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Abstract. In this paper, we study free boundary-value problems for p-harmonic

maps on half simple spaces of Euclidean space, and obtain some Liouville-type

theorems.

1. Introduction and main results

Let ðM; gÞ be a Riemannian manifold of dimension mb 3 with boundary

qM0q. ðN; hÞ be another Riemannian manifold of dimension nb 2. De-

note S a given closed submanifold of N of dimension d, 1a da n� 1. For a

map u : M ! N such that uðqMÞHS, we call qM the free boundary of map u

and S the supporting manifold for the free boundary values.

If u is a critical point of p-energy functional EpðuÞ ¼ 1
p

Ð
M
jdujpvg amongst

maps satisfying a free boundary condition uðqMÞHS, then we call u a p-

harmonic map with free boundary. We refer to [1], [2], [3], [5] for the

existence, regularity and minimizing properties of p-harmonic maps with

boundary-value.

In this paper, we will prove some new type of Liouville theorems for p-

harmonic maps with free boundary. Our results concern the asymptotic

behavior of p-harmonic maps at infinity. For p ¼ 2, we refer to [7] and

[9] for this type of Liouville theorems.

Denote by Rm
þ ðmb 3Þ the half simple space of Euclidean space Rm and

g0 the standard Euclidean metric on Rm
þ . We can state our main results as

follows:

Theorem A. For p A ½2;mÞ, let u : ðRm
þ ; g0Þ ! ðN; hÞ be a C 1 p-harmonic

map with free boundary condition: uðqRm
þÞHSHN, qu

qn
ðxÞ ? TuðxÞS for any

x A qRm
þ , where n is the unit normal to qRm

þ . If the p-energy EpðuÞ < y, then u

must be a constant map.
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Theorem B. For p A ½2;mÞ, let u : ðRm
þ ; g0Þ ! ðN; hÞ be a C1 p-harmonic

map with free boundary condition: uðqRm
þÞHSHN, qu

qn
ðxÞ ? TuðxÞS for any

x A qRm
þ . If uðxÞ ! Q0 A S as jxj ! y, then u must be a constant map.

By the way, using similar method as in the proof of Theorem B, we have

the following Liouville-type theorem for p-harmonic maps which is the gen-

eralization of Jin’s result for harmonic maps in [7].

Theorem C. For p A ½2;mÞ, let u : ðRm; g0Þ ! ðN; hÞ be a C1 p-harmonic

map, mb 3. If uðxÞ ! Q0 A N as jxj ! y, then u must be a constant map.

2. Proof of Theorem A

In this section, we will prove the following Theorem A 0 which is slightly

more general than Theorem A while taking f 1 1 there.

Theorem A 0. For p A ½2;mÞ, let u : ðRm
þ ; fg0Þ ! ðN; hÞ be a C 1 p-

harmonic map with free boundary condition: uðqRm
þÞHSHN, qu

qn
ðxÞ ? TuðxÞS

for any x A qRm
þ , where f is some positive function on Rm

þ which satisfy

ðe� ðm� pÞÞ f ðxÞa m� p

2

qf

qxi
� xi; for some constant e > 0: ð2:1Þ

If the p-energy EpðuÞ < y, then u must be a constant map.

Proof. For the case of Rm
þ with the Riemannian metric g ¼ fg0 for some

positive function f on Rm
þ , the p-energy density can be written as

jdujp ¼ f �1ðxÞhabðuÞ
qua

qxi

qub

qxi

� �p=2

; ð2:2Þ

and

jdujpvg ¼ f ðm�pÞ=2ðxÞ habðuÞ
qua

qxi

qub

qxi

� �p=2

dx: ð2:3Þ

For tb 0, we define a family fVtg : Rm
þ ! N of maps by VtðxÞ :¼ uðtxÞ

for x A Rm
þ , and set

FðR; tÞ :¼ 1

p

ð
BðRÞ

jdVtjpvg; ð2:4Þ

where BðRÞ ¼ Rm
þ V fx : jxjaRg. Then, applying Green’s theorem, we cal-

culate
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q

qt
FðR; tÞ

����
t¼1

¼
ð
BðRÞ

d�ðjdujp�2duÞ; du r
q

qr

� �� �
dx

þ R

ð
qBðRÞVfxm>0g

jdujp�2 du
q

qn

� �
; du

q

qr

� �� �
sR

þ
ð
qBðRÞVfxm¼0g

jdujp�2 d�uðnÞ; dVt

dt

����
t¼1

� �
dx 0:

where q
qn
¼ f �1 q

qr
is the unit normal, sR denotes the volume element of the

induced Riemannian metric on qBðRÞ. By virtue of the p-harmonic condition

d�ðjdujp�2duÞ ¼ 0, the free boundary condition and du
�
q
qn

�
¼ f �1 du

�
q
qr

�
, it

follows that

q

qt
FðR; tÞ

����
t¼1

b 0: ð2:5Þ

On the other hand, re-parameterizing the integral (2.4), we get

FðR; tÞ ¼ 1

p

ð
BðRÞ

f ðm�pÞ=2ðxÞ habðuðtxÞÞ
quaðtxÞ
qxi

qubðtxÞ
qxi

� �p=2

dx

¼ tp�m

p

ð
BðtRÞ

f ðm�pÞ=2 x

t

� �
habðuðxÞÞ

quaðxÞ
qxi

qubðxÞ
qxi

� �p=2

dx: ð2:6Þ

Set ~eepðuÞ ¼
�
habðuðxÞÞ qu

aðxÞ
qxi

qu bðxÞ
qxi

	p=2

, by a direct calculation, we obtain from

(2.1) that

q

qt
FðR; tÞ

����
t¼1

¼ p�m

p

ð
BðRÞ

f ðm�pÞ=2ðxÞ~eepðuÞdx

�m� p

2p

ð
BðRÞ

f ðm�p�2Þ=2ðxÞ~eepðuÞ �
qf

qxi
� xi

� �
dx

þ 1

p

ð
qBðRÞVfxmb0g

Rm�1f ðm�pÞ=2ðxÞ~eepðuÞsR

a�eFðR; 1Þ þ R
d

dR
FðR; 1Þ: ð2:7Þ

Combining (2.5) and (2.7), we have �eFðR; 1Þ þ R d
dRFðR; 1Þb 0. Therefore,

for all R > 0, it follows that

d

dR
fR�eFðR; 1Þgb 0: ð2:8Þ
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Now, suppose that u is a nonconstant p-harmonic map, by the C 1 regularity,

jdujp cannot vanish identically on some open set in Rm
þ . Thus there exists

R0 > 0 and C > 0 such that
Ð
BðR0Þ jduj

p
vg bC. Meanwhile, for all RbR0, we

have from (2.8) thatð
BðRÞ

jdujpvg b
R

R0

� �eð
BðR0Þ

jdujpvg bC
R

R0

� �e

:

Since e > 0, hence

EpðuÞ ¼
1

p
lim
R!y

ð
BðRÞ

jdujpvg by;

which gives a contradiction to the finiteness condition of EpðuÞ. We complete

the proof of Theorem A 0 and Theorem A as a corollary of Theorem A 0.

r

3. Proofs of Theorems B and C

It is obvious that Theorem B is the special case of the following theorem

while taking f 1 1 there.

Theorem B 0. For p A ½2;mÞ, let u : ðRm
þ ; fg0Þ ! ðN; hÞ be a C 1 p-harmonic

map with free boundary condition: uðqRm
þÞHSHN, qu

qn
ðxÞ ? TuðxÞS for any

x A qRm
þ , where f is some positive function on Rm

þ satisfying the following two

conditions:

(1) there are constants e > 0, R0 > 0, such that

ðe� ðm� pÞÞ f ðxÞa m� p

2

qf

qxi
� xi; for jxjbR0; ð3:1Þ

(2) with the same constants e, R0 as in (1), there is a constant C > 0, such

that

f ðm�pÞ=2ðxÞaCjxje�ðm�pÞ; for jxjbR0: ð3:2Þ

If uðxÞ ! Q0 A S as jxj ! y, then u must be a constant map.

Proof. We will prove Theorem B 0 by contradiction. Denote by BðRÞ
the geodesic ball centered at origin with radius R in Rm. Set

EpðBðRÞÞ ¼
1

p

ð
Rm

þVBðRÞ
jdujpvg: ð3:3Þ

Suppose that p-harmonic map u is not a constant map, then the assumption

(3.1) on f and Theorem A 0 imply that the p-energy EpðuÞ of u must be infinite.
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That’s to say EpðBðRÞÞ ! y as R ! y, from which, we would derive an

upper and a lower bound for the growth rate of EpðBðRÞÞ as R ! y, the

two bounds will contradict to each other, at that time, we will complete the

proof.

Step I Modification of the p-harmonic map u at boundary qRm
þ .

Since lim
jxj!y

uðxÞ ¼ Q0, there exists a neighborhood Ur0 ¼ fðx1; . . . ; xmÞ :
jxmj < r0g of qRm

þ such that the image Ur0 VRm
þ of u lies on the standard

neighborhood NðSÞ of S, that means, for every y A NðSÞ, there exists only

one point y 0 A S such that y 0 is a projection of y along the unique geodesic

minimizing the distance between two points y and y 0. Let x ¼ ðx1; . . . ; xm�1;

�xmÞ and x ¼ ðx1; . . . ; xm�1; xmÞ, if x A Ur0nRm
þ is the reflection point of x A Rm

þ ,

we project uðxÞ onto S along the minimal geodesic g, denote by ~uuðxÞ A S,

extending g to some point Q such that distðuðxÞ; ~uuðxÞÞ ¼ distðQ; ~uuðxÞÞ, then we

define the reflection ~uuðxÞ as follows

~uuðxÞ ¼ uðxÞ; x A Rm
þ ;

~uuðxÞ ¼ Q ¼ uðxÞ; x A Ur0nRm
þ :



ð3:4Þ

According to the arguments in part 4 of [4], we know that ~uu : Ur0 URm
þ ! N is

a smooth map.

Step II The upper bound for the growth rate of EpðBðRÞÞ.
According to theorem 5.1 in [6] (see also [7]), we can choose a local

coordinate neighborhood U of Q0 in N such that Q0 ¼ 0 and, for any y A U ,

the metric tensor h ¼ hab dy
a n dyb satisfies (for two matrices A, B, by AbB,

we mean that A ¼ BþD for a positive semi-definite matrix D)

qhabðyÞ
qyg

yg þ 2habðyÞ
� �

b ðhabðyÞÞ: ð3:5Þ

Now, since uðxÞ ! Q0 ¼ 0 as jxj ! y, there exists R1 > 0 such that for

jxj > R1, uðxÞ A U , and

qhabðuÞ
qug

ug þ 2habðuÞ
� �

b ðhabðuÞÞ: ð3:6Þ

Since u : ðRm
þ ; fg0Þ ! ðN; hÞ is a p-harmonic map, it follows that

~uuðxÞ : ðRm
þ VUr0 ; fg0Þ ! ðN; hÞ is also a p-harmonic map and then, for

oðxÞ A C2
0 ðRm

þ VUr0nBðR1Þ; exp�1
Q0
ðUÞÞ,

d

dt
Epð~uuðxÞ þ toðxÞÞjt¼0 ¼ 0; ð3:7Þ
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which jointly with (2.3) leads to

ð
Rm

r0
nBðR1Þ

Að f ; u;DuÞ 2hsdð~uuÞ
q~uus

qxj

qod

qxj
þ qhsd

qyg
og q~uu

s

qxj

q~uud

qxj

� �
dx ¼ 0; ð3:8Þ

where Að f ; u;DuÞ :¼ f ðm�pÞ=2�habðuÞ qua

qxi
qu b

qxi

�ðp�2Þ=2
and Rm

r0
¼ fx j x A Rm; xm >

�r0g.
For 0 < ~ee; sa r0, we define Lipschitz functions fðtÞ and FðtÞ with compact

supports:

j~eeðtÞ :¼
1; for ta 1;

1þ 1�t
~ee ; for 1 < t < 1þ ~ee;

0; for tb 1þ ~ee;

8<
: ð3:9Þ

FðxmÞ :¼
1; 0a xm;

1þ xm
s
; �s < xm < 0;

0; �r0 < xm a�s;

8<
: ð3:10Þ

and choose

fðjxjÞ ¼ j~ee
ðjxjÞ
R

� �
1� jr0

jxj
R1

� �� �
; for R > 2R1: ð3:11Þ

Notice that, for R < jxj < Rð1þ ~eeÞ, qj~eeðjxj=RÞ
qxi

¼ � 1
R~ee

xi
jxj . Substituting o ¼

fðjxjÞFðxmÞ~uuðxÞ into (3.8), and taking the limit as ~ee ! 0, then we obtain

ð
Rm

r0
VðBðRÞnBðR2ÞÞ

Að f ; u;DuÞ 2hsdð~uuÞ þ
qhsdð~uuÞ
qyg

~uug

� �
q~uus

qxj

q~uud

qxj
dxþDðR1Þ

¼
ð
qBðRÞVRm

r0

Að f ; u;DuÞ 2hsdð~uuÞ
q~uus

qxj
n j~uudFðxmÞ

� �
sR

�
ð
Rm

r0
VðBðRÞnBðR1ÞÞ

2Að f ; u;DuÞhsdð~uuÞ
q~uus

qxm
~uudðxÞ dFðxmÞ

dxm
dx; ð3:12Þ

where R2 ¼ 2R1, n ¼ ðn1; n2; . . . ; nmÞ is the outer normal on qBðRÞ, sR denotes

the volume element of the induced Riemannian metric on qBðRÞ, and letting

s ! 0, it follows that

ð
Rm

þVðBðRÞnBðR2ÞÞ
Að f ; u;DuÞ 2hsdðuÞ þ

qhsdðuÞ
qyg

ug

� �
qus

qxj

qud

qxj
dxþDðR1Þ

¼
ð
qBðRÞVRm

þ

Að f ; u;DuÞ 2hsdðuÞ
qus

qxj
n judFðxmÞ

� �
sR ð3:13Þ

338 Jiancheng Liu



and

DðR1Þ ¼
ð
Rm

þVðBðR2ÞnBðR1ÞÞ
Að f ; u;DuÞ

(
�2hsdðuÞ

qus

qxj
ud

qjr0
�jxj
R1

�
qxj

þ 2hsdðuÞ þ
qhsd

qyg
ug

� �
qus

qxj

qud

qxj
1� jr0

jxj
R1

� �� �)
dx: ð3:14Þ

By means of (3.6), we obtain from (3.13) that

ð
Rm

þVðBðRÞnBðR2ÞÞ
f ðm�pÞ=2 habðuÞ

qua

qxi

qub

qxi

� �p=2

dxþDðR1Þ

a 2

ð
qBðRÞVRm

þ

Að f ; u;DuÞ hsdðuÞ
qus

qxj
n jud

� �
sR: ð3:15Þ

For R > R2, set

ZðRÞ ¼
ð
Rm

þVðBðRÞnBðR2ÞÞ
f ðm�pÞ=2 habðuÞ

qua

qxi

qub

qxi

� �p=2

dxþDðR1Þ: ð3:16Þ

Following the arguments similar to Jin [7], we can derive

ZðRÞaChðRÞ � Re; for RbR3; ð3:17Þ

where hðRÞ is a non-increasing function on ðR3;yÞ such that hðRÞ ! 0 as

R ! y and hðRÞb max
qBðRÞ

ðhabuaubÞp=2. Therefore, we obtain an upper bound

for the growth rate of EpðBðRÞÞ:

EpðBðRÞÞ ¼
1

p

ð
Rm

þVðBðRÞnBðR2ÞÞ
f ðm�pÞ=2 habðuÞ

qua

qxi

qub

qxi

� �p=2

dx

þ 1

p

ð
BðR2ÞVRm

þ

f ðm�pÞ=2 habðuÞ
qua

qxi

qub

qxi

� �p=2

dx

¼ 1

p
½ZðRÞ �DðR1Þ� þ

1

p

ð
BðR2ÞVRm

þ

f ðm�pÞ=2 habðuÞ
qua

qxi

qub

qxi

� �p=2

dx

aC hðRÞ þ cðuÞ
Re

� �
� Re; ð3:18Þ

where, cðuÞ ¼ 1
p

Ð
BðR2ÞVRm

þ
f ðm�pÞ=2�habðuÞ qua

qxi
qu b

qxi

�p=2
dx� 1

p
DðR1Þ is a constant

depending only on the p-harmonic map u.
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Step III The lower bound for the growth rate of EpðBðRÞÞ.
Proceeding the similar argument as in the proof of Theorem A 0, we can

easily get a lower bound for the growth rate of EpðBðRÞÞ as follows:

EpðBðRÞÞb c1 þ c2ðuÞRe; for R > R5; ð3:19Þ

where c1; c2ðuÞ are some constants.

Now, a contradiction appears as R ! y from (3.18) and (3.19), which

implies Theorem B 0. r

We can prove Theorem C in the following more general frame, i.e., we

have

Theorem C 0. For p A ½2;mÞ, let u : ðRm; fg0Þ ! ðN; hÞ be a C1 p-harmonic

map, where f is some positive function on Rm satisfying (3.1), (3.2) and in

additional

q

qr
ðr � f ðxÞÞb 0; on Rm; r ¼ jxj: ð3:20Þ

If uðxÞ ! Q0 as jxj ! y, then u must be a constant map.

Before starting with the proof of Theorem C 0, we quote the result which

concerns the finiteness of the p-energy of the p-harmonic map.

Lemma 1 ([8, Theorem 9]). Suppose that m > p, and q
qr
ðr � f ðxÞÞb 0,

r ¼ jxj. Let u : ðRm; fg0Þ ! ðN; hÞ be a p-harmonic map of ðRm; fg0Þ into an

n-dimensional Riemannian manifold N. If the p-energy EpðuÞ of u is finite, then

u is a constant map.

Proof (of theorem C 0). Suppose that the p-harmonic map u is not a

constant map, then Lemma 1 (with the assumption (3.20) on f ) implies that the

p-energy of u must be infinite. Then, similar to the proof of Theorem B 0, we

can obtain an upper bound for the growth rate of EpðBðRÞÞ:

EpðBðRÞÞ :¼
1

p

ð
BðRÞ

jdujpvg aC ðhðRÞÞ þ cðuÞ
Re

� �
� Re: ð3:21Þ

Now, define a family Vt : ðRm; fg0Þ ! ðN; hÞ of maps as VtðxÞ :¼ uðtxÞ, for
x A Rm, t > 0 and set

FðR; tÞ ¼ 1

p

ð
BðRÞnBðR1Þ

jdVtjpdx; for R > R1: ð3:22Þ
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Then we know from (2.5) that

q

qt
FðR; tÞ

����
t¼1

b 0: ð3:23Þ

On the other hand, re-parameterizing the integral (3.22) and calculating
q
qt
FðR; tÞjt¼1 directly, we get

q

qt
FðR; tÞ

����
t¼1

¼ R

p

ð
qBðRÞ

Bð f ; u;DuÞsR � R1

p

ð
qBðR1Þ

Bð f ; u;DuÞsR

�
ð
BðRÞnBðR1Þ

f ðm�p�2Þ=2 m� p

2

� �

� qf

qxi
xi hab

qua

qxi

qub

qxi

� �p=2

dx; ð3:24Þ

where, we denote Bð f ; u;DuÞ ¼ f ðm�pÞ=2ðxÞ
�
habðuÞ qu

a

qxi
qu b

qxi

�p=2
. (3.24) together

with (3.1) implies that

q

qt
FðR; tÞ

����
t¼1

a�eFðR; 1Þ þ R
d

dR
FðR; 1Þ � R1

ð
qBðR1Þ

Bð f ; u;DuÞsR: ð3:25Þ

Set H1 ¼ R1

Ð
qBðR1Þ Bð f ; u;DuÞsR, then (3.23) and (3.25) yield

R
d

dR
FðR; 1Þ � eFðR; 1Þ �H1 b 0:

By setting H0 ¼ �e
Ð
BðR1Þ epðuÞvg þ eH1, the last inequality is rewritten as

R EpðBðRÞÞ þ
1

e
H0


 
0
� e EpðBðRÞÞ þ

1

e
H0


 

b 0;

and then, for all R > R1, we have

R�e EpðBðRÞÞ þ
1

e
H0

� �
 
0
b 0:

Since EpðBðRÞÞ ! y as R ! y, there exists R5 > R1 such that

R�e EpðBðRÞÞ þ
1

e
H0

� �
 

b R�e

5 EpðBðR5ÞÞ þ
1

e
H0

� �
 

> 0

holds for R > R5. Therefore

EpðBðRÞÞ þ
1

e
H0 b c1ðuÞRe for R > R5; ð3:26Þ
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which contradicts to (3.21). This contradiction implies Theorem C 0 and then

Theorem C. r
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