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Abstract. The Besicovitch covering theorem is well known to be the useful tools in

many fields of analysis. Federer extended the result of Besicovitch to a directionally

limited metric space. In this paper, we prove the Besicovitch covering theorem for

parabolic balls in Euclidean space, although the parabolic metric is not directionally

limited.

1. Introduction

Covering theorems are well known to be fundamental tools in many fields

of analysis. Although there are several types of covering results, all have the

same purpose; from an arbitrary cover of a set in a metric space, one extracts

a subcover as disjointed as possible. In this paper, we consider the so-called

Besicovitch covering theorem. The Besicovitch covering theorem is more

powerful than the well-known result of Vitali, because it does not require

us to enlarge balls. Besicovitch [2] proved this theorem for disks in the plane,

and Morse [9, Theorem 5.9] extended it to balls and more general sets in finite

dimensional normed vector spaces. (For a simple proof of Morse’s result, see

[3, Theorem 5.4].) The best constant in the Besicovitch covering theorem was

studied by Loeb [7], Sullivan [10] and Füredi-Loeb [6]. Moreover, Federer

[5, Theorem 2.8.14] extended the result of Besicovitch to directionally limited

metric spaces (see Definition 2.1). In this paper, we prove the Besicovitch

covering theorem for parabolic balls. Note that the parabolic metric is not

directionally limited. See Proposition 2.2. A more general result about the

Besicovitch covering theorem was proved by Le Donne and Rigot [4, Theorem

3.16]. In this paper, we give a di¤erent simple proof of the Besicovitch

covering theorem for parabolic balls in Euclidean space using homogeneity of

the parabolic metric.
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A point in the Euclidean n-space Rn, nb 2, is denoted by x ¼ ðx1; . . . ; xnÞ
or ðx 0; xnÞ where x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1. Let

jx 0jn�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
1 þ � þ x2

n�1

q
be the Euclidean norm of x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1. For x; y A Rn, we define

the parabolic metric dðx; yÞ by

dðx; yÞ ¼ maxfjx 0 � y 0jn�1;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � ynj

p
g: ð1:1Þ

Let Bðx; rÞ ¼ fy A Rn : dðx; yÞa rg denote the closed parabolic ball centered

at x A Rn with radius r > 0. Let m be the n-dimensional Lebesgue measure.

Note that there exists a constant an > 0 such that mðBðx; rÞÞ ¼ anr
nþ1 for any

x A Rn and r > 0.

Theorem 1.1. There exists a constant N ¼ Nn > 0, depending only on n,

with the following property: If F is any collection of closed parabolic balls in

Rn with

R ¼ supfdiam B : B A Fg < y

and if A is the set of centers of balls in F, then there exist G1; . . . ;GN � F such

that

( i ) each Gj is a countable collection of disjoint balls,

(ii) A �
SN
j¼1

S
B AGj

B.

Remark 1.2. Aimar-Forzani [1] proved the following weak version of

Besicovitch covering theorem for other parabolic balls. Let 0 < a1 a a2 a � � �
a an and pb 1. Observe that for any x ¼ ðx1; . . . ; xnÞ A Rnnf0g the equation

of r

jx1j
ra1

� �p

þ � � � þ jxnj
ran

� �p

¼ 1

has a unique positive solution, which we call rx. We define r : Rn �Rn ! R
by

rðx; yÞ ¼ rx�y if x0 y;

0 if x ¼ y:

�

Although r is not a metric in general, r is a quasi-metric, that is, there exists a

positive constant Cb 1 such that rðx; yÞaCðrðx; zÞ þ rðz; yÞÞ for any x; y; z A
Rn. We define the r-ball Brðx; rÞ centered at x ¼ ðx1; . . . ; xnÞ A Rn with radius

r > 0 by
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Brðx; rÞ ¼ fy A Rn : rðx; yÞa rg

¼ y ¼ ðy1; . . . ; ynÞ A Rn :
jx1 � y1j

ra1

� �p

þ � � � þ jxn � ynj
ran

� �p

a 1

� �
:

They proved that if an=a1 a p, then there exists a constant C > 0 with the

following property: If F is any collection of r-balls and if the set A of centers

of balls in F is bounded, then there exists G � F such that the balls in G

cover A, and every point in Rn belongs to at most C balls in G.

Applying Theorem 1.1, we can prove a weak version of Besicovitch

covering theorem for our parabolic balls. Our parabolic balls are used in

many fields of analysis more commonly than r-balls of Aimar-Forzani. In

particular, the parabolic metric (1.1) plays an important role in the study of the

mean curvature flow.

2. Proof of Theorem 1.1

Before we prove Theorem 1.1, we show that the parabolic metric is not

directionally limited. Federer [5, 2.8.9] introduced the following notion of the

directionally limited metric (slightly changed to suit our purposes). We write

CardðAÞ to denote the cardinality of the set A.

Definition 2.1. Let ðX ; dÞ be a metric space, A � X and x > 0, 0 < ha
1
3 , z A N. The metric d is said to be directionally ðx; h; zÞ-limited at A if the

following holds:

(i) If a; b; c A A with 0 < dða; cÞa dða; bÞ, then there exists a point x A X

such that

dða; xÞ ¼ dða; cÞ and dðb; xÞ ¼ dða; bÞ � dða; cÞ: ð2:1Þ

(ii) If a A A and B � A \ ðBða; xÞnfagÞ such that

dðx; cÞ
dða; cÞ b h

whenever b; c A B with b0 c and x A X satisfying (2.1), then CardðBÞa z.

Federer [5, Theorem 2.8.14] proved that the generalized versions of

Besicovitch covering theorem for directionally limited metric spaces. However

the parabolic metric is not directionally limited. The following proposition

was shown by Menne [8].

Proposition 2.2. Let A � Rn. Assume there exist a; b; c A A such that

0 < dða; cÞ < dða; bÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jan � bnj

p
: ð2:2Þ
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Then the parabolic metric is not ðx; h; zÞ-directionally limited at A for any x > 0,

0 < ha 1
3 , z A N.

Proof. We prove that there exists no x A Rn satisfying (2.1) for a; b; c A
A. Assume that there exists x A Rn satisfying (2.1), that is,

dða; xÞ ¼ dða; cÞ and dðb; xÞ ¼ dða; bÞ � dða; cÞ:

Then we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jan � xnj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � bnj

p
a dða; xÞ þ dðx; bÞ

¼ dða; bÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jan � bnj

p
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jan � xnj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � bnj

p
:

Observe that either x ¼ a or x ¼ b holds. This would contradict the assump-

tion (2.2). Hence there exists no x A Rn satisfying (2.1) for a; b; c A A and so

Proposition 2.2 holds. r

For r > 0 we define the scaling transformation fr by

frðxÞ ¼ frðx 0; xnÞ ¼
x 0

r
;
xn

r2

� �
for x A Rn:

Next we observe the following property of fr.

Proposition 2.3. Let x; y A Rn and r; r1; r2 > 0. Then

( i ) frðxþ yÞ ¼ frðxÞ þ frðyÞ,
( ii ) fr1 � fr2 ¼ fr2 � fr1 ¼ fr1r2 ,

(iii) dð frðxÞ; frðyÞÞ ¼ 1
r
dðx; yÞ.

Proof. Let x ¼ ðx 0; xnÞ, y ¼ ðy 0; ynÞ A Rn.

(i)

frðxþ yÞ ¼ x 0 þ y 0

r
;
xn þ yn

r2

� �
¼ x 0

r
;
xn

r2

� �
þ y 0

r
;
yn

r2

� �
¼ frðxÞ þ frðyÞ:

(ii)

fr1 � fr2ðxÞ ¼ fr1
x 0

r2
;
xn

r22

� �
¼ x 0

r1r2
;

xn

ðr1r2Þ2

 !
¼ fr1r2ðxÞ;

fr2 � fr1ðxÞ ¼ fr2
x 0

r1
;
xn

r21

� �
¼ x 0

r1r2
;

xn

ðr1r2Þ2

 !
¼ fr1r2ðxÞ:
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(iii)

dð frðxÞ; frðyÞÞ ¼ max
jx 0 � y 0jn�1

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � ynj

p
r

( )

¼ 1

r
maxfjx 0 � y 0jn�1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � ynj

p
g

¼ 1

r
dðx; yÞ: r

We divide the proof of Theorem 1.1 into several lemmas. Our proof is

based on the result by Morse [9, Theorem 5.9]. One of the new ingredients in

our proof is Lemma 4, which requires the geometric properties specific to the

parabolic metric d. Hereafter, let F be a collection of closed parabolic balls

in Rn with

R ¼ supfdiam B : B A Fg < y

and let A be the set of centers of balls in F.

Lemma 1. If A is bounded, then there exists fBðxj; rjÞgJ
j¼1 � F such that

( i ) if i < j, then xj B Bðxi; riÞ and rj a 2ri,

(ii) A �
SJ

j¼1 Bðxj; rjÞ.
Moreover (i) implies that fBðxj; rj=3ÞgJ

j¼1 are disjoint.

Proof. Choose any ball Bðx1; r1Þ A F such that r1 bR=4. Inductively

choose fBðxj ; rjÞg as follows. Assume that Bðx1; r1Þ; . . . ;Bðxj�1; rj�1Þ are

defined. Let Aj ¼ An
S j�1

i¼1 Bðxi; riÞ and let Rj ¼ supfr : Bðx; rÞ A F; x A Ajg.
If Aj ¼ q, then stop and set J ¼ j � 1. If Aj 0q, then choose any ball

Bðxj; rjÞ A F such that xj A Aj and rj bRj=2. If Aj 0q for all j, then set

J ¼ y.

(i) Assume that i < j. Then xj A Aj ¼ An
S j�1

i¼1 Bðxi; riÞ and so xj B
Bðxi; riÞ. Since xj A Aj � Ai,

2ri bRi ¼ supfr : Bðx; rÞ A F; x A Aigb rj:

Thus the property (i) holds. Moreover, we obtain

dðxi; xjÞ > ri ¼
ri

3
þ 2ri

3
b

ri

3
þ rj

3
:

Therefore fBðxj; rj=3ÞgJ
j¼1 are disjoint.

(ii) We prove that A �
SJ

j¼1 Bðxj; rjÞ. If J < y, this is trivial. Suppose

J ¼ y. Since A is bounded, there is a constant R0 > 0 such that Bðxj; rj=3Þ �
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Bð0;R0Þ for all j. Because fBðxj; rj=3Þgyj¼1 are disjoint, we have

Xy
j¼1

anðrj=3Þnþ1 ¼
Xy
j¼1

mðBðxj; rj=3ÞÞ

¼ m
[y
j¼1

Bðxj; rj=3Þ
 !

amðBð0;R0ÞÞ < y:

Hence limj!y rj ¼ 0.

If x A A, then there is a ball Bðx; rÞ A F. Since limj!y rj ¼ 0, there

exists j such that rj < r=2. Assume that x B
S j�1

i¼1 Bðxj; rjÞ. Then x A Aj and

so

rj b
Rj

2
¼ 1

2
supfr : Bðx; rÞ A F; x A Ajgb

r

2
;

which is a contradiction. Hence we have x A
S j�1

i¼1 Bðxj; rjÞ and so the

property (ii) holds. r

Lemma 2. Given balls fBðxj; rjÞgJ
j¼1 and a finite subset I � fi : ia Jg.

Then there exists a finite partition L1;L2; . . . ;LK of I such that

( i ) if j ¼ 1; 2; . . . ;K, mð jÞ ¼ min Lj and i A Lj, then xmð jÞ A Bðxi; riÞ,
(ii) if i < jaK, then mðiÞ < mð jÞ and xmðiÞ B Bðxmð jÞ; rmð jÞÞ.

Proof. Let mð1Þ ¼ min I and let L1 ¼ fi A I : xmð1Þ A Bðxi; riÞg. Induc-

tively choose fLjg as follows. Assume that L1; . . . ;Lj�1 are defined. Let Ij ¼
In
S j�1

i¼1 Li. If Ij ¼ q, then stop and set K ¼ j � 1. If Ij 0q, then let

mð jÞ ¼ min Ij and let Lj ¼ fi A Ij : xmð jÞ A Bðxi; riÞg. Since I is finite, there is

a j such that Ij ¼ q. Obviously, the property (i) holds.

Assume i < jaK . By Ij � Ii, we have mðiÞ ¼ min Ii < min Ij ¼ mð jÞ.
Since mð jÞ A IinLi, we see xmðiÞ B Bðxmð jÞ; rmð jÞÞ. Thus the property (ii) holds.

r

Lemma 3. Suppose that balls fBðxj; rjÞgJ
j¼1 satisfy the property (i) in

Lemma 1, ka J, I � fi : i < kg and Bðxi; riÞ \ Bðxk; rkÞ0q for all i A I .

( i ) If ri < 3rk for all i A I , then CardðIÞa 30nþ1.

( ii ) If I 0q, m ¼ min I and xm A Bðxi; riÞ for all i A I , then CardðIÞa
5nþ1.

(iii) If 3rk a ri for all i A I and xi B Bðxj; rjÞ for all i; j A I with i < j, then

CardðIÞa 7nþ1.

We obtain Lemma 3 (iii) by the following crucial lemma.
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Lemma 4. Suppose that fBðxj ; rjÞgj¼1;2;3 satisfy

Bðxj; rjÞ \ Bðx3; r3Þ0q; x3 B Bðxj; rjÞ and 3r3 a rj for j ¼ 1; 2:

Let dj ¼ dðxj; x3Þ for j ¼ 1; 2. If

d1 a d2 and dð fd1ðx1 � x3Þ; fd2ðx2 � x3ÞÞa 1=3;

then x1 A Bðx2; r2Þ.

Proof. Let 0 < l ¼ d1=d2 a 1. Fix y A Bðx2; r2Þ \ Bðx3; r3Þ and let

z ¼ yþ flðx1 � yÞ:

We show that z A Bðx2; r2Þ. By Proposition 2.3 and the translation invariance

of d, we have

dðx3 � flðx3Þ; x2 � flðx1ÞÞ ¼ dð flðx1 � x3Þ; x2 � x3Þ

¼ dð f1=d2 � fd1ðx1 � x3Þ; f1=d2 � fd2ðx2 � x3ÞÞ

¼ d2 � dð fd1ðx1 � x3Þ; fd2ðx2 � x3ÞÞ

a
d2

3
: ð2:3Þ

Since y A Bðx3; r3Þ, we obtain that

1� 1

l

� �
y 0 � 1� 1

l

� �
ðx3Þ0

����
����
n�1

¼ 1

l
� 1

� �
jy 0 � ðx3Þ0jn�1 a

r3

l
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

l 2

� �
yn � 1� 1

l 2

� �
ðx3Þn

����
����

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

l 2
� 1

� �s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jyn � ðx3Þnj

q
a

r3

l
;

and so

dðy� flðyÞ; x3 � flðx3ÞÞa
r3

l
: ð2:4Þ

By x3 B Bðx1; r1Þ and 3r3 a r1, we have

d1 ¼ dðx1; x3Þ > r1 b 3r3: ð2:5Þ

Since y A Bðx2; r2Þ \ Bðx3; r3Þ and 3r3 a r2, we get

d2 ¼ dðx2; x3Þa dðx2; yÞ þ dðy; x3Þa r2 þ r3 a
4

3
r2: ð2:6Þ

Combining (2.3), (2.4), (2.5) and (2.6), we obtain
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dðz; x2Þ ¼ dðy� flðyÞ; x2 � flðx1ÞÞ

a dðy� flðyÞ; x3 � flðx3ÞÞ þ dðx3 � flðx3Þ; x2 � flðx1ÞÞ

a
r3

l
þ d2

3
a

d2

d1
� d1
3
þ d2

3
a

8r2
9

a r2:

Hence we see that z A Bðx2; r2Þ.
Finally we prove x1 A Bðx2; r2Þ. Observe that

x1 ¼ yþ f1=lðz� yÞ ¼ ðð1� lÞy 0 þ lz 0; ð1� l 2Þyn þ l2znÞ:

By y; z A Bðx2; r2Þ, we obtain

jðx1Þ0 � ðx2Þ0jn�1 a ð1� lÞ � jy 0 � ðx2Þ0jn�1 þ l � jz 0 � ðx2Þ0jn�1

a ð1� lÞr2 þ lr2 ¼ r2;

jðx1Þn � ðx2Þnja ð1� l 2Þ � jyn � ðx2Þnj þ l2 � jzn � ðx2Þnja ð1� l 2Þr22 þ l 2r22 ¼ r22 ;

and so x1 A Bðx2; r2Þ. r

Proof of Lemma 3. (i) Assume that ri < 3rk for all i A I . Fix i A I . By

Bðxi; riÞ \ Bðxk; rkÞ0q, we have for any y A Bðxi; ri=3Þ

dðy; xkÞa dðy; xiÞ þ dðxi; xkÞa
ri

3
þ ri þ rk a 5rk:

Hence we see that Bðxi; ri=3Þ � Bðxk; 5rkÞ. Because fBðxj ; rjÞgJ
j¼1 satisfy the

property Lemma 1 (i), rk a 2ri for all i A I and fBðxi; ri=3Þgi A I are disjoint.

Hence

anð5rkÞnþ1 ¼ mðBðxk; 5rkÞÞbm
[
i A I

Bðxi; ri=3Þ
 !

¼
X
i A I

anðri=3Þnþ1

b anðrk=6Þnþ1 � CardðIÞ;

so that CardðIÞa 30nþ1.

(ii) Assume that I 0q, m ¼ min I and xm A Bðxi; riÞ for all i A I . Let

i A Infmg. Since ri a 2rm and xm A Bðxi; riÞ, we obtain for any y A Bðxi; rm=2Þ

dðy; xmÞa dðy; xiÞ þ dðxi; xmÞa rm=2þ ri a 5rm=2:

Hence we see that Bðxi; rm=2Þ � Bðxm; 5rm=2Þ. If i; j A Infmg with i < j, then

xj B Bðxi; riÞ, xi B Bðxm; rmÞ, xm A Bðxi; riÞ and so that

dðxi; xjÞ > ri b dðxm; xiÞ > rm:
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Therefore fBðxi; rm=2Þgi A I are disjoint. Hence

anð5rm=2Þnþ1 ¼ mðBðxk; 5rm=2ÞÞ

bm
[
i A I

Bðxi; rm=2Þ
 !

¼ anðrm=2Þnþ1 � CardðIÞ;

so that CardðIÞa 5nþ1.

(iii) Assume 3rk a ri for all i A I and xi B Bðxj; rjÞ for all i; j A I with

i < j. Let i; j A I with i < j. Since xi B Bðxj; rjÞ and xj B Bðxi; riÞ, it follows

from Lemma 4 that

dð fdiðxi � xkÞ; fdj ðxj � xkÞÞ > 1=3;

where di ¼ dðxi; xkÞ and dj ¼ dðxj; xkÞ. Let yi ¼ fdiðxi � xkÞ for i A I . By

dðyi; yjÞ > 1=3, fBðyi; 1=6Þgi A I are disjoint. Since

dðyi; 0Þ ¼ dð fdiðxiÞ; fdiðxkÞÞ ¼
1

di
dðxi; xkÞ ¼ 1;

we have Bðyi; 1=6Þ � Bð0; 7=6Þ for i A I . Hence

anð7=6Þnþ1 ¼ mðBð0; 7=6ÞÞbm
[
i A I

Bðyi; 1=6Þ
 !

¼ anð1=6Þnþ1 � CardðIÞ;

so that CardðIÞa 7nþ1. r

Proof of Theorem 1.1. Assume that A is bounded. By Lemma 1, there

exists fBðxj; rjÞgJ
j¼1 � F such that

( i ) if i < j, then xj B Bðxi; riÞ and rj a 2ri,

(ii) A �
SJ

j¼1 Bðxj; rjÞ.
Fix kb 2. Let Ik ¼ f1a i < k : Bðxi; riÞ \ Bðxk; rkÞ0qg and let L0 ¼
fi A Ik : ri < 3rkg. Then there exists a finite partition L1;L2; . . . ;LK of IknL0

satisfying the properties (i), (ii) in Lemma 2. It follows from Lemma 3 that

CardðL0Þa 30nþ1, CardðLjÞa 5nþ1 for j ¼ 1; . . . ;K and Ka 7nþ1. Therefore

we obtain

CardðIkÞ ¼ CardðL0Þ þ
XK
j¼1

Lj a 30nþ1 þ 35nþ1:

The right hand side of this inequality is independent of kb 2. Set N ¼ Nn ¼
30nþ1 þ 35nþ1 þ 1. Next we determine G1; . . . ;GN . We define s : f1; 2; . . .g !
f1; 2; . . . ;Ng. Let sðiÞ ¼ i for i ¼ 1; . . . ;N. For k > N inductively define

sðkÞ as follows. Assume that sð1Þ; . . . ; sðk � 1Þ are defined. Since

CardðIkÞ ¼ Cardðf1a i < k : Bðxi; riÞ \ Bðxk; rkÞ0qgÞ < N;
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there exists l A f1; 2; . . . ;Ng such that Bðxi; riÞ \ Bðxk; rkÞ ¼ q for all j with

sð jÞ ¼ l ð1a j < kÞ. Set sðkÞ ¼ l. Now, let Gj ¼ fBðxi; riÞ : sðiÞ ¼ jg for

j ¼ 1; . . . ;N. By the construction of s, each Gj consists of disjoint balls in

F. Moreover, we see that

A �
[J
j¼1

Bðxj; rjÞ ¼
[N
j¼1

[
B AGj

B:

Thus Theorem 1.1 holds for the case that A is bounded.

Finally we extend the result to general (unbounded) A. For l A N,

set Al ¼ fx A A : 3Rðl � 1Þa dðx; 0Þ < 3Rlg and F l ¼ fBðx; rÞ A F : x A Alg.
Then there exist countable collections G l

1; . . . ;G
l
N of disjoint balls in F l such

that

Al �
[N
j¼1

[
B AG l

j

B:

For j ¼ 1; . . . ;N, let

Gj ¼
[y
l¼1

G2l�1
j ; and GjþN ¼

[y
l¼1

G2l
j :

If B A G l
j , then B � fx A Rn : Rð3l � 1Þa dðx; 0Þ < Rð3l þ 1Þg. Therefore

each Gi ði ¼ 1; 2; . . . ; 2NÞ is a countable collection of disjoint balls in F.

Moreover we see that

A �
[2N
j¼1

[
B AGj

B:

Thus Theorem 1.1 holds. r
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