0.0 123 64.7 | 2.6 11.1 1.1 8.2
PMSEG 0.0 0.0 | 0.0 0.0 308 452 | 4.6 89 | 2.7 7.8

QIC 0.0 0.0 | 0.0 0.0 205 570 | 29 11.1 1.3 7.2
250 12 mQIC 0.0 0.0 | 0.0 0.0 142 632 | 2.1 11.9 1.2 7.4
PMSEG 0.0 0.0 | 0.0 0.0 304 457 | 38 9.5 | 29 1.7

QIC 0.0 0.0 | 0.0 0.0 240 535 | 2.8 11.7 1.3 6.7
300 14 mQIC 0.0 0.0 | 0.0 0.0 143 632 | 23 12.3 1.3 6.6
PMSEG 0.0 0.0 | 0.0 0.0 309 454 | 4.6 98 | 2.6 6.7
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Table 7. Selection probability (%) by using each criterion for ten candidate models in Case 2

1 2 3 4 5

N m | Criterion Ind AR-1 | Ind AR-1 Ind AR-1 | Ind AR-1 | Ind AR-1

QIC 7.8 10.5 | 0.8 1.5 215 376 | 4.8 9.0 1.7 4.8
50 6 mQIC 6.3 122 | 09 1.4 162 428 | 4.0 9.7 | 0.8 5.7
PMSEG 5.5 5.7 1.8 1.2 2477 339 | 6.5 94 | 32 8.1

QIC 0.0 0.0 | 0.0 0.0 236 511 | 5.0 10.1 1.7 8.5
100 10 mQIC 0.0 0.0 | 0.0 0.0 152 59.7 | 3.5 11.4 1.4 8.8
PMSEG 0.0 0.0 | 0.0 0.0 309 420 | 5.7 92 | 45 7.7

QIC 0.0 0.0 | 0.0 0.0 28.1 489 | 28 104 | 2.2 7.6
150 15 mQIC 0.0 0.0 | 0.0 0.0 196 575 | 22 11.0 1.7 8.0
PMSEG 0.0 0.0 | 0.0 0.0 335 391 | 6.1 8.4 | 4.7 8.2

QIC 0.0 0.0 | 0.0 0.0 29.7 472 | 38 11.3 1.6 6.4
200 20 mQIC 0.0 0.0 | 0.0 0.0 21.7 556 | 2.9 11.7 1.3 6.8
PMSEG 0.0 0.0 | 0.0 0.0 352 386 | 59 92 | 3.8 7.3

QIC 0.0 0.0 | 0.0 0.0 277 503 | 3.2 9.6 1.9 7.3
250 25 mQIC 0.0 0.0 | 0.0 0.0 206 571 | 2.6 10.3 1.9 7.5
PMSEG 0.0 0.0 | 0.0 0.0 351 384 | 6.9 7.1 4.8 7.7

QIC 0.0 0.0 | 0.0 0.0 26.8 502 | 33 10.1 1.8 7.8
300 30 mQIC 0.0 0.0 | 0.0 0.0 219 549 | 29 10.6 1.7 8.0
PMSEG 0.0 0.0 | 0.0 0.0 355 394 | 4.1 8.8 5.5 6.7

are similar to the AIC, from Tables 6 and 7 we can see that these criteria do
not have consistency. Actually, the number of regression parameters for a
candidate model considered by Yanagihara et al. [19] becomes large when the
number of dimensions becomes large. As a result, the penalty term of the
AIC becomes large, and the difference between penalty terms of two candidate
models also becomes large. This is the key point to prove consistency of the
AIC. By contrast, in our considered model, the penalty term of the PMSEG
is 2 x the number of explanatory variables even if the number of occasions
m becomes large. Similarly, the order of penalty terms of the QIC and mQIC
is O(p). Hence, for all criteria, the difference between penalty terms of two
candidate models is a constant even if the number of occasions becomes large.
This is probably one of reasons why the consistency of the PMSEG, QIC and
mQIC is not confirmed in our simulation study.

4.4. Real data analysis. Next, for the purpose of analyzing the GEE method,
we consider the Mother’s Stress and Child Morbidity (MSCM) data reported in
Alexander and Markowitz [3], who studied the relationship between maternal
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employment and pediatric health care utilization. The MSCM data contain
the information of mothers and children in the study for 28 days, and there are
167 mothers and preschool children enrolled. In this analysis, we focus on the
child illness for the first 9 days. The response variable is the child illness on
the study day (1 = yes, 0 = no), and there were six predictor variables: Race
(child race, 1 = non-white, 0 = white), Household (size of household, 1 = more
than 3 people, 0 = other), Stress (today’s mother’s stress, 1 = yes, 0 = no), and
additionally, St1, St2 and St3 are the mother’s stress of one, two and three days
before, respectively. This data have a few missing value, and we assume that
the missingness mechanism is missing completely at random. Thus, we use
complete 146 mothers and children data. We also assume that the response
variable y; is distributed according to B(1,p;), i=1,...,146, j=1,...,9.
For the link function, we prepare the logistic link function. For the working
correlation matrix, we prepare three matrices: the working AR-1, exchangeable
and independence matrices. In this analysis, we select the working correlation
matrix and variables.

Table 8 shows the selection probability of the model selected by minimiz-
ing the criterion and the estimated prediction error of the best model selected
by the criterion, where the values in parenthesis indicate standard errors.
We divide the MSCM data into calibration data and validation data. The
numbers of subjects in the calibration data and validation data were 136 and
10, respectively. The best subset of variables and working correlation matrices
are selected by each criterion derived from the calibration data. The selection
probabilities are obtained from only the calibration data. The estimated pre-
diction errors are obtained as follows. Let d;, = (a’lh...,afms,)T be a 146-
dimensional binary vector that contains 136 zeros and 10 ones at the rth
iteration, t=1,...,100, i.e., d; =0 or 1 and 2146 d; = 10. In addition, we

i=1

denote that ﬂA37 —a) 18 @ GEE estimator ﬁ[,dl] of the best model selected from

Table 8. Selection probability and estimated prediction error with the MSCM data

PMSEG QIC mQIC
Variables Auto Ex Ind | Auto Ex Ind | Auto Ex Ind
Race, Household, Stress, Stl 55 7 0 0 0 74 0 0 74
Race, Household, Stress, St2 18 12 0 0 0 26 0 0 26
Race, Household, Stress, Stl, St2 5 3 0 0 0 0 0 0 0
. 1.92 4.39 4.39
PEB
P (0.10) (1.55) (1.55)
PﬁﬁQ 1001.88 1003.82 1003.82

(6.26) (6.31) (6.31)
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the calibration data, where ﬁ[,d[] is the solution of the following equation:

146
Z(l —di)D/ V(3 — ) =0,

i=1
Finally, the estimated PEBp and PEBq are given as

1 1001

PEBP - 136 X {m;mg(ﬁB’[[l’]’ﬂf’” Z) - 9}7

- | Jo 146 9 )
PEBq = 136 x WZE {—222% X O(By.[ai Vi) (-
=1

i=1 j=1
where Z(p,,p,,1) is defined as follows:

146

LB B t) =D dix {y — (B} AT (BIRT (B2) AT (Bo) (i — mi(B))-
i=1

Note that we used the independence working correlation matrix for obtaining
ﬁf from t}}e calibration data in this study. Also note that we denote ﬁf‘t as the
value of B, from the calibration data at the 7th iteration. From Table 8, we
can see that the model most selected by each criterion is different. However,
both the PEBp and PEEQ of the PMSEG were smaller than those of the QIC
and mQIC. Hence, using the PMSEG is better than using the QIC (or mQIC)
for selecting models in this study.

Consequently, from Tables 3, 4 and 8, we recommend the use of the
PMSEG rather than the QIC (or mQIC) for selecting models in the GEE
method.

5. Conclusion and discussion

In the present paper, we proposed the PMSEG as a model selection
criterion that reflects the correlation in the GEE method. The PMSEG is the
simple criterion such as the AIC. Nowadays, the GEE method is one of the
mainstream of longitudinal analysis methods and many statistical softwares
(e.g., SAS, R, etc.) support the GEE method. For these reasons, it is impor-
tant to propose a more useful criterion for analyzing longitudinal data using
the GEE method.

In all situations of the simulation results of Section 4, we showed that
the PMSEG has better performance than the QIC and mQIC for the variable
selection, and the difference between the performances of the PMSEG and both
QIC and mQIC is more salient when the correlation is large. Recall that the
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PMSEG reflects the correlation between responses, however, both the QIC and
mQIC are not reflective. This is probably one of the reasons why the PMSEG
has better performance than the QIC and mQIC. In the study of the MSCM
data, we also showed that the PMSEG is useful as same as the QIC and mQIC.
Nevertheless, computational costs of the PMSEG are lower than those of the
QIC and mQIC because the bias term of the PMSEG is 2 x (the number of
parameters). On the other hand, many previous studies including the QIC
and mQIC require the calculation of the bias term for each candidate model.
Therefore, the PMSEG is useful and user friendly.

As for the future work, we will consider the following three problems.
First, we recall that, in deriving the PMSEG, we assume that the nuisance
parameter a is known. Actually, we often estimate a because a is unknown in
many cases. In fact, we estimate a in Section 4. However, Liang and Zeger
[11] showed that an estimator of a is consistent under the standard assumption,
and we confirmed that the estimation of @ dose not dramatically influence the
performance of the PMSEG from some simulation results. Theoretical study
of the influence of estimating a to the PMSEG is left for the future work.
Second, in this paper, we assume that all individuals have the same number
of repeated observations and a common correlation structure. Since this is a
strong assumption, we should consider to relax it. Finally, in Subsection 4.3,
we confirmed the performance of the selection probability of the PMSEG when
the number of occasions is not small. However, since this is merely a numeri-
cal result, we should show the theoretical property of the PMSEG.

Appendix

Derivation of (3)
The GEE is expanded as follows:

8

6ﬁT (ﬂ _ﬂO)

ﬂ:ﬂ()

Op = 81,0 +

(B Bo)

1 . T 0 os,,
3 (-mT e 1)(5 o k)

=s8p0—Hyoll,+ G0+ G20)(B— By)

=5

F3AB— BT @ LILB)B o), )

where p* lies between f, and B (i.e., % € (0,1) s.t. B* =, + & (B —Po)), I, is
a p-dimensional identity matrix, Gy, G20 and L;(f*) are defined by
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n a
Gl,O = 7H’;%)ZD1TO <6ﬂT ® I/[71
i=1

>{Ip ® (¥ *ﬂi,o)}a

P=B

\o'

0 0sy
L= (Ge g,

Note that Li(8") = Op(n), sn,0 = Op(n'/?), B— By, G1,0 and G = Op(n~'72).
Thus, (8) yields

e 0 _
Gyo=—H, ( - @D/ > 11, ® {Vig (v — #,0)}];

ﬂ:ﬂ(l

B—PBy=H, {50+ 0,(n")=bio+0y(n"). ©9)

Similarly, the GEE can also be expanded as follows:
Sno=H,ol,+ G0+ G20)(B—By)
J QN .
—51B=80)" @ L,}HGs0+ (Li(By) = G3.0)}(B - By)

1 T 0 0 08y
—6{(ﬂ—ﬁo) ®Ilf}{5ﬂT ® (6ﬁ ® éﬂT>Hﬂﬂ“

x {(B—Bo) ® (B-By)}, (10)

where f** lies between f, and f (i.e., & € (0,1) s.t. B = B, + & (B — B,)), and
G0 =E{Li())}.

Note that the order of the last term of equation (10) is 0,(n~'/?). Also
note that G o = O(n) and L (f,) — G3 o = O,(n'/?). Therefore, by using equa-
tion (9) and (10), we get the stochastic expansion (3), and b o = O(n~'/?) and
bz,() = 0()1_1).

Calculation of Biasl

Biasl in (4) is expanded as

=

Biasl = E,

i=1 i=1

Ez{z”:(Zi_ﬂi)TZi,(}(Zi—ﬁi)}_ (yi_ﬁi)TE;(;(yi_ﬁi)

:2Ey{i(yi_:ui,O)TEiT(;(ﬁi_:ui,O)}' (11)

i=1
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Applying Taylor’s expansion around § = By to a; yields

Op;
p’

(B —Bo)
phy

A =i+

IR o om
- oG )|, 0w

rt-p on g (Gea)l  i-meu-m

= o+ Dio(B— Bo) +5 (B~ B0)" @ LIDL(B~Bo) + 0,7, (12)

where Di(.,lo) is given by

o
0\ Py

Here, ™ lies between f, and B. Substituting the stochastic expansion of §
in (3) into (12) yields the following:

)

) 1 .
ﬂi—ﬂi,ozDi,0b1,0+{ D;obz.o+ 5 (bl o ® Iy )D}‘gbl‘o}wp(n 32) 0 (13)

By combining (11) and (13), we obtain

1. 4 _
5 Bias| = E},{Z(y,» —ﬂ[,O)Tziﬁ(}D,‘,obl,o}

i=1

n

1
S i—mo) {Di,obz,o +3 (b, ® Inl)Dﬁl())bl-O}]

i=1

+E,

+E{0,(n"')}. (14)

Note that E{(y; —,ul-vO)T(yj —#0)} =0, (i # j), the first term of (14) can be
calculated as

n
Ey{Z(yi - ﬂi,O)TEA(}Di,Obl,O}

i=1

n

ZZ — M) zOlDzOHnODJOVJO(.V ﬂ,o)
i=1 j=

y
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= EJ’

n
Z(yi - ﬂi,o)TE;ol Di,OHn_,}JDiTo Vio (v — ”i,O)]
p)

I’IOZDIO tOlDlO :tr[H

noHu o] = p. (15)

Similarly, since E[(y; —#t;9) ® (3 = #:0) (Vi = #,0)] = Oy (nOt = j = k),
the second term of (14) can be expanded as

& _ 1
E, lZ(J’i - ”i,O)Tzi,(} {Di,0b270 + b (bIO ® 1171)D1'<,]()>b170}

i=1

1 1
=E, lZ(y,- —m0) X o{ i,0b2io +5 (b 10 ® Im)Di(.,lo)bli,OH ;

i=1

where  bio=H, (D} Vi (yi —mio),  buo=H, y(b);, ®1,)G30b1;0/2 —
Gi0b1i,0 — Goiobiio,

Giio=-H, ODz O(aﬂ‘r ® V - >{Ip ® (¥ *ﬂi,o)}»

> 1, ® {KBI (y: _ﬂlpo)”-
ﬂ l"()

G0 = H”(aﬂT ® D/

Note that D; gb; o + (bl, 0 ® I,,,)nglo)bliﬂo/Z = OP(n’Z), the second term of (14)
can be obtained as

n

1
> i—mo) g {D: ob20 +3 (b ® Im)0572b1¢0}
i=1

E, =0, (16)

Under certain conditions, the limit of the expectation is equal to the expecta-
tion of the limit. Furthermore, in many cases of practical interest, a moment
of statistic can be expanded as power series in n~! (see e.g., Hall, [7]). There-
fore, by substituting (15) and (16) into (14), we obtain the asymptotic expansion
of Biasl up to order 1 as

Biasl =2p + O(n™1). (17)

Calculation of Bias2 + Bias4

We calculate Bias2 + Bias4. Bias2 in (4) can be calculated as
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n
_ -1 _ _ Ty—1 _
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i=1
and Bias4 in (4) can also be calculated as

n

Bias4 = Ey{Zm —tti.0) AT P BORT(BAT (B (s — m)}

i=1

- E{Dy =) A P BOR (B A () —ﬂ»}
=-E, {22 = 10) AR (B A By (o —m)}

i=1

- E{Zw —fir) AT BOR (B)AT (B (o - m}.

Thus, we obtain Bias2 + Bias4 as follows:

23 (= m0) {Z — A7 (By)

i=1

Bias2 + Bias4 = E,

< R (B)AT(B) Y (w0 — m] (18)
FE| (o — i) {E - 47 (B)
i=1
x R (B)AT > (B)} (mro — ﬂ,>]. (19)

In order to calculate (18) and (19), we perform the stochastic expansion
12,4\ B-l/p p p
of A;'(B;). R'(B), m(B;) and B, Denote D.;=A(B.)4,(B.)X., and
D. o= A, 0d; 90X, ;. Considering the same argument in section 2 and 3, /)’f
and ,u,(ﬁf) can be expanded as
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ﬂAf —B.o=bro+ Op(n '), b= Hﬁz,osf}n(ﬂ*,o),
/‘i(ﬁf) —#;0=D.iobro+ Op(nil)a (20)

where B,  is the true value of f,, and Hy o is defined as
. 125 1/2
Hy o= ZD*TJ,OA;O/ Ri_l(aT)AiTO/ D. ;.
i=1

Let af’[(ﬁ.f‘) denote the m-dimensional vector and the jth element of which is
the (j,j)th element of A;l/z(ﬂf). Note that diag{as :(f;)} = A;1/2(ﬂf). By
applying Taylor’s expansion around ﬂ} =PB.0 aj}i(ﬁf’) is expanded as

p * _ B 0
ar.i(Br) =ar.i(B.o) + A7 obro+O0,(n7"),  Afo=—=ari(B.)

op b=b.s

Hence, we obtain
A;I/z(ﬁ/‘) = diag{af,i(ﬁf)} = 1‘1,‘_701/2 + diag(Af*,i.obfTO) + Op(”_l)- (21)

Note that by o, D. ; oby,0,diag(4; ; oby.0) = Op(n~"/?). Moreover, substituting
(20) and (21) into R(B;) yields following:
~ A 1 1 ~1/2 —1/2
R(;) = —;ZAI-,O/ {D..i.obro(y; —m o) + (¥ — ﬂi,o)(D*,uobf,o)T}Ai,o/
pm
I o1 -172
+;ZA,10/ (v = #1.0) (v — mi0) Ay
pa

1 ) . 12
+ ;Zdlag(A,v,,-,obf,o)(yi —t0) (¥ — /‘i‘O)TAi,O/
i=1

1< . N _
+ ;ZAi,é/z(J’f - ”i,O)(yi - /‘i,o)T dlag(Af,i,Obf-()) + Op(” 1)- (22)
i=1

By the Lindeberg central limit theorem, the first term of (22) is O,(n71').
Thus, using this fact and (22), we obtain

Ral/zR(ﬂf-)R(;l/z

- I ,
=1, — R, 1/Z{Ro - ZZA,-,OI/Z()’I‘ = #0)(¥i _ﬂi,o)TAi,é/z
i=1
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1 - : * TA 1/2
L Z dlag(Af, i,obf'.o)(Yi - .”i,o)(y —H; 0)
i=1

- —ZA 1/2 — 4 0)(¥; —ﬂz:,o)T diag(A;,i,Obva)} P+ 0 (n ).

Therefore, by calculating the inverse matrix of R, 2R (ﬂ/) -1/ 2 R!

be expanded as

( B/) can

o B _ 1 2 —1/2
1(/ff>—R01+Rol{Ro—ZA Py = m0) (3= o) A7
I, ., -172
- ;Zdlag(A_ﬁi,obf,o)(yi —t0)(¥i — :ui,O)TAi,O/
i=1

——ZA V20— 10) i — o) diag(A;Ti,obf.,w}Ro‘

+0,(n). (23)

Note that the second term of (23) is O,(n""/?).
Next, we calculate (19). By using (21) and (23), we obtain

Za— A7 PR (B)AT P (By)

= —diag(A;] ; oby.0)Ry A, o> — A,y PRy diag(A] , oby.0)
~ A4, R { o——ZA 20— m0) i — mi0) A
1 T 1/2
_zzdlag(A;.i,Obf-,O)(yi_.”i‘O)(y Hi0) A;,
i=1

——ZA 2 (y ﬂ,»,oxy,‘—u,,ofdiag(A;_,,-,obf,w}RolA 2

+0,(n7"). (24)

Note that X0 —d;'(B)R'(B)A;"*(B;) = Op(n~"?) and  D;ob1 o=
0,(n"1/?).  Therefore, by substituting (13) and (24) into (19), we obtain

(19) = o). (25)
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Recall that, in general, a moment of statistic can be expanded as power series
in n~!. Hence, the order of (25) is shown by O(n~'), not O(n~'/?).

Finally, we calculate (18). By substituting (13) and (24) into (18), we
obtain

(18) = [ZZ’Q o{diag(A4y ; oby.0)Ry IA 1/2

i=1

+ 4, 1/2R61 diag(A; ; obr.0)}Diob1,o

_ 1 _ .
(23 A R 3 o, Do
E}{ S koA, PRy diag(A; j,Obfvo)rq,,oxjoAj,é/zRoIAA()I/ZDi,Obl,O}
E){ Z Koo Ry A7 1 on ] diag(A] by o) Ry A Di,obl,o}

+E, <2Z,¢, oZ50Diob, 0>+0( -h. (26)

i=1

Here, xj0 = (y; —p0) and >, ;= >7", >°",. Moreover, in order to simplify
the calculation, we define the following notation:

n n

Z = Z Z R bf,,'?() = Hﬁ;‘ODIi,OAiT(}KLO'

i#] =l j=Liz)

Recall that E(x; o ®l€ LKk, 0) =0,, (not i=j=k). Hence, the first term of
(26) is as follows:

n
E, [2 > w[{diag(A; ; obro)Ry A o> + A PRy diag(A; , 4br.0)} Dy 0b1 0

i=1

lzle otdiag(4y ; oby.i0)Ry lA 1/2
i=1

1/2

—|—A R71 diag(A;,i‘obfj,o)}D,‘,ob],"o = 0(}’171). (27)
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Similarly, since E, (kyx; ok} jkx,0) = 0 unless i = k, the second term of (26) can
be calculated as

_ 1 _
—E, <2Zx, oA Ry = ZA oK 080 A 1/2RO“AL3/2D,-,ObLO>

. 1 <& L
— —E, <2le oA Ry ln] 12,;#//1 o/ K0 oA PR lAl.701/2D,~,0b1,-70>

+0(n™)
=-E, <22x§02;(;1),-,0b1,-70> +0(mYy==2p+0n"). (28)
i=1

Note that —2p in (28) is obtained from (15). Furthermore, E, [x; To(Kio ® K. USE
(11,0 ® K1,0)] = 0 expect in the following cases:

i=j=lori=j#k=lori=Il#k=jor j=Il#k=1i
Thus, the third term of (26) is given by

2
—E},{—Z w0, o PRy diag(A; | oby.0)s.0n] oA o >Ry A * D; oblo}
{ KA ) Ry diag(A;,,-,obf-,o>x,~,oxIOA,-,&/ZROIA,-,&/ZowLo}

{ S wloA; PRy diag(A; ; oby.i0).0k] Ay Ry Ay * Dy objo
i#j

{ KA l/zRoldlag(Afjob//o)x/o oA, 1/2R51A;01/2D,~,0b1,-70
i#]

= O(n’l). (29)

In the same manner as in the calculation of the third term of (26), the fourth
term of (26) is calculated as

2 o o o
_Ey{ > loAe Ry Ay s 0 dlag(Af.,j,obf,O)RolAf,é/zDz;obl,O}

ij

=0on™"). (30)



Model selection criterion based on the prediction mean squared error in GEEs 333

Moreover, the fifth term of (26) is obtained from (15), as follows:

E, 22@025(}0,,01;170 =2p. (31)
i=1

Substituting (27), (28), (29), (30) and (31) into (26), (18) is given by

(18) = o(n™Y). (32)

Consequently, from (25) and (32), we obtain Bias2 + Bias4 = O(n~!).
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