
Hiroshima Math. J.

45 (2015), 1–8

The values of the generalized matrix functions of 3� 3 matrices

Ryo Tabata

(Received July 25, 2013)

(Revised October 25, 2013)

Abstract. When A is a 3� 3 positive semi-definite Hermitian matrix, Schur’s in-

equality and the permanental dominance conjecture are known to hold. In [5], we

determined the possible positions of the normalized generalized matrix functions relative

to the determinant and the permanent except in the case that the order of the subgroup

is 2. The purpose of this paper is to determine the possible positions in the last open

case.

1. Introduction

Let MnðCÞ be the set of n� n complex matrices. The generalized matrix

function on MnðCÞ associated to G and w is defined to be

dG
w ðAÞ ¼

X
s AG

wðsÞ
Yn
i¼1

aisðiÞ;

where G is a subgroup of the symmetric group Sn, and w a character of G.

When G ¼ Sn and w is an irreducible character, dG
w is called an immanant.

The determinant and permanent, which are well-known functions on matrices,

are examples of immanants: These are the special cases where w are the

alternating character and the trivial character of Sn.

If the domain is restricted to positive semi-definite Hermitian matrices,

then each dG
w is a real-valued function. We also define the normalized gener-

alized matrix function as dG
w ¼ dG

w =wðidÞ, where id is the identity element of

G, hence wðidÞ is the dimension of the corresponding representation. In 1918,

Schur [4] proved an interesting inequality on generalized matrix functions.

Theorem 1 (Schur [4]). If A is an n� n positive semi-definite Hermitian

matrix, then

d G
w ðAÞb det A:
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Namely, the determinant is the smallest normalized generalized matrix

function. On the other hand, the permanent is conjectured to be the largest

normalized generalized matrix function:

Conjecture (Lieb [2]). If A is an n� n positive semi-definite Hermitian

matrix, then

per Ab dG
w ðAÞ:

The conjecture holds for immanants with na 13 ([3]), and for all gener-

alized matrix functions with n ¼ 3 ([1]). Hence one can write

dG
w ðAÞ ¼ t per Aþ ð1� tÞ det A

for some t A ½0; 1�. In [5], the possible values of t are determined when

G ¼ S3, fidg or A3. Let RðG; wÞ denote the set of all possible values

t A ½0; 1� such that

dG
w ðAÞ ¼ t per Aþ ð1� tÞ det A

for some 3� 3 positive semi-definite Hermitian matrices A with per A0 det A.

Theorem 2 ([5]). Let wl be the character of S3 corresponding to the parti-

tion l of 3, triv the trivial character, and o a non-trivial irreducible character of

A3 with o its conjugate. Then

(1) RðS3; wð3ÞÞ ¼ f1g.
(2) RðS3; wð1;1;1ÞÞ ¼ f0g.

(3) RðS3; wð2;1ÞÞ ¼ 0;
3

4

� �
.

(4) RðfðidÞg; trivÞ ¼ 1

6
;
2

3

� �
.

(5) RðA3; trivÞ ¼
1

2

� �
.

(6) RðA3;oÞ ¼ RðA3;oÞ ¼ 0;
1ffiffiffi
23

p
� �

.

The goal of this paper is to complete this table:

Theorem 3 (Main Theorem). Let GHS3 be a subgroup of order 2, and

wþ : G ! C� be the trivial character and w� : G ! C� the non-trivial irreducible

character of G. Then

RðG; wþÞ ¼
1

3
; 1

� �
and RðG; w�Þ ¼ 0;

1ffiffiffi
3

p
� �

:
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2. Proof of main theorem

In this section, we work with the 3� 3 positive semi-definite Hermitian

matrix

A ¼
a b c

b d e

c e f

0
B@

1
CA:

The variables a, b, c, d, e, and f always refer to the entries of A.

If det A ¼ per A, then we have dG
w ðAÞ ¼ det A ¼ per A for any subgroup

G and its character w, and nothing interesting happens. Throughout this paper

we assume det A < per A, namely ðper A� det AÞ=2 ¼ ajej2 þ djcj2 þ f jbj2 > 0.

We denote the set of 3� 3 positive semi-definite Hermitian matrices with

ajej2 þ djcj2 þ f jbj2 > 0 by Hþ
3 ðCÞ. For such A, following [5], we define the

function T as follows.

Definition 1. For A A Hþ
3 ðCÞ, define

TðAÞ ¼ bce

ajej2 þ djcj2 þ f jbj2
:

The value of TðAÞ determines the value of t A ½0; 1� such that dG
w ðAÞ ¼

t per Aþ ð1� tÞ det A for all GHS3 and w, except in the case of jGj ¼ 2 (See

[5]).

Proposition 1 ([5], Lemma 2). Writing TðAÞ ¼ xþ yi ðx; y A RÞ, the

possible values of TðAÞ are given by

54xðx2 þ y2Þ � 27ðx2 þ y2Þ þ 1b 0;

� 1
6 a xa 1

3 :

(

In [5], Theorem 2 was deduced from Proposition 1.

Definition 2. Define real-valued functions X , u1, u2 and u3 on Hþ
3 ðCÞ

by

X ¼ XðAÞ ¼ ajej2 þ djcj2 þ f jbj2;

u1 ¼ u1ðAÞ ¼
ajej2

X
; u2 ¼ u2ðAÞ ¼

djcj2

X
; and u3 ¼ u3ðAÞ ¼

f jbj2

X
:

Hence ui b 0 and u1 þ u2 þ u3 ¼ 1. Also, define KðAÞ ¼ u1u2u3.

Proposition 2. The possible values of KðAÞ are 0aKðAÞa 1=27. More

precisely, for l A ½0; 1=27� and xþ yi A C ðx; y A RÞ, there exists a positive semi-

definite Hermitian matrix A such that

3Generalized matrix functions



TðAÞ ¼ xþ yi and KðAÞ ¼ u1u2u3 ¼ l

u1; u2; u3 b 0; u1 þ u2 þ u3 ¼ 1

if and only if

ð�Þ lb�2xðx2 þ y2Þ þ ðx2 þ y2Þ;
xa 1

3 :

(

The region of x; y A R satisfying ð�Þ for a few values of l are shown in

Figure 1.

Proof. KðAÞ ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffi
u1u2u33

p Þ3a ððu1 þ u2 þ u3Þ=3Þ3 ¼ 1=27, hence 0aKðAÞ
a 1=27. Also since 0a det A ¼ adf þ 2 ReðbceÞ � ðajej2 þ djcj2 þ f jbj2Þ,

KðAÞ ¼ adf jbcej2

X 3

b
ð�2 ReðbceÞ þ ajej2 þ djcj2 þ f jbj2Þjbcej2

X 3

¼ �2 ReðbceÞjbcej2

X 3
þ jbcej2

X 2
:

When TðAÞ ¼ xþ yi ¼ ðbceÞ=X and KðAÞ ¼ l, since jbcej2=X 2 ¼ jTðAÞj2 ¼
x2 þ y2 and ReðbceÞ=X ¼ x, we have

lb�2xðx2 þ y2Þ þ ðx2 þ y2Þ:

By Proposition 1, xa 1=3 follows.

Fig. 1. (Contour plot of 2xðx2 þ y2Þ � ðx2 þ y2Þ þ l ¼ 0 for l ¼ 1=216; 1=108; 1=54; 1=27)
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Conversely, for xþ yi and l as above, if l ¼ 0, which implies x ¼ y ¼ 0,

we can find A ¼
1 1 0

1 1 0

0 0 1

0
B@

1
CAb 0. If l > 0, let A be the matrix

1
1ffiffiffi
l3

p ðxþ yiÞ 1ffiffiffi
l3

p ðxþ yiÞ

1ffiffiffi
l3

p ðx� yiÞ 1
1ffiffiffi
l3

p ðxþ yiÞ

1ffiffiffi
l3

p ðx� yiÞ 1ffiffiffi
l3

p ðx� yiÞ 1

0
BBBBBBBB@

1
CCCCCCCCA
:

Then ðx2 þ y2Þa l=ð1� 2xÞ, therefore 1� ðx2 þ y2Þ=
ffiffiffiffiffi
l2

3
p

b 1�
ffiffiffi
l3

p
=ð1� 2xÞ

b 1� ð1=271=3Þ=ð1� 2=3Þ ¼ 0, which means the 2� 2 principal minor of A

is non-negative. Combining with the fact that det A ¼ 1þ 2xðx2 þ y2Þ=l�
ðx2 þ y2Þ=

ffiffiffiffiffi
l2

3
p

¼ ðlþ 2xðx2 þ y2Þ � 3
ffiffiffi
l3

p
ðx2 þ y2ÞÞb 0, we can conclude that

A is a positive semi-definite Hermitian matrix satisfying TðAÞ ¼ xþ yi and

KðAÞ ¼ l.

Now let us consider the case of G ¼ fð1Þ; ð12ÞgHS3. Let wþ be the

trivial character and w� the other irreducible character of G. The character

table of G is the following:

G ð1Þ ð12Þ

wþ 1 1

w� 1 �1

Writing

dG
wG
ðAÞ ¼ FGðAÞ per Aþ ð1� FGðAÞÞ det A;

we have

FþðAÞ ¼
1

2
u3 �Re TðAÞ þ 1

2
;

F�ðAÞ ¼ � 1

2
u3 �Re TðAÞ þ 1

2
:

Note that the values of FGðAÞ depend on the values of u3 and x ¼ Re TðAÞ.
If we fix u3, the possible values of KðAÞ ¼ u1u2u3 are 0aKðAÞa u3ð1� u3Þ2=4.
Proposition 2 says that the possible values of x are

2x3 � x2 b�KðAÞ þ y2ð1� 2xÞ;
xa 1

3 :

(
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Thus, KðAÞ ¼ u3ð1� u3Þ2=4 and y ¼ 0 give the largest range for the values of x.

Hence it is enough to give the possible values for FGðAÞ under the assumption

2x3 � x2 þ u3ð1� u3Þ2

4
¼ ð2xþ u3 � 1Þ x2 � u3

2
xþ 1

4
ðu23 � u3Þ

� �
b 0;

xa
1

3
;

8>><
>>:

whose region is in Figure 2.

We state a theorem that implies Theorem 3 below.

Theorem 4. If A is a 3� 3 positive semi-definite Hermitian matrix, and wþ
and w� are the trivial and non-trivial irreducible characters of a subgroup G of

S3 with order 2, then

1

3
per Aþ 2

3
det Aa dG

wþ
ðAÞa per A:

det Aa dG
w�
ðAÞa 1ffiffiffi

3
p per Aþ 1� 1ffiffiffi

3
p

� �
det A:

Fig. 2
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Proof. All we need to calculate is the possible values of

FþðAÞ ¼
1

2
u3 � xþ 1

2
and F�ðAÞ ¼ � 1

2
u3 � xþ 1

2
:

in Figure 2. One easily sees that

FþðAÞ is maximum at ðx; u3Þ ¼ ð0; 1Þ with FþðAÞ ¼ 1;

and minimum at ðx; u3Þ ¼
1

3
;
1

3

� �
with FþðAÞ ¼

1

3
:

Also,

F�ðAÞ is maximum at ðx; u3Þ ¼
1�

ffiffiffi
3

p

6
;
2�

ffiffiffi
3

p

3

 !
with F�ðAÞ ¼

1ffiffiffi
3

p ;

and minimum on the line segment ð0; 1Þ- 1

3
;
1

3

� �
with F�ðAÞ ¼ 0:

Remark 1. Let A1 ¼
1 1 1

1 1 1

1 1 1

0
@

1
A, A2 ¼

1 1 0

1 1 0

0 0 1

0
@

1
A, and

A3 ¼

1 �2þ
ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
� 1

2

s

�2þ
ffiffiffi
3

p
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
� 1

2

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
� 1

2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
� 1

2

s
1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
:

Then

FþðA1Þ ¼
1

3
; FþðA2Þ ¼ 1;

F�ðA1Þ ¼ F�ðA2Þ ¼ 0; F�ðA3Þ ¼
1ffiffiffi
3

p :
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