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Abstract. We develop a group-theoretic method to generalize the Laplace-Beltrami

operators on the classical domains. In [11], inspired by Helgason’s paper [3], we

defined the ‘‘Poisson transforms’’ for homogeneous vector bundles over symmetric

spaces. In [13], we defined the generalized Poisson-Cauchy transforms for homoge-

neous holomorphic line bundles over hermitian symmetric spaces and computed

explicitly the kernel functions for each type of the classical domains. In [7], making

use of the Casimir operator, we defined the ‘‘generalized Laplacians’’ on homogeneous

holomorphic line bundles over hermitian symmetric spaces and showed that the

generalized Poisson-Cauchy transforms give rise to eigenfunctions of the ‘‘generalized

Laplacians’’. In this paper, using the canonical coordinates for each type of the

classical domains, we carry out the direct computation to obtain the explicit formulas of

(line bundle valued) invariant di¤erential operators which we call the generalized

Laplacians and compute their eigenvalues evaluated at the generalized Poisson-Cauchy

kernel functions.

1. Introduction

We denote by DI (resp. DII , DIII , DIV ) the classical domain of type I (resp.

II , III , IV ).

In [6], Hua gave the explicit formula of the Laplace-Beltrami operator for

DI . In [13], we generalized some results by Hua so that we followed his

classification about the classical domains. In this paper, we use the classifi-

cation given in [15], which means that we exchange the definition of the type II

and that of the type III.

Following Hua’s idea, it is straightforward to compute the Laplace-

Beltrami operators for DII and DIII . In the case of the type IV, however,

it is quite di‰cult to pursue Hua’s method.

In this paper, we give another method to obtain the explicit formulas of

the Laplace-Beltrami operators which can be carried out also for DIV . We use
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the canonical coordinate system defined by the Harish-Chandra decomposition.

This leads us to a certain ‘‘canonical riemannian metric’’ (see Section 3). It

turns out that Hua’s di¤erential operator is the Laplace-Beltrami operator

defined by this metric.

Looking closely at the explicit formula of the Laplace-Beltrami operator,

we found a way to modify the Laplace-Beltrami operator in order to obtain the

line bundle valued invariant di¤erential operator which we call the generalized

Laplacian. (See Section 3 for the precise definition of generalized Laplacians).

In [13], we gave the explicit formulas of the generalized Poisson-Cauchy

kernel functions. We compute explicitly the value of the generalized Laplacian

evaluated at the generalized Poisson-Cauchy kernel function at the origin,

which, owing to the invariance by the group action, gives us the eigenvalue of

the generalized Laplacian.

The ‘‘generalized Laplacians’’ defined in [7] coincide, up to a constant

factor and scalar operators, with the generalized Laplacians defined in this

paper. Making use of the Casimir operator, we give another method to

compute the above mentioned eigenvalues.

It is easy to see that Theorem 3 in this paper still holds for (line bundle

valued) Sato’s hyperfunctions on the Shilov boundary. The image of the

generalized Poisson-Cauchy transform of Sato’s hyperfunctions on the Shilov

boundary do not exhaust all eigenfunctions of the generalized Laplacian (see

[8]). It is an interesting problem to give the characterization of this image.

Another interesting problem is to generalize the results of this paper to the case

of vector bundles (see [14]).

In [13], we followed [15] to obtain the explicit formula of the action of the

group SO0ðn; 2Þ on DIV . In this paper we use the Harish-Chandra decom-

position to get the explicit formula of the group action.

We gave the proof of each theorem (Theorem 1, 2, 4 and 5) in the separate

subsections for each type of classical domains. We showed each step of the

proof in detail but omitted the elementary calculus of matrices. (For details

see [16].)

There are some misprints in [13]. We correct them in this paper.

2. Definitions and notation

Let G be a connected non-compact Lie group admitting a finite dimen-

sional faithful representation. Let K be a maximal compact subgroup of G.

We assume that G=K is an irreducible hermitian symmetric space. We denote

by g and k the Lie algebras of G and K , respectively. Let gc be the

complexification of g. We put

p ¼ fY A g;BðX ;Y Þ ¼ 0 for all X A kg;
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where B denotes the Killing form of the Lie algebra gc. Then we have

g ¼ kþ p; kV p ¼ f0g; ½p; p�H k; ½k; p�H p:

For any subset s of g we denote by sc the complex subspace of gc spanned by

s. Since G=K is hermitian symmetric, there exist abelian subalgebras pþ and

p� of gc such that

pc ¼ pþ þ p�; pþ V p� ¼ f0g; pþ ¼ p�; ½kc; pþ�H pþ; ½kc; p��H p�:

Let Gc be the complexification of G with Lie algebra gc. We denote by

Kc (resp. Pþ, P�) the complex analytic subgroup of Gc corresponding to kc
(resp. pþ, p�). Then PþKcP� is an open subset of Gc, and any element

w A PþKcP� is uniquely expressed as w ¼ pþkcp� ðpþ A Pþ; kc A Kc; p� A P�Þ.
This is called the Harish-Chandra decomposition (see [1]). Put U ¼ KcP�.

Then U is a complex analytic subgroup of Gc and P� a normal subgroup of

U . Consider the complex homogeneous space Gc=U . Then G=K can be

canonically identified with an open submanifold GU=U of Gc=U which is the

G-orbit of the point U in Gc=U .

We introduce an inner product ð� ; �Þ on the complex vector space pþ by

ðz1; z2Þ ¼ Bðz1; z2Þ ðz1; z2 A pþÞ:

In [1], it was proved by Harish-Chandra that GU HPþU and that there

exists a unique bounded domain D in pþ such that GU ¼ ðexp DÞU . For any

w in PþU , we denote by zðwÞ (resp. uðwÞ) the unique element of pþ (resp. U)

such that w ¼ ðexp zðwÞÞuðwÞ. For any g A G and z A D, we denote by g½z�
the unique element of D such that gðexp zÞU ¼ ðexp g½z�ÞU . Then G acts on

G=K GGU=U GD by the commutative diagram: for any g1 A G,

G=K G GU=U G D

A A A

gK 7! gU 7! g½0� ¼ z

# # #
g1gK 7! g1gU 7! g1g½0� ¼ g1½z�

C C C

G=K G GU=U G D:

We fix a point mU A Gc=U such that mU belongs to the boundary of

GU=U and that the G-orbit of mU is compact. Then the isotropy subgroup at

the point mU of Gc=U is a maximal parabolic subgroup of G, which we denote

by P. Put u0 ¼ zðmÞ and m0 ¼ exp u0. Then clearly we get mU ¼ m0U ¼
ðexp u0ÞU which implies that GV mUm�1 ¼ GV m0Um�1

0 ¼ P. Put

�SS ¼ fu A pþ; ðexp uÞU A Gm0Ug:
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Then �SS is the Shilov boundary of D. For any g A G and u A �SS, we denote by

g½u� a unique element of �SS such that gðexp uÞU ¼ ðexp g½u�ÞU . Then G acts

on G=PGGm0U=U G �SS by the commutative diagram: for any g1 A G,

G=P G Gm0U=U G �SS

A A A

gP 7! gm0U 7! g½u0� ¼ u

# # #
g1gP 7! g1gm0U 7! g1g½u0� ¼ g1½u�

C C C

G=P G Gm0U=U G �SS:

For any representation p of a Lie group, we denote by dp the di¤erential

representation of p.

Since G=K is hermitian symmetric, k contains a Cartan subalgebra h of

g. For each linear form l on hc, we denote by Hl the element of hc such that

BðHl;HÞ ¼ lðHÞ for all H A hc. For any two linear forms l, m we define

hl; mi ¼ BðHl;HmÞ. Let D be the set of all non-zero roots of the pair (gc; hc).

For each a A D we choose a root vector Xa associated with the root a. It is

clear that for any a A D Xa belongs to either kc or pc. A root a A D is called

compact or non-compact according to Xa A kc or Xa A pc, respectively. We can

choose a linear order on D such that if Xa A pþ then a is positive. We denote

by r the half sum of all positive roots. Let L be an integral form. We

assume that hL; ai ¼ 0 for all compact roots a. Then there exists a unique

character t of K such that dtðHÞ ¼ LðHÞ for all H A h. Moreover t is

uniquely extended to a holomorphic character of U which is trivial on P�.

We regard the complex Lie group Gc as the principal fiber bundle over the

complex homogeneous space Gc=U . We denote by ~EEt the holomorphic line

bundle over Gc=U associated to t. We denote by Et the restriction of ~EEt to

the open submanifold G=K GGU=U of Gc=U . Then the space of all Cy-

sections of Et is identified with

CyðEtÞ ¼ fh A CyðGUÞ; hðwuÞ ¼ tðuÞ�1
hðwÞ ðw A GU ; u A UÞg:

Let h be a Cy-character of U such that the restriction of h to K coincides

with t. We denote by ~LLh the Cy-line bundle on Gc=U associated to h. We

denote by Lh the restriction of ~LLh to the compact submanifold G=PGGm0U=U

of Gc=U . Then the space of all Cy-sections of Lh is identified with

CyðLhÞ ¼ fh A CyðGm0UÞ; hðwuÞ ¼ hðuÞ�1
hðwÞ ðw A Gm0U ; u A UÞg:

We define a Cy-character x of P by

xðpÞ ¼ hðm�1
0 pm0Þ ðp A PÞ:
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Put

CyðGÞt ¼ f f A CyðGÞ; f ðgkÞ ¼ tðkÞ�1
f ðgÞ ðg A G; k A KÞg;

CyðGÞx ¼ ff A CyðGÞ; fðgpÞ ¼ xðpÞ�1fðgÞ ðg A G; p A PÞg:

Then we obtain the following four onto-isomorphisms:

CyðEtÞ C h 7! f A CyðGÞt; f ðgÞ ¼ hðgÞ ðg A GÞ;

CyðEtÞ C h 7! F A CyðDÞ; FðzÞ ¼ hðexp zÞ ðz A DÞ;

CyðLhÞ C c 7! f A CyðGÞx; fðgÞ ¼ cðgm0Þ ðg A GÞ;

CyðLhÞ C c 7! F A Cyð �SSÞ; FðuÞ ¼ cðexp uÞ ðu A �SSÞ:

For any g A G and h A CyðEtÞ, we define

ðptðgÞhÞðwÞ ¼ hðg�1wÞ ðw A GUÞ:

Then pt is a representation of G on CyðEtÞ.
For any g A G and c A CyðLhÞ, we define

ðphðgÞcÞðwÞ ¼ cðg�1wÞ ðw A Gm0UÞ:

Then ph is a representation of G on CyðLhÞ.
For any g A G, we define TtðgÞ such that the following diagram is

commutative.

CyðEtÞ G CyðDÞ
ptðgÞ # # TtðgÞ

CyðEtÞ G CyðDÞ:

Then we have the following lemma.

Lemma 1. For any g A G and F A CyðDÞ

ðTtðgÞF ÞðzÞ ¼ rtðg; zÞ
�1
F ðg�1½z�Þ ðz A DÞ;

where rtðg; zÞ ¼ tðuðg�1 exp zÞÞ.

Suppose now that for each t, we have a di¤erential operator Dt on D.

We denote by cDtDt the Et-valued di¤erential operator such that the following

diagram is commutative.

CyðEtÞ G CyðDÞcDtDt # # Dt

CyðEtÞ G CyðDÞ:

If cDtDt commutes with ptðgÞ for all g A G, we call cDtDt an Et-valued invariant

di¤erential operator. It is easy to see that this is the case if and only if Dt
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commutes with TtðgÞ for all g A G. By abuse of the language, we shall call

also such a di¤erential operator Dt an Et-valued invariant di¤erential operator.

For any vector space V , we denote by IV the identity operator on V . We

use the following notation which are defined in [13].

N , Z, R, C , C �, Rk, C k, MkðRÞ, MkðCÞ, GLðk;CÞ, SLðk;CÞ, SUðn;mÞ,
SOðkÞ, SOðk;CÞ, Spðk;CÞ, slðk;CÞ, oðk;CÞ, Ik, Mp;qðRÞ, Mp;qðCÞ, Ip;q.

2.1. Type I. Fix any n;m A N such that nbm. The classical domain of

type I is defined by

DI ¼ fz A Mn;mðCÞ; z�zf Img:

The Shilov boundary of DI is given by

�SSI ¼ fu A Mn;mðCÞ; u�u ¼ Img:

We define

Gc ¼ SLðmþ n;CÞ;

G ¼ SUðn;mÞ;

Kc ¼
a 0

0 d

� �
A SLðmþ n;CÞ; a A GLðn;CÞ; d A GLðm;CÞ

� �
;

Pþ ¼ In z

0 Im

� �
; z A Mn;mðCÞ

� �
;

P� ¼ In 0

z Im

� �
; z A Mm;nðCÞ

� �
;

U ¼ KcP�;

gc ¼ slðmþ n;CÞ;

g ¼ a b

b� d

� �
A gc;

a� ¼ �a;

d � ¼ �d;

a A MnðCÞ
b A Mn;mðCÞ
d A MmðCÞ

8><>:
9>=>;;

k ¼ a 0

0 d

� �
A g;

a� ¼ �a;

d � ¼ �d;

a A MnðCÞ
d A MmðCÞ

� �
;

p ¼ 0 b

b� 0

� �
; b A Mn;mðCÞ

� �
;

pþ ¼ 0 z

0 0

� �
; z A Mn;mðCÞ

� �
:
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The Killing form B is given by

BðX ;YÞ ¼ 2ðnþmÞ TrðXY Þ ðX ;Y A gcÞ:

For any l A Z and s A C we define characters tl, hl; s and xl; s by

tl : U C
a 0

z d

� �
7! ðdetðdÞÞl A C �;

hl; s : U C
a 0

z d

� �
7! detðdÞ

jdetðdÞj

� �l
jdetðdÞj s A C �;

xl; s : P C p 7! hl; sðm�1
0 pm0Þ A C �:

We identify pþ with Mn;mðCÞ by:

pþ G Mn;mðCÞIDI

A A
0 z

0 0

� �
7! z:

For any g ¼ a b

c d

� �
A G and z A DI , we define g½z� by

a b

c d

� �
exp

0 z

0 0

� �
U ¼ a azþ b

c czþ d

� �
U ¼ exp

0 g½z�
0 0

� �
U :

Notice that

ðzb� þ a�Þðazþ bÞ ¼ ðzd � þ c�Þðczþ dÞ:

Then we have the following lemma.

Lemma 2. For any g A G and z A DI , we have

g½z� ¼ ðazþ bÞðczþ dÞ�1 ¼ ðzb� þ a�Þ�1ðzd � þ c�Þ g ¼ a b

c d

� �� �
;

ðTtlðgÞF ÞðzÞ ¼ ðdetðczþ dÞÞ�l
F ðg�1½z�Þ g�1 ¼ a b

c d

� �� �
:

2.2. Type II. Fix any n A N ðn > 1Þ. The classical domain of type II is

defined by

DII ¼ fz A MnðCÞ; z�zf In;
tz ¼ �zg:

The Shilov boundary of DII is given as follows.

In case n is even,

�SSII ¼ fu A MnðCÞ; u�u ¼ In;
tu ¼ �ug:
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In case n is odd,

�SSII ¼ fu A MnðCÞ; rankðIn � u�uÞ ¼ 1; tu ¼ �ug:

We define

Gc ¼ g A SLð2n;CÞ; tg 0 In

In 0

� �
g ¼ 0 In

In 0

� �� �
;

G ¼ a b

�b a

� �
A SUðn; nÞ; a; b A MnðCÞ

� �
;

Kc ¼
a 0

0 ta�1

� �
A SLð2n;CÞ; a A GLðn;CÞ

� �
;

Pþ ¼ In z

0 In

� �
; tz ¼ �z ðz A MnðCÞÞ

� �
;

P� ¼ In 0

z In

� �
; tz ¼ �z ðz A MnðCÞÞ

� �
;

U ¼ KcP�;

gc ¼
a b

c � ta

� �
;
tb ¼ �b;
tc ¼ �c

ða; b; c A MnðCÞÞ
� �

;

g ¼ a b

�b a

� �
A gc; a

� ¼ �a; tb ¼ �b ða; b A MnðCÞÞ
� �

;

k ¼ a 0

0 a

� �
A g; a� ¼ �a ða A MnðCÞÞ

� �
;

p ¼ 0 b

�b 0

� �
; tb ¼ �b ðb A MnðCÞÞ

� �
;

pþ ¼ 0 z

0 0

� �
; tz ¼ �z ðz A MnðCÞÞ

� �
:

The Killing form B is given by

BðX ;YÞ ¼ 2ðn� 1Þ TrðXY Þ ðX ;Y A gcÞ:

For any l A Z and s A C we define characters tl, hl; s and xl; s by

tl : U C
td�1 0

z d

� �
7! ðdetðdÞÞl A C �;

hl; s : U C
td�1 0

z d

� �
7! detðdÞ

jdetðdÞj

� �l
jdetðdÞj s A C �;

xl; s : P C p 7! hl; sðm�1
0 pm0Þ A C �:
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We identify pþ with fz A MnðCÞ; tz ¼ �zg by:

pþ G fz A MnðCÞ; tz ¼ �zgIDII

A A

0 z

0 0

� �
7! z:

For any g ¼ a b

�b a

� �
A G and z A DII , we define g½z� by

a b

�b a

� �
exp

0 z

0 0

� �
U ¼ a azþ b

�b �bzþ a

� �
U ¼ exp

0 g½z�
0 0

� �
U :

Notice that

ðzb� þ a�Þðazþ bÞ ¼ ðzta� tbÞð�bzþ aÞ:

Then we have the following lemma.

Lemma 3. For any g A G and z A DII , we have

g½z� ¼ ðazþ bÞð�bzþ aÞ�1 ¼ ðzb� þ a�Þ�1ðzta� tbÞ g ¼ a b

�b a

� �� �
;

ðTtlðgÞFÞðzÞ ¼ ðdetð�bzþ aÞÞ�l
Fðg�1½z�Þ g�1 ¼ a b

�b a

� �� �
:

2.3. Type III. Fix any n A N . The classical domain of type III is defined by

DIII ¼ fz A MnðCÞ; z�zf In;
tz ¼ zg:

The Shilov boundary of DIII is given by

�SSIII ¼ fu A MnðCÞ; u�u ¼ In;
tu ¼ ug:

We define

Gc ¼ Spðn;CÞ;

G ¼ a b

b a

� �
A SUðn; nÞ; a; b A MnðCÞ

� �
;

Kc ¼
a 0

0 ta�1

� �
; a A GLðn;CÞ

� �
;

Pþ ¼ In z

0 In

� �
; tz ¼ z ðz A MnðCÞÞ

� �
;

P� ¼ In 0

z In

� �
; tz ¼ z ðz A MnðCÞÞ

� �
;
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U ¼ KcP�;

gc ¼ spðn;CÞ;

g ¼ a b

b a

� �
A gc; a

� ¼ �a; tb ¼ b ða; b A MnðCÞÞ
� �

;

k ¼ a 0

0 a

� �
A g; a� ¼ �a ða A MnðCÞÞ

� �
;

p ¼ 0 b

b 0

� �
; tb ¼ b ðb A MnðCÞÞ

� �
;

pþ ¼ 0 z

0 0

� �
; tz ¼ z ðz A MnðCÞÞ

� �
:

The Killing form B is given by

BðX ;YÞ ¼ 2ðnþ 1Þ TrðXY Þ ðX ;Y A gcÞ:

For any l A Z and s A C we define characters tl, hl; s and xl; s by

tl : U C
td�1 0

z d

� �
7! ðdetðdÞÞl A C �;

hl; s : U C
td�1 0

z d

� �
7! detðdÞ

jdetðdÞj

� �l
jdetðdÞj s A C �;

xl; s : P C p 7! hl; sðm�1
0 pm0Þ A C �:

We identify pþ with fz A MnðCÞ; tz ¼ zg by:

pþ G fz A MnðCÞ; tz ¼ zgIDIII

A A

0 z

0 0

� �
7! z:

For any g ¼ a b

b a

� �
A G and z A DIII , we define g½z� by

a b

b a

� �
exp

0 z

0 0

� �
U ¼ a azþ b

b bzþ a

� �
U ¼ exp

0 g½z�
0 0

� �
U :

Notice that

ðzb� þ a�Þðazþ bÞ ¼ ðztaþ tbÞðbzþ aÞ:

Then we have the following lemma.
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Lemma 4. For any g A G and z A DIII , we have

g½z� ¼ ðazþ bÞðbzþ aÞ�1 ¼ ðzb� þ a�Þ�1ðztaþ tbÞ g ¼ a b

b a

� �� �
;

ðTtlðgÞF ÞðzÞ ¼ ðdetðbzþ aÞÞ�l
Fðg�1½z�Þ g�1 ¼ a b

b a

� �� �
:

2.4. Type IV. Fix any n A N such that n > 2. The classical domain of type

IV is defined by

DIV ¼ z A C n; z�z <
1

2
ð1þ j tzzj2Þ < 1

� �
:

The Shilov boundary of DIV is given by

�SSIV ¼ fu ¼ eiyx A C n; 0a y < 2p; x A Sn�1g;

where Sn�1 ¼ fx A Rn; txx ¼ 1g.
The definitions of G, K , Gc, ~ppþ and ~pp� in [13] are not correct. They

should be defined as follows.

Define

G ¼ SO0ðn; 2Þ;

K ¼ k1 0

0 k2

� �
; k1 A SOðnÞ; k2 A SOð2Þ

� �
:

Then K is a maximal compact subgroup of G. The complexification of G is

given by

Gc ¼
In 0

0 iI2

� �
SOðnþ 2;CÞ In 0

0 iI2

� ��1

:

Put

g ¼
In 0

0
i 1

�i 1

� �0B@
1CA:

We define

~GGc ¼ gGcg
�1;

~KKc ¼
a 0 0

0 d�1 0

0 0 d

0@ 1A A SLðnþ 2;CÞ; a A SOðn;CÞ; d A C �

8<:
9=;;
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~PPþ ¼
In 0 z

2 tz 1 tzz

0 0 1

0B@
1CA; z A C n

8><>:
9>=>;;

~PP� ¼
In z 0

0 1 0

2 tz tzz 1

0B@
1CA; z A C n

8><>:
9>=>;;

~UU ¼ ~KKcP�;

gc ¼
In 0

0 iI2

� �
oðnþ 2;CÞ In 0

0 iI2

� ��1

;

g ¼ a b
tb d

� �
;
ta ¼ �a;
td ¼ �d

ða A MnðRÞ; b A Mn;2ðRÞ; d A M2ðRÞÞ
� �

;

k ¼ a 0

0 d

� �
;
ta ¼ �a;
td ¼ �d

ða A MnðRÞ; d A M2ðRÞÞ
� �

;

p ¼
0 h x
th 0 0
tx 0 0

0B@
1CA; x; h A Rn

8><>:
9>=>;;

~ggc ¼ ggcg
�1;

~ppc ¼
0 z z

2 tz 0 0

2 tz 0 0

0B@
1CA; z; z A C n

8><>:
9>=>;;

~ppþ ¼
0 0 z

2 tz 0 0

0 0 0

0B@
1CA; z A C n

8><>:
9>=>;;

~pp� ¼
0 z 0

0 0 0

2 tz 0 0

0B@
1CA; z A C n

8><>:
9>=>;;

Kc ¼ g�1 ~KKcg; Pþ ¼ g�1 ~PPþg; P� ¼ g�1 ~PP�g; U ¼ g�1 ~UUg;

~gg ¼ ggg�1; ~kk ¼ gkg�1; ~pp ¼ gpg�1; pþ ¼ g�1~ppþg; p� ¼ g�1~pp�g:

The Killing form B is given by

BðX ;YÞ ¼ n TrðXY Þ ðX ;Y A gcÞ:
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For any l A Z and s A C we define characters tl, hl; s and xl; s by

tl : U ¼ KcP� C g�1

a 0 0

0 d�1 0

0 0 d

0B@
1CAgp� 7! ðdÞl A C �;

hl; s : U ¼ KcP� C g�1

a 0 0

0 d�1 0

0 0 d

0B@
1CAgp� 7! d

jdj

� �l
jdjs A C �;

xl; s : P C p 7! hl; sðm�1
0 pm0Þ A C �:

We identify pþ with C n by:

pþ G C n IDIV

A A
g�1

0 0 z

2 tz 0 0

0 0 0

0B@
1CAg 7! z:

Notice that

exp

0 0 z

2 tz 0 0

0 0 0

0B@
1CA a 0 0

0 d�1 0

0 0 d

0B@
1CA In z 0

0 1 0

2 tz tzz 1

0B@
1CA ¼

� � zd

� � tzzd

� � d

0B@
1CA:

For any g A G and z A DIV , we have

gg�1 exp

0 0 z

2 tz 0 0

0 0 0

0B@
1CAg ¼ g�1

� � azþ b
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 !

� � ði; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !

� � ð�i; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !

0BBBBBBBBBB@

1CCCCCCCCCCA
g:

Notice that

ðzð�i; 1Þ tbþ taÞ azþ b

i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !

¼ ðzð�i; 1Þ td þ tcÞ czþ d

i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !
:

Then we have the following lemma.
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Lemma 5. For any g A G and z A DIV , we have

g½z� ¼ azþ b
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !
ð�i; 1Þ czþ d

i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�1

¼ ðzð�i; 1Þ tbþ taÞ�1ðzð�i; 1Þ td þ tcÞ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !

� ð�i; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�1

;

tg½z�g½z� ¼ ði; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !
ð�i; 1Þ czþ d

i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�1

;

g ¼ a b

c d

� �� �
;

ðTtðgÞFÞðzÞ ¼ ð�i; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�l

Fðg�1½z�Þ;

g�1 ¼ a b

c d

� �� �
:

3. Generalized Laplacians

We start with the case where t is trivial.

Let D be a classical domain. For any g A G and F A CyðDÞ, we define

TðgÞFðzÞ ¼ F ðg�1½z�Þ ðz A DÞ:

Let T0ðDÞ be the tangent space of D at z ¼ 0. Since K is the isotropy

subgroup at z ¼ 0, we have the linear onto-isomorphism:

p G T0ðDÞ

A A

X 7! dTðX Þjz¼0:

Since the Killing form B is positive definite on p, this gives an inner product on

T0ðDÞ. It is clear that this inner product is invariant by the linear isotropy

representation of K , so that it defines the invariant riemannian metric on D. It

is well-known (see [2], [5]) that dTðWÞ coincides with the Laplace-Beltrami

operator with respect to the invariant riemannian metric on D defined by the

Killing form B. Let N be the complex dimension of pþ. Let fzkg1akaN
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denote the canonical coordinates of D. We choose a basis fZkg1akaN of pþ
such that

pþ G C N ID

A APN
k¼1 zkZk 7! z:

For any k ð1a kaNÞ, we choose Xk;Yk A p such that

Zk ¼
1

2
ðXk � iYkÞ:

Then clearly, Xk, Yk ð1a kaNÞ is a basis of p. For any k ð1a kaNÞ, put
zk ¼ xk þ iyk ðxk; yk A RÞ. Then it is straightforward to check

dTðXkÞjz¼0 ¼ � q

qxk

����
z¼0

; dTðYkÞjz¼0 ¼ � q

qyk

����
z¼0

;

using the ‘‘case by case’’ method for each type of the classical domains.

On the other hand, by means of matrix calculations, these equations can

be proved directly by the following observations. For any t A R, we see

expð�tXkÞ ¼ expð�tZk þ sð�tZkÞÞ ¼ expð�tZkÞ expðsð�tZkÞÞ þOðt2Þ;

where s denotes the conjugation of gc with respect to g. Since expðsð�tZkÞÞ A
P�, it is clear that

ðexpðtXkÞÞ�1½0� ¼ �tZk þOðt2Þ;

from which the first equation follows. In the same way, the second equation is

obtained.

In the succeeding subsections, we prove the following proposition.

Proposition 1. There exist a positive constant c and a number M

ð0aMaNÞ such that we can rearrange Xk, Yk ð1a kaNÞ such that

BðXk;XkÞ ¼ BðYk;YkÞ ¼ c ð1a kaMÞ;

BðXk;XkÞ ¼ BðYk;YkÞ ¼ 2c ðM þ 1a kaNÞ:

(In case M ¼ 0, one should ignore the part ð1a kaMÞ).
Moreover, 1ffiffi

c
p Xk,

1ffiffi
c

p Yk ð1a kaMÞ, 1ffiffiffiffi
2c

p Xk,
1ffiffiffiffi
2c

p Yk ðM þ 1a kaNÞ is an
orthonormal basis of p, where c is given as follows:

ðType IÞ c ¼ 4ðnþmÞ; ðType IIÞ c ¼ 4ðn� 1Þ;

ðType IIIÞ c ¼ 4ðnþ 1Þ; ðType IVÞ c ¼ 8n:

251Eigenvalues of generalized Laplacians



Consider the invariant riemannian metric on D defined by 4
c
times the

Killing form. We call this the canonical riemannian metric on the classical

domain D.

Notice that

dTðWÞjz¼0 ¼
4

c

XM
k¼1

q2

qzkqzk

����
z¼0

þ 1

2

XN
k¼Mþ1

q2

qzkqzk

����
z¼0

 !
:

We put

A ¼
IM 0

0 1
2 IN�M

� �
; qz ¼

q

qz1
; . . . ;

q

qzN

� �
:

Then

qzAq
�
z jz¼0 ¼

XM
k¼1

q2

qzkqzk

����
z¼0

þ 1

2

XN
k¼Mþ1

q2

qzkqzk

����
z¼0

:

For each type of the classical domains, we seek an invariant di¤erential

operator D such that

Djz¼0 ¼ qzAq
�
z jz¼0:

For any F A D, we define

qF ðzÞ ¼
XN
k¼1

qFðzÞ
qzk

dzk:

Then the operator q is independent of the choice of the coordinate system.

For any g A G, the action D C z 7! w ¼ g½z� A D is a complex analytic iso-

morphism, so that w ¼ ðw1; . . . ;wNÞ gives another coordinate system of D.

We denote by
qðwÞ
qðzÞ the Jacobian matrix and put

qw ¼ q

qw1
; . . . ;

q

qwN

� �
:

Then qz ¼ qw
qðwÞ
qðzÞ . Fix any z0 A D. Then there exists g A G such that

g½0� ¼ z0. Putting jgðzÞ ¼ g½z� ðz A DÞ, we compute explicitly ðjgÞ�ðqzAq
�
z jz¼0Þ.

Then it is clear that there exists a positive definite hermitian matrix hg which

depends on g such that

ðjgÞ�ðqzAq
�
z jz¼0Þ ¼ qwhgq

�
wjw¼z0

:

Since qzAq
�
z jz¼0 ¼ c

4 dTðWÞjz¼0

� �
is invariant by the linear isotropy represen-

tation of K , all coe‰cients of hg depend only on z0, so that we write hg ¼ hðz0Þ.
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Then it is now easy to see that hð0Þ ¼ A and that qz � hðzÞ � q�
z is an invariant

di¤erential operator, which at the point z ¼ 0 coincides with qzAq
�
z jz¼0. (Here

the notation ‘‘�’’ means that any function between two dots should not be

di¤erentiated.)

This means that qz � hðzÞ � q�
z is the Laplace-Beltrami operator with respect

to the canonical riemannian metric.

It is clear that hðzÞ satisfies the following assumption.

Assumption 1. For any g A G and z A D,

hðwÞ ¼ qðwÞ
qðzÞ hðzÞ

qðwÞ
qðzÞ

� ��
ðw ¼ g½z�Þ:

(Remark that the inverse matrix of the Hessian of the Bergman kernel function

satisfies this assumption.)

Conversely, if a positive definite hermitian matrix valued Cy-function hðzÞ
satisfies this assumption, then it is obvious that qz � hðzÞ � q�

z is an invariant

di¤erential operator on D. Hua’s method is based on this fact.

Next we modify the Laplace-Beltrami operator in order to obtain the line

bundle valued invariant di¤erential operator.

Recall (see Lemma 1) that for any g A G and F A CyðDÞ, we have

ðTtðgÞF ÞðzÞ ¼ rtðg; zÞ
�1
F ðg�1½z�Þ ðz A DÞ:

Suppose that a positive Cy function rt on D satisfies the assumption:

Assumption 2. For any g A G and z A D,

rtðwÞ ¼ jrtðg; zÞj
�2
rtðzÞ ðw ¼ g�1½z�Þ:

We define

DtðzÞ ¼ rtðzÞ�1qzrtðzÞ � hðzÞ � q�
z :

For any g A G, put w ¼ g�1½z�. Then we have

DtðwÞ ¼ rtðwÞ�1
qwrtðwÞ � hðwÞ � q�

w

¼ jrtðg; zÞj
2
rtðzÞ�1qzjrtðg; zÞj

�2
rtðzÞ

� qðwÞ
qðzÞ

� ��1

hðwÞ qðwÞ
qðzÞ

� ��� ��1

� q�
z

¼ rtðg; zÞrtðzÞ
�1
qzrtðzÞ � hðzÞ � q�

z rtðg; zÞ
�1:

Here, we used the fact that

qzrtðg; zÞ
� ¼ 0; q�

z rtðg; zÞ ¼ 0:
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Thus for any g A G and F A CyðDÞ, we obtain

ðTtðgÞDtFÞðzÞ ¼ rtðg; zÞ
�1DtðwÞF ðwÞ ¼ DtðzÞTtðgÞFðzÞ:

This shows that Dt defines an Et-valued invariant di¤erential operator which

we call the generalized Laplacian.

For the notation qz in the following theorem, the reader is referred to the

succeeding subsections. For simplicity we denote Dtl by Dl.

Theorem 1. For each type of the classical domains, the generalized

Laplacian Dl is explicitly given as follows.

ðType IÞ TrðdetðIm � z�zÞ�lðIm � z�zÞqz detðIm � z�zÞl � ðIn � zz�Þ � q�
z Þ;

ðType IIÞ TrðdetðIn � z�zÞ�lðIn � z�zÞqz detðIn � z�zÞl � ðIn � zz�Þ � q�
z Þ;

ðType IIIÞ TrðdetðIn � z�zÞ�lðIn � z�zÞqz detðIn � z�zÞl � ðIn � zz�Þ � q�
z Þ;

ðType IVÞ ð1þ j tzzj2 � 2z�zÞ�lþ1qzð1þ j tzzj2 � 2z�zÞl

� In � 2zz� þ 2
ðIn � zz�Þzz�ðIn � zz�Þ
ð1þ j tzzj2 � 2z�zÞ

 !
� q�

z ;

where the function between two dots ‘‘�’’ should not be di¤erentiated.

We prove this theorem in the following subsections for each type of

classical domains.

3.1. Type I. For any z ¼ ðzijÞ A DI HMn;mðCÞ, we put qz ¼ t q
qzij

	 

. In [6],

Hua gave the following invariant di¤erential operator:

D ¼ TrððIm � z�zÞqz � ðIn � zz�Þ � q�
z Þ:

Here, we modified the coordinate system defined by Hua, so that we have the

canonical isomorphism:

pþ G Mn;mðCÞIDI

A A

0 z

0 0

� �
7! z:

(See Section 2.1).

For any i, j ð1a ia n; 1a jamÞ, we put

Xij ¼
0 Eij

Eji 0

� �
; Yij ¼

0 iEij

�iEji 0

� �
:
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Then we have

BðXij;XijÞ ¼ 4ðnþmÞ; BðYij ;YijÞ ¼ 4ðnþmÞ:

Moreover, it is easy to check that 1ffiffiffiffiffiffiffiffiffiffiffiffi
4ðnþmÞ

p Xij ,
1ffiffiffiffiffiffiffiffiffiffiffiffi

4ðnþmÞ
p Yij ð1a ia n; 1a jamÞ

is an orthonormal basis of p. Notice that

Djz¼0 ¼ Trðqzq�
z Þjz¼0 ¼

X
1aian;1ajam

q2

qzijqzij

����
z¼0

¼ 1

4

X
1aian;1ajam

ðX 2
ij þ Y 2

ij Þjz¼0 ¼ ðnþmÞdTðWÞjz¼0:

This shows that D is the Laplace-Beltrami operator with respect to the canonical

riemannian metric.

Now we carry out our method to obtain this Laplace-Beltrami operator.

From Lemma 2, for any g A G, we have

g½0� ¼ bd�1; qzjz¼0 ¼ d�1qwjw¼g½0�ða� g½0�cÞ g ¼ a b

c d

� �� �
:

Moreover, since g�In;mg ¼ In;m, we obtain

Im � g½z��g½z� ¼ ððczþ dÞ�Þ�1ðIm � z�zÞðczþ dÞ�1;

which implies

ðdd �Þ�1 ¼ Im � g½0��g½0�:

Further we observe that

Trðqzq�
z Þjz¼0 ¼ Trðd�1qwða� g½0�cÞða� g½0�cÞ�q�

wðd �Þ�1Þjw¼g½0�

¼ Trððdd �Þ�1
qwðIn � g½0�g½0�� � ðb� g½0�dÞðb� g½0�dÞ�Þq�

wÞjw¼g½0�

¼ TrððIm � g½0��g½0�ÞqwðIm � g½0�g½0��Þq�
wÞjw¼g½0�:

This shows that

TrððIm � z�zÞqz � ðIn � zz�Þ � q�
z Þ

is the Laplace-Beltrami operator with respect to the canonical riemannian

metric.

For any g A G, put w ¼ g�1½z� ¼ ðazþ bÞðczþ bÞ�1
g�1 ¼ a b

c d

� �� �
.

From the above formula, it is clear that

detðIm � w�wÞ ¼ jdetðczþ dÞj�2 detðIm � z�zÞ:
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In view of Lemma 2, this satisfies Assumption 2, so that

TrðdetðIm � z�zÞ�lðIm � z�zÞqz detðIm � z�zÞl � ðIn � zz�Þ � q�
z Þ

defines an Et-valued invariant di¤erential operator.

3.2. Type II. Let us recall the canonical isomorphism:

pþ G fz A MnðCÞ; tz ¼ �zgIDII
A A

0 z

0 0

� �
7! z:

(See Section 2.2).

For any z ¼ ðzijÞ A DII HMnðCÞ, we see that zji ¼ �zij . Thus the canon-

ical coordinates of DII is given by fzijg1ai<jan.

For any i, j ð1a i < ja nÞ, we put

Xij ¼
0 Eij � Eji

Eij � Eji 0

� �
; Yij ¼

0 iðEij � EjiÞ
�iðEij � EjiÞ 0

� �
:

Then we have

BðXij ;XijÞ ¼ 8ðn� 1Þ; BðYij ;YijÞ ¼ 8ðn� 1Þ:

Moreover, it is easy to check that 1ffiffiffiffiffiffiffiffiffiffiffi
8ðn�1Þ

p Xij ,
1ffiffiffiffiffiffiffiffiffiffiffi

8ðn�1Þ
p Yij ð1a i < ja nÞ is an

orthonormal basis of p. We define qz by:

ði; jÞ � component of qz ¼
� 1

2
q
qzij

ði < jÞ;
0 ði ¼ jÞ;
1
2

q
qzji

ði > jÞ:

8>><>>:
Notice that

ðn� 1ÞdTðWÞjz¼0 ¼
1

8

X
1ai<jan

ðX 2
ij þ Y 2

ij Þjz¼0

¼ 1

2

X
1ai<jan

q2

qzijqzij

����
z¼0

¼ Trðqzq�
z Þjz¼0:

From Lemma 3, for any g A G, we have

g½0� ¼ ba�1; qzjz¼0 ¼ a�1qwjw¼g½0�ðaþ g½0�bÞ g ¼ a b

�b a

� �� �
:

Moreover, since g�In;ng ¼ In;n, we obtain

In � g½z��g½z� ¼ ðð�bzþ aÞ�Þ�1ðIn � z�zÞð�bzþ aÞ�1;
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which implies

ðaðaÞ�Þ�1 ¼ In � g½0��g½0�:

Further we observe that

Trðqzq�
z Þjz¼0 ¼ Trða�1qwðaþ g½0�bÞðaþ g½0�bÞ�q�

wða�Þ�1Þjw¼g½0�

¼ TrððaðaÞ�Þ�1qwðIn � g½0�g½0�� � ðb� g½0�aÞðb� g½0�aÞ�Þq�
wÞjw¼g½0�

¼ TrððIn � g½0��g½0�ÞqwðIn � g½0�g½0��Þq�
wÞjw¼g½0�:

This shows that

D ¼ TrððIn � z�zÞqz � ðIn � zz�Þ � q�
z Þ

is the Laplace-Beltrami operator with respect to the canonical riemannian

metric.

For any g A G, put w ¼ g�1½z� ¼ ðazþ bÞð�bzþ aÞ�1
g�1 ¼ a b

�b a

� �� �
.

From the above formula, it is clear that

detðIn � w�wÞ ¼ jdetð�bzþ aÞj�2 detðIn � z�zÞ:

In view of Lemma 3, this satisfies Assumption 2, so that

TrðdetðIn � z�zÞ�lðIn � z�zÞqz detðIn � z�zÞl � ðIn � zz�Þ � q�
z Þ

defines an Et-valued invariant di¤erential operator.

3.3. Type III. Let us recall the canonical isomorphism:

pþ G fz A MnðCÞ; tz ¼ zgIDIII

A A

0 z

0 0

� �
7! z:

(See Section 2.3).

For any z ¼ zij
� �

A DIII HMnðCÞ, we see that zji ¼ zij . Thus the canon-

ical coordinates of DIII is given by fzijg1aiajan.

For any i, j, k ð1a i < ja n; 1a ka nÞ, we put

Xkk ¼ 0 Ekk

Ekk 0

� �
; Ykk ¼ 0 iEkk

�iEkk 0

� �
;

Xij ¼
0 Eij þ Eji

Eij þ Eji 0

� �
; Yij ¼

0 iðEij þ EjiÞ
�iðEij þ EjiÞ 0

� �
:

Then we have

257Eigenvalues of generalized Laplacians



BðXkk;XkkÞ ¼ 4ðnþ 1Þ; BðYkk;YkkÞ ¼ 4ðnþ 1Þ;

BðXij;XijÞ ¼ 8ðnþ 1Þ; BðYij;YijÞ ¼ 8ðnþ 1Þ:

Moreover, it is easy to check that

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðnþ 1Þ

p Xkk;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ðnþ 1Þ
p Ykk ð1a ka nÞ;

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðnþ 1Þ

p Xij;
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8ðnþ 1Þ
p Yij ð1a i < ja nÞ

is an orthonormal basis of p. We define qz by:

ði; jÞ � component of qz ¼

1
2

q
qzij

ði < jÞ;
q
qzii

ði ¼ jÞ;
1
2

q
qzji

ði > jÞ:

8>><>>:
Notice that

ðnþ 1ÞdTðWÞjz¼0 ¼
1

4

X
1akan

ðX 2
kk þ Y 2

kkÞjz¼0 þ
1

8

X
1ai<jan

ðX 2
ij þ Y 2

ij Þjz¼0

¼
X

1akan

q2

qzkkqzkk

����
z¼0

þ 1

2

X
1ai<jan

q2

qzijqzij

����
z¼0

¼ Trðqzq�
z Þjz¼0:

From Lemma 4, for any g A G, we have

g½0� ¼ ba�1; qzjz¼0 ¼ a�1qwjw¼g½0�ða� g½0�bÞ g ¼ a b

b a

� �� �
:

Moreover, since g�In;ng ¼ In;n, we obtain

In � g½z��g½z� ¼ ððbzþ aÞ�Þ�1ðIn � z�zÞðbzþ aÞ�1;

which implies

ðaðaÞ�Þ�1 ¼ In � g½0��g½0�:

Further we observe that

Trðqzq�
z Þjz¼0 ¼ Trða�1qwða� g½0�bÞða� g½0�bÞ�q�

wððaÞ
�Þ�1Þjw¼g½0�

¼ TrððaðaÞ�Þ�1
qwðIn � g½0�g½0�� � ðb� g½0�aÞðb� g½0�aÞ�Þq�

wÞjw¼g½0�

¼ TrððIn � g½0��g½0�ÞqwðIn � g½0�g½0��Þq�
wÞjw¼g½0�:
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This shows that

TrððIn � z�zÞqz � ðIn � zz�Þ � q�
z Þ

is the Laplace-Beltrami operator with respect to the canonical riemannian

metric.

For any g A G, put w ¼ g�1½z� ¼ ðazþ bÞðbzþ aÞ�1
g�1 ¼ a b

b a

� �� �
.

From the above formula, it is clear that

detðIn � w�wÞ ¼ jdetðbzþ aÞj�2 detðIn � z�zÞ:

In view of Lemma 4, this satisfies Assumption 2, so that

TrðdetðIn � z�zÞ�lðIn � z�zÞqz detðIn � z�zÞl � ðIn � zz�Þ � q�
z Þ

defines an Et-valued invariant di¤erential operator.

3.4. Type IV. Let us recall the canonical isomorphism:

pþ G C n IDIV

A A

g�1

0 0 z

2 tz 0 0

0 0 0

0B@
1CAg 7! z:

(See Section 2.4).

We denote by Ek the column vector A C n such that the k-component is 1

and other components are all zero. For any k ð1a ka nÞ, we put

Xk ¼ g�1

0 Ek Ek

2 tEk 0 0

2 tEk 0 0

0B@
1CAg; Yk ¼ g�1

0 �iEk iEk

2i tEk 0 0

�2i tEk 0 0

0B@
1CAg:

Then we have

BðXk;XkÞ ¼ 8n; BðYk;YkÞ ¼ 8n:

Moreover, it is easy to check that 1ffiffiffiffi
8n

p Xk,
1ffiffiffiffi
8n

p Yk ð1a ka nÞ is an orthonormal

basis of p. We define qz ¼ q
qz1

; . . . ; q
qzn

	 

. Notice that

2n dTðWÞjz¼0 ¼
1

4

X
1akan

ðX 2
k þ Y 2

k Þjz¼0 ¼ qzq
�
z jz¼0:

For any g A G, we put

d ¼ 1

2
ð�i; 1Þd i

1

� �
g ¼ a b

c d

� �� �
:
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Then from Lemma 5, for any g A G, we have

g½0� ¼ d�1 1

2
b

i

1

� �
; qzjz¼0 ¼ qwjw¼g½0�d

�1ða� g½0�ð�i; 1ÞcÞ:

Moreover, since tgIn;2g ¼ In;2, we obtain

1þ j tg½z�g½z�j2 � 2g½z��g½z�

¼ ð�i; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�����
�����
�2

ð1þ j tzzj2 � 2z�zÞ;

which implies

jdj�2 ¼ 1þ j tg½0�g½0�j2 � 2g½0��g½0�:

Further we observe that

qzq
�
z jz¼0 ¼ ðqwjdj�2ða� g½0�ð�i; 1ÞcÞða� g½0�ð�i; 1ÞcÞ�q�

wÞjw¼g½0�

¼ ðqwjdj�2ðIn � 2g½0�g½0�� þ ðb� g½0�ð�i; 1ÞdÞ

� ðb� g½0�ð�i; 1ÞdÞ�Þq�
wÞjw¼g½0�:

We notice that

ðb� g½0�ð�i; 1ÞdÞ i

1

� �
¼ 2

1

2
b

i

1

� �
� g½0�d

� �
¼ 0:

From Lemma 5, we have

ði; 1Þd i

1

� �
ð�i; 1Þd i

1

� �� ��1

¼ tg½0�g½0�:

Thus we have

ðb� g½0�ð�i; 1ÞdÞ �i

1

� �
¼ 2

1

2
b

�i

1

� �
� g½0�ð�i; 1Þ 1

2
d

�i

1

� �� �
¼ 2dðIn � g½0� tg½0�Þg½0�:

Since

i

1

� �
ð�i; 1Þ þ �i

1

� �
ði; 1Þ ¼ 2I2;

it follows that

ðb� g½0�ð�i; 1ÞdÞðb� g½0�ð�i; 1ÞdÞ�

¼ 2ddðIn � g½0� tg½0�Þg½0�ððIn � g½0� tg½0�Þg½0�Þ�:
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Hence

qzq
�
z jz¼0

¼ ð1þ j tg½0�g½0�j2 � 2g½0��g½0�Þqw

� In � 2g½0�g½0�� þ 2
ðIn � g½0�g½0��Þg½0�g½0��ðIn � g½0�g½0��Þ

ð1þ j tg½0�g½0�j2 � 2g½0��g½0�Þ

 !
q�
w

����
w¼g½0�

:

This shows that

ð1þ j tzzj2 � 2z�zÞqz � In � 2zz� þ 2
ðIn � zz�Þzz�ðIn � zz�Þ
ð1þ j tzzj2 � 2z�zÞ

 !
� q�

z

is the Laplace-Beltrami operator with respect to the canonical riemannian

metric.

For any g A G, put

w ¼ g�1½z�

¼ azþ b
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! !
ð�i; 1Þ czþ d

i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�1

;

g�1 ¼ a b

c d

� �
; z A DIV

� �
:

From the above formula, it is clear

1þ j twwj2 � 2w�w ¼ ð�i; 1Þ czþ d
i
2 ð1� tzzÞ
1
2 ð1þ tzzÞ

 ! ! !�����
�����
�2

ð1þ j tzzj2 � 2z�zÞ:

In view of Lemma 5, this satisfies Assumption 2, so that

ð1þ j tzzj2 � 2z�zÞ�lþ1qzð1þ j tzzj2 � 2z�zÞl

� In � 2zz� þ 2
ðIn � zz�Þzz�ðIn � zz�Þ
ð1þ j tzzj2 � 2z�zÞ

 !
� q�

z

defines an Et-valued invariant di¤erential operator.

4. Eigenvalues of the generalized Laplacian

Let D be a classical domain, �SS its Shilov boundary. Let K t;hðz; uÞ
ðz A D; u A �SSÞ be the generalized Poisson-Cauchy kernel function given in [13].

Then clearly, K t;hð0; uÞ ¼ 1. Let Dt be the generalized Laplacian defined in

the previous section.
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The following proposition shows a way to prove the next theorem.

Proposition 2. Put

ct;h ¼ DtKt;hðz; uÞjz¼0:

If ct;h is independent of u A �SS, then

DtK t;hðz; uÞ ¼ ct;hK t;hðz; uÞ ðz A D; u A �SSÞ:

We prove this proposition, making use of the representation Tt as follows.

For any z A D, u A �SS, we choose g A G such that g�1½z� ¼ 0. Then

TtðgÞDtðzÞK t;hðz; uÞ ¼ rtðg; zÞ
�1DtðwÞK t;hðw; uÞ

¼ ct;hrtðg; zÞ
�1K t;hðw; uÞ

¼ ct;hTtðgÞK t;hðz; uÞ:

If we apply Ttðg�1Þ to the both sides of this equation, the proposition follows

at once.

Applying this proposition to each type of the classical domains, we obtain

the following theorem, where for simplicity we denote ctl;hl; s by cl; s.

Theorem 2. For each type of the classical domains, the eigenvalue cl; s is

given as follows.

ðType IÞ 1
4mðs� lÞðsþ l� 2nÞ;

ðType II ; n : evenÞ 1
4 nðs� lÞðsþ l� nþ 1Þ;

ðType II ; n : oddÞ 1
4 ðn� 1Þðs� lÞðsþ l� nÞ;

ðType IIIÞ 1
4 nðs� lÞðsþ l� n� 1Þ;

ðType IVÞ ðs� lÞðsþ l� nÞ:

We prove this theorem in the following subsections for each type of

classical domains.

4.1. Type I. The generalized Poisson-Cauchy kernel function for Type I is

given by

K tl;hl; sðz; uÞ ¼
1

ðdetðIm � u�zÞÞl
detðIm � z�zÞ

jdetðIm � u�zÞj2

 !n�ðlþsÞ=2

;

(Theorem 2 in [13]).
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Using Theorem 1, we get

DlK tl;hl; sðz; uÞjz¼0 ¼
X

1aian;1ajam

q2

qzijqzij
K tl;hl; sðz; uÞ

����
z¼0

¼
X

1aian;1ajam

n� ðlþ sÞ
2

� �
lþ n� ðlþ sÞ

2

� �
uijuij � 1

� �

¼ 1

4
mðs� lÞðsþ l� 2nÞ:

Here we used the following property of u A �SSIX
1aian;1ajam

uijuij ¼ m:

4.2. Type II.

4.2.1. (n : even). The generalized Poisson-Cauchy kernel function for Type II

(Type III in [13]) for even n is given by

K tl;hl; sðz; uÞ ¼
1

ðdetðIn þ uzÞÞl
detðIn þ zzÞ

jdetðIn þ uzÞj2

 !ðn�1�l�sÞ=2

;

(Theorem 4 in [13]).

Using Theorem 1, we get

DlK tl;hl; sðz; uÞjz¼0 ¼
1

2

X
1ai<jan

q2

qzijqzij
K tl;hl; sðz; uÞ

����
z¼0

¼
X

1ai<jan

ððn� 1� l� sÞ=2Þ

� ððlþ ðn� 1� l� sÞ=2Þ2uijuij � 1Þ

¼ 1

4
nðs� lÞðsþ l� nþ 1Þ:

Here we used the following property of u A �SSIIX
1ai<jan

uijuij ¼
n

2
:

4.2.2. (n : odd). The generalized Poisson-Cauchy kernel function for Type II

(Type III in [13]) for odd n is given by

263Eigenvalues of generalized Laplacians



K tl;hl; sðz; uÞ ¼
1

ðdetðIn þ uzÞÞl
detðIn þ zzÞ

jdetðIn þ uzÞj2

 !ðn�l�sÞ=2

;

(Theorem 5 in [13]).

Using Theorem 1, we get

DlK tl;hl; sðz; uÞjz¼0 ¼
1

2

X
1ai<jan

q2

qzijqzij
K tl;hl; sðz; uÞ

����
z¼0

¼
X

1ai<jan

ððn� l� sÞ=2Þððlþ ðn� l� sÞ=2Þ2uijuij � 1Þ

¼ 1

4
ðn� 1Þðs� lÞðsþ l� nÞ:

Here we used the following property of u A �SSIIX
1ai<jan

uijuij ¼
n� 1

2
:

4.3. Type III. The generalized Poisson-Cauchy kernel function for Type III

(Type II in [13]) is given by

K tl;hl; sðz; uÞ ¼
1

ðdetðIn � uzÞÞl
detðIn � zzÞ

jdetðIn � uzÞj2

 !ðnþ1�l�sÞ=2

;

(Theorem 3 in [13]).

Using Theorem 1, we get

DlKtl;hl; sðz; uÞjz¼0 ¼
X

1akan

q2

qzkkqzkk
þ 1

2

X
1ai<jan

q2

qzijqzij

 !
K tl;hl; sðz; uÞ

����
z¼0

¼
X

1akan

ððnþ 1� l� sÞ=2Þððlþ ðnþ 1� l� sÞ=2Þukkukk � 1Þ

þ
X

1ai<jan

ððnþ 1� l� sÞ=2Þ

� ððlþ ðnþ 1� l� sÞ=2Þ2uijuij � 1Þ

¼ 1

4
nðs� lÞðsþ l� n� 1Þ:

Here we used the following property of u A �SSIIIX
1akan

ukkukk þ 2
X

1ai<jan

uijuij ¼ n:
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4.4. Type IV. The generalized Poisson-Cauchy kernel function for Type IV is

given by

K tl;hl; sðz; uÞ ¼
e2iy

tðu� zÞðu� zÞ

� �l
1þ j tzzj2 � 2z�z

j tðu� zÞðu� zÞj2

 !ðn�l�sÞ=2

;

(Theorem 6 in [13]).

Using Theorem 1, we get

DlK tl;hl; sðz; uÞjz¼0 ¼
X

1aian

q2

qziqzi
K tl;hl; sðz; uÞ

����
z¼0

¼
X

1aian

ððn� l� sÞ=2Þððlþ ðn� l� sÞ=2Þ4uiui � 2Þ

¼ ðs� lÞðsþ l� nÞ:

Here we used the following property of u A �SSIVX
1aian

uiui ¼ 1:

5. The Casimir operator on various homogeneous line bundles

Let P ¼ MAN be the Langlands decomposition of P and let m (resp. a, n)

be the Lie algebras corresponding to M (resp. A, N). Then MA is the

centralizer of A in G and N a normal subgroup of P. Moreover m is the

orthogonal complement of a in the centralizer of a in g with respect to

the Killing form. Let zm be the center of m. Then we can show that zm H k

(see the following subsections). Since m is reductive, we have

m ¼ zm þ ½m;m� ðdirect sumÞ:

There exists a Cartan subalgebra ĥh of g such that

ĥh ¼ aþ zm þ ĥhV ½m;m� ðdirect sumÞ:

For each linear form l on ĥhc, we denote by ĤHl the element of ĥhc such that

BðĤHl; ĤHÞ ¼ lðĤHÞ for all ĤH A ĥhc. Let D̂D be the set of all non-zero roots of the

pair (gc; ĥhc). For each âa A D̂D we choose a root vector X̂Xâa associated with the

root âa. We can choose a linear order on D̂D such that if X̂Xâa A nc then âa is

positive. Let y denote the Cartan involution. Then it is easy to see that we

can normalize X̂Xâa so that BðX̂Xâa; yX̂XâaÞ ¼ 1. This implies that ½X̂Xâa; yX̂Xâa� ¼ ĤHâa.

For each âa A D̂D we see that

yðĤHâaÞ ¼ yð½X̂Xâa; yX̂Xâa�Þ ¼ ½yX̂Xâa; X̂Xâa� ¼ �½X̂Xâa; yX̂Xâa� ¼ �ĤHâa;
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which implies ĤHâa A p. Since we assumed that G=K is irreducible, we have

dim a ¼ 1. We can choose H A a such that for any root âa A D̂D, âaðHÞ > 0 if and

only if X̂Xâa A nc. We put r̂rþ ¼ 1
2

P
âaðHÞ>0 âa. Notice that ĤH2r̂rþ ¼

P
âaðHÞ>0 ĤHâa A p

and that zm H k. Then there exist constants a; b A R and X A ĥhV ½m;m� such

that ĤH2r̂rþ ¼ aH þ bX . Since X A ½m;m�, dxðĤH2r̂rþÞ ¼ a dxðHÞ. Moreover

since X A m, we have 2r̂rþðHÞ ¼ BðĤH2r̂rþ ;HÞ ¼ aBðH;HÞ, which implies that

dxðĤH2r̂rþÞ ¼
2r̂rþðHÞ
BðH;HÞ dxðHÞ:

We denote by W the Casimir operator (see [5], [17]). It is easy to see that

the Killing form B is non-degenerate on m. We denote by Wm the Casimir

operator of m defined by the restriction of B to m. Put ĥhm ¼ zm þ ĥhV ½m;m�.
Then it is easy to see that nc ¼

P
âaðHÞ>0 X̂Xâa and that

mc ¼ ðĥhmÞc þ
X

âa>0; âaðHÞ¼0

ðCX̂Xâa þ CyX̂XâaÞ:

We put

cx ¼
1

BðH;HÞ ðdxðHÞ2 � 2r̂rþðHÞdxðHÞÞ þ dxðWmÞ:

Then it is clear that cx is independent of the choice of H. Let Wx be the

restriction of W on CyðGÞx. Owing to the definition of CyðGÞx, for any

X A mþ aþ n and f A CyðGÞx, we have

Xf ¼ �dxðXÞf:

Since ½a; n� ¼ n, Xf ¼ 0 for all X A n. Moreover, since x is a character,

dxð½m;m�Þ ¼ f0g. Bearing these facts in mind, we see that

Wx ¼
1

BðH;HÞH
2 þ

X
âaðHÞ>0

ðX̂XâayX̂Xâa þ yX̂XâaX̂XâaÞ þWm

0@ 1A������
CyðGÞx

¼ 1

BðH;HÞH
2 þ

X
âaðHÞ>0

½X̂Xâa; yX̂Xâa� þWm

0@ 1A������
CyðGÞx

¼ 1

BðH;HÞH
2 þ ĤH2r̂rþ þWm

� �����
CyðGÞx

¼ 1

BðH;HÞ ðdxðHÞ2 � 2r̂rþðHÞdxðHÞÞ þ dxðWmÞ
� �

ICyðGÞx

¼ cxICyðGÞx :
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For any g A G and f A CyðGÞx, we define

ðpxðgÞfÞðxÞ ¼ fðg�1xÞ ðx A GÞ:

Then px is a representation of G on CyðGÞx. For any g A G, X A g and

f A CyðGÞx, we have

XfðgÞ ¼ d

dt
fðg exp tXÞjt¼0 ¼

d

dt
fðexp tðAdðgÞXÞgÞjt¼0 ¼ dpxð�AdðgÞX ÞfðgÞ:

Notice that the Killing form B is invariant by the adjoint action of G.

Then it is easy to prove the following proposition, which is crucial in our

method.

Proposition 3.

dpxðWÞ ¼ Wx ¼ cxICyðGÞx :

For any g A G, we define ThðgÞ such that the following diagram is

commutative.

CyðGÞx G CyðLhÞ G Cyð �SSÞ
pxðgÞ # phðgÞ # # ThðgÞ

CyðGÞx G CyðLhÞ G Cyð �SSÞ:

It follows from Proposition 3 that

dThðWÞ ¼ cxICyð �SSÞ:

The next theorem follows now from the fact that the generalized Poisson-

Cauchy transform Pt;h is an intertwining operator between the representations

Th and Tt.

Theorem 3. For any F A Cyð �SSÞ, define

FðzÞ ¼
ð
�SS

Kt;hðz; uÞFðuÞdu ðz A DÞ:

Then we have

dTtðWÞFðzÞ ¼ cxFðzÞ ðz A DÞ:

Before we go into the argument for each type of the classical domains, we

would like to correct the statement about a on page 76 and rðHÞ on page 77 in

[13]. In general, a is not a root but a linear form on a. One should define

rðHÞ ¼ 1
2 TrðadðHÞjnÞ in [13]. However, in this paper, we use the notation r

for the half sum of positive roots of the pair (gc; hc). Instead of r in [13],
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we use the notation r̂rþ in this paper, so that r̂rþðHÞ ¼ 1
2

P
âaðHÞ>0 âaðHÞ ¼

1
2 TrðadðHÞjnÞ.

We remark that if we choose H as in [13] and choose a linear form a on a

such that aðHÞ ¼ 1, then it is clear that r̂rþðHÞ ¼ 1
2 ðdim n1 þ 2 dim n2Þ (see [13],

for the definition of n1, n2 and the value: dim n1 þ 2 dim n2).

In the succeeding subsections, we use the same H as in [13] and the

following facts, which were proved in [13].

Lemma 6. For each type of the classical domains, 2r̂rþðHÞ is given as

follows.

ðType IÞ 2mn; ðType IIÞ nðn� 1Þ; ðType IIIÞ nðnþ 1Þ; ðType IVÞ n:

The explicit formula of the eigenvalue cx is now given by the following

theorem.

Theorem 4. For each type of the classical domains, cxl; s is given as follows.

ðType IÞ m

4ðnþmÞ s2 � 2nsþ n�m

nþm
l2

� �
;

ðType II ; n : evenÞ ns

4ðn� 1Þ ðs� nþ 1Þ;

ðType II ; n : oddÞ 1

4ðn� 1Þ ððn� 1Þs2 � nðn� 1Þsþ l2Þ;

ðType IIIÞ ns

4ðnþ 1Þ ðs� n� 1Þ;

ðType IVÞ s

2n
ðs� nÞ:

We prove this theorem in the following subsections for each type of

classical domains. The computations in proof are straightforward and ele-

mentary calculus of matrices, so that we omit the details.

5.1. Type I. Put

H ¼
0 0 Im

0 0 0

Im 0 0

0B@
1CA; m0 ¼

Im 0 Im

0 In�m 0

0 0 Im

0B@
1CA:

Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Hm0Þ ¼ s TrðImÞ ¼ ms:

Thus

BðH;HÞ ¼ 4mðnþmÞ; dxl; sðHÞ ¼ ms; 2r̂rþðHÞ ¼ 2mn:
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If n ¼ m, then we can prove that zm ¼ f0g, dxl; sðWmÞ ¼ 0. If n > m, put

Z ¼
iðn�mÞIm 0 0

0 �2imIn�m 0

0 0 iðn�mÞIm

0B@
1CA:

Then we can prove that zm ¼ RZ H k.

Clearly

dxl; sðZÞ ¼ dhl; sðm�1
0 Zm0Þ ¼ lðn�mÞi TrðImÞ ¼ imðn�mÞl:

Thus

BðZ;ZÞ ¼ �4mðnþmÞ2ðn�mÞ; dxl; sðZÞ ¼ imðn�mÞl;

dxl; sðWmÞ ¼
mðn�mÞl2

4ðnþmÞ2
:

Hence

cxl; s ¼
m

4ðnþmÞ s2 � 2nsþ n�m

nþm
l2

� �
:

5.2. Type II.

5.2.1. (n : even, m ¼ n
2). Put

s ¼ 0 Im

�Im 0

� �
; H ¼ 0 s

�s 0

� �
; m0 ¼

In s

0 In

� �
:

Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Hm0Þ ¼ s Trð�s2Þ ¼ ns:

Thus

BðH;HÞ ¼ 4nðn� 1Þ; dxl; sðHÞ ¼ ns; 2r̂rþðHÞ ¼ nðn� 1Þ:

We can prove that zm ¼ f0g, dxl; sðWmÞ ¼ 0.

Hence

cxl; s ¼
ns

4ðn� 1Þ ðs� nþ 1Þ:

5.2.2. (n : odd, m ¼ n�1
2 ). Put

s ¼
0 0 Im

0 0 0

�Im 0 0

0B@
1CA; H ¼ 0 s

�s 0

� �
:

269Eigenvalues of generalized Laplacians



Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Hm0Þ ¼ s Trð�s2Þ ¼ 2m ¼ ðn� 1Þs:

Thus

BðH;HÞ ¼ 4ðn� 1Þ2; dxl; sðHÞ ¼ ðn� 1Þs; 2r̂rþðHÞ ¼ nðn� 1Þ:

Put

Z ¼

0 0 0

0 �i 0

0 0 0

0B@
1CA 0

0

0 0 0

0 i 0

0 0 0

0B@
1CA

0BBBBBBBBB@

1CCCCCCCCCA
:

Then we can prove that zm ¼ RZH k.

Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Zm0Þ ¼ l Tr

0 0 0

0 i 0

0 0 0

0B@
1CA¼ il:

Thus

BðZ;ZÞ ¼ �4ðn� 1Þ; dxl; sðZÞ ¼ il; dxl; sðWmÞ ¼
1

4ðn� 1Þ l
2:

Hence

cxl; s ¼
1

4ðn� 1Þ ððn� 1Þs2 � nðn� 1Þsþ l2Þ:

5.3. Type III. Put

H ¼ 0 In

In 0

� �
; m0 ¼

In In

0 In

� �
:

Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Hm0Þ ¼ s TrðInÞ ¼ ns:

Thus

BðH;HÞ ¼ 4nðnþ 1Þ; dxl; sðHÞ ¼ ns; 2r̂rþðHÞ ¼ nðnþ 1Þ:

We can prove that zm ¼ f0g, dxl; sðWmÞ ¼ 0.
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Hence

cxl; s ¼
ns

4ðnþ 1Þ ðs� n� 1Þ:

5.4. Type IV. Put

g ¼
In 0

0
i 1

�i 1

� �0B@
1CA; m0 ¼ g�1

In 0 u0

2 tu0 1 1

0 0 1

0B@
1CAg;

H ¼
0 0 1

0 0 0

1 0 0

0B@
1CAA Mnþ2ðRÞ:

Clearly

dxl; sðHÞ ¼ dhl; sðm�1
0 Hm0Þ ¼ dhl; s g�1

0 1
2 u0 0

0 �1 0
tu0 0 1

0B@
1CAg

0B@
1CA¼ s:

Thus

BðH;HÞ ¼ 2n; dxl; sðHÞ ¼ s; 2r̂rþðHÞ ¼ n:

We can prove that zm ¼ f0g, dxl; sðWmÞ ¼ 0.

Hence

cxl; s ¼
s

2n
ðs� nÞ:

6. The Casimir operator and generalized Laplacians

We keep the notation of the previous sections. Since we assumed that

G=K is irreducible, it is easy to show that there exist constants a and b such

that

dTtðWÞ ¼ aDt þ bICyðDÞ:

From Theorem 4.1 in [12], considering the case where q ¼ 0 (namely, di¤er-

ential forms of degree zero), we obtain the following lemma.

Lemma 7. Let r0 denote the Et-valued complex Laplacian defined on

CyðEtÞ (see [12]). Then

dptðWÞ ¼ �2r0 þ hLþ 2r;LiICyðEtÞ:
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Recall that the representations pt and Tt satisfy the following commutative

diagram.

CyðEtÞ G CyðDÞ
ptðgÞ # # TtðgÞ

CyðEtÞ G CyðDÞ:

We define ~rr0 such that the following diagram is commutative.

CyðEtÞ G CyðDÞ
r0 # # ~rr0

CyðEtÞ G CyðDÞ:
Then clearly

dTtðWÞ ¼ �2 ~rr0 þ hLþ 2r;LiICyðDÞ:

Notice that

~rr0 ¼ Qq;

where Q is the adjoint operator of q. Remark that for any F A CyðDÞ, by

definition, qFðzÞ ¼
P

1akaN
qFðzÞ
qz

dz ðz A DÞ. Applying dTtðWÞ to the constant

function 1 on D, from the above two formulas we have

b ¼ hLþ 2r;Li:

Thus we obtain the following Proposition.

Proposition 4. There exists a constant a such that

dTtðWÞ ¼ aDt þ hLþ 2r;LiICyðDÞ:

It is obvious that the value of a in this proposition can be obtained from

the value c in Proposition 1, namely a ¼ 4
c
.

This gives the explicit formulas of a in the following theorem.

Theorem 5. For each type of the classical domains, a and hLþ 2r;Li are

given as follows.

ðType IÞ a ¼ 1

nþm
; hLþ 2r;Li ¼ mnlðl� n�mÞ

2ðnþmÞ2
;

ðType IIÞ a ¼ 1

n� 1
; hLþ 2r;Li ¼ nlðl� nþ 1Þ

4ðn� 1Þ ;

ðType IIIÞ a ¼ 1

nþ 1
; hLþ 2r;Li ¼ nlðl� n� 1Þ

4ðnþ 1Þ ;

ðType IVÞ a ¼ 1

2n
; hLþ 2r;Li ¼ lðl� nÞ

2n
:
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We prove this theorem in the following subsections for each type of

classical domains.

Remark. It is clear that cxl; s ¼ acl; s þ hLþ 2r;Li. This shows that

Theorem 2 follows from Theorem 4 and Theorem 5, namely the eigenvalue

cl; s is determined by 1
a
ðcxl; s � hLþ 2r;LiÞ.

In the following subsections, we use the list of root systems given at

Appendix on page 20 in [17].

6.1. Type I. The type of the Lie algebra g is ðAlÞ, where l ¼ nþm� 1.

It is easy to see

L ¼ �lðe1 þ � � � þ enÞ; HL ¼ l

2ðnþmÞ2
�mIn 0

0 nIm

� �
:

Thus

hLþ 2r;Li ¼ mnlðl� n�mÞ
2ðnþmÞ2

:

6.2. Type II. The type of the Lie algebra g is ðDlÞ, where l ¼ n.

It is easy to see

L ¼ �lðe1 þ � � � þ enÞ; HL ¼ �l

4ðn� 1Þ
In 0

0 In

� �
:

Thus

hLþ 2r;Li ¼ nlðl� nþ 1Þ
4ðn� 1Þ :

6.3. Type III. The type of the Lie algebra g is ðClÞ, where l ¼ n.

It is easy to see

L ¼ �lðe1 þ � � � þ enÞ; HL ¼ �l

4ðnþ 1Þ
In 0

0 In

� �
:

Thus

hLþ 2r;Li ¼ nlðl� n� 1Þ
4ðnþ 1Þ :

6.4. Type IV. If n is even, the type of the Lie algebra g is ðDlÞ, where

l ¼ nþ2
2 . If n is odd, the type of the Lie algebra g is ðBlÞ, where l ¼ nþ1

2 .
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It is easy to see

L ¼ �le1; HL ¼ �l

2n

1 0 0

0 0 0

0 0 �1

0B@
1CA

0B@
1CA:

Thus

hLþ 2r;Li ¼ lðl� nÞ
2n

:
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