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Abstract. This paper is concerned with the problem of classifying an observation

vector into one of two populations P1 : Npðm1;SÞ and P2 : Npðm2;SÞ. Anderson (1973,

Ann. Statist.) provided an asymptotic expansion of the distribution for a Studentized

linear discriminant function, and proposed a cut-o¤ point in the linear discriminant rule

to control one of the two misclassification probabilities. However, as dimension p

becomes larger, the precision worsens, which is checked by simulation. Therefore, in

this paper we derive an asymptotic expansion of the distribution of a linear discriminant

function up to the order p�1 as N1, N2, and p tend to infinity together under the

condition that p=ðN1 þN2 � 2Þ converges to a constant in ð0; 1Þ, and N1=N2 converges

to a constant in ð0;yÞ, where Ni means the size of sample drown from P i ði ¼ 1; 2Þ.
Using the expansion, we provide a cut-o¤ point. A small-scale simulation revealed that

our proposed cut-o¤ point has good accuracy.

1. Introduction

This paper is concerned with the problem of classifying an observation

vector x coming from either P1 : Npðm1;SÞ or P2 : Npðm2;SÞ based on random

samples

xi1; . . . ; xiNi
@Npðmi;SÞ ði ¼ 1; 2Þ:

Let

W ¼ ðx1 � x2Þ0S�1 x� 1

2
ðx1 þ x2Þ

� �
;

where x1, x2, and S are the sample mean vectors and the pooled sample

covariance matrix, respectively, and are defined by
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xi ¼
1

Ni

XNi

j¼1

xij ði ¼ 1; 2Þ; S ¼ 1

n

X2
i¼1

XNi

j¼1

ðxij � xiÞðxij � xiÞ0;

n ¼ N � 2 ¼ N1 þN2 � 2:

The linear discriminant rule (W-rule) classifies x as P1 if W > c and as P2 if

W < c for a constant c. This classification causes two types of misclassifi-

cation. One of those is to allocate x to P1 even though it is actually in P2.

The other is that x is classified as P2 although it actually belongs to P1.

These probabilities are represented as

eð1j2Þ ¼ PðW > c j x A P2Þ; eð2j1Þ ¼ PðW < c j x A P1Þ:

The distribution of W when x A P1 is the same as that of �W when x A P2

by interchanging N1 and N2. This indicates that eð1j2Þ is obtained from eð2j1Þ
by replacing ðN1;N2; cÞ with ðN2;N1;�cÞ. Thus, in this paper, we only deal

with eð2j1Þ.
Generally, it is di‰cult to provide an analytic expression of eð2j1Þ.

Instead, the probability has been studied to derive an asymptotic approxima-

tion under large sample asymptotic framework A0:

A0 : N1 ! y; N2 ! y; N1=N2 ! g A ð0;yÞ:

For a review of the results under A0, see, e.g., Anderson [3], and Fujikoshi

et al. [7]. As p becomes large, the accuracy of the approximation worsens.

In order to improve it, it has been studied under the high-dimensional

asymptotic framework A1:

A1 : p ! y; N1 ! y; N2 ! y; p=n ! g0 A ð0; 1Þ;

and N1=N2 ! g A ð0;yÞ:

Raudys [11] derived an asymptotic approximation of the misclassification

probability for the case in which N1 ¼ N2, and Fujikoshi and Seo [6] derived

this approximation without assuming that N1 ¼ N2. Following Lachenbruch

[9], for x A P1, it can be expressed that

W ¼ ðx1 � x2Þ0S�1 x� 1

2
ðx1 þ x2Þ

� �
¼ V 1=2Z �U ; ð1Þ

where

V ¼ ðx1 � x2Þ0S�1SS�1ðx1 � x2Þ;

Z ¼ V�1=2ðx1 � x2Þ0S�1ðx� m1Þ;

U ¼ ðx1 � x2Þ0S�1ðx1 � m1Þ �
1

2
D2;
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and D2 is the squared sample Mahalanobis distance defined by D2 ¼
ðx1 � x2Þ0S�1ðx1 � x2Þ. The normality of x indicates that Z is distributed as

the standard normal distribution under the condition that x1, x2, and S are

given. Since the conditional distribution does not depend on fx1; x2;Sg, Z is

independent from fU ;Vg. Based on the location and scale mixture represen-

tation ð1Þ, Fujikoshi [4] provided an error bound for the asymptotic approx-

imation of eð2j1Þ. These results were subsequently reviewed in Fujikoshi

et al. [7]. It is noted that the limiting distribution of W under A1 is normal

with mean �u0 ¼ �limA1 E½U � and variance v0 ¼ limA1fE½V � þ VarðUÞg when

x@Npðm1;SÞ. The analytic expression for VarðUÞ provided by Fujikoshi [4],

shows that VarðUÞ ! 0 under the assumption that the Mahalanobis distance

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm1 � m2Þ

0
S�1ðm1 � m2Þ

q
converges to a positive constant; thus, it can be

abbreviated as v0 ¼ limA1 E½V �.
It may be necessary to determine the cut-o¤ point c to adjust the prob-

ability of misclassification. Such a cut-o¤ point is needed when one requires

one of two misclassification probabilities to take a small value. The result

under A0 was obtained from the work of Anderson [1], [2] (as cited in a

more recent book by this author [3]). It is based on the asymptotic expan-

sion for the distribution of a Studentized W (ðW �D2=2Þ=D for x A P1,

�ðW þD2=2Þ=D for x A P2) up to terms n�1. Fujikoshi and Kanazawa [5]

derived an asymptotic expansion for the distribution of a Studentized maxi-

mum likelihood classification statistic up to terms n�1. Kanazawa [8] used this

expansion to propose a cut-o¤ point to control the misclassification probability.

Since these cut-o¤ points are asymptotic results under A0, the precision worsens

as p becomes large.

The location and scale mixture representation ð1Þ and probability con-

vergences of fU ;Vg implies that the limiting distribution of ðW þ uÞ=
ffiffiffi
v

p
is

Nð0; 1Þ under A1 when x A P1, where

u ¼ � n

2ðm� 1Þ D2 þ p

N2
� p

N1

� �� �
;

v ¼ n2ðnþ 1Þ
ðm� 1Þðmþ 1Þðmþ 2Þ D2 þ Np

N1N2

� �
;

m ¼ n� p. Note that u ¼ E½U �, and v is asymptotically equal to E½V � under
A1. Since u and v contain the unknown parameter D2, this parameter needs

to be estimated to provide a Studentized statistic. A commonly used unbiased

estimator of D2 is

cD2D2 ¼ n� p� 1

n
ðx1 � x2Þ0S�1ðx1 � x2Þ �

pN

N1N2
: ð2Þ
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This cD2D2 has consistency under A1. Let c ¼ �ûuþ
ffiffiffî
vv

p
x, where ðûu; v̂vÞ is obtained

from ðu; vÞ by replacing D2 with cD2D2. From Slutsky’s theorem (cf., Rao [10]),

the limit of eð2j1Þ under A1 is given as

lim
A1

P
W þ ûuffiffiffî

vv
p < x

���� x A P1

� �
¼ FðxÞ;

where Fð:Þ denotes the cumulative distribution function of the standard normal

distribution. In order to improve the accuracy of the asymptotic approxima-

tion, we would need to use the asymptotic expansion of the distribution under

A1.

In this paper, we derive an asymptotic expansion for the distribution of

ðW þ ûuÞ=
ffiffiffî
vv

p
when x A P1 under A1. Using the expansion, we specify a cut-o¤

point such that one of the two misclassification probabilities takes the presetting

value.

This paper is organized as follows. In Section 2, we derive an asymptotic

expansion for the distribution of ðW þ ûuÞ=
ffiffiffî
vv

p
under A1 when x A P1. Based

on the expansion, in Section 3 we specify cut-o¤ point ch such that eð2j1Þ takes
the presetting values. In Section 4, we show the limiting value for eð1j2Þ for

the case in which the cut-o¤ point ch is used. Section 5 presents the simula-

tion results for the misclassification probability. This paper is concluded in

Section 6. The proof of the lemma is given in Appendix.

Hereafter, we denote ‘‘¼D ’’ as the equality in distribution, ‘‘!p ’’ as the

probability of convergence, and ‘‘??’’ as the independence.

2. Asymptotic expansion for the distribution of a Studentized linear

discriminant function under A1

Assume that D2 converges to a positive value as p ! y. Using Lachen-

bruch’s [9] expression given in ð1Þ, we have

P
W þ ûuffiffiffî

vv
p < x

���� x A P1

� �
¼ E F

ffiffiffî
vv

p
xþU � ûuffiffiffiffi

V
p

 !" #
: ð3Þ

Note that we use the fact which ðûu; v̂vÞ ?? Z in the above equality. Let

u1 ¼
1

N1
þ 1

N2

� ��1=2

S�1=2ðx1 � x2Þ;

u2 ¼
1ffiffiffiffiffi
N

p S�1=2ðN1x1 þN2x2 �N1m1 �N2m2Þ;

B ¼ S�1=2SS�1=2:
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Then u1, u2 and B are independent. In addition, u1 @Npðð1=N1 þ 1=N2Þ�1=2d;

IpÞ and u2 @Npð0; IpÞ, where d ¼ S�1=2ðm1 � m2Þ. It also holds that nB is

distributed as a Wishart distribution with n degrees of freedom and covariance

matrix Ip, which is denoted as Wpðn; I pÞ. Substituting them, we have

U ¼ � 1

2

p

N2
� p

N1

� �
u 0
1B

�1u1
p

þ pffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p u 0
1B

�1u2
p

� t
d 0B�1u1ffiffiffi

p
p ;

V ¼ Np

N1N2

u 0
1B

�2u1
p

;

t ¼
ffiffiffiffiffiffiffiffiffiffi
pN2

NN1

r
:

In addition, the unbiased estimator of cD2D2 given as ð2Þ can be written

as

cD2D2 ¼ Np

N1N2

m� 1

n

u 0
1B

�1u1
p

� 1

� �
: ð4Þ

Replacing D2 in ðu; vÞ with ð4Þ, we have

ûu ¼ � n

2ðm� 1Þ
Np

N1N2

m� 1

n

u 0
1B

�1u1
p

� Np

N1N2
þ p

N2
� p

N1

� �� �
;

v̂v ¼ nðnþ 1Þ
ðmþ 1Þðmþ 2Þ

Np

N1N2

u 0
1B

�1u1
p

:

Then, ffiffiffî
vv

p
xþU � ûu

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1

ffiffiffiffiffiffi
Q1

p

s
x� 1

2

p

N2
� p

N1

� �
Q1

p
þ pffiffiffiffiffiffiffiffiffiffiffiffi

N1N2

p B2

p

� t
B1ffiffiffi
p

p þ o�2

2

Q1

p
� n

2ðm� 1Þo
�2 þ 1

2

n

m� 1

p

N2
� p

N1

� �
; ð5Þ

V ¼ o�2 Q2

p
; ð6Þ

where Q1 ¼ u 0
1B

�1u1, Q2 ¼ u 0
1B

�2u1, B1 ¼ d 0B�1u1 and B2 ¼ u 0
2B

�1u1, o2 ¼
N1N2=ðNpÞ. The following lemma is used to express Q1, Q2, B1, and B2 as

functions of the independent standard normal and chi-squared variables,

simultaneously.
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Lemma 1. Let v1 @Npðd; I pÞ, v2 @Npð0; IpÞ, A@Wpðn; IpÞ, and let v1,

v2, and A be independent. Then the following equalities in distribution hold

simultaneously:

d 0A�1v1 ¼D
D

Y1
Z1 þ D�

ffiffiffiffiffiffi
Y2

Y3

r
Z2

� �
;

v 02A
�1v1 ¼D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Y 2
1

1þ Y2

Y3

� �
fðZ1 þ DÞ2 þ Z2

2 þ Y4g
s

Z3;

v 01A
�1v1 ¼

D 1

Y1
fðZ1 þ DÞ2 þ Z2

2 þ Y4g;

v 01A
�2v1 ¼D

1

Y 2
1

1þ Y2

Y3

� �
fðZ1 þ DÞ2 þ Z2

2 þ Y4g;

where D ¼
ffiffiffiffiffiffiffi
d 0d

p
; Z1, Z2, Z3, and Y1; . . . ;Y4 are independent, Zi @Nð0; 1Þ,

i ¼ 1; 2; 3, Yi @ w2fi , chi-squared distribution with fi degrees of freedom, i ¼
1; . . . ; 4,

f1 ¼ n� pþ 1; f2 ¼ p� 1; f3 ¼ n� pþ 2; f4 ¼ p� 2:

The proof of Lemma 1 is given in Appendix A. From Lemma 1, we

have

Q1

p
¼D n

f1

1

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

S;

B1ffiffiffi
p

p ¼D n

f1

D

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

Z1ffiffiffi
p

p þ oD�

ffiffiffiffiffi
f2

f3

s ffiffiffiffi
T

p Z2ffiffiffi
p

p
 !

;

B2

p
¼D n

f1

1

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3
T

� �
S

s
Z3ffiffiffi
p

p ;

Q2

p
¼D n2

f 2
1

1

ð1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1Þ2

1þ f2

f3
T

� �
S;

where Wi ¼
ffiffiffiffiffiffiffiffi
fi=2

p
ðYi=fi � 1Þ for i ¼ 1; . . . ; 4,

S ¼ Z1ffiffiffi
p

p þ oD

� �2
þ Z2ffiffiffi

p
p
� �2

þ p� 2

p
1þ

ffiffiffiffiffi
2

f4

s
W4

 !
; ð7Þ

T ¼ 1þ
ffiffiffiffiffiffiffiffiffi
2=f2

p
W2

1þ
ffiffiffiffiffiffiffiffiffi
2=f3

p
W3

: ð8Þ
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Then (7) is written as

S ¼ ð1þ o2D2Þ þ 1ffiffiffi
p

p 2oDZ1 þ
ffiffiffiffiffi
2p

f4

s
W4

 !
þ 1

p
ðZ2

1 þ Z2
2 � 2Þ

¼ s0 þ
1ffiffiffi
p

p S1 þ
1

p
S2: ð9Þ

Write

1

1þ
ffiffiffiffiffiffiffiffi
2=fj

p
Wj

¼
X4
k¼0

2

fj

� �k=2
ð�WjÞk �

2

fj

� �5=2 W 5
j

1þ
ffiffiffiffiffiffiffiffi
2=fj

p
Wj

: ð10Þ

Then (8) is

T ¼ 1þ

ffiffiffiffiffi
2

f2

s
W2

 !
1þ

X4
k¼1

2

f3

� �k=2
ð�W3Þk �

ð
ffiffiffiffiffiffiffiffiffi
2=f3

p
W3Þ5

1þ
ffiffiffiffiffiffiffiffiffi
2=f3

p
W3

( )

¼ 1þ 1ffiffiffi
p

p

ffiffiffiffiffi
2p

f2

s
W2 �

ffiffiffiffiffi
2p

f3

s
W3

 !
þ 1

p

2p

f3
W 2

3 � 2p

f2 f3
W2W3

� �
þ r1

¼ 1þ 1ffiffiffi
p

p T1 þ
1

p
T2 þ r1; ð11Þ

where r1 ¼ r
ð1Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term consisting

of p�3=2 times a homogeneous polynomial of degree 3 in the Z1, Z2, Z3,

W1, W2, W3, and W4 of which the coe‰cients are Oð1Þ as p ! y under

A1, plus p�2 times a homogeneous polynomial of degree 4, plus a remainder

term that is Oðp�5=2Þ under A1 for fixed Z1, Z2, Z3, W1, W2, W3, and

W4.

From ð10Þ for j ¼ 1, and ð9Þ, we have

Q1

p
¼ n

f1

1

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

S

¼ n

f1
1þ

X4
k¼1

2

f1

� �k=2
ð�W1Þk �

ð
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1Þ5

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

( )

� s0 þ
1ffiffiffi
p

p S1 þ
1

p
S2

� �
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¼ n

f1
s0 þ

1ffiffiffi
p

p
n

f1
S1 �

ffiffiffiffiffi
2p

f1

s
s0W1

 !

þ 1

p

n

f1
S2 �

ffiffiffiffiffi
2p

f1

s
S1W1 þ

2p

f1
s0W

2
1

 !
þ r2

¼ q1;0 þ
1ffiffiffi
p

p Q1;1 þ
1

p
Q1;2 þ r2; ð12Þ

where r2 ¼ r
ð2Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term consisting of

p�3=2 times a homogeneous polynomial of degree 3 in the Z1, Z2, Z3, W1, W2,

W3, and W4 of which the coe‰cients are Oð1Þ as p ! y under A1, plus p�3=2

times a homogeneous polynomial of degree 1, plus p�2 times a homogeneous

polynomial of degree 4, plus p�2 times a homogeneous polynomial of degree 2,

plus a remainder term that is Oðp�5=2Þ under A1 for fixed Z1, Z2, Z3, W1, W2,

W3, and W4.

From ð12Þ, it is written asffiffiffiffiffiffi
Q1

p

s
¼ ffiffiffiffiffiffiffiffi

q1;0
p

1þ 1ffiffiffi
p

p q�1
1;0Q1;1 þ

1

p
q�1
1;0Q1;2 þ q�1

1;0r2

� �1=2
¼ ffiffiffiffiffiffiffiffi

q1;0
p ð1þ x1Þ1=2;

where

x1 ¼
1ffiffiffi
p

p q�1
1;0Q1;1 þ

1

p
q�1
1;0Q1;2 þ q�1

1;0r2:

Maclaurin series expansion of ð1þ x1Þ1=2 givesffiffiffiffiffiffi
Q1

p

s
¼ ffiffiffiffiffiffiffiffi

q1;0
p

1þ 1ffiffiffi
p

p
Q1;1

2q1;0
þ 1

p

Q1;2

2q1;0
�

Q2
1;1

8q21;0

 !( )
þ r3; ð13Þ

where r3 ¼ r
ð3Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term consisting of

p�3=2 times a homogeneous polynomial of degree 3 in the Z1, Z2, Z3, W1,

W2, W3, and W4 of which the coe‰cients are Oð1Þ as p ! y under A1, plus

p�3=2 times a homogeneous polynomial of degree 1, plus p�2 times a homo-

geneous polynomial of degree 4, plus p�2 times a homogeneous polynomial of

degree 2, plus p�2 times a constant that is Oð1Þ as p ! y under A1, plus a

remainder term that is Oðp�5=2Þ under A1 for fixed Z1, Z2, Z3, W1, W2, W3,

and W4.

From ð9Þ and ð11Þ, we have
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1þ f2

f3
T

� �
S ¼ 1þ f2

f3
1þ 1ffiffiffi

p
p T1 þ

1

p
T2 þ r1

� �� �
s0 þ

1ffiffiffi
p

p S1 þ
1

p
S2

� �

¼ 1þ f2

f3

� �
s0 þ

1ffiffiffi
p

p 1þ f2

f3

� �
S1 þ

f2

f3
s0T1

� �

þ 1

p
1þ f2

f3

� �
S2 þ

f2

f3
S1T1 þ

f2

f3
s0T2

� �
þ r4; ð14Þ

where r4 ¼ r
ð4Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r2. Write

1

ð1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1Þ2

¼
X4
j¼0

�2

ffiffiffiffiffi
2

f1

s
W1 �

2

f1
W 2

1

 !j

�
2
ffiffiffiffi
2
f1

q
W1 þ 2

f1
W 2

1

� �5
1þ 2

ffiffiffiffiffiffiffiffiffi
2=f1

p
W1 þ ð2=f1ÞW 2

1

Then, we have

Q2

p
¼ n

f1

� �2
1

ð1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1Þ2

1þ f2

f3
T

� �
S

¼ n

f1

� �2
1þ f2

f3

� �
s0 þ

1ffiffiffi
p

p
n

f1

� �2

�
(

1þ f2

f3

� �
S1 þ

f2

f3
s0T1 � 2

ffiffiffiffiffi
2p

f1

s
1þ f2

f3

� �
s0W1

)

þ 1

p

n

f1

� �2"
1þ f2

f3

� �
S2 þ

f2

f3
S1T1 þ

f2

f3
s0T2

� 2

ffiffiffiffiffi
2p

f1

s
1þ f2

f3

� �
S1 þ

f2

f3
s0T1

� �
W1 þ

6p

f1
1þ f2

f3

� �
s0W

2
1

#
þ r5

¼ q2;0 þ
1ffiffiffi
p

p Q2;1 þ
1

p
Q2;2 þ r5; ð15Þ

where r5 ¼ r
ð5Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r2.

From ð14Þ, it can be described thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3
T

� �
S

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3

� �
s0

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
;

where
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x2 ¼ 1þ f2

f3

� �
s0

� ��1	 1ffiffiffi
p

p 1þ f2

f3

� �
S1 þ

f2

f3
s0T1

� �

þ 1

p
1þ f2

f3

� �
S2 þ

f2

f3
S1T1 þ

f2

f3
s0T2

� �
þ r4



:

Maclaurin series expansion of ð1þ x2Þ1=2 givesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3
T

� �
S

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3

� �
s0

s
1þ 1

2
ffiffiffi
p

p ð ~TT1 þ ~SS1Þ
� �

þ r6; ð16Þ

where ~SS1 ¼ S1=s0, ~TT1 ¼ fð f2=f3Þ=ð1þ f2=f3ÞgT1, r6 ¼ r
ð6Þ
p ðZ1;Z2;Z3;W1;W2;

W3;W4Þ is a remainder term consisting of p�1 times a homogeneous polyno-

mial of degree 2 in Z1, Z2, Z3, W1, W2, W3, and W4 of which the coe‰cients

are Oð1Þ as p ! y under A1, plus p�3=2 times a homogeneous polynomial of

degree 3, plus p�3=2 times a homogeneous polynomial of degree 1, plus p�1

times a constant that is Oð1Þ as p ! y under A1, plus a remainder term that

is Oðp�2Þ under A1 for fixed Z1, Z2, Z3, W1, W2, W3, and W4. From ð10Þ
for j ¼ 1, and ð16Þ, we have

B2

p
¼ n

f1

1

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3
T

� �
S

s
Z3ffiffiffi
p

p

¼ 1ffiffiffi
p

p
n

f1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3

� �
s0

s
Z3 þ

1

p

n

f1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3

� �
s0

s
~TT1 þ ~SS1

2
�

ffiffiffiffiffi
2p

f1

s
W1

( )
Z3 þ r7

¼ 1ffiffiffi
p

p B2;1 þ
1

p
B2;2 þ r7; ð17Þ

where r7 ¼ r
ð7Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r3.

From ð11Þ, it can be described thatffiffiffiffi
T

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x3

p
;

where

x3 ¼
1ffiffiffi
p

p T1 þ
1

p
T2 þ r1:

Maclaurin series expansion of ð1þ x3Þ1=2 gives

ffiffiffiffi
T

p
¼ 1þ 1

2
ffiffiffi
p

p T1 þ
1

p

1

2
T2 �

1

8
T 2
1

� �
þ r8; ð18Þ
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where r8 ¼ r
ð8Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r1. From ð10Þ for j ¼ 1, and ð18Þ, we have

B1ffiffiffi
p

p ¼ n

f1

D

1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1

Z1ffiffiffi
p

p þ oD�

ffiffiffiffiffi
f2

f3

s ffiffiffiffi
T

p Z2ffiffiffi
p

p
 !

¼ n

f1
oD2 þ 1ffiffiffi

p
p

n

f1
Z1 �

ffiffiffiffiffi
f2

f3

s
Z2

 !
D�

ffiffiffiffiffi
2p

f1

s
oD2W1

( )

þ 1

p

n

f1
�D

2

ffiffiffiffiffi
f2

f3

s
Z2T1 �

ffiffiffiffiffi
2p

f1

s
Z1 �

ffiffiffiffiffi
f2

f3

s
Z2

 !
DW1 þ

2p

f1
oD2W 2

1

( )
þ r9

¼ b1;0 þ
1ffiffiffi
p

p B1;1 þ
1

p
B1;2 þ r9; ð19Þ

where r9 ¼ r
ð9Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r1.

From the expansions of Q1=p,
ffiffiffiffiffiffiffiffiffiffiffi
Q1=p

p
, Q2=p, B2=p, and Q1=

ffiffiffi
p

p
, which are

given as ð12Þ, ð13Þ, ð15Þ, ð17Þ, and ð19Þ, respectively, we have

ffiffiffî
vv

p
xþU � ûu ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

s
o�1xþ 1ffiffiffi

p
p U1 þ

1

p
U2 þ r10;

V ¼ o�2 n2ðnþ 1Þ
ðmþ 1Þ2ðmþ 2Þ

s0 þ
o�2ffiffiffi

p
p Q2;1 þ

o�2

p
Q2;2 þ r11;

where

U1 ¼ AQ1;1 � tB1;1 þ
pffiffiffiffiffiffiffiffiffiffiffiffi

N1N2

p B2;1;

U2 ¼ AQ1;2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1x

8q
3=2
1;0

Q2
1;1 � tB1;2 þ

pffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p B2;2

þ np

ðm� 1Þðmþ 1Þ
p

N2
� p

N1

� �
� o�2

	 

;

A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1

2
ffiffiffiffiffiffiffiffi
q1;0

p x� 1

2

p

N2
� p

N1

� �
þ o�2

2
;

r10 ¼ r
ð10Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r3, and r11 ¼ r
ð10Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term

with the same property as r2. Write
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1ffiffiffiffi
V

p ¼ o
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

( )�1=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð1= ffiffiffi
p

p Þ ~QQ2;1 þ ð1=pÞ ~QQ2;2 þ ~rr11

q
¼ o

n2ðnþ 1Þ
ðmþ 1Þ2ðmþ 2Þ

s0

( )�1=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x4
p ;

where

x4 ¼
1ffiffiffi
p

p ~QQ2;1 þ
1

p
~QQ2;2 þ ~rr11;

~QQ2; j ¼
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

( )�1

Q2; j ð j ¼ 1; 2Þ;

~rr11 ¼
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

( )�1

o2r11:

Maclaurin series expansion of ð1þ x4Þ�1=2 gives

1ffiffiffiffi
V

p ¼ o
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

( )�1=2

� 1� 1ffiffiffi
p

p
~QQ2;1

2
þ 1

p

3 ~QQ2
2;1

8
�

~QQ2;2

2

( )
þ r12

" #
; ð20Þ

where r12 ¼ r
ð12Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r3. From ð18Þ and ð20Þ, we have

R ¼
ffiffiffî
vv

p
xþU � ûuffiffiffiffi

V
p

¼ xþ 1ffiffiffi
p

p � 1

2
x ~QQ2;1 þ ~UU1

	 

þ 1

p
x

3

8
~QQ2
2;1 �

1

2
~QQ2;2

� �
� 1

2
~UU1

~QQ2;1 þ ~UU2

	 

þ r13

¼ xþ 1ffiffiffi
p

p R1 þ
1

p
R2 þ r13; ð21Þ

where r13 ¼ r
ð13Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r3,

~UUj ¼
n2ðnþ 1Þ

ðmþ 1Þ2ðmþ 2Þ
s0

( )�1=2

oUj ð j ¼ 1; 2Þ:
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The Taylor series expansion of Fð:Þ in ð3Þ up to order 5 gives

F

ffiffiffî
vv

p
xþU � ûuffiffiffiffi

V
p

 !

¼ F xþ 1ffiffiffi
p

p R1 þ
1

p
R2 þ r13

� �

¼ FðxÞ þ
X4
j¼1

Fð jÞðxÞ
j!

1ffiffiffi
p

p R1 þ
1

p
R2 þ r13

	 
j

þ
Fð5Þ xþ y 1ffiffi

p
p R1 þ 1

p
R2 þ r13

� �� �
5!

1ffiffiffi
p

p R1 þ
1

p
R2 þ r13

	 
5
¼ FðxÞ þ fðxÞ 1ffiffiffi

p
p R1 þ

1

p
R2 �

1

2
xR2

1

� �� �
þ 1

p3=2
r14 þ

1

p2
r15 þ r16 ð22Þ

for some real number y A ð0; 1Þ, where r14 ¼ r
ð14Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ

is a term consisting of a homogeneous polynomial of degree 3 in Z1, Z2,

Z3, W1, W2, W3, and W4 of which the coe‰cients (which depend on x) are

Oð1Þ as p ! y under A1, plus a homogeneous polynomial of degree 1, r15 ¼
r
ð15Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a term consisting of a homogeneous poly-

nomial of degree 4 in Z1, Z2, Z3, W1, W2, W3, and W4 of which the

coe‰cients (which depend on x) are Oð1Þ as p ! y under A1, plus a homo-

geneous polynomial of degree 2, plus a constant that is Oð1Þ as p ! y under

A1, and r16 ¼ r
ð16Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term that is

Oðp�5=2Þ under A1 for fixed Z1, Z2, Z3, W1, W2, W3, W4, and x.

Let Jp be the set of Z1, Z2, Z3, W1, W2, W3, and W4 such that

jZij < 2
ffiffiffiffiffiffiffiffiffiffiffi
log p

p
ði ¼ 1; 2; 3Þ;

jWij <
ffiffiffi
2

p
log p ði ¼ 1; 2; 3; 4Þ:

Using the same derivation as given in Appendix of Anderson [2],

PðJpÞ ¼ 1� oðp�2Þ

under A1. The di¤erence between E½Fð:Þ� and the integral of Fð:Þ times the

joint probability density function of Z1, Z2, Z3, W1, W2, W3, and W4 over Jp
is oðp�2Þ under A1, because 0aFð:Þa 1. For the elements of Jp,

Ziffiffiffi
p

p
���� ����< 2

ffiffiffiffiffiffiffiffiffiffiffi
log p

p

s
;

Wiffiffiffi
p

p
���� ����< ffiffiffi

2
p log pffiffiffi

p
p :
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For a su‰ciently large p that satisfies ðlog pÞ= ffiffiffi
p

p
< 1=

ffiffiffi
2

p
, it holds that

Ziffiffiffi
p

p
���� ����< 1;

Wiffiffiffi
p

p
���� ����< 1:

For such a large p, there exists a constant x5, which is Oð1Þ under A1 such

that

rð16Þp ðZ1;Z2;Z3;W1;W2;W3;W4Þ < x5
log pffiffiffi

p
p

� �5
for the element of Jp. Hence the integral of this element times the joint

density function of Z1, Z2, Z3, W1, W2, W3, and W4 over Jp is oðp�2Þ under

A1. Since the fourth-order absolute moments of Z1, Z2, Z3, W1, W2, W3, and

W4 exist and are bounded, the integral of r15 times the joint density func-

tion of Z1, Z2, Z3, W1, W2, W3, and W4 is bounded. Thus, ð1=p2ÞE½r15� ¼
Oðp�2Þ.

The di¤erences between E½R1�, E½R2
1 �, E½R2�, E½r14�, and E½r15� and the

integrals over Jp of R1, R
2
1 , R2, r14 and r15 times the joint probability density

function of Z1, Z2, Z3, W1, W2, W3, and W4, respectively, are oðp�2Þ under

A1. Thus,

P
W þ ûuffiffiffî

vv
p < x

���� x A P1

� �

¼ E F

ffiffiffî
vv

p
xþU � ûuffiffiffiffi

V
p

 !" #

¼ FðxÞ þ fðxÞ 1ffiffiffi
p

p E½R1� þ
1

p
E½R2� �

x

2
E½R2

1 �
� �� �

þ 1

p3=2
E½r14� þOðp�2Þ

¼ FðxÞ þ 1

p
fðxÞ E½R2� �

x

2
E½R2

1 �
� �

þOðp�2Þ ð23Þ

because the third-order moments of the elements of Z1, Z2, Z3, W1, W2, W3,

and W4 are either 0 or Oðp�1=2Þ under A1. Note that R1 is represented as the

linear combination of fZ1;Z2;Z3;W1; . . . ;W4g. Hence E½R1� ¼ 0.

Next, we show the analytic expressions of E½R2
1 � and E½R2�. It can be

expressed that

E½R2
1 � ¼

x2

4
E½ ~QQ2

2;1� þ E½ ~UU 2
1 � � xE½ ~QQ2;1

~UU1�:

We show the analytic expressions of E½Q2
2;1�, E½U 2

1 �, and E½Q2;1U1�, respec-

tively.
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Since S1 ?? T1 ?? W1,

E½Q2
2;1� ¼

n4

f 41
1þ f2

f3

� �2
E½S2

1 � þ
f2

f3

� �2
s20E½T 2

1 � þ 4 � 2p
f1

1þ f2

f3

� �2
s20E½W 2

1 �
" #

:

Write

S2
1 ¼ 4o2D2Z2

1 þ
2p

f4
W 2

4 þ 4oD

ffiffiffiffiffi
2p

f4

s
Z1W4:

Then

E½S2
1 � ¼ 4o2D2 þ 2p

f4
:

Write

T 2
1 ¼ 2p

f2
W 2

2 þ 2p

f3
W 2

3 � 2
2pffiffiffiffiffiffiffiffi
f2 f3

p W2W3:

Then

E½T 2
1 � ¼

2p

f2
þ 2p

f3
:

Hence

E½Q2
2;1� ¼

n4

f 41

"
1þ f2

f3

� �2
4o2D2 þ 2p

f4

� �
þ f2

f3

� �2
ð1þ o2D2Þ2 2p

f2
þ 2p

f3

� �

þ 8p

f1
1þ f2

f3

� �2
ð1þ o2D2Þ2

#
: ð24Þ

It can be described that

E½U 2
1 � ¼ A2E½Q2

1;1� þ t2E½B2
1;1� þ

p2

N1N2
E½B2

2;1� � 2AtE½Q1;1B1;1�

þ 2pffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p AE½Q1;1B2;1� �
2pffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p tE½B1;1B2;1�:

Write

Q2
1;1 ¼

n2

f 21
S2
1 þ

2p

f1
s20W

2
1 � 2

ffiffiffiffiffi
2p

f1

s
s0S1W1

 !
:
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Then,

E½Q2
1;1� ¼

n2

f 21
4o2D2 þ 2p

f4

� �
þ 2p

f1
s20

	 


¼ n2

f 21
4o2D2 þ 2p

f4

� �
þ 2p

f1
ð1þ o2D2Þ2

	 

: ð25Þ

Write

B2
2;1 ¼

n2

f 2
1

1þ f2

f3

� �
s0Z

2
3 :

Then,

E½B2
2;1� ¼

n2

f 21
1þ f2

f3

� �
s0 ¼

n2

f 2
1

1þ f2

f3

� �
ð1þ o2D2Þ:

Write

B2
1;1 ¼

n2

f 2
1

(
Z2

1 þ
f2

f3
Z2

2 � 2

ffiffiffiffiffi
f2

f3

s
Z1Z2

 !
D2 þ 2p

f1
o2D4W 2

1

� 2

ffiffiffiffiffi
2p

f1

s
oD2W1 Z1 �

ffiffiffiffiffi
f2

f3

s
Z2

 !
D

)
:

Then,

E½B2
1;1� ¼

n2

f 21
1þ f2

f3

� �
D2 þ 2p

f1
o2D4

� �
:

From the independence, we have

E½B1;1B2;1� ¼ E½B1;1�E½B2;1� ¼ 0;

E½Q1;1B2;1� ¼ E½Q1;1�E½B2;1� ¼ 0:

It is written as

Q1;1B1;1 ¼
n2

f 21
2oDZ1 þ

ffiffiffiffiffi
2p

f4

s
W4 �

ffiffiffiffiffi
2p

f1

s
s0W1

 !

� Z1 �

ffiffiffiffiffi
f2

f3

s
Z2

 !
D�

ffiffiffiffiffi
2p

f1

s
oD2W1

( )
:

Thus, we have
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E½Q1;1B1;1� ¼
n2

f 21
2oD2 þ 2p

f1
s0oD

2

� �

¼ n2

f 21
2þ 2p

f1

� �
oD2 þ 2p

f1
o3D4

� �
:

Hence

E½U 2
1 � ¼

n

f1

� �2	
A2 4o2D2 þ 2p

f4

� �
þ 2p

f1
ð1þ o2D2Þ2

� �

� 2tA 2þ 2p

f1

� �
oD2 þ 2p

f1
o3D4

� �
þ p2

N1N2
1þ f2

f3

� �
ð1þ o2D2Þ

þ t2 1þ f2

f3

� �
D2 þ 2p

f1
o2D4

� �

: ð26Þ

We also write that

Q2;1 ¼ 1þ f2

f3

� �
S1 þ

f2

f3
s0T1 � 2

ffiffiffiffiffi
2p

f1

s
1þ f2

f3

� �
s0W1

¼ n

f1

� �2"
2 1þ f2

f3

� �
oDZ1 � 2

ffiffiffiffiffi
2p

f1

s
1þ f2

f3

� �
s0W1 þ

f2

f3

ffiffiffiffiffi
2p

f2

s
s0W2

� f2

f3

ffiffiffiffiffi
2p

f2

s
s0W3 þ 1þ f2

f3

� � ffiffiffiffiffi
2p

f4

s
W4

#
;

U1 ¼ AQ1;1 � tB1;1 þ
pffiffiffiffiffiffiffiffiffiffiffiffi

N1N2

p B2;1

¼ n

f1

"
ð2oA� tÞDZ1 þ t

ffiffiffiffiffi
f2

f3

s
DZ2 þ

pffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2

f3

� �
s0

s
Z3

�
ffiffiffiffiffi
2p

f1

s
s0A� otD2
� �

W1 þ
ffiffiffiffiffi
2p

f4

s
AW4

#
:

Thus,

E½Q2;1U1� ¼
n

f1

� �3
1þ f2

f3

� �
2oDð2oA� tÞDþ 4p

f1
s0ðs0A� otD2Þ þ A

2p

f4

	 


¼ n

f1

� �3
1þ f2

f3

� �	
4o2D2 þ 2p

f4
þ 4p

f1
ð1þ o2D2Þ2

� �
A

� 2N2

N
D2 � 4p

f1

N2

N
ð1þ o2D2ÞD2



: ð27Þ
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Next, we show the analytic expression of E½R2�. It can be expressed

that

E½R2� ¼ x
3

8
E½ ~QQ2

2;1� �
1

2
E½ ~QQ2;2�

� �
� 1

2
E½ ~QQ2;1

~UU1� þ E½ ~UU2�:

The analytic expression of E½Q2
2;1� and of E½Q2;1U1� have already been obtained

as ð28Þ and ð27Þ, respectively. Therefore, we show E½Q2;2� and E½U2�.
Since S1 ?? T1 ?? W1, we have

E½Q2;2� ¼
n

f1

� �2
1þ f2

f3

� �
E½S2� þ

f2

f3
s0E½T2� þ

6p

f1
1þ f2

f3

� �
s0E½W 2

1 �
	 


:

It is found that E½S2� ¼ 0 and E½T2� ¼ 2p=f3. Thus,

E½Q2;2� ¼
n

f1

� �2
ð1þ o2D2Þ 2f2 p

f 23
þ 6p

f1
1þ f2

f3

� �	 

: ð28Þ

It can be expressed that

E½U2� ¼ AE½Q1;2� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1x

8q
3=2
1;0

E½Q2
1;1�

� tE½B1;2� þ
pffiffiffiffiffiffiffiffiffiffiffiffi

N1N2

p E½B2;2� þ
np

ðm� 1Þðmþ 1Þ
p

N2
� p

N1

� �
� o�2

	 

:

Here, the analytic expression of E½Q2
1;1� is obtained as ð25Þ. It is also shown

that

E½Q1;2� ¼
n

f1

2p

f1
ð1þ o2D2Þ

	 

;

E½B2;2� ¼ 0;

E½B1;2� ¼
2pn

f 21
oD2:

Hence

E½U2� ¼
2np

f 21
ð1þ o2D2ÞA� B

8ð1þ o2D2Þ
n

f1
4o2D2 þ 2p

f4

� �
þ 2p

f1
ð1þ o2D2Þ2

� �

� 2np

f 2
1

otD2 þ np

ðm� 1Þðmþ 1Þ
p

N2
� p

N1

� �
� o�2

� �
; ð29Þ
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where

B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1

n
f1
ð1þ o2D2Þ

n o1=2 x:
Summarizing these results, we have the following proposition.

Proposition 1. Assume that D2 converges to a positive constant as

p ! y. Let

ûu ¼ � n

2ðm� 1Þ
cD2D2 þ p

N2
� p

N1

� �� �
;

v̂v ¼ n2ðnþ 1Þ
ðm� 1Þðmþ 1Þðmþ 2Þ

cD2D2 þ Np

N1N2

� �
;

where
cD2D2 is the unbiased estimator for D2 defined as ð2Þ. Then,

P
W þ ûuffiffiffî

vv
p < x

���� x A P1

� �
¼ FðxÞ þ 1

p
fðxÞ E½R2� �

x

2
E½R2

1 �
� �

þOðp�2Þ

as p ! y under the high-dimensional asymptotic framework A1, where

E½R2
1 � ¼

x2

4z4
E½Q2

2;1� þ
o2

z2
E½U 2

1 � � x
o

z3
E½Q2;1U1�;

E½R2� ¼ x
3

8z4
E½Q2

2;1� �
1

2z2
E½Q2;2�

� �
� o

2z3
E½Q2;1U1� þ

o

z
E½U2�;

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2ðnþ 1Þ
ðmþ 1Þ2ðmþ 2Þ

ð1þ o2D2Þ
s

;

o ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

Np

s
:

Here, the expectations appearing in E½R2
1 � and E½R2� have the following analytic

expressions.

E½Q2
2;1� ¼

n

f1

� �4"
1þ f2

f3

� �2
4o2D2 þ 2p

f4

� �

þ f2

f3

� �2 2p

f2
þ 2p

f3

� �
þ 8p

f1
1þ f2

f3

� �2( )
ð1þ o2D2Þ2

#
;
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E½U 2
1 � ¼

n

f1

� �2	
A2 4o2D2 þ 2p

f4
þ 2p

f1
ð1þ o2D2Þ2

� �

� 2

ffiffiffiffiffiffiffiffiffiffi
pN2

NN1

r
A 2þ 2p

f1

� �
oD2 þ 2p

f1
o3D4

� �

þ p2

N1N2
1þ f2

f3

� �
ð1þ o2D2Þ

þ pN2

NN1
1þ f2

f3

� �
D2 þ 2p

f1
o2D4

� �

;

E½Q2;1U1� ¼
n

f1

� �3
1þ f2

f3

� �	
4o2D2 þ 2p

f4
þ 4p

f1
ð1þ o2D2Þ2

� �
A

� 2N2

N
D2 � 4p

f1

N2

N
ð1þ o2D2ÞD2



;

E½Q2;2� ¼
n

f1

� �2
ð1þ o2D2Þ 2f2 p

f 23
þ 6p

f1
1þ f2

f3

� �� �
;

E½U2� ¼
2np

f 21
ð1þ o2D2ÞA� B

8ð1þ o2D2Þ
n

f1

�
�

4o2D2 þ 2p

f4

� �
þ 2p

f1
ð1þ o2D2Þ2

�
� 2np

f 21

N2

N
D2

þ np

ðm� 1Þðmþ 1Þ
p

N2
� p

N1

� �
� o�2

� �
;

where f1 ¼ n� pþ 1, f2 ¼ p� 1, f3 ¼ n� pþ 2, f4 ¼ p� 2,

A ¼ 1

2
B� p

N2
� p

N1

� �
þ o�2

� �
;

B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1

n
f1
ð1þ o2D2Þ

n o1=2 x:
3. Asymptotic cut-o¤ point which eð2j1Þ takes presetting value

In this section, we propose an asymptotic cut-o¤ point that the misclassifi-

cation probability takes as its presetting value with the error Oðp�2Þ under A1.

Let

~xx ¼ x� 1

p
E½R2� �

x

2
E½R2

1 �
� �

:
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From Proposition 1, we have

P
W þ ûuffiffiffî

vv
p < ~xx

���� x A P1

� �
¼ FðxÞ þOðp�2Þ

as p ! y under A1. We next estimate E½R2� and E½R2
1 �.

From ð1Þ, the unbiased estimator of D2 defined as ð2Þ can be written

as

cD2D2 ¼ Np

N1N2

"
f1 � 2

f1ð1þ
ffiffiffiffiffiffiffiffiffi
2=f1

p
W1Þ

(
Z1ffiffiffi
p

p þ oD

� �2
þ Z2ffiffiffi

p
p
� �2

þ p� 2

p
ð1þ

ffiffiffiffiffiffiffiffiffi
2=f4

p
W4Þ

)
� 1

#
:

From ð10Þ, we can write it as cD2D2 ¼ D2 þ r17;

where r17 ¼ r
ð17Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term consisting of

p�1=2 times a homogeneous polynomial of order 1 in Z1, Z2, Z3, W1, W2, W3,

and W4 of which the coe‰cients are Oð1Þ as p ! y under A1, plus p�1 times

a homogeneous polynomial of order 2, plus p�1 times a constant that is Oð1Þ
as p ! y under A1, plus a remainder term that is Oðp�3=2Þ under A1 for fixed

Z1, Z2, Z3, W1, W2, W3, and W4. Let ẑz, dE½Q2
2;1�E½Q2
2;1�, dE½U 2

1 �E½U 2
1 �, dE½Q2;1U1�E½Q2;1U1�, dE½Q2;2�E½Q2;2�,

and dE½U2�E½U2� be obtained from z, E½Q2
2;1�, E½U 2

1 �, E½Q2;1U1�, E½Q2;2�, and E½U2�,
respectively, by replacing D2 with cD2D2, where z, E½Q2

2;1�, E½U 2
1 �, E½Q2;1U1�,

E½Q2;2�, and E½U2� are given in Proposition 1. We next evaluate these

estimators.

It can be expressed that

ẑz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2ðnþ 1Þ
ðmþ 1Þ2ðmþ 2Þ

ð1þ o2cD2D2Þ
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2ðnþ 1Þ
ðmþ 1Þ2ðmþ 2Þ

f1þ o2ðD2 þ r17Þg
s

¼ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r18

p
;

where r18 ¼ r
ð18Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r17. Maclaurin series expansion of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r18

p
gives

ẑz ¼ zþ r19;
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where r19 ¼ r
ð19Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r17. Maclaurin series expansion of ð1þ z�1r19Þ�j gives

1

ẑz j
¼ 1

z jð1þ z�1r19Þ j
¼ 1

z j
þ r20; j ; ð30Þ

where r20; j ¼ r
ð20; jÞ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the

same property as r17 for j ¼ 1; 2; 3; 4. Using the same derivation, we have

dE½Q2
2;1�E½Q2
2;1� ¼ E½Q2

2;1� þ r21; ð31Þ

dE½U 2
1 �E½U 2
1 � ¼ E½U 2

1 � þ r22; ð32Þ

dE½Q2;1U1�E½Q2;1U1� ¼ E½Q2;1U1� þ r23; ð33Þ

dE½Q2;2�E½Q2;2� ¼ E½Q2;2� þ r24; ð34Þ

dE½U2�E½U2� ¼ E½U2� þ r25; ð35Þ

where rj ¼ r
ð jÞ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r17 for j ¼ 21; . . . ; 25.

From ð30Þ to ð35Þ, we find that

dE½R2
1 �E½R2
1 � ¼ E½R2

1 � þ r26; ð36Þ

dE½R2�E½R2� ¼ E½R2� þ r27; ð37Þ

where r26 ¼ r
ð26Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ and r27 ¼ r

ð27Þ
p ðZ1;Z2;Z3;W1;W2;

W3;W4Þ are remainder terms with the same property as r17.

Let

x̂x ¼ x� 1

p
dE½R2�E½R2� �

x

2
dE½R2

1 �E½R2
1 �

� �
:

From ð36Þ and ð37Þ, it can be expressed that

x̂x ¼ ~xxþ r28; ð38Þ

where r28 ¼ r
ð28Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term consisting of

p�3=2 times a homogeneous polynomial of order 1 in Z1, Z2, Z3, W1, W2, W3,

and W4 of which the coe‰cients are Oð1Þ as p ! y under A1, plus p�2 times

a homogeneous polynomial of order 2, plus p�2 times a constant that is Oð1Þ
as p ! y under A1, plus a remainder term that is Oðp�5=2Þ under A1 for fixed

Z1, Z2, Z3, W1, W2, W3, and W4. Then,
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P
W þ ûuffiffiffî

vv
p < x̂x

���� x A P1

� �
¼ E F

ffiffiffî
vv

p
x̂xþU � ûuffiffiffiffi

V
p

 !" #

¼ E F

ffiffiffî
vv

p
~xxþU � ûuffiffiffiffi

V
p þ

ffiffiffiffî
vv

V

r
r28

 !" #
:

We proceed to evaluate
ffiffiffiffiffiffiffiffiffi
v̂v=V

p
.

Write ffiffiffiffî
vv

V

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1

ffiffiffiffiffiffiffiffiffiffiffi
Q1=p

p ffiffiffiffi
V

p :

From ð13Þ and ð20Þ, we have

ffiffiffiffî
vv

V

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðnþ 1Þ

ðmþ 1Þðmþ 2Þ

s
o�1 ffiffiffiffiffiffiffiffi

q1;0
p

1þ 1ffiffiffi
p

p
Q1;1

2q1;0
þ 1

p

Q1;2

2q1;0
�

Q2
1;1

8q21;0

 !
þ r3

" #

� o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmþ 1Þ2ðmþ 2Þ

n2ðnþ 1Þ

s
1ffiffiffiffi
s0

p 1� 1ffiffiffi
p

p
~QQ2;1

2
þ 1

p

3 ~QQ2
2;1

8
�

~QQ2;2

2

( )
þ r12

" #

¼ 1þ r29; ð39Þ

where r29 ¼ r
ð29Þ
p ðZ1;Z2;Z3;W1;W2;W3;W4Þ is a remainder term with the same

property as r17.

From ð21Þ and ð39Þ, it can be described that

ffiffiffî
vv

p
x̂xþU � ûuffiffiffiffi

V
p ¼

ffiffiffî
vv

p
~xxþU � ûuffiffiffiffi

V
p þ

ffiffiffiffî
vv

V

r
r28

¼ ~xxþ 1ffiffiffi
p

p ~RR1 þ
1

p
~RR2 þ r30;

where ~RRj is given by Rj by replacing x with ~xx for j ¼ 1; 2, r30 ¼ r
ð30Þ
p ðZ1;Z2;Z3;

W1;W2;W3;W4Þ is a remainder term consisting of p�3=2 times a homogeneous

polynomial of degree 3 in Z1, Z2, Z3, W1, W2, W3, and W4 of which the

coe‰cients are Oð1Þ as p ! y under A1, plus p�3=2 times a homogeneous

polynomial of degree 1, plus p�2 times a homogeneous polynomial of degree 4,

plus p�2 times a homogeneous polynomial of degree 2, plus p�2 times a con-

stant that is Oð1Þ as p ! y under A1, plus a remainder term that is Oðp�5=2Þ
under A1 for fixed Z1, Z2, Z3, W1, W2, W3, and W4.

Using the same derivation from ð13Þ to ð23Þ, we have
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P
W þ ûuffiffiffî

vv
p < x̂x

���� x A P1

� �
¼ E F

ffiffiffî
vv

p
x̂xþU � ûuffiffiffiffi

V
p

 !" #

¼ Fð~xxÞ þ 1

p
fð~xxÞ E½ ~RR2� �

~xx

2
E½ ~RR2

1 �
� �

þOðp�2Þ

¼ FðxÞ þOðp�2Þ:

Proposition 2. Assume that D2 converges to a positive constant as

p ! y. Set the cut-o¤ point ch as

ch ¼
ffiffiffî
vv

p
za �

1

p
dE½R2�E½R2� �

za

2
dE½R2

1 �E½R2
1 �

� �	 

� ûu; ð40Þ

where za is the a percentile point of the standard normal distribution. Here,

ûu and v̂v are defined in Proposition 1, and dE½R2�E½R2� and dE½R2
1 �E½R2
1 � are obtained from

E½R2� and E½R2
1 �, respectively, which are given in Proposition 1, by replacing

D2 with
cD2D2 given as ð2Þ. Then

eð2j1Þ ¼ aþOðp�2Þ:

as p ! y under the high-dimensional asymptotic framework A1.

4. Limiting value of eð1j2Þ when the cut-o¤ point ch is used

We consider the probability eð1j2Þ for the case in which the cut-o¤ point

ch, which is defined as ð40Þ, is used.

Following Lachenbruch [9], we have

eð1j2Þ ¼ PðW > ch j x A P2Þ ¼ E F
�ch þHffiffiffiffi

V
p

� �	 

;

where

H ¼ �ðx1 � x2Þ0S�1ðx2 � m2Þ �
1

2
D2:

In the above evaluation, we use

�W ¼ V 1=2Z2 �H;

where

Z2 ¼ V�1=2ðx2 � x1Þ0S�1ðx� m2Þ:

When x A P2, Z2 is distributed as Nð0; 1Þ under the condition that fx1; x2;Sg is

given. Since the conditional distribution does not depend on fx1; x2;Sg, Z2 is

independent from fH;V ; chg.
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The expectation of H is given as

E½H� ¼ � n

2ðm� 1Þ D2 � p

N2
� p

N1

� �� �
:

Suppose that ĥh is the unbiased estimator of E½H� obtained by replacing D2

with cD2D2. Note that VarðHÞ can be obtained as VarðUÞ by interchanging N1

and N2. The analytic expression of VarðUÞ given by Fujikoshi [4] enables

us to show that VarðUÞ converges to 0 under A1 and the assumption that D2

converges to a positive constant as p ! y. Hence VarðHÞ converges to 0.

From Chebyshev’s inequality, we have

H � E½H� !p 0:

Since cD2D2 � D2 converges to 0 in probability,

ĥh� E½H� !p 0:

Using Slutsky’s theorem, we have

H � ĥh !p 0: ð41Þ

In addition, the following probability convergences hold:

ûuþ ĥhþ n

m
D2 !p 0; ð42Þ

v̂v

V
!p 1; ð43Þ

V � n3

m3
D2 þ Np

N1N2

� �
!p 0: ð44Þ

From ð41Þ, ð42Þ, ð43Þ, and ð44Þ, for the cut-o¤ point ch,

lim
A1

�ch þHffiffiffiffi
V

p � �za �
n
m
D2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n3

m3 D2 þ Np
N1N2

� �r
8>><>>:

9>>=>>;
2664

3775¼ 0;

where limA1 represents the limit as p ! y under A1. From the continuity

and the uniform boundedness of Fð:Þ, we have

lim
A1

E F
�ch þHffiffiffiffi

V
p

� �	 

¼ F z1�a � lim

A1

ffiffiffiffi
m

n

r
D2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2 þ Np
N1N2

q
0B@

1CA:

Summarizing the result, we have the following proposition.
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Proposition 3. For the cut-o¤ point ch defined in ð40Þ,

lim
A1

eð1j2Þ ¼ F z1�a � lim
A1

ffiffiffiffi
m

n

r
D2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2 þ Np
N1N2

q
0B@

1CA: ð45Þ

under the condition that D2 converges to a positive constant as p ! y.

The limiting result ð45Þ indicates that the misclassification probability

decreases for D, increases for p, and decreases for each sample size.

From ð45Þ, eð1j2Þ can be estimated as

F z1�a �
ffiffiffiffi
m

n

r cD2D2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficD2D2 þ Np
N1N2

q
0B@

1CA: ð46Þ

The precision of this estimation is evaluated numerically in Section 5.

5. Numerical comparison

We examined the accuracy of the misclassification probability eð2j1Þ by

using the cut-o¤ point ch given as ð40Þ through simulation. We also calculated

the misclassification probability by using the cut-o¤ point cA obtained by

Anderson [2] (which is cited in Ch. 6 of their book [3]). The cut-o¤ point cA is

as follows.

cA ¼ 1

2
D2 þDtA;

where

tA ¼ za �
1

N1

N � 1

D
� 1

2
za

� �
þ 1

n
p� 3

4

� �
za þ

1

4
z3a

� �
:

Without loss of generality we generate samples from P1 : NpðDe1; I pÞ and

P2 : Npð0; IpÞ, where e1 ¼ ð1; 0; . . . ; 0Þ0. The reason is that the statistics W

and D2 are invariant with the following transformations:

x�
ij ¼ G 0S�1=2ðxij � m2Þ@Npðdi1De1; IpÞ ði ¼ 1; 2; j ¼ 1; . . . ;NiÞ;

x� ¼ G 0S�1=2ðx� m2Þ@NpðDe1; IpÞ;

where G is an orthogonal matrix of which the first column is proportional

to d ¼ S�1=2ðm1 � m2Þ, and dij denotes the Kronecker delta. We carried out a

simulation for the case in which N1 ¼ N2. The parameters were set to p ¼ 20,

30, 40, 50, 60, 70, 80, 90, 100, and D ¼ 1:05. The sample sizes of N1 and N2

were set such that p=n ¼ 1=6, 3=6, and 5=6. As the presetting value, we set
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a ¼ 0:05. The procedure involving the classification of 10,000 testing obser-

vations per training data set of N ¼ N1 þN2 observations constitutes one

iterative cycle of the basic Monte Carlo simulation. We calculated the value

of the misclassification probability by

number of misclassification

10;000
: ð47Þ

We used 100 iterative cycles. The average of these values is presented in Fig.

1, 2, and 3. The symbols ‘‘�’’ and ‘‘�’’ represent the values for cA and ch,

respectively. The solid line represents the value of a ð¼ 0:05Þ. We observe

from Fig. 1 and Fig. 2 that, although the accuracy for cA is not acceptable,

that for ch is good. In Fig. 3, there is little di¤erence between ch and cA.

We also carried out a simulation to assess the precision of estimation for

eð1j2Þ for the case in which ch is used as the cut-o¤. We set to D ¼ 5.

We performed 100 iterations. For each iterative cycle, we generated a train-

ing data set, and calculated ch and ð46Þ. The average of the 100 values

obtained from ð46Þ is listed in the column ‘‘estimation’’ in Table 1. We also

Fig. 1. p=n ¼ 5=6 Fig. 2. p=n ¼ 3=6 Fig. 3. p=n ¼ 1=6

Table 1. Values of eð1j2Þ

p=N ¼ 5=6 p=N ¼ 3=6 p=N ¼ 1=6
p

simulation estimation simulation estimation simulation estimation

20 0.590 0.730 0.066 0.091 0.002 0.004

30 0.563 0.600 0.057 0.072 0.002 0.003

40 0.532 0.544 0.055 0.064 0.002 0.003

50 0.503 0.510 0.049 0.059 0.002 0.003

60 0.486 0.488 0.049 0.055 0.002 0.003

70 0.469 0.473 0.047 0.054 0.002 0.003

80 0.472 0.462 0.048 0.051 0.002 0.003

90 0.465 0.454 0.045 0.050 0.002 0.003

100 0.454 0.445 0.044 0.049 0.002 0.002
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generated 10,000 testing observations in each iterative cycle to calculate ð47Þ.
The average of 100 values of ð47Þ is provided in the column ‘‘simulation’’ in

Table 1. We can confirm that the precision of the approximation improves

significantly as p and N become large.

6. Conclusion

This paper is concerned with a problem determining the cut-o¤ point in

linear discriminant analysis, i.e., the point at which one of the two misclassi-

fication probabilities takes the presetting value. Our approach was to use an

asymptotic expansion of the distribution for a Studentized linear discriminant

function under the high-dimensional asymptotic framework A1. The precision

of the approximation was demonstrated by carrying out a simulation. The

proposed cut-o¤ point was shown to have good accuracy for the case in which

p is relatively large compared to the sample sizes.

Appendix A. Proof of Lemma 1

This section provides the proof of Lemma 1.

Proof. Let G be an orthogonal matrix of order p of which the first row

is proportional to d 0, and let ~AA ¼ GAG 0 and wi ¼ Gvi, i ¼ 1; 2. Then ~AA@
Wpðn; IpÞ, w1 @NpðDe1; I pÞ, w2 @Npð0; IpÞ and w1, w2 and ~AA are independent;

d 0Av1 ¼ ðGdÞ0ðGAG 0Þ�1ðGv1Þ ¼D De 01
~AA�1w1;

v 02A
�1v1 ¼ ðGv2Þ0ðGAG 0Þ�1ðGv1Þ ¼

D
w 0
2
~AA�1w1 ¼

D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w 0
1
~AA�2w1

q
Z;

v 01A
�1v1 ¼ ðGv1Þ0ðGAG 0Þ�1ðGv1Þ ¼D w 0

1
~AA�1w1;

v 01A
�2v1 ¼ ðGv1Þ0ðGAG 0Þ�2ðGv1Þ ¼D w 0

1
~AA�2w1;

where ei denotes a fundamental vector with 1 in the i-th position, Z@Nð0; 1Þ,
and Z and f ~AA;w1g are independent. By using reflection matrix (Householder

matrix) H between e1 and ð1=
ffiffiffiffiffiffiffiffiffiffiffi
w 0
1w1

p
Þw1,

d 0Av1 ¼
D
D

ffiffiffiffiffiffiffiffiffiffiffi
w 0
1w1

q
ðHe1Þ0ðH ~AAH 0Þ�1fHð1=

ffiffiffiffiffiffiffiffiffiffiffi
w 0
1w1

q
Þw1g ¼ Dw 0

1ðH ~AAH 0Þ�1e1:

In addition,

v 01A
�1v1 ¼

D
w 0
1
~AA�1w1 ¼ w 0

1w1 � e 01ðH ~AAH 0Þ�1e1;

v 01A
�2v1 ¼

D
w 0
1
~AA�2w1 ¼ w 0

1w1 � e 01ðH ~AAH 0Þ�2e1:
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Given w1, C 1H ~AAH 0 @Wpðn; IpÞ; thus, C and w1 are independent. Partition

C ¼ c11 c 021
c21 C22

� �
and w1 ¼

w11

w21

� �
:

It can be expressed that

d 0Av1 ¼D Dw 0
1C

�1e1 ¼
D

c11�2
ðw11 � w 0

21C
�1
22 c21Þ;

where c11�2 ¼ c11 � c 021C
�1
22 c21. In addition,

v 01A
�1v1 ¼D w 0

1w1 � e 01C�1e1 ¼
w 0
1w1

c11�2
;

v 01A
�2v1 ¼D w 0

1w1 � e 01C�2e1 ¼
w 0
1w1

c211�2
ð1þ c 021C

�1
22 c21Þ:

It is noted that x1C
�1=2
22 c21 @Np�1ð0; IpÞ, D1C22 @Wp�1ðn; Ip�1Þ, and x

and D are independent; thus, w11, w21, x, D and c11�2 are independent. Using

these results, we have

d 0Av1 ¼D
D

c11�2
ðw11 � w 0

21D
�1=2xÞ and v 01A

�2v1 ¼D
w 0
21w21

c211�2
ð1þ x 0D�1xÞ:

Let G be an orthogonal matrix of order p� 1 of which the first row is

proportional to x 0D�1=2. Given x and D, y1Gw21 @Np�1ð0; Ip�1Þ, and it is

found that w11, c11�2, x, D, and y are independent. Partitioning y ¼ ðy1 y 0
2Þ

0,

we have

d 0Av1 ¼D
D

c11�2
fw11 � ðGw21Þ0ðGD�1=2xÞg ¼D D

c11�2
ðw11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x 0D�1x

p
y1Þ;

v 01A
�1v1 ¼

D w2
11 þ ðGw21Þ0ðGw21Þ

c11�2
¼D 1

c11�2
ðw2

11 þ y21 þ y 0
2 y2Þ;

v 01A
�2v1 ¼

D w2
11 þ ðGw21Þ0ðGw21Þ

c211�2
ð1þ x 0D�1xÞ

¼D 1

c211�2
ð1þ x 0D�1xÞðw2

11 þ y21 þ y 0
2 y2Þ:

The assertion of the lemma is followed from this result. r
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