HirosHIMA MATH. J.
40 (2010), 37-45

Moduli spaces for secondary Hopf surfaces

Noriaki NAKAGAWA

(Received December 18, 2008)
(Revised February 12, 2009)

ABSTRACT. Hopf surfaces with the infinite cyclic fundamental group are said to be
primary and their moduli spaces are studied by K. Dabrowski. We extend his results
to the moduli spaces for the secondary Hopf surfaces with abelian fundamental groups
which are diffeomorphic to L(p,q) x S'. The punctured disk D* is the moduli space
for the other cases.

1. Introduction

A Hopf surface is a compact complex surface whose universal covering is
W =C?-{(0,0)}. Hopf surfaces with the infinite cyclic fundamental group
are said to be primary and the others secondary. The holomorphic auto-
morphism groups of primary Hopf surfaces are determined by Namba [10] and
Wehler [12]. In the same papers the versal deformations of primary Hopf
surfaces are also given. Although the moduli space of all primary Hopf
surfaces does not exist, Dabrowski [2] gave the fine moduli space for 4° =2
primary Hopf surfaces and the coarse moduli space for degree zero primary
Hopf surfaces.

In the case of secondary Hopf surfaces with abelian fundamental groups,
there are the same kinds of moduli spaces for the complex structures on
L(p,q) x S'. As we studied in [9], they are connected if and only if
¢> = —1 mod p.

In the case of secondary Hopf surfaces with non-abelian fundamental
groups, we review more explicitly the description of the covering transforma-
tions in [7] so that each family forms a fine moduli space. Li and Zhang [6]
also studied this case, but they were not concerned with the cases (D2) and
(D7).
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2. Versal families for secondary Hopf surfaces

For a compact complex surface X we denote A7 =dim H?(X,Q").
Then, >, 7”4 = dim H*(X,C). Now let X be a secondary Hopf surface.
Then, we have

dim H'(X,C) =1

and hence h%!' =h'0+1. So, W00 =p01 =p21 =p22 =1 and W7 =0 for
the other (p,q). Therefore, the statement of Lemma 1 of [12] is still valid for
a secondary Hopf surface X:

h’ =dim H(X,0) =dim H'(X,0) and H*(X,0)=0,

where @ is the sheaf of holomorphic vector fields on X.

This means that for each secondary Hopf surface X there is a versal family
for X whose parameter dimension at X is equal to #°. We studied 4° in [9], as
we will state in the next section.

3. Moduli space for the complex structures on L(p,q) x S'

Let p>2,0<g<p, (p,gq) =1 and p=exp(2zni/p). Any complex struc-
ture on L(p,q) x S! induces a complex structure on S°x S! as a finite
covering, which is a primary Hopf surface by Kodaira [5]. So, it is a quotient
of a primary Hopf surface by a torsion element g, = g[p,r] with re N and
r = +¢*' mod p defined by

gl‘(zlvzz) = (pervpzz)'

Remember that a primary Hopf surface is a quotient of W = C* — {(0,0)} by
f = flo, B, A,s], which is defined by

f(z1,22) = (az1 + Az3, fz2)

with o,f,2€C, 0 <|a,|f| <1 and seN [12].

So, we know that the secondary Hopf surface homeomorphic to
L(p,q) x S' is given as X = W /G where m;(X) = G is generated by a torsion
element g, with r=+¢*' mod p and a contraction f[,f,4,s] which are
commutative, that is, f[«, B, 4,5] o g, = g, o flo,f,4,5]. By a simple calculation
the commutativity condition is equivalent to

(1) =0, or (2) A#0 and s =r mod p.

We use the abbreviation fy[a, /] for the diagonal contraction fTu, f,0, %].
We call W/{fylo,f], 9> a degree zero Hopf surface. A degree zero Hopf
surface W /<{fo|p’,Bl,9,> has h®=4 for s=1=r mod p and h® =3 for
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s=r mod p with s>2 and A° =2 for s #r mod p. A degree zero Hopf
surface W /<{fola, B], g-> with o # B*, B # o for any s =r mod p has h° = 2.
The Hopf surface X, = W /{f[y*%, 7, 4,5],9,» with /4 # 0 has h° = 2 and is called
a degree s(> 1) or a non-diagonal Hopf surface. For the proof of the result
on h’ we refer to [9] Lemma 2.2.

Let s >0 and s=r mod p. The group G, = {f[x,p,1,s],g,> operates
freely and discontinuously on W x D* x D* by f(zi,z2) = (0z + 25, fz2) and
gr(z1,22) = (p"z1,pz2) for (z1,z2) € W and (a,f) € D* x D*. The complex
manifold V= (W x D* x D*)/Gs and the induced map =,: Vi — D* x D*
from the projection form a versal family for X, = W /{f[y*,7,1,5],9,> by [9]
Theorem 2.5 (iii)(b).

We have also an analytic family Vo, = W x D* x D* /Gy with 7y : Vy —
D* x D* by taking Gy = {fo[«,f],9,». Note that if o # ° then flo, [, ,s] is
conjugate to the diagonal contraction fylx, f] = flo, 5,0, %]; in fact, folo, f] o Ay
= /’IS of[oc,[)’,/l,s] for hS(Zl,Zz) = (Z] —|-/122‘/(OC —ﬂs),ZQ). Let Ny = {(Oc,ﬁ) €
D* x D*|o # f* for any k =r mod p}. Then, we can glue the family
Ty '(N1) — N; of degree zero Hopf surfaces with the restriction of the above
versal family for X; = W /{f[y*,»,1,s],g,»> on a sufficiently small neighborhood
of (y*,y) € D* x D* for each s > 1 with s =r mod p. This is a basic technique
to construct the moduli space for 4° =2 Hopf surfaces.

Since there are still “jump” at A =0 in the family {X;},_ with X =
W/{fly* v, 4,5],9,» and s =r mod p, there are no global moduli spaces. In
fact, the degree s Hopf surfaces W /{f[y,7,4,5],9,» with A # 0 are biholo-
morphic to each other.

Let M = x(D* x D*) be a Stein domain in C? given in [2], where D* =
{zeC|0 < |z| < 1} is the punctured open unit disk in the complex plane, and

k(o f) = (L(a+p). L (e — ).

THEOREM 1. We consider the complex structures on L(p,q) x S'.

(1) When q=1 and p =2, we can fix r=1. There is an analytic family
of Hopf surfaces over I with non-diagonal Hopf surfaces at x(y*,y) with
s=1 mod 2 which forms a fine moduli space for h® =2 Hopf surfaces. N
gives also a coarse moduli space for degree zero Hopf surfaces.

(2) When ¢*> =1 mod p and p >3, we can take r = +q mod p because
g '=q mod p. There is no fine moduli space for h° =2 Hopf surfaces.
IMMITIN gives a coarse moduli space for h° =2 Hopf surfaces and also a coarse
moduli space for degree zero Hopf surfaces.

(3) When q> = —1 mod p and p > 3, we can take r = ¢g*' mod p because
—g=q " mod p. There is an analytic family of Hopf surfaces with r = q over
D* x D* with non-diagonal Hopf surfaces at (y*,y) for s=¢ mod p and at
(7,9%) for s=¢q~' mod p which forms a fine moduli space for h° =2 Hopf
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surfaces. D* x D* gives also a coarse moduli space for degree zero Hopf
surfaces.

4) When ¢*#1, ¢># —1 mod p and p >3, we have to take r=
+¢*' mod p. There are an analytic family of Hopf surfaces with r=gq
over D* x D* with non-diagonal Hopf surfaces at (y*,y) for s=gq mod p
and at (y,y*) for s=q ' mod p and an analytic family of Hopf surfaces
with r = p —q over D* x D* with non-diagonal Hopf surfaces at (y*,y) for

=—g mod p and at (y,y*) for s=—q ' mod p which form a fine moduli
space for h® =2 Hopf surfaces. D* x D* 11 D* x D* gives also a coarse moduli
space for degree zero Hopf surfaces.

Here, in (3) and (4) we have to consider N, = {(«,f8) € D* x D*|a # ¥
for any k=7 mod p and o #p for any /=r"! mod p} and u(z;,z) =
(z2,21). We glue the family of degree zero Hopf surfaces 7y !(Ny) — Ny with
the restriction of the versal family for X; = W /{f[y%,y, 1,s],g,> on a sufficiently
small neighborhood of (y*,y) € D* x D* for each s > 1 with s =r mod p and
also with the restriction of the versal family for W/{uo f[y*,
y»,1,s]ou,uog.1ouy on a sufficiently small neighborhood of (y,y*) for
each s > 1 with s =r"! mod p.

Proor. First we consider the moduli space for the degree zero Hopf
surfaces. Recall that the coarse moduli space for the primary degree zero
Hopf surfaces is given by 9t by the map W /{fo[a,f]> ~ W/{folB,a]) —
(o, ) € M. The degree zero Hopf surface diffeomorphic to L(p,q) x S!
is given by W/{fo[x,B],9.> with r = Fg¥' mod p. Since the conjugation
by u(zi,z2) = (22,z1) gives a biholomorphic map of W/{fo[x,f],g9,> to
W /{folB,],g,—1, we mainly consider the cases r=¢ mod p and r=—gq
mod p. They are contained in different connected components if and only
if ¢># —1 mod p as shown in [9]. In the cases (1) and (2) where ¢~' =g¢
mod p we have ! =r mod p for any r = +¢*! mod p. So, on each con-
nected component the map W/{fo[x, ], 9, ~ W/{folB, ], g:) — (a,f) € M
gives a bijection between the set of biholomorphic classes of the secondary
degree zero Hopf surfaces and 9, because its composite with the quotient map
from the set of biholomorphic classes of the primary degree zero Hopf surfaces
is bijective and the quotient map is surjective. In the case (2) we consider the
cases r = ¢ mod p and r = —¢ mod p separately and get two connected com-
ponents. In the case (3) we can fix r =¢ mod p and see W/{folo, B, 9> +
W /<folf, o], gry if @ #f by [9] Lemma 1.1. Hence, D* x D* gives a coarse
moduli space. In the case (4) we consider the cases r = ¢ mod p and r = —¢
mod p separately and get the result as in the case (2).

To get the moduli space for 4° =2 secondary Hopf surfaces we fix r at
first and consider W’ = W /{g,>. In the case (1) where p =2 and ¢ =1 we
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can fix r =1 and get g, =g, =g_, =g_, = —1. So, the family of 4% =2
Hopf surfaces over 9 is constructed in almost the same way as in the primary
case. We take a family of degree zero Hopf surfaces over M — {x(y*,y) for
some s > 0 with s =1 mod 2}. For each s > 1 with s =1 mod 2 we can glue
the above family with the restriction of the versal family for the degree s Hopf
surfaces W' /{f[y*,»,1,s]> on a sufficiently small neighborhood of x(y*,y) by
the basic technique mentioned above Theorem. Moreover, the argument of [2]
§9 for gluing together the versal families for the degree one (s= 1) Hopf
surfaces can apply because g, = —I commutes with any matrix. The con-
structed family contains every #° =2 Hopf surface up to biholomorphic
equivalence and is versal at each fiber. So, it is a fine moduli space for
h® =2 Hopf spaces. Only the difference from the primary case is that the
family for the case (1) does not contain degree positive and even Hopf surfaces.
Also, it is easy to see that Hopf surfaces X = W'/{fo[p*,p]> have h° =2 in
this case.

In the case (2) we have ¢~! = ¢ mod p. So, for any r = +¢*! mod p we
have ! =7 mod p and W/{folo, Bl,9,> ~ W/<{fo|B,e],9->. Hence, it is not
difficult to see that M IT 9N gives also a coarse moduli space for 4° =2 Hopf
surfaces. Assume now that a fine moduli space for h° =2 Hopf surfaces
exists. The congruence r =1 mod p does not hold for at least one of r=¢
or r=p—gq. So, the degree zero Hopf surface Xy = W/{foly,7],g9,> with
r# 1 mod p must be contained in the family of the fine moduli space. Since
the versal family for Xy is W x D* x D*/G, the family over 9t II 9t cannot be
fine at X; by the argument of the proof of [2] Theorem 10.2. This depends on
the fact that x: D* x D* — 9t does not have any local section near r(x, o) =
[(e,0)] € M.

Note again that in the cases (3) and (4) W /{fo[x f],g-> is not biholo-
morphic to W /{f[f, o], g,> if @ #f by [9] Lemma 1.1. So, each connected
component of the moduli space is not 9 but D* x D*. Also any degree s
Hopf surfaces with s = +¢*! mod p should be considered. Since W /{f[B, 4],
g1y is biholomorphic to W /{fy[a, f],g,», the versal family W x D* x D*/G;
with G, = {f[B, o, 1,5],9,1) for the degree s Hopf surface W /{f[y* ,1,s],
g,-1> with s =r~! mod p can be glued together with the family of degree zero
Hopf surfaces 75! (N2) = W x NaJ<{folew, B, 9-), where Ny = {(a, ) € D* x D* |
o ;éﬁk for any kK =r mod p and o’ # B for any / =r"! mod p} as before
by the basic technique. Now, we get easily a fine moduli space by gluing
the versal families for the #° =2 Hopf surfaces together. The fiber over
(,8) € D* x D* is W/folofl,gr> except W/<fIBB,1,5) g5 over (B°,f)
and W/{f[o*,a,1,5],9-1> over (o,o’). In the case (4) we consider the
cases r=¢ mod p and r=—¢ mod p separately and get two connected
components.
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Before ending this section we remark some misprints in [9]: p. 428 /.9
(id + f.)0 should read (id — f.)0 and p. 430 /.6 OF/ds(H '(z1,22,,0,2,0))
should read 0F/ds(H '(z1,z2,2,0,0,)).

4. Moduli spaces for Hopf surfaces with non-abelian fundamental groups

In the cases that the fundamental groups are not abelian, we know that the
secondary Hopf surfaces, having the isomorphic fundamental group G, are
diffeomorphic to each other essentially by [3] Theorem 10. We see moreover
that the moduli space is D* for each diffeomorphic class, where D* = {ze C:
0 < |z] < 1} is the punctured open unit disk in the complex plane.

The covering transformation groups G can be embedded in GL(2,C) due
to Kodaira [5]. We put H={ge G||detg| =1} and K = {g e G|det g = 1}.
Recall that G is an extension of H by Z and is said to be decomposable if it
is isomorphic to the product group Z x H and indecomposable otherwise. We
may assume that H is a finite subgroup of U(2).

When G is decomposable and non-abelian we gave in [7] complete families
(Cl1) to (C6) with the contraction parameter y in the punctured disk D*. They
are actually the moduli spaces, since the different contractions have different
determinants and hence their groups G are not conjugate each other in
GL(2,C).

When G is indecomposable we also gave in [7] the families (D1) to (D7)
with the contraction parameter y in the punctured disk D*.

In both cases only the constant multiple of the identity matrix gives their
holomorphic automorphisms and hence 4’ = 1. So, it is not difficult to see
that the family is a versal family for each fiber (cf. [6]).

To be complete we review the explicit families of such Hopf surfaces over
D* which form fine moduli spaces with some corrections to [7] (cf. [8]).

Let a be a primitive m-th root of 1, ¢ = exp(27i/5), p, = exp(ni/n), { = pa,
yeC with 0 <|y| <1 and I = <(1) (1)) We denote by {hy,...,h; ) the sub-
group generated by hy,..., k.

(C) The case when G is decomposable and not abelian: G = {yI) x H
where H = H; is a finite subgroup of U(2) which operates freely on S3
classified by Hopf and Threlfall-Seifert (Cf. [11] p. 111 Th. 1 or [1] p. 347).

(Cl) G=<yI>x H; where H, = {al) x Bé,{(2/+1> and K = A5,1) with

(2¥@2/4+1),m)=1, 2/+1>=3 and k=>3. Note that B£k<2/+1) = <h’ =

b 0 0 d
<0 b1>’h = (d 0>> such that » and d have finite orders 2/ + 1 and 2%

respectively. Note also that K = A5,y is generated by —h'.
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(C2) G =<yI)x H, where Hy = <al) x B, and K = B, with (m,4n) =1

0 i 0
and n>2. Here B, = <( i (;), ('l())" _1 )> is the binary dihedral group
of order 4n. ! P
(C3) G =<yI)x Hy where H; =<aly x C and K = C with (m,6) = 1.
; 0 1 3 3
Here C = ! ) —= &< is the binary tetrahedral group of order
0
24, RZAY St
(C4) G =<yIy x Hy where Hy = <{aly x Cg, and K = B, with (m,6) =
i 0\ o /8 ¢ .
1 and k >2. Here C},, = — f ord
an > ere Cg <(0 —i>7ﬂ<&j ¢ is a group of order
8-3% and w is a primitive 3%-th root of 1.
(CS) G =<{yI)x Hs where Hs =<aly x D and K = D with (m,6) = 1.

0 1 /8 2 . .
Here D= 0 ! ,7 is the binary octahedral group of
order 48. ¢ 2\ A

(C6) G =<yI) x Hsg where Hs = <al) x E and K = E with (m,30) = 1.

3 0 —1 1 4 _ 2 _ .3 . ' )
HereE:<(80 ;),(1 0 ),7§<;_; 8g_;>>1s the binary icosa-
hedral group of order 120.

(D) The case when G is indecomposable: G is given as
G = GyUgGy, Go=*I>x H and g = yu
in the following cases from (D1) to (D6) and in the exceptional case (D7)
G = GyUgGyU g¢>Gy, Go = »’I>x H and g = yu,
where H is a finite cyclic group or one of H in the case (C) and u € GL(2,C).
(D1) The case H is abelian and K is of order mg >3: We can take

1
u= <(1) 0) and the case is divided into the following three cases.

0
(D1-1) H =<al)x K with K = b 1 where b has the finite
order mg >3 and (m,mg) = 1. 0 b

(D1-2) H:<a1>x<<g b01)>x<<8 _Sl>>wherebandchave

finite orders 2/ 4+ 1> 1 and 2% with k; > 3 respectively. Moreover, we have
(m,2¢ +1) = (m,2) =1 and mg =25"12/ +1).

(D1-3) H_<a1>><<<3 b(—)1)>x<<g _OC>> where b and ¢ have

finite orders 2/+1>3 and 2% with ko >3 respectively. Moreover,
(m,2¢+1) = (m,2) =1 and mg =2(2/ +1).
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0
(D2) The case H is abelian and K = {+1}: H = {al) x <((C) >>
—c

0 1
and u = ( 1 0), where ¢ is a primitive 2*-th root of 1 with k>3 and

(2,m) =1. 0 1
(D3-1) H=H; as in (Cl) and u = (1 0).
(D3-2) H=H,; as in (Cl) and u = (O l).

i

0
(D4 & DS) H=<{al>x B,, K=B, as in (C2) and u<p(2)" 1)
where (D4) is the case n >3 and (DS) is the case n = 2. Pan

0 ¢!
(D6-2) H=<al) x Cg,, with k>2, K=B, as in (C4) and u=

¢ 0
<0 - > 1 /3 8

(D7) H=<al) x B, K= B, as in (D5) and u \/§<C _C>.

We will give an outline of proof for the indecomposable cases (D1) to
(D7). We may assume K # {I}, since G is abelian otherwise.

Let H be a cyclic group of order my at first. We may assume that the

0 > The matrix u is also determined as u = (0 ! 1> in
0 d" t 0
this case by [3] Lemma 6 and Proposition 8. We need the condition n?> =
mod my because the conjugation of the generator by u should be contained in
H. Since u does not commute with H, we get the condition n # 1 mod my.
Note that n> = 1 mod p* implies n = +1 mod p* for odd prime p. In case
p =2, n*=1 mod 2* implies n = +1 mod 2¥ for k =1,2 and n=+1 or n =
+1+2%1 mod 2% for k>3. Let my = p(l)‘“pf‘ ...pf’ be the prime decom-
position with py = 2.

(D1) Assume first that n = +1 mod 2. Then, we get the case (D1-1).
When ko >3 and n=—1+2%"1 mod 2k we get the case (D1-2). When
n=1+2k"1 mod 2k with ko > 3, it is easy to see that K = {41} if and only
if n =1 mod pf/ for every odd prime p;. Since we treat the case K # {+/} in
(D1), the case when n = 1 + 2%~ mod 2%k with kyp > 3 and n # 1 mod p]k/ for
some odd prime p; is named (D1-3). We see also that the matrix # above with
any e C* is conjugate to u with 1 =1 in these three cases.

(D2) This is the remaining case when n = 1 + 2%~! mod 2%k with ky > 3
and n =1 mod pfj for every odd prime p;. Note that the case K = {+/} is
studied separately in [3] p. 229 and u is determined as above in the inde-
composable case. Also, myg = 2(2/+ 1) > 6 in the case (D2) in [7] should be

(D6-1) H=<al)x C, K= C as in (C3) and u<C 0).

generator is <
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corrected to my = 2% (2/ + 1) with ky > 3. For the matrix u we can take
t=1 in the same way as in the case (D1).

When K is not abelian, [3] Lemma 7 and [4] Lemma 7’ showed that K and
u are uniquely determined in the cases (D4) to (D7). In [7] the case (D6-2)
was missing. Remark that we have to take k > 2 for Cg ., in the cases (C4)
and (D6-2) because the action has fixed points when k = 1.

Now, we have only to check the case where K is abelian and H is not
abelian. So, we may assume that H = H; as in (Cl). Since K = Ay/41), We
are concerned only with Step 3 of [3] pp. 235-236. Hence, the group G is
isomorphic to one of the non-isomorphic groups <A’,h,yu;> and <h',h,yuy>,

b 0 0 d 0 1 0 —i
[ — — —
whereh—(o b‘1>’h_<d O),u1—<1 O)anduz—(i 0). We

get the case (D3) and no others.
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