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Abstract. We consider the abstract initial value problem for the system of evolution

equations which describe motion of incompressible viscous and heat-conductive fluids in

a bounded domain. It is di‰culty of our problem that we do not neglect the viscous

dissipation function in contrast to the Boussinesq approximation. This problem has

uniquely a mild solution locally in time for general initial data, and globally in time for

small initial data. Moreover, a mild solution of this problem can be a strong or

classical solution under appropriate assumptions for initial data. We prove the above

properties by the theory of analytic semigroups on Banach spaces.

1. Introduction

Let n A Z, nb 2, W be a bounded domain in Rn with its C 2;1-boundary

qW, 0 < T ay. Motion of incompressible viscous and heat-conductive fluids

in W is described by the system of nþ 2 equations as follows:

div u ¼ 0 in W� ð0;TÞ;
rfqt þ ðu � ‘Þgu ¼ rf ðyÞ � ‘pþ mDu in W� ð0;TÞ;
rcvfqt þ ðu � ‘Þgy ¼ FðuÞ þ kDy in W� ð0;TÞ;

8<
: ð1:1Þ

where u ¼ ðu1; . . . ; unÞ is the fluid velocity, p is the pressure, y is the absolute

temperature, r is the density, m is the coe‰cient of viscosity, k is the coe‰cient

of heat conductivity, cv is the specific heat at constant volume, f ¼ ð f1; . . . ; fnÞ
is the external force field a¤ected by y, FðuÞ is the viscous dissipation function

defined as

FðuÞ ¼ Fðu; uÞ; Fðu; vÞ ¼ 2mDðuÞ : DðvÞ; DðuÞ ¼ 1

2
ð‘uþ ð‘uÞT Þ;
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ð‘uÞT is the transposed matrix of ‘u. These equations correspond to the law

of conservation of mass, momentum and energy respectively. Moreover, it is

required that r, m, k and cv are positive constants. See, for example, [12],

[15] on conservation laws of fluid motion and the derivation of the above

equations.

It is well known in [2] that the Boussinesq approximation is a simplified

model of motion of incompressible viscous and heat-conductive fluids. There

is no doubt that many investigations on the Boussinesq approximation have

been carried out for one hundred years. The Rayleigh-Bénard convection can

be considered as a typical phenomenon valid for the Boussinesq approximation

in the case where the Rayleigh number Ra is slightly larger than the critical

Rayleigh number Rac. It is an important physical property that formation of

the Rayleigh-Bénard convection is characterized as the Bénard cellular pattern.

On the other hand, the collapse of the Bénard cellular pattern will be caused by

the relative increase in Ra to Rac. In the case where Ra is su‰ciently larger

than Rac, the Boussinesq approximation does not seem appropriate due to its

neglect of the viscous dissipation function. It is quite natural to consider (1.1)

from the hydrodynamical point of view. Some problems related to (1.1) have

been studied in recent years. Kagei and Skowron [10] discussed the existence

and uniqueness of solutions of the initial-boundary value problem for motion

of micropolar fluids with heat conduction in R3. Moreover, Kagei [11] con-

sidered global attractors for the initial-boundary value problem for (1.1) in R2.

Łukaszewicz and Krzyżanowski [13] treated the initial-boundary value prob-

lem for (1.1) in R3 with moving boundaries. However, initial data ðu0; y0Þ
in Lp

sðWÞ � LqðWÞ ð1 < p < y; 1 < q < yÞ except for p ¼ q ¼ 2 and classical

solutions of the initial-boundary value problem for (1.1) in anisotropic Hölder

spaces are not considered in their results, where Lp
sðWÞ is the closed subspace

of ðLpðWÞÞn defined as in section 2. It is necessary to discuss the existence,

uniqueness and regularity of solutions of the initial-boundary value problem for

(1.1) with initial data ðu0; y0Þ in Lp
sðWÞ � LqðWÞ.

In order to meet the above requirement, we study the initial-boundary

value problem for (1.1) with the following initial-boundary data:

ujt¼0 ¼ u0 in W;

ujqW ¼ 0 on qW� ð0;TÞ;
yjt¼0 ¼ y0 in W;

yjqW ¼ ys on qW� ð0;TÞ;

8>>><
>>>:

ð1:2Þ

where ys is the surface temperature on qW assumed to be a nonnegative

constant. When we treat initial data ðu0; y0Þ in Lp
sðWÞ � LqðWÞ, it is useful to

transform (1.1), (1.2) into the abstract initial value problem for the system of
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evolution equations in the same Banach space as above. It is explained in

section 2 that (1.1), (1.2) are rewritten as follows:

dtuþ Apu ¼ F ðu; yÞ in ð0;TÞ;
dtyþ Bqy ¼ Gðu; yÞ in ð0;TÞ;
uð0Þ ¼ u0;

yð0Þ ¼ y0;

8>>><
>>>:

ðIÞ

where Ap and Bq are sectorial operators in Lp
sðWÞ and LqðWÞ respectively,

Fðu; yÞ and Gðu; yÞ are nonlinear terms corresponding to ð1:1Þ2 and ð1:1Þ3
respectively. It is well known in [8, Chapter 3], [14, Chapter 6] that we

can consider not only strong solutions but also mild solutions of (1.1),

(1.2).

We are concerned with the existence, uniqueness and regularity of mild

solutions of (1.1), (1.2) in this paper. This problem has uniquely a mild

solution locally in time for general initial data, and globally in time for small

initial data. Moreover, a mild solution of this problem can be a strong or

classical solution under appropriate assumptions for initial data. We prove

the above properties by the argument based on [3], [7], [9]. First, the existence

of local mild solutions is obtained from the successive approximation method.

Second, global a priori estimates for mild solutions of (1.1), (1.2) give the

existence of global mild solutions, and make the asymptotic behavior of global

mild solutions clear.

This paper is organized as follows: In section 2, we define basic notation

used in this paper and a strong and mild solution of (1.1), (1.2), and state

our main results and some lemmas for them. We prove the existence and

uniqueness of mild solutions of (1.1), (1.2) in section 3. The regularity of mild

solutions of (1.1), (1.2) is discussed in sections 4 and 5.

2. Preliminaries and main results

2.1. Function spaces. Function spaces and basic notation which we use

throughout this paper are introduced as follows: The norm in LrðWÞ
ð1a rayÞ and the norm in Wk; rðWÞ (the Sobolev space, k A Z, kb 0)

are denoted by k � kr and k � kk; r respectively, W 0; rðWÞ ¼ LrðWÞ, k � k0; r ¼ k � kr.
Cy

0 ðWÞ is the set of all functions which are infinitely di¤erentiable and have

compact support in W. W
k; r
0 ðWÞ is the completion of Cy

0 ðWÞ in Wk; rðWÞ.
Let us introduce solenoidal function spaces. Cy

0;sðWÞ :¼ fu A ðCy
0 ðWÞÞn;

div u ¼ 0g. Lp
sðWÞ ð1 < p < yÞ is the completion of Cy

0;sðWÞ in ðLpðWÞÞn.
It follows from [4, Theorem 2] that ðLpðWÞÞn is decomposed into ðLpðWÞÞn ¼
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Lp
sðWÞlLp

pðWÞ, where Lp
pðWÞ :¼ f‘p; p A W 1;pðWÞg. Let Pp be the projection

of ðLpðWÞÞn onto Lp
sðWÞ. Ck; gðWÞ ð0 < ga 1Þ is the Hölder space defined as

in [1, 1.26–1.29], Ck;0ðWÞ ¼ CkðWÞ, C0ðWÞ ¼ CðWÞ.
Let I be an interval in R, X be a Banach space. CðI ;XÞ is the set of all

X -valued functions which are continuous in I . CbðI ;X Þ is the set of all X -

valued functions which are bounded continuous in I . CkðI ;XÞ ðk A Z; kb 0Þ
is the set of all X -valued functions which are continuously di¤erentiable up

to the order k in I , C0ðI ;XÞ ¼ CðI ;XÞ. In the case where I is a bounded

closed interval in R, C0; gðI ;XÞ ð0 < ga 1Þ is the set of all X -valued func-

tions which are uniformly Hölder continuous with the exponent g on I . If I

is not bounded or closed, u A C0; gðI ;XÞ means that u A C 0; gðI1;X Þ for any

bounded closed interval I1 contained in I . Ck; gðI ;XÞ is the set of all

X -valued functions u which u A CkðI ;XÞ and d k
t u A C0; gðI ;XÞ, Ck;0ðI ;XÞ ¼

CkðI ;XÞ.
CbðR;RnÞ is the set of all Rn-valued functions which are bounded con-

tinuous in R. CkðR;RnÞ ðk A Z; kb 0Þ is the set of all Rn-valued functions

which are continuously di¤erentiable up to the order k in R, C0ðR;RnÞ ¼
CðR;RnÞ. C0;1ðR;RnÞ is the set of all Rn-valued functions which are uni-

formly Lipschitz continuous in R.

2.2. Stokes and Laplace operator. For the sake of simplicity, we assume that

r ¼ 1, m ¼ 1, k ¼ 1, cv ¼ 1 and ys ¼ 0 throughout this paper. Let us introduce

two linear operators Ap ð1 < p < yÞ and Bq ð1 < q < yÞ which appeared in

(I). Bq is the Laplace operator in LqðWÞ with the zero Dirichlet boundary

condition defined as Bq ¼ �D, DðBqÞ ¼ W 2;qðWÞVW
1;q
0 ðWÞ, where DðBqÞ is

the domain of Bq. We introduce the Stokes operator Ap in Lp
sðWÞ by Ap ¼

�PpD, DðApÞ ¼ ðDðBpÞÞn VLp
sðWÞ. It is well known in [14, Theorems 2.5.2

and 7.3.6], [5, Theorem 1] that Bq and Ap are sectorial operators in LqðWÞ and

Lp
sðWÞ respectively. Therefore, �Bq generates a uniformly bounded analytic

semigroup fe�tBqgtb0 on LqðWÞ, fractional powers Bb
q of Bq can be defined for

any bb 0, B0
q ¼ Iq, where Iq is the identity operator in LqðWÞ. Similarly to

Bq, a uniformly bounded analytic semigroup fe�tApgtb0 on Lp
sðWÞ is generated,

fractional powers Aa
p of Ap are defined for any ab 0. Moreover, it follows

from [6, Theorem 3] that DðAa
p Þ is characterized as DðAa

p Þ ¼ ðDðBa
p ÞÞ

n VLp
sðWÞ

for any 0a aa 1. Let us introduce Banach spaces derived from Aa
p and

Bb
q . X a

p (Y b
q ) is defined as DðAa

p Þ (DðBb
q Þ) with the norm k � kX a

p
¼ kAa

p � kp
(k � k

Y
b
q
¼ kBb

q � kq). L1 is the first eigenvalue of the Laplace operator with the

zero Dirichlet boundary condition.

We state some lemmas concerning sectorial operators in Banach spaces.

See, for example, [8, Chapter 1], [14, Chapter 2] on the theory of analytic

semigroups on Banach spaces and fractional powers of sectorial operators.
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Lemma 2.1 (8, Theorem 1.4.3). Let 1 < p < y, 1 < q < y, ab 0, bb 0,

0 < l < L1. Then

kAa
p e

�tApukp aCAp;a;lt
�ae�ltkukp; ð2:1Þ

kBb
q e

�tBqykq aCBq;b;lt
�be�ltkykq ð2:2Þ

for any u A Lp
sðWÞ, y A LqðWÞ, where CAp;a;l and CBq;b;l are positive constants.

Lemma 2.2 (8, Theorem 1.4.3). Let 1 < p < y, 1 < q < y, 0 < aa 1,

0 < ba 1. Then

kðe�tAp � IpÞukp aCAp;at
akukX a

p
; ð2:3Þ

kðe�tBq � IqÞykq aCBq;bt
bkyk

Y
b
q

ð2:4Þ

for any u A X a
p , y A Y b

q , where CAp;a and CBq;b are positive constants.

Lemma 2.3 (8, Exercise 1.4.10). Let 1 < p < y, 1 < q < y, 0 < aa 1,

0 < ba 1. Then

ke�tApukX a
p
¼ oðt�aÞ as t ! þ0; ð2:5Þ

ke�tBqyk
Y

b
q
¼ oðt�bÞ as t ! þ0 ð2:6Þ

for any u A Lp
sðWÞ, y A LqðWÞ.

Lemma 2.4 (8, Theorem 1.6.1). Let 1 < p < y, 1 < q < y, 0a aa 1,

0a ba 1. Then

X a
p ,! ðWk; rðWÞÞn if

1

p
� 2a� k

n
a

1

r
a

1

p
; ð2:7Þ

Y b
q ,! Wk; rðWÞ if

1

q
� 2b � k

n
a

1

r
a

1

q
; ð2:8Þ

where ,! is the continuous inclusion.

2.3. Abstract initial value problem for (1.1), (1.2). Let 0 < T < y,

1 < p < y, 1 < q < y, 0a a0 < 1, 0a b0 < 1, u0 A X a0
p , y0 A Y

b0
q . Then

we apply Pp to ð1:1Þ2, and get the following abstract initial value problem

for the system of nþ 1 evolution equations:

dtuþ Apu ¼ Fðu; yÞ in ð0;T �;
dtyþ Bqy ¼ Gðu; yÞ in ð0;T �;
uð0Þ ¼ u0;

yð0Þ ¼ y0;

8>>><
>>>:

ðIÞ
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where

F ðu; yÞ :¼ �Ppðu � ‘Þuþ Pp f ðyÞ;

Gðu; yÞ :¼ �ðu � ‘ÞyþFðuÞ:

In order to deal with (I), first of all, we shall find a solution ðu; yÞ satisfying the

following abstract integral equations related to (I):

uðtÞ ¼ e�tApu0 þ
ð t
0

e�ðt�sÞApFðu; yÞðsÞds;

yðtÞ ¼ e�tBqy0 þ
ð t
0

e�ðt�sÞBqGðu; yÞðsÞds

8>>><
>>>:

ðIIÞ

for any 0a taT . Let us introduce a strong and mild solution of (1.1), (1.2)

defined on ½0;T �. A strong and mild solution of (1.1), (1.2) defined on ½0;yÞ
is similarly defined.

Definition 2.1. ðu; yÞ is called a strong solution of (1.1), (1.2) if it

satisfies

u A Cð½0;T �;X a0
p ÞVCðð0;T �;X 1

p Þ; dtu A Cðð0;T �;Lp
sðWÞÞ;

y A Cð½0;T �;Y b0
q ÞVCðð0;T �;Y 1

q Þ; dty A Cðð0;T �;LqðWÞÞ

and (I).

Definition 2.2. ðu; yÞ is called a mild solution of (1.1), (1.2) if it satisfies

u A Cð½0;T �;X a0
p Þ;

y A Cð½0;T �;Y b0
q Þ

and (II).

2.4. Main results. We will state our main results in this subsection. It is

su‰cient for our main results to be assumed that p, q, a0 and b0 satisfy

max 1;
n

3

� �
< p < y; 1 < q < y;

1

p
� 1

2q
<

1

n
;

1

q
� 1

p
<

2

n
; ð2:9Þ

max 0;
n

2p
� 1

2

� �
a a0 < 1; 0a b0 < 1;

a0 �
b0
2
� n

2

1

p
� 1

2q

� �
b 0; �1 < a0 � b0 �

n

2

1

p
� 1

q

� �
a 1

ð2:10Þ
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and f A C0;1ðR;RnÞ with the Lipschitz constant Lf , f ð0Þ ¼ 0. The first pur-

pose of this paper is to study the existence and uniqueness of mild solutions

of (1.1), (1.2). We shall prove the following theorems:

Theorem 2.1. Let 0 < T < y, p, q, a0 and b0 satisfy ð2:9Þ, ð2:10Þ,
u0 A X a0

p , y0 A Y
b0
q , f A C0;1ðR;RnÞ with the Lipschitz constant Lf , f ð0Þ ¼ 0.

Then there exists a positive constant T� aT depending only on n, W, p, q, a0,

b0, u0, y0, Lf and T such that ð1:1Þ, ð1:2Þ has uniquely a mild solution ðu; yÞ on

½0;T�� satisfying the following continuity properties and estimates:

( i ) For any a0 a a < 1, b0 a b < 1, 0 < taT�,

ta�a0u A Cð½0;T��;X a
p Þ;

tb�b0y A Cð½0;T��;Y b
q Þ;

kuðtÞkX a
p
aCta0�aðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:11Þ

kyðtÞk
Y

b
q
aCtb0�bðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:12Þ

where C is a positive constant independent of u, y and t.

(ii) For any a0 < a < 1, b0 < b < 1,

kuðtÞkX a
p
¼ oðta0�aÞ as t ! þ0; ð2:13Þ

kyðtÞk
Y

b
q
¼ oðtb0�bÞ as t ! þ0: ð2:14Þ

Theorem 2.2. Let p, q, a0 and b0 satisfy ð2:9Þ, ð2:10Þ, u0 A X a0
p , y0 A Y

b0
q ,

f A C 0;1ðR;RnÞ with the Lipschitz constant Lf , f ð0Þ ¼ 0. Then there exists

a positive constant e depending only on n, W, p, q, a0, b0, Lf and l for any

0 < l < L1 such that ð1:1Þ, ð1:2Þ has uniquely a mild solution ðu; yÞ on ½0;yÞ
satisfying the following continuity properties and estimates:

ta�a0eltu A Cbð½0;yÞ;X a
p Þ;

tb�b0elty A Cbð½0;yÞ;Y b
q Þ;

kuðtÞkX a
p
aCta0�ae�ltðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:15Þ

kyðtÞk
Y

b
q
aCtb0�be�ltðku0kX a0

p
þ ky0kY b0

q
Þ ð2:16Þ

for any a0 a a < 1, b0 a b < 1, t > 0, where C is a positive constant independent

of u, y and t provided that

ku0kX a0
p

þ ky0kY b0
q
a e:

The second purpose of this paper is to discuss the regularity of mild

solutions of (1.1), (1.2). As for the regularity of ðdtu; dtyÞ, it will be required

that p, q, a0 and b0 satisfy
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a0 b n
1

p
� 1

2q

� �
; b0 b

n

2p
� 1

2
; ð2:17Þ

2a0 � b0 b
n

2p
� 1

2
: ð2:18Þ

We shall prove the following theorems:

Theorem 2.3. If a mild solution ðu; yÞ of ð1:1Þ, ð1:2Þ in Theorem 2:1 is

defined on ½0;T �, then ðu; yÞ is a strong solution of ð1:1Þ, ð1:2Þ on ½0;T � satisfying
the following continuity properties and estimates:

( i ) For some 0 < âa < 1, 0 < b̂b < 1,

u A C 0; âaðð0;T �;X 1
p Þ; dtu A C 0; âaðð0;T �;Lp

sðWÞÞ;

y A C0; b̂bðð0;T �;Y 1
q Þ; dty A C 0; b̂bðð0;T �;LqðWÞÞ;

and for any 0 < taT,

kuðtÞkX 1
p
aCta0�1ðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:19Þ

kyðtÞkY 1
q
aCtb0�1ðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:20Þ

where C is a positive constant independent of u, y and t.

( ii ) For any 0 < âa < 1, 0 < b̂b < 1, 0a a < 1, 0a b < 1, 0 < ~aa < 1� a,

0 < ~bb < 1� b,

u A C0; âaðð0;T �;X 1
p Þ; dtu A C0; ~aaðð0;T �;X a

p Þ;

y A C0; b̂bðð0;T �;Y 1
q Þ; dty A C0; ~bbðð0;T �;Y b

q Þ

provided that p, q, a0 and b0 satisfy ð2:17Þ.
(iii) For any 0a a < 1, 0a b < 1, 0 < taT,

kdtuðtÞkX a
p
aCta0�a�1ðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:21Þ

kdtyðtÞkY b
q
aCtb0�b�1ðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:22Þ

where C is a positive constant independent of u, y and t provided that

p, q, a0 and b0 satisfy ð2:17Þ, ð2:18Þ.

Theorem 2.4. Let ðu; yÞ be a mild solution of ð1:1Þ, ð1:2Þ on ½0;yÞ
satisfying continuity properties and estimates ð2:15Þ, ð2:16Þ in Theorem 2:2.

Then ðu; yÞ is a strong solution of ð1:1Þ, ð1:2Þ on ½0;yÞ satisfying the following

continuity properties and estimates:

( i ) For some 0 < âa < 1, 0 < b̂b < 1,

u A C0; âaðð0;yÞ;X 1
p Þ; dtu A C 0; âaðð0;yÞ;Lp

sðWÞÞ;

y A C0; b̂bðð0;yÞ;Y 1
q Þ; dty A C 0; b̂bðð0;yÞ;LqðWÞÞ;
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and for any t > 0,

kuðtÞkX 1
p
aCta0�1e�ltðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:23Þ

kyðtÞkY 1
q
aCtb0�1e�ltðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:24Þ

where C is a positive constant independent of u, y and t.

( ii ) For any 0 < âa < 1, 0 < b̂b < 1, 0a a < 1, 0a b < 1, 0 < ~aa < 1� a,

0 < ~bb < 1� b,

u A C0; âaðð0;yÞ;X 1
p Þ; dtu A C0; ~aaðð0;yÞ;X a

p Þ;

y A C0; b̂bðð0;yÞ;Y 1
q Þ; dty A C0; ~bbðð0;yÞ;Y b

q Þ

provided that p, q, a0 and b0 satisfy ð2:17Þ.
(iii) For any 0a a < 1, 0a b < 1, t > 0,

kdtuðtÞkX a
p
aCta0�a�1e�ltðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:25Þ

kdtyðtÞkY b
q
aCtb0�b�1e�ltðku0kX a0

p
þ ky0kY b0

q
Þ; ð2:26Þ

where C is a positive constant independent of u, y and t provided that

p, q, a0 and b0 satisfy ð2:17Þ, ð2:18Þ.

Some detailed considerations admit that a strong solution of (1.1), (1.2)

with initial data ðu0; y0Þ A Lp
sðWÞ � LqðWÞ can be grasped in the classical sense.

Let p and q satisfy

n < p < y; n < q < y;
1

p
� 1

2q
a 0;

1

q
� 1

p
<

2

n
: ð2:27Þ

Then we can take a0 and b0 in (2.10), (2.17), (2.18) as zeros. It is derived from

Theorems 2.3 and 2.4 that we obtain the following corollaries:

Corollary 2.1. Let p and q satisfy ð2:27Þ, u0 A Lp
sðWÞ, y0 A LqðWÞ,

f A C 0;1ðR;RnÞVC1ðR;RnÞ, f ð0Þ ¼ 0. Then a strong solution ðu; yÞ of ð1:1Þ,
ð1:2Þ in Theorem 2:3 is a classical solution of ð1:1Þ, ð1:2Þ in ð0;T � satisfying the

following continuity properties:

u A C 0; âaðð0;T �; ðC 2;aðWÞÞnÞ; dtu A C0; ~aaðð0;T �; ðC1;aðWÞÞnÞ;

y A C0; b̂bðð0;T �;C2;bðWÞÞ; dty A C0; ~bbðð0;T �;C 1;bðWÞÞ

for any 0 < âa < 1=2, 0 < b̂b < 1=2, 0 < a < 1� n=p, 0 < b < 1� n=q and for

some 0 < ~aa < 1, 0 < ~bb < 1.

Corollary 2.2. Let p and q satisfy ð2:27Þ, u0 A Lp
sðWÞ, y0 A LqðWÞ,

f A C 0;1ðR;RnÞVC1ðR;RnÞ, f ð0Þ ¼ 0. Then a strong solution ðu; yÞ of ð1:1Þ,
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ð1:2Þ in Theorem 2:4 is a classical solution of ð1:1Þ, ð1:2Þ in ð0;yÞ satisfying the

following continuity properties:

u A C0; âaðð0;yÞ; ðC 2;aðWÞÞnÞ; dtu A C0; ~aaðð0;yÞ; ðC 1;aðWÞÞnÞ;

y A C 0; b̂bðð0;yÞ;C2;bðWÞÞ; dty A C0; ~bbðð0;yÞ;C1;bðWÞÞ

for any 0 < âa < 1=2, 0 < b̂b < 1=2, 0 < a < 1� n=p, 0 < b < 1� n=q and for

some 0 < ~aa < 1, 0 < ~bb < 1.

Remark 2.1. It can be easily seen from [14, Theorem 7.3.6], [16, Theorem

1.3] that our main results are still valid, instead of ð1:2Þ, for the following initial-

boundary data:

ujt¼0 ¼ u0 in W;

unjqW ¼ 0 on qW� ð0;TÞ;
KðTðu; pÞnÞt þ ð1� KÞutjqW ¼ 0 on qW� ð0;TÞ;
yjt¼0 ¼ y0 in W;

yjqW ¼ ys or kqnyþ ksyjqW ¼ 0 on qW� ð0;TÞ;

8>>>>><
>>>>>:

where n is the outward unit normal vector on qW, un :¼ n � u, ut :¼ u� unn,

Tðu; pÞ is the Cauchy stress tensor defined as

Tðu; pÞ ¼ �pIn þ 2mDðuÞ;

In is the n-th identity matrix, 0aK < 1 is a constant, ks is a positive constant.

Moreover, it is useful to remark that ðTðu; pÞnÞt ¼ Tðu; pÞn� ðn � Tðu; pÞnÞn ¼
2mðDðuÞnÞt.

2.5. Lp
s � Lq-estimates for nonlinear terms. We will state and prove some

lemmas which play an important role throughout this paper. They allow us to

obtain Lp
s-estimates for F ðu; yÞ and Lq-estimates for Gðu; yÞ.

Lemma 2.5 (7, Lemma 2.2). Let 1 < p < y,

a1 > 0; 0a d1 <
1

2
þ n

2
1� 1

p

� �
; a1 þ d1 >

1

2
; 2a1 þ d1 b

n

2p
þ 1

2
:

Then

kA�d1
p Ppðu � ‘Þvkp aC1kukX a1

p
kvkX a1

p
ð2:28Þ

for any u; v A X a1
p , where C1 ¼ C1ða1; d1Þ is a positive constant.
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Lemma 2.6 (9, Lemma 3.3). Let 1 < p < y, 1 < q < y,

a2; b2 b 0; a2 >
n

2

1

p
� 1

q

� �
; 0a d2 <

1

2
þ n

2
1� 1

q

� �
; b2 þ d2 >

1

2
;

a2 þ b2 þ d2 b
n

2p
þ 1

2
:

Then

kB�d2
q ðu � ‘Þykq aC2kukX a2

p
kyk

Y
b2
q

ð2:29Þ

for any u A X a2
p , y A Y

b2
q , where C2 ¼ C2ða2; b2; d2Þ is a positive constant.

Lemma 2.7. Let 1 < p < y, 1 < q < y,

max 0;
1

2
þ n

2

1

p
� 1

2q

� �� �
a a2 a 1:

Then

kFðu; vÞkq aC3kukX a2
p
kvkX a2

p
ð2:30Þ

for any u; v A X a2
p , where C3 ¼ C3ða2Þ is a positive constant.

Proof. After applying the Schwarz inequality to kFðu; vÞkq, we can

obtain (2.30) by (2.7) with a ¼ a2, k ¼ 1 and r ¼ 2q.

Lemma 2.8. Let 1 < p < y, 1 < q < y,

max 0;
n

2

1

q
� 1

p

� �� �
a b1 a 1;

f A C 0;1ðR;RnÞ with the Lipschitz constant Lf , f ð0Þ ¼ 0. Then

kPp f ðyÞkp aC4Lf kykY b1
q

ð2:31Þ

for any y A Y
b1
q , where C4 ¼ C4ðb1Þ is a positive constant.

Proof. It is known in [4, Theorem 1] that Pp is a bounded operator in

ðLpðWÞÞn. Since k f ðyÞkp aLf kykp, (2.31) follows from (2.8) with b ¼ b1, k ¼ 0

and r ¼ p.

2.6. X a
p � Y b

q -estimates for nonlinear terms. First, we will fix four exponents

a1, a2, b1 and b2 in Lemmas 2.5–2.8 after the choice of two exponents d1 in

Lemma 2.5 and d2 in Lemma 2.6. We take d1 (d2) as zero in the case where

a0 > 0 (b0 > 0), and as an arbitrary positive constant in the case where a0 ¼ 0

(b0 ¼ 0). It is essential for (2.9), (2.10) that we make an appropriate choice

of a1 in Lemma 2.5, a2 in Lemmas 2.6 and 2.7, b1 in Lemma 2.8 and b2
in Lemma 2.6. Some elementary demonstrations admit that we can chose

381Incompressible viscous and heat-conductive fluids



a0 < a1 < 1� d1, a0 < a2 < 1� d1, b0 < b1 < 1� d2 and b0 < b2 < 1� d2 which

satisfy not only assumptions for Lemmas 2.5–2.8 but also

2a1 þ d1 a 1þ a0; a2 þ b2 þ d2 a 1þ a0; a2 a a0 þ
1� b0

2
; ð2:32Þ

b1 < 1� a0 þ b0 if a0 � b0 �
n

2

1

p
� 1

q

� �����
����< 1;

b1 ¼ 1� a0 þ b0 if a0 � b0 �
n

2

1

p
� 1

q

� �
¼ 1:

8>>><
>>>:

ð2:33Þ

These exponents are fixed throughout this paper.

Second, we obtain X a
p � Y b

q -estimates for nonlinear terms which appeared

in (II). Let 0a a < 1� d1, 0a b < 1� d2, 0 < l < L1, and set

Fðu; yÞðtÞ ¼
ð t
0

e�ðt�sÞApF ðu; yÞðsÞds;

Gðu; yÞðtÞ ¼
ð t
0

e�ðt�sÞBqGðu; yÞðsÞds:

Then kFðu; yÞðtÞkX a
p

and kGðu; yÞðtÞk
Y

b
q

are estimated as follows:

kFðu; yÞðtÞkX a
p
aCAp;aþd1;lC1

ð t
0

ðt� sÞ�ðaþd1Þe�lðt�sÞkuðsÞk2X a1
p
ds

þ CAp;a;lC4Lf

ð t
0

ðt� sÞ�a
e�lðt�sÞkyðsÞk

Y
b1
q
ds; ð2:34Þ

kGðu; yÞðtÞk
Y

b
q
aCBq;bþd2;lC2

ð t
0

ðt� sÞ�ðbþd2Þe�lðt�sÞkuðsÞkX a2
p
kyðsÞk

Y
b2
q
ds

þ CBq;b;lC3

ð t
0

ðt� sÞ�b
e�lðt�sÞkuðsÞk2X a2

p
ds ð2:35Þ

for any 0a taT . Let ðu1; y1Þ and ðu2; y2Þ be two mild solutions of (1.1),

(1.2). Then we have that

kFðu2; y2ÞðtÞ �Fðu1; y1ÞðtÞkX a
p

aCAp;aþd1;lC1

ð t
0

ðt� sÞ�ðaþd1Þe�lðt�sÞðku1ðsÞkX a1
p

þ ku2ðsÞkX a1
p
Þ

� kðu2 � u1ÞðsÞkX a1
p
ds

þ CAp;a;lC4Lf

ð t
0

ðt� sÞ�a
e�lðt�sÞkðy2 � y1ÞðsÞkY b1

q
ds; ð2:36Þ
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kGðu2; y2ÞðtÞ � Gðu1; y1ÞðtÞkY b
q

aCBq;bþd2;lC2

ð t
0

ðt� sÞ�ðbþd2Þe�lðt�sÞkðu2 � u1ÞðsÞkX a2
p
ky2ðsÞkY b2

q
ds

þ CBq;bþd2;lC2

ð t
0

ðt� sÞ�ðbþd2Þe�lðt�sÞku1ðsÞkX a2
p
kðy2 � y1ÞðsÞkY b2

q
ds

þ CBq;b;lC3

ð t
0

ðt� sÞ�b
e�lðt�sÞðku1ðsÞkX a2

p
þ ku2ðsÞkX a2

p
Þ

� kðu2 � u1ÞðsÞkX a2
p
ds ð2:37Þ

for any 0a taT .

3. Proof of Theorems 2.1 and 2.2

We will prove Theorems 2.1 and 2.2 in this section. In proving our main

results, simplified notation is given as follows: We drop two subscripts p

and q attached to P, A, B, X a and Y b in the sequel. It is useful to remark

that a generic positive constant independent of u, y and t is simply denoted by

C.

3.1. Existence of local mild solutions. We construct a mild solution ðu; yÞ of

(1.1), (1.2) by the following successive approximation ðum; ymÞ ðm A Z;mb 0Þ:

u0ðtÞ ¼ e�tAu0;

y0ðtÞ ¼ e�tBy0;

�
ð3:1Þ

umþ1 ¼ u0 þFðum; ymÞ;
ymþ1 ¼ y0 þ Gðum; ymÞ:

�
ð3:2Þ

It is assured by the following lemma that fta�a0umgm and ftb�b0ymgm are well-

defined as sequences in Cð½0;T �;X aÞ for a ¼ a1; a2 and in Cð½0;T �;Y bÞ for

b ¼ b1; b2 respectively.

Lemma 3.1. Let a ¼ a1; a2, b ¼ b1; b2. Then there exist monotone increas-

ing continuous functions Km
1;a and Km

2;b on ½0;T � for any m A Z, mb 0 such that

Km
1;að0Þ ¼ 0, K m

2;bð0Þ ¼ 0,

kumðtÞkX a aKm
1;aðtÞta0�a; ð3:3Þ

kymðtÞkY b aKm
2;bðtÞtb0�b ð3:4Þ

for any 0 < taT, Km
1;a aKmþ1

1;a , K m
2;b aKmþ1

2;b on ½0;T �.
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Proof. We give the inductive definition of Km
1;a and Km

2;b with respect to

m. K 0
1;a and K 0

2;b are defined as

K 0
1;aðtÞ ¼ sup

0<sat

sa�a0ku0ðsÞkX a ; ð3:5Þ

K 0
2;bðtÞ ¼ sup

0<sat

sb�b0ky0ðsÞkY b : ð3:6Þ

It is obvious from (3.5), (3.6) that (3.3), (3.4) with m ¼ 0 hold for any 0 <

taT . Moreover, (2.5), (2.6) yield that K 0
1;að0Þ ¼ 0, K 0

2;bð0Þ ¼ 0. Assume

that there exist Km
1;a and Km

2;b for some m A Z, mb 0. After applying (2.34),

(2.35) to ðum; ymÞ, it is derived from (3.2) that we have that

kumþ1ðtÞkX a aK 0
1;aðtÞta0�a

þ CA;aþd1;lC1Bð1� ðaþ d1Þ; 1þ 2ða0 � a1ÞÞ

� Km
1;a1

ðtÞ2t1þ2a0�a�2a1�d1

þ CA;a;lC4Lf Bð1� a; 1þ b0 � b1ÞKm
2;b1

ðtÞt1þb0�a�b1 ;

kymþ1ðtÞkY b aK 0
2;bðtÞtb0�b

þ CB;bþd2;lC2Bð1� ðb þ d2Þ; 1þ a0 þ b0 � a2 � b2Þ

� Km
1;a2

ðtÞKm
2;b2

ðtÞt1þa0þb0�b�a2�b2�d2

þ CB;b;lC3Bð1� b; 1þ 2ða0 � a2ÞÞKm
1;a2

ðtÞ2t1þ2a0�b�2a2

for any 0 < taT , where Bðx; yÞ is the beta function. Therefore, Kmþ1
1;a and

Kmþ1
2;b can be defined as

Kmþ1
1;a ðtÞ ¼ K 0

1;aðtÞ

þ CA;aþd1;lC1Bð1� ðaþ d1Þ; 1þ 2ða0 � a1ÞÞ

� Km
1;a1

ðtÞ2t1þa0�2a1�d1

þ CA;a;lC4Lf Bð1� a; 1þ b0 � b1ÞKm
2;b1

ðtÞt1þb0�a0�b1 ; ð3:7Þ

Kmþ1
2;b ðtÞ ¼ K 0

2;bðtÞ

þ CB;bþd2;lC2Bð1� ðb þ d2Þ; 1þ a0 þ b0 � a2 � b2Þ

� Km
1;a2

ðtÞKm
2;b2

ðtÞt1þa0�a2�b2�d2

þ CB;b;lC3Bð1� b; 1þ 2ða0 � a2ÞÞKm
1;a2

ðtÞ2t1þ2a0�b0�2a2 : ð3:8Þ
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It follows from (3.7), (3.8) that

kumþ1ðtÞkX a aKmþ1
1;a ðtÞta0�a;

kymþ1ðtÞkY b aKmþ1
2;b ðtÞtb0�b

for any 0 < taT . Furthermore, we utilize inductive assumptions for Km
1;a and

Km
2;b, and conclude that Kmþ1

1;a ð0Þ ¼ 0, Kmþ1
2;b ð0Þ ¼ 0. It can be easily seen from

the induction with respect to m that Km
1;a aKmþ1

1;a , Km
2;b aKmþ1

2;b on ½0;T � for

any m A Z, mb 0.

We can see easily that a mild solution ðu; yÞ of (1.1), (1.2) is constructed by

the following lemmas. Set KmðtÞ ¼ maxfKm
1;aðtÞ;Km

2;bðtÞ; a ¼ a1; a2; b ¼ b1; b2g.
Then it follows from Lemma 3.1 that Km is a monotone increasing continuous

function on ½0;T � satisfying Kmð0Þ ¼ 0, Km aKmþ1 on ½0;T � for any m A Z,

mb 0. It is required that C is independent of not only u, y and t but also m

throughout this subsection.

Lemma 3.2. Let a0 and b0 satisfy ð2:33Þ1. Then there exists a positive

constant T1 aT depending only on n, W, p, q, a0, b0, u0, y0, Lf and T such that

fta�a0umgm and ftb�b0ymgm are Cauchy sequences in Cð½0;T1�;X aÞ for a ¼ a1; a2
and in Cð½0;T1�;Y bÞ for b ¼ b1; b2 respectively.

Proof. It follows from (2.32), ð2:33Þ1, (3.7), (3.8) that Km satisfies the

following inductive inequality with respect to m:

Kmþ1ðtÞaK 0ðtÞ þ CKmðtÞ2 þ CKmðtÞt1þb0�a0�b1 ð3:9Þ

for any 0 < taT , m A Z, mb 0. Since K 0ð0Þ ¼ 0, Km aKmþ1 on ½0;T � and
1þ b0 � a0 � b1 > 0, an elementary calculation shows that there exists a posi-

tive constant t1 aT such that Km aCK 0 on ½0; t1�. Therefore, we can utilize

(3.3), (3.4) to obtain that

max
a¼a1;a2

fta�a0kumðtÞkX agaCK 0ðtÞ; ð3:10Þ

max
b¼b1;b2

ftb�b0kymðtÞkY bgaCK 0ðtÞ ð3:11Þ

for any 0 < ta t1. It is su‰cient for the conclusion that we give X a-estimates

for umþ1 � um and Y b-estimates for ymþ1 � ym. It can be easily seen from

(2.34), (2.35), (3.2) with m ¼ 0 that

max
a¼a1;a2

fta�a0kðu1 � u0ÞðtÞkX agaCK 0ðtÞðK 0ðtÞ þ 1Þ;

max
b¼b1;b2

ftb�b0kðy1 � y0ÞðtÞkY bgaCK 0ðtÞ2
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for any 0 < ta t1. By (2.36), (2.37), (3.10), (3.11) and the induction with

respect to m, we obtain that

max
a¼a1;a2

fta�a0kðumþ1 � umÞðtÞkX agaCK 0ðtÞðK 0ðtÞ þ 1Þ

� fCðK 0ðtÞ þ t1þb0�a0�b1Þgm; ð3:12Þ

max
b¼b1;b2

ftb�b0kðymþ1 � ymÞðtÞkY bgaCK 0ðtÞðK 0ðtÞ þ 1ÞðCK 0ðtÞÞm ð3:13Þ

for any 0 < ta t1. Since K 0ð0Þ ¼ 0 and 1þ b0 � a0 � b1 > 0, we can take a

positive constant T1 a t1 satisfying CðK 0ðT1Þ þ T
1þb0�a0�b1
1 Þ < 1, CK 0ðT1Þ < 1.

Then fta�a0umgm and ftb�b0ymgm are Cauchy sequences in Cð½0;T1�;X aÞ and in

Cð½0;T1�;Y bÞ respectively.

Lemma 3.3. Let a0 and b0 satisfy ð2:33Þ2. Then there exists a positive

constant T2 aT depending only on n, W, p, q, a0, b0, u0, y0, Lf and T such that

fta�a0umgm and ftb�b0ymgm are Cauchy sequences in Cð½0;T2�;X aÞ for a ¼ a1; a2
and in Cð½0;T2�;Y bÞ for b ¼ b1; b2 respectively.

Proof. Notice that 1þ b0 � a0 � b1 ¼ 0 from (2.33)2. Then we must

consider, instead of (3.9), the following inductive inequality with respect to m:

Kmþ1
1;a ðtÞaK 0

1;aðtÞ þ CKm
1;a1

ðtÞ2 þ CKm
2;b1

ðtÞ;

Kmþ1
2;b ðtÞaK 0

2;bðtÞ þ CðKm
1;a2

ðtÞKm
2;b2

ðtÞ þ Km
1;a2

ðtÞ2Þ
ð3:14Þ

for any a ¼ a1; a2, b ¼ b1; b2, 0 < taT , m A Z, mb 0 which is derived from

(3.7), (3.8). It can be easily seen from (3.14) that

Kmþ2ðtÞaCðK 0ðtÞ þ Kmþ1ðtÞ2 þ KmðtÞ2Þ ð3:15Þ

for any 0 < taT . Since K 0ð0Þ ¼ 0 and Km aKmþ1 aKmþ2 on ½0;T �, an ele-

mentary calculation shows that there exists a positive constant t2 aT such that

Km aCK 0 on ½0; t2�. It remains to give X a-estimates for umþ1 � um and Y b-

estimates for ymþ1 � ym, but we can carry out the same proof as in Lemma 3.2.

Set T� ¼ minfT1;T2g. Then it follows from Lemmas 3.2 and 3.3 that

there exists a pair of two functions ðu; yÞ satisfying

u A Cðð0;T��;X a0Þ;

y A Cðð0;T��;Y b0Þ

such that

ta�a0um ! ta�a0u in Cð½0;T��;X aÞ as m ! y;

tb�b0ym ! tb�b0y in Cð½0;T��;Y bÞ as m ! y

�
ð3:16Þ
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for a ¼ a1; a2, b ¼ b1; b2. By applying the dominated convergence theorem to

(3.2), we can conclude that ðu; yÞ satisfies (II) in ð0;T��.

3.2. X a � Y b-estimates for local mild solutions. We will deal with basic prop-

erties of local mild solutions of (1.1), (1.2). It is su‰cient for (2.11)–(2.14) that

we prove the following lemma:

Lemma 3.4. Let ðu; yÞ be a mild solution of ð1:1Þ, ð1:2Þ in ð0;T�� given by

ð3:16Þ. Then

ta�a0kuðtÞ � e�tAu0kX a aCK 0ðtÞ; ð3:17Þ

tb�b0kyðtÞ � e�tBy0kY b aCK 0ðtÞ ð3:18Þ

for any a0 a a < 1, b0 a b < 1, 0 < taT�, where C is a positive constant

independent of u, y and t.

Proof. It is easy to see that (3.10), (3.11) with ðu; yÞ instead of ðum; ymÞ
hold for any a0 a a < 1� d1, b0 a b < 1� d2. By applying (3.10), (3.11) to

(2.34), (2.35), we have that

ta�a0kuðtÞ � e�tAu0kX a aCK 0ðtÞðK 0ðtÞ þ 1Þ;

tb�b0kyðtÞ � e�tBy0kY b aCK 0ðtÞ2

for any a0 a a < 1� d1, b0 a b < 1� d2, 0 < taT�. Furthermore, the choice

of d1 and d2 allows us to assume that a0 a a < 1, b0 a b < 1. These inequal-

ities lead clearly to (3.17), (3.18).

It follows from (3.17) with a ¼ a0, (3.18) with b ¼ b0 that

kuðtÞ � u0kX a0 a kðe�tA � IÞu0kX a0 þ CK 0ðtÞ; ð3:19Þ

kyðtÞ � y0kY b0 a kðe�tB � IÞy0kY b0 þ CK 0ðtÞ ð3:20Þ

for any 0 < taT�. By taking t as zero, (3.19), (3.20) imply that uð0Þ ¼ u0,

yð0Þ ¼ y0, consequently, ðu; yÞ is a mild solution of (1.1), (1.2) on ½0;T��. It is

obvious from (3.17), (3.18) that

ta�a0kuðtÞkX a a ta�a0ke�tAu0kX a þ CK 0ðtÞ; ð3:21Þ

tb�b0kyðtÞkY b a tb�b0ke�tBy0kY b þ CK 0ðtÞ ð3:22Þ

for any a0 a a < 1, b0 a b < 1, 0 < taT�. (2.1), (2.2), (3.21), (3.22) yield

clearly (2.11), (2.12). Moreover, it can be easily seen from (2.5), (2.6), (3.21),

(3.22) that (2.13), (2.14) hold for any a0 < a < 1, b0 < b < 1.

3.3. Uniqueness of mild solutions. We proceed to the uniqueness of mild

solutions of (1.1), (1.2) on ½0;T �. Throughout this subsection, it is required
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that C is a positive constant independent of t, consequently, C may depend on

u and y. For any a0 a a < 1, b0 a b < 1, 0 < ta taT , let us introduce the

following notation:

kuðtÞkðaÞ ¼ ta�a0kuðtÞkX a ;

kyðtÞkðbÞ ¼ tb�b0kyðtÞkY b ;

kðu; yÞðtÞkða;bÞ ¼ kuðtÞkðaÞ þ kyðtÞkðbÞ;

kukða; tÞ ¼ sup
0<sat

sa�a0kuðsÞkX a ;

kykðb; tÞ ¼ sup
0<sat

sb�b0kyðsÞkY b ;

kðu; yÞkða;b; tÞ ¼ kukða; tÞ þ kykðb; tÞ;

kukða; t; tÞ ¼ max
tasat

kuðsÞkX a ;

kykðb; t; tÞ ¼ max
tasat

kyðsÞkY b ;

kðu; yÞkða;b; t; tÞ ¼ kukða; t; tÞ þ kykðb; t; tÞ:

It is clear that the uniqueness is derived from the continuous dependence with

respect to initial data. We prove the following lemma:

Lemma 3.5. Let ðu; yÞ and ðu; yÞ be two mild solutions of ð1:1Þ, ð1:2Þ on

½0;T � with initial data ðu0; y0Þ and ðu0; y0Þ respectively which satisfy the following

conditions:

( i ) For any a0 a a < 1, b0 a b < 1,

ta�a0u; ta�a0u A Cð½0;T �;X aÞ;

tb�b0y; tb�b0y A Cð½0;T �;Y bÞ:

(ii) For any a0 < a < 1, b0 < b < 1,

kuðtÞkX a ¼ oðta0�aÞ; kuðtÞkX a ¼ oðta0�aÞ as t ! þ0;

kyðtÞkY b ¼ oðtb0�bÞ; kyðtÞkY b ¼ oðtb0�bÞ as t ! þ0:

Then

kðu� u; y� yÞðtÞkða;bÞ aCkðu0 � u0; y0 � y0Þkða0;b0Þ ð3:23Þ

for any a0 a a < 1, b0 a b < 1, 0 < taT, where C is a positive constant

independent of t.
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Proof. D0, D and M are defined as

D0 ¼ kðu0 � u0; y0 � y0Þkða0;b0Þ;

DðtÞ ¼ maxfkðu� u; y� yÞkða1;b1; tÞ; kðu� u; y� yÞkða2;b2; tÞg;

MðtÞ ¼ maxfkukða1; tÞ; kukða2; tÞ; kukða1; tÞ; kukða2; tÞ; kykðb2; tÞg:

By applying (2.36), (2.37) to ðu; yÞ and ðu; yÞ, we have that

kðu� uÞðtÞkðaÞ aCku0 � u0kða0Þ þ CMðtÞku� ukða1; tÞ

þ Ct1þb0�a0�b1ky� ykðb1; tÞ; ð3:24Þ

kðy� yÞðtÞkðbÞ aCky0 � y0kðb0Þ þ CMðtÞkðu� u; y� yÞkða2;b2; tÞ ð3:25Þ

for any a0 a a < 1� d1, b0 a b < 1� d2, 0 < taT . Moreover, it can be

easily seen from (3.24) with a ¼ a1; a2, (3.25) with b ¼ b1; b2 that

DðtÞaCD0 þ CNðtÞDðtÞ ð3:26Þ

for any 0 < taT , where

NðtÞ :¼ MðtÞ þ t1þb0�a0�b1 if ð2:33Þ1;
MðtÞ if ð2:33Þ2:

�

Since ðu; yÞ and ðu; yÞ satisfy (i), (ii), N is a monotone increasing continuous

function on ½0;T � satisfying Nð0Þ ¼ 0. Then we can take a positive constant

t0 aT satisfying CNðt0Þ < 1, consequently, Dðt0ÞaCD0. It remains to prove

(3.23) for any t0 a taT . For any t0 a taT , Dðt; �Þ and Mðt; �Þ are defined

as

Dðt; tÞ ¼ maxfkðu� u; y� yÞkða1;b1; t; tÞ; kðu� u; y� yÞkða2;b2; t; tÞg;

Mðt; tÞ ¼ maxfkukða1; t; tÞ; kukða2; t; tÞ; kukða1; t; tÞ; kukða2; t; tÞ; kykðb2; t; tÞg:

Notice that ðu; yÞ and ðu; yÞ satisfy

uðtÞ ¼ e�ðt�tÞAuðtÞ þ
ð t
t

e�ðt�sÞAFðu; yÞðsÞds;

yðtÞ ¼ e�ðt�tÞByðtÞ þ
ð t
t

e�ðt�sÞBGðu; yÞðsÞds

8>>><
>>>:

ð3:27Þ
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for any ta taT . Then, by subtracting (3.27) with ðu; yÞ from (3.27) with

ðu; yÞ, we obtain that

kðu� uÞðtÞkX a a ke�ðt�tÞAðu� uÞðtÞkX a

þ
ð t
t

ke�ðt�sÞAðFðu; yÞ � Fðu; yÞÞðsÞkX ads;

kðy� yÞðtÞkY b a ke�ðt�tÞBðy� yÞðtÞkY b

þ
ð t
t

ke�ðt�sÞBðGðu; yÞ � Gðu; yÞÞðsÞkY bds

for any a0 a a < 1� d1, b0 a b < 1� d2, ta taT . It is obvious that

ð t
t

ke�ðt�sÞAðF ðu; yÞ � F ðu; yÞÞðsÞkX ads;

ð t
t

ke�ðt�sÞBðGðu; yÞ � Gðu; yÞÞðsÞkY bds

are estimated like (2.36), (2.37), consequently, we have that

kðu� uÞðtÞkX a aCta0�a
0 D0 þ Cðt� tÞ1�ðaþd1ÞMðt0;TÞku� ukða1; t; tÞ

þ Cðt� tÞ1�aky� ykðb1; t; tÞ; ð3:28Þ

kðy� yÞðtÞkY b aCt
b0�b
0 D0

þ Cfðt� tÞ1�ðbþd2Þ þ ðt� tÞ1�bgMðt0;TÞ

� kðu� u; y� yÞkða2;b2; t; tÞ ð3:29Þ

for any ta taT . Similarly to (3.26), it follows from (3.28) with a ¼ a1; a2,

(3.29) with b ¼ b1; b2 that

Dðt; tÞaCðta0�a
0 þ t

b0�b
0 ÞD0 þ CNðt; tÞDðt; tÞ ð3:30Þ

for any ta taT , where

Nðt; tÞ :¼ fðt� tÞ1�ðaþd1Þ þ ðt� tÞ1�ðbþd2Þ þ ðt� tÞ1�bgMðt0;TÞ þ ðt� tÞ1�a:

It is clear that there exists a positive constant t1 aT � t independent of t such

that CNðt; tþ t1Þ < 1, consequently, Dðt; tþ t1ÞaCD0. We repeat to carry

out the same argument as above, and obtain Dðt0;TÞaCD0.
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3.4. Existence of global mild solutions. The main purpose of this subsection is

to extend a mild solution of (1.1), (1.2) locally in time to the one globally in

time. By virtue of Theorem 2.1, it is essential for Theorem 2.2 that we obtain

global X a-estimates (2.15) for u and global Y b-estimates (2.16) for y. For any

0 < l < L1, l < l1 < L1, l < l2 < minf2l; l1g, let us introduce monotone

increasing continuous functions on ½0;yÞ defined as

E1;aðtÞ ¼ sup
0<sat

sa�a0elskuðsÞkX a ;

E2;bðtÞ ¼ sup
0<sat

sb�b0el2skyðsÞkY b :

It is clear that (2.15), (2.16) are established by proving the following lemma:

Lemma 3.6. There exists a positive constant e depending only on n, W, p, q,

a0, b0, Lf and l for any 0 < l < L1 such that

E1;aðtÞaCðku0kX a0 þ ky0kY b0 Þ; ð3:31Þ

E2;bðtÞaCðku0kX a0 þ ky0kY b0 Þ ð3:32Þ

for any a0 a a < 1, b0 a b < 1, t > 0, where C is a positive constant independent

of u, y and t provided that

ku0kX a0 þ ky0kY b0 a e:

Proof. It follows from ðIIÞ1, (2.34) that

ta�a0eltkuðtÞkX a aCA;a�a0;l1e
�ðl1�lÞtku0kX a0

þ CA;aþd1;l1C1t
a�a0e�ðl1�lÞtE1;a1ðtÞ

2

�
ð t
0

ðt� sÞ�ðaþd1Þs�2ða1�a0Þe�ð2l�l1Þsds

þ CA;a;l1C4Lf t
a�a0e�ðl1�lÞtE2;b1ðtÞ

�
ð t
0

ðt� sÞ�a
s�ðb1�b0Þe�ðl2�l1Þsds

aCA;a�a0;l1ku0kX a0 þ Ct1þa0�2a1�d1e�ltE1;a1ðtÞ
2

þ CLf t
1þb0�a0�b1e�ðl2�lÞtE2;b1ðtÞ;

E1;aðtÞaCðku0kX a0 þ E1;a1ðtÞ
2 þ Lf E2;b1ðtÞÞ ð3:33Þ
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for any a0 a a < 1� d1, t > 0. Similarly to (3.33), we can utilize ðIIÞ2, (2.35)
to obtain that

tb�b0el2tkyðtÞkY b aCB;b�b0;l1e
�ðl1�l2Þtky0kY b0

þ CB;bþd2;l1C2t
b�b0e�ðl1�l2ÞtE1;a2ðtÞE2;b2ðtÞ

�
ð t
0

ðt� sÞ�ðbþd2Þs�ða2�a0Þ�ðb2�b0Þe�ðlþl2�l1Þsds

þ CB;b;l1C3t
b�b0e�ðl1�l2ÞtE1;a2ðtÞ

2

�
ð t
0

ðt� sÞ�b
s�2ða2�a0Þe�ð2l�l1Þsds

aCB;b�b0;l1ky0kY b0 þ Ct1þa0�a2�b2�d2e�ltE1;a2ðtÞE2;b2ðtÞ

þ Ct1þ2a0�b0�2a2e�ð2l�l2ÞtE1;a2ðtÞ
2;

E2;bðtÞaCðky0kY b0 þ E1;a2ðtÞE2;b2ðtÞ þ E1;a2ðtÞ
2Þ ð3:34Þ

for any b0 a b < 1� d2, t > 0. Set EðtÞ ¼ maxfE1;aðtÞ;E2;bðtÞ; a ¼ a1; a2;

b ¼ b1; b2g. Then (3.33), (3.34) yield that

EðtÞaCfðku0kX a0 þ ky0kY b0 Þ þ EðtÞ2g ð3:35Þ

for any t > 0. An elementary calculation shows that

EðtÞaCðku0kX a0 þ ky0kY b0 Þ ð3:36Þ

for any t > 0 provided that ku0kX a0 and ky0kY b0 are su‰ciently small. There-

fore, it is clear from (3.36) that (3.31), (3.32) are established by (3.33), (3.34).

4. Proof of Theorems 2.3 and 2.4

We will prove Theorems 2.3 and 2.4 in this section. Since the proof of

Theorem 2.4 is essentially the same as the proof of Theorem 2.3, we have only

to prove Theorem 2.3. Moreover, in proving Theorem 2.3, we restrict our-

selves to the case where d1 ¼ 0, d2 ¼ 0. Even if d1 > 0 or d2 > 0, it is su‰cient

for Theorem 2.3 that we slightly modify the argument in this section.

4.1. X a � Y b-estimates for integrals. Theorems 2.3 and 2.4 are established

by the following lemmas:

Lemma 4.1 (9, Lemma 3.4). Let 1 < p < y,

FðtÞ ¼
ð t
0

e�ðt�sÞAFðsÞds ð4:1Þ
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with F A Cðð0;T �;Lp
sðWÞÞ satisfying

kFðtÞkp aCFt
�a ð4:2Þ

for any 0 < t < tþ haT, where CF is a positive constant, 0a a < 1. Then

( i ) For any 0a a < 1, 0 < ~aa < 1� a,

F A C 0; ~aaðð0;T �;X aÞ:

(ii) For any 0 < t < tþ haT,

kFðtþ hÞ �FðtÞkX a aLFCF ðh1�at�a þ h~aat1�a�~aa�aÞ; ð4:3Þ

where LF ¼ LFða; ~aaÞ is a positive constant.

Lemma 4.2 (3, Lemmas 2.13 and 2.14, 9, Lemma 3.5). Let 1 < p < y, F

be an integral given by ð4:1Þ with F A Cðð0;T �;Lp
sðWÞÞ satisfying ð4:2Þ and

kFðtþ hÞ � FðtÞkp aLFh
bt�c ð4:4Þ

for any 0 < t < tþ haT, where LF is a positive constant, 0 < ba 1, c > 0.

Then

( i ) For any 0 < âa < b, 0a a < b, 0 < ~aa < b� a,

F A C0; âaðð0;T �;X 1Þ; dtF A C0; ~aaðð0;T �;X aÞ:

( ii ) For any 0 < taT,

dtFðtÞ þ AFðtÞ ¼ FðtÞ:

(iii) For any 0 < taT,

kFðtÞkX 1 aCF;1ðCFt
�a þ LF t

b�cÞ; ð4:5Þ

where CF;1 ¼ CF;1ðb; cÞ is a positive constant.

(iv) For any 0a a < b, 0 < taT,

kdtFðtÞkX a aCF;2ðCFt
�ðaþaÞ þ LF t

b�ðaþcÞÞ; ð4:6Þ

where CF;2 ¼ CF;2ða; b; cÞ is a positive constant.

Notice that regularity lemmas similar to Lemmas 4.1 and 4.2 are still valid

for B, G and G instead of A, F and F respectively.

It is useful for the time derivative of strong solutions of (1.1), (1.2) to be

stated the following generalized Gronwall lemma:

Lemma 4.3 (9, Remark to Lemma 3.6). Let y be a nonnegative continuous

and integrable function in ð0;T � satisfying

yðtÞa
Xl

i¼1

ait
�ai þ

Xm
j¼1

bj

ð t
0

ðt� sÞ�bj yðsÞds ð4:7Þ
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for any 0 < taT, where ai > 0, bj > 0, 0a ai < 1, 0a bj < 1. Then

yðtÞaC
Xl

i¼1

ait
�aið1þ Bnbþ1ðtÞeCBnbþ1ðtÞÞ

Xnb
k¼0

BkðtÞ ð4:8Þ

for any 0 < taT, where C ¼ Cða1; . . . ; al ; b1; . . . ; bmÞ is a positive constant,

nb ¼ ½b=ð1� bÞ� þ 1, b ¼ maxfbj; j ¼ 1; . . . ;mg,

BkðtÞ ¼
Xm
j¼1

bjðtÞ
 !k

; bjðtÞ ¼ bjt
1�bj :

4.2. Regularity of mild solutions. We will show not only that a mild solution

of (1.1), (1.2) can be a strong solution but also that (2.19), (2.20) are estab-

lished. It can be easily seen from Lemmas 2.5–2.8, (2.11), (2.12) that

kFðu; yÞðtÞkp aCðt2ða0�a1Þ þ tb0�b1Þðku0kX a0 þ ky0kY b0 Þ; ð4:9Þ

kGðu; yÞðtÞkq aCðta0þb0�a2�b2 þ t2ða0�a2ÞÞðku0kX a0 þ ky0kY b0 Þ ð4:10Þ

for any 0 < taT . Since

uðtþ hÞ � uðtÞ ¼ ðe�hA � IÞe�tAu0 þFðu; yÞðtþ hÞ �Fðu; yÞðtÞ;

yðtþ hÞ � yðtÞ ¼ ðe�hB � IÞe�tBy0 þ Gðu; yÞðtþ hÞ � Gðu; yÞðtÞ

for any 0 < t < tþ haT , it follows from (4.3), (4.9), (4.10) that

kuðtþ hÞ � uðtÞkX a aCðhb1 ta0�a�b1 þ h1�at2ða0�a1Þ þ h1�atb0�b1Þ

� ðku0kX a0 þ ky0kY b0 Þ; ð4:11Þ

kyðtþ hÞ � yðtÞkY b aCðhb2 tb0�b�b2 þ h1�bta0þb0�a2�b2 þ h1�bt2ða0�a2ÞÞ

� ðku0kX a0 þ ky0kY b0 Þ ð4:12Þ

for any 0 < b1 < 1� a, 0 < b2 < 1� b, 0 < t < tþ haT . It is derived from

(4.11) with a ¼ a1; a2, (4.12) with b ¼ b1; b2 that

Fðu; yÞ A C 0; âaðð0;T �;Lp
sðWÞÞ; ð4:13Þ

Gðu; yÞ A C0; b̂bðð0;T �;LqðWÞÞ ð4:14Þ

for any 0 < âa < minf1� a1; 1� b1g, 0 < b̂b < minf1� a2; 1� b2g. Therefore,

Lemma 4.2 (i), (ii) admit that ðu; yÞ is a strong solution of (1.1), (1.2). By
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applying (4.5) to (II), we have that

t1�a0kuðtÞkX 1 aCM1ðtÞðku0kX a0 þ ky0kY b0 Þ; ð4:15Þ

t1�b0kyðtÞkY 1 aCM2ðtÞðku0kX a0 þ ky0kY b0 Þ ð4:16Þ

for any 0 < taT , where

M1ðtÞ :¼ 1þ t1þa0�2a1 þ t2ð1þa0�2a1Þ þ t2þb0�2a1�b1

þ t1þb0�a0�b1 þ t2þb0�b1�a2�b2 þ t2þa0�b1�2a2 ;

M2ðtÞ :¼ 1þ t1þa0�a2�b2 þ t2þ2a0�2a1�a2�b2 þ t2þb0�b1�a2�b2

þ t1þ2a0�b0�2a2 þ t2þ3a0�b0�2a1�2a2 þ t2þa0�b1�2a2

þ t2ð1þa0�a2�b2Þ þ t2þ3a0�b0�3a2�b2 :

It is clear from (2.32), (2.33) that (2.19), (2.20) are established by (4.15), (4.16).

Remark 4.1. Theorem 2:3 ðiÞ can be, more precisely, stated as follows:

u A C 0; âaðð0;T �;X 1Þ; dtu A C0; ~aaðð0;T �;X aÞ;

y A C0; b̂bðð0;T �;Y 1Þ; dty A C0; ~bbðð0;T �;Y bÞ

for any 0 < âa < minf1� a1; 1� b1g, 0 < b̂b < minf1� a2; 1� b2g, 0a a <

minf1� a1; 1� b1g, 0a b < minf1� a2; 1� b2g, 0 < ~aa < minf1� a1; 1� b1g
� a, 0 < ~bb < minf1� a2; 1� b2g � b.

4.3. Regularity of the time derivative of strong solutions. We will obtain the

stronger regularity of strong solutions of (1.1), (1.2) under appropriate assump-

tions for p, q, a0 and b0. Notice that ðu; yÞ satisfies (3.27) for any

0 < t < t < T . Then it can be easily seen from (3.27) that

uðtþ hÞ � uðtÞ ¼ ðe�hA � IÞe�tAuðtÞ

þ
ð tþh

t

e�ðtþh�sÞAFðu; yÞðsÞds

þ
ð t
t

e�ðt�sÞAðF ðu; yÞðsþ hÞ � Fðu; yÞðsÞÞds; ð4:17Þ

yðtþ hÞ � yðtÞ ¼ ðe�hB � IÞe�tByðtÞ

þ
ð tþh

t

e�ðtþh�sÞBGðu; yÞðsÞds

þ
ð t
t

e�ðt�sÞBðGðu; yÞðsþ hÞ � Gðu; yÞðsÞÞds ð4:18Þ
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for any t < t < tþ haT . It follows from (2.1), (2.3), (2.19), (4.9) that

kðe�hA � IÞe�tAuðtÞkX a aChðt� tÞ�a
ta0�1ðku0kX a0 þ ky0kY b0 Þ;ð tþt

t

ke�ðtþh�sÞAFðu; yÞðsÞkX ads

aC

ð tþh

t

ðtþ h� sÞ�aðs2ða0�a1Þ þ sb0�b1Þdsðku0kX a0 þ ky0kY b0 Þ

aChðt� tÞ�aðt2ða0�a1Þ þ tb0�b1Þðku0kX a0 þ ky0kY b0 Þ

for any a0 a a < 1, t < t < tþ haT . Similarly to u and F ðu; yÞ, we can

utilize (2.2), (2.4), (2.20), (4.10) to obtain that

kðe�hB � IÞe�tByðtÞkY b aChðt� tÞ�btb0�1ðku0kX a0 þ ky0kY b0 Þ;ð tþt

t

ke�ðtþh�sÞBGðu; yÞðsÞkY bds

aC

ð tþh

t

ðtþ h� sÞ�bðsa0þb0�a2�b2 þ s2ða0�a2ÞÞdsðku0kX a0 þ ky0kY b0 Þ

aChðt� tÞ�bðta0þb0�a2�b2 þ t2ða0�a2ÞÞðku0kX a0 þ ky0kY b0 Þ

for any b0 a b < 1, t < t < tþ haT . Therefore, it follows from (4.17), (4.18)

that

kuðtþ hÞ � uðtÞkX a

aC1ðtÞhðt� tÞ�ata0�1ðku0kX a0 þ ky0kY b0 Þ

þ CA;a;l

ð t
t

ðt� sÞ�akFðu; yÞðsþ hÞ � F ðu; yÞðsÞkpds; ð4:19Þ

kyðtþ hÞ � yðtÞkY b

aC2ðtÞhðt� tÞ�b
tb0�1ðku0kX a0 þ ky0kY b0 Þ

þ CB;b;l

ð t
t

ðt� sÞ�bkGðu; yÞðsþ hÞ � Gðu; yÞðsÞkqds ð4:20Þ

for any t < t < tþ haT , where

C1ðtÞ :¼ Cð1þ t1þa0�2a1 þ t1þb0�a0�b1Þ;

C2ðtÞ :¼ Cð1þ t1þa0�a2�b2 þ t1þ2a0�b0�2a2Þ:
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Moreover, we can obtain Lp
s -estimates for F ðu; yÞðtþ hÞ � Fðu; yÞðtÞ and Lq-

estimates for Gðu; yÞðtþ hÞ � Gðu; yÞðtÞ with the aid of (4.19), (4.20), conse-

quently,

kFðu; yÞðtþ hÞ � F ðu; yÞðtÞkp

aChfðt� tÞ�a1t2a0�a1�1 þ ðt� tÞ�b1tb0�1gðku0kX a0 þ ky0kY b0 Þ

þ Cta0�a1

ð t
t

ðt� sÞ�a1kFðu; yÞðsþ hÞ � F ðu; yÞðsÞkpds

þ C

ð t
t

ðt� sÞ�b1kGðu; yÞðsþ hÞ � Gðu; yÞðsÞkqds; ð4:21Þ

kGðu; yÞðtþ hÞ � Gðu; yÞðtÞkq

aChfðt� tÞ�a2ðt2a0�a2�1 þ ta0þb0�b2�1Þ þ ðt� tÞ�b2ta0þb0�a2�1g

� ðku0kX a0 þ ky0kY b0 Þ

þ Cðta0�a2 þ tb0�b2Þ
ð t
t

ðt� sÞ�a2kF ðu; yÞðsþ hÞ � Fðu; yÞðsÞkpds

þ Cta0�a2

ð t
t

ðt� sÞ�b2kGðu; yÞðsþ hÞ � Gðu; yÞðsÞkqds ð4:22Þ

for any t < t < tþ haT . Let p, q, a0 and b0 satisfy (2.17), and set

yðtÞ ¼ kFðu; yÞðtþ hÞ � F ðu; yÞðtÞkp þ kGðu; yÞðtþ hÞ � Gðu; yÞðtÞkq:

By applying Lemma 4.3 for ðt;T � h� instead of ð0;T � to (4.21), (4.22) and

letting t ¼ t=2, we have that

yðtÞaChMðtÞðku0kX a0 þ ky0kY b0 Þ ð4:23Þ

for any 0 < taT � h, where

MðtÞ :¼ t2ða0�a1Þ�1 þ tb0�b1�1 þ ta0þb0�a2�b2�1 þ t2ða0�a2Þ�1:

It is clear from (4.23) that

Fðu; yÞ A C 0;1ðð0;T �;Lp
sðWÞÞ;

Gðu; yÞ A C0;1ðð0;T �;LqðWÞÞ:

Therefore, Lemma 4.2 (i) yields Theorem 2.3 (ii). Let p, q, a0 and b0 satisfy

(2.18) in addition to (2.17). By applying (4.6) to (II), it follows from (4.9),
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(4.10), (4.23) that

t1þa�a0kdtuðtÞkX a aCM1ðtÞðku0kX a0 þ ky0kY b0 Þ; ð4:24Þ

t1þb�b0kdtyðtÞkY b aCM2ðtÞðku0kX a0 þ ky0kY b0 Þ ð4:25Þ

for 0 < taT , where

M1ðtÞ :¼ 1þ t1þa0�2a1 þ t1þb0�a0�b1 þ t1þb0�a2�b2 þ t1þa0�2a2 ;

M2ðtÞ :¼ 1þ t1þa0�a2�b2 þ t1þ2a0�b0�2a2 þ t1þ2a0�b0�2a1 þ t1�b1 :

It is obvious from (2.32), (2.33) that (2.21), (2.22) are established by (4.24),

(4.25).

Remark 4.2. Even if p, q, a0 and b0 satisfy only ð2:9Þ, ð2:10Þ, it can be

easily seen from ð4:13Þ, ð4:14Þ that ð2:21Þ, ð2:22Þ hold for any 0a a <

minf1� a1; 1� b1g, 0a b < minf1� a2; 1� b2g.

5. Proof of Corollaries 2.1 and 2.2

We will prove Corollaries 2.1 and 2.2 in this section. Since Corollary 2.2

is proved the same as in Corollary 2.1, it is su‰cient for Corollaries 2.1 and

2.2 that we prove Corollary 2.1.

5.1. ðWk;pÞn �Wk;q-estimates for nonlinear terms. We will state and prove

some lemmas for ðWk;pÞn �Wk;q-estimates. It is assured by them that we

establish ðWk;pÞn-estimates for Fðu; yÞ and Wk;q-estimates for Gðu; yÞ.

Lemma 5.1 (7, Lemma 3.3). (i) Let n < p < y. Then

kPðu � ‘Þvkp aCkuk1;pkvk1;p ð5:1Þ

for any u; v A ðW 1;pðWÞÞn, where C ¼ CðpÞ is a positive constant.

(ii) Let 1 < p < y, k A Z, k > n=p. Then

kPðu � ‘Þvkk;p aCkukk;pkvkkþ1;p ð5:2Þ

for any u A ðWk;pðWÞÞn, v A ðWkþ1;pðWÞÞn, where C ¼ Cðk; pÞ is a positive

constant.

Lemma 5.2. (i) Let n < p < y, 1 < q < y. Then

kðu � ‘Þykq aCkuk1;pkyk1;q ð5:3Þ

for any u A ðW 1;pðWÞÞn, y A W 1;qðWÞ, where C ¼ Cðp; qÞ is a positive constant.
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(ii) Let 1 < p < y, 1 < q < y, qa p, k A Z, k > n=q. Then

kðu � ‘Þykk;q aCkukk;pkykkþ1;q ð5:4Þ

for any u A ðWk;pðWÞÞn, y A Wkþ1;qðWÞ, where C ¼ Cðk; p; qÞ is a positive

constant.

Proof. (i) Notice that W 1;pðWÞ ,! CðWÞ from the Sobolev embedding

theorem. Then we obtain that

kðu � ‘Þykq aCkukykyk1;q

aCkuk1;pkyk1;q:

(ii) It is known in [1, Theorem 4.39] that Wk;qðWÞ is a Banach algebra

for any k A Z, k > n=q. Therefore, the conclusion follows immediately from

the above fact and qa p.

Lemma 5.3. (i) Let 1 < p < y, 1 < q < y, 2qa p. Then

kFðu; vÞkq aCkuk1;pkvk1;p ð5:5Þ

for any u; v A ðW 1;pðWÞÞn, where C ¼ Cðp; qÞ is a positive constant.

(ii) Let 1 < p < y, 1 < q < y, 2qa p, k A Z, k > n=p. Then

kFðu; vÞkk;q aCkukkþ1;pkvkkþ1;p ð5:6Þ

for any u; v A ðWkþ1;pðWÞÞn, where C ¼ Cðk; p; qÞ is a positive constant.

Proof. (i) After applying the Schwarz inequality to kFðu; vÞkq, we can

obtain (5.5) by W 1;pðWÞ ,! W 1;2qðWÞ.
(ii) It can be easily seen from the Leibniz rule and the Schwarz inequality

that kFðu; vÞkk;q aCkukkþ1;2qkvkkþ1;2q. Therefore, Wkþ1;pðWÞ ,! Wkþ1;2qðWÞ
implies (5.6).

Lemma 5.4. (i) Let n < p < y, n < q < y, qa p, f A C0;1ðR;RnÞ with

the Lipschitz constant Lf , f ð0Þ ¼ 0. Then

kPf ðyÞkp aCLf kyk1;q ð5:7Þ

for any y A W 1;qðWÞ, where C ¼ Cðp; qÞ is a positive constant.

(ii) Let n < p < y, n < q < y, qa p, f A C0;1ðR;RnÞVC1ðR;RnÞ,
f ð0Þ ¼ 0. Then

kPf ðyÞk1;p aCkyk2;q ð5:8Þ

for any y A W 2;qðWÞ, where C ¼ Cðp; qÞ is a positive constant.

Proof. (i) Since P is a bounded operator in ðLpðWÞÞn and k f ðyÞkp a
Lf kykp, it follows from W 1;qðWÞ ,! LpðWÞ that we have (5.7).
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(ii) It is known in [7, Lemma 3.3] that P is a bounded operator not

only in ðLpðWÞÞn but also in ðW 1;pðWÞÞn. Since f A C0;1ðR;RnÞVC 1ðR;RnÞ
implies f 0 A CbðR;RnÞ, we can see easily that k f ðyÞk1;p aCkyk1;p. Therefore,

(5.8) follows immediately from W 2;qðWÞ ,! W 1;pðWÞ.

5.2. Regularity of strong solutions. It is su‰cient for Corollary 2.1 that we

obtain the following lemmas:

Lemma 5.5. Let p and q satisfy ð2:27Þ, f A C0;1ðR;RnÞ, f ð0Þ ¼ 0. Then

F ðu; yÞ A C 0; âaðð0;T �; ðW 1;pðWÞÞnÞ;

Gðu; yÞ A C0; b̂bðð0;T �;W 1;qðWÞÞ

for any 0 < âa < 1, 0 < b̂b < 1.

Proof. It follows immediately from Theorem 2.3 (ii), Lemmas 5.1–5.4 (ii)

with k ¼ 1.

Lemma 5.6. Let p and q satisfy ð2:27Þ, f A C0;1ðR;RnÞ, f ð0Þ ¼ 0. Then

u A C0; âaðð0;T �; ðW 3;pðWÞÞnÞ;

y A C 0; b̂bðð0;T �;W 3;qðWÞÞ

for any 0 < âa < 1=2, 0 < b̂b < 1=2.

Proof. It is clear from (2.7), (2.8) that X 1=2 ,! ðW 1;pðWÞÞn, Y 1=2 ,!
W 1;qðWÞ. By applying Theorem 2.3 (ii) with a ¼ 1=2, b ¼ 1=2 to ðdtu; dtyÞ, the
conclusion follows immediately from Lemma 5.5, u ¼ A�1ðFðu; yÞ � dtuÞ, y ¼
B�1ðGðu; yÞ � dtyÞ.

Lemma 5.7. Let p and q satisfy ð2:27Þ, f A C0;1ðR;RnÞVC1ðR;RnÞ,
f ð0Þ ¼ 0. Then

dtFðu; yÞ A C0; âaðð0;T �;Lp
sðWÞÞ;

dtGðu; yÞ A C 0; b̂bðð0;T �;LqðWÞÞ

for any 0 < âa < minf1� a1; 1� b1g, 0 < b̂b < minf1� a2; 1� b2g.

Proof. It follows immediately from Theorem 2.3 (ii) with a ¼ a1; a2,

b ¼ b1; b2, Lemmas 5.1–5.4 (i).

Lemma 5.8. Let p and q satisfy ð2:27Þ, f A C0;1ðR;RnÞVC1ðR;RnÞ,
f ð0Þ ¼ 0. Then

dtu A C0; âaðð0;T �;X 1Þ; d 2
t u A C 0; ~aaðð0;T �;X aÞ;

dty A C 0; b̂bðð0;T �;Y 1Þ; d 2
t y A C 0; ~bbðð0;T �;Y bÞ
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for any 0 < âa < minf1� a1; 1� b1g, 0 < b̂b < minf1� a2; 1� b2g, 0a a <

minf1� a1; 1� b1g, 0a b < minf1� a2; 1� b2g, 0 < ~aa < minf1� a1; 1� b1g
� a, 0 < ~bb < minf1� a2; 1� b2g � b.

Proof. Lemma 5.7 admits that we di¤erentiate (I) with respect to t and

obtain the following abstract integral equations:

dtuðtÞ ¼ e�ðt�tÞA dtuðtÞ þ
ð t
t

e�ðt�sÞA dtFðu; yÞðsÞds;

dtyðtÞ ¼ e�ðt�tÞB dtyðtÞ þ
ð t
t

e�ðt�sÞB dtGðu; yÞðsÞds

8>>><
>>>:

for any 0 < ta taT . Therefore, the conclusion follows immediately from

Lemmas 4.2 ([3, Lemma 2.14]) and 5.7.

It follows from the Sobolev embedding theorem that Wkþ1;pðWÞ ,!
Ck;aðWÞ, Wkþ1;qðWÞ ,! Ck;bðWÞ for any k A Z, kb 0, 0 < a < 1� n=p, 0 <

b < 1� n=q. Therefore, Lemmas 5.6 and 5.8 imply Corollary 2.1.
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