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Abstract. The parabolic Bergman space is the set of all L p-solutions of the parabolic

operator LðaÞ. In this paper, we study fractional calculus on parabolic Bergman spaces.

In particular, we investigate properties of fractional derivatives of the fundamental

solution of the parabolic operator. We show the reproducing property of fractional

derivatives of the fundamental solution.

1. Introduction

Let H be the upper half-space of the ðnþ 1Þ-dimensional Euclidean space

Rnþ1ðnb 1Þ, that is, H ¼ fðx; tÞ A Rnþ1; x A Rn; t > 0g. For 1a p < y and

l > �1, LpðlÞ is the Banach space of Lebesgue measurable functions u on H

with

kukL pðlÞ ¼
ð
H

juðx; tÞjptl dVðx; tÞ
� �1=p

< y;

where dV is the Lebesgue volume measure on H. For 0 < aa 1, the par-

abolic operator LðaÞ is defined by

LðaÞ ¼ qt þ ð�DxÞa;

where qt ¼ q=qt and Dx is the Laplacian with respect to x. A continuous

function u on H is said to be LðaÞ-harmonic if LðaÞu ¼ 0 in the sense of

distributions (for details, see section 3). The parabolic Bergman space bp
a ðlÞ is

the set of all LðaÞ-harmonic functions u on H which belong to LpðlÞ. We

remark that bp

1=2ðlÞ coincides with the harmonic Bergman space of Koo, Nam,

and Yi [3]. Therefore, usual harmonic Bergman spaces are the classes of

LpðlÞ-solutions of the parabolic operator Lð1=2Þ.

Our aim of this paper is the analysis of fractional integrals and derivatives

of parabolic Bergman functions. The fundamental solution of the parabolic

operator LðaÞ plays an important role for the analysis of parabolic Bergman
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spaces. Therefore, in this paper, we investigate the fractional integrals and

derivatives of the fundamental solution. Consequently, we show that the

reproducing kernel for b2aðlÞ is given by a fractional derivative of the funda-

mental solution. Furthermore, our results in this paper can also be applied to

study conjugate functions of parabolic Bergman functions, whose application

will be described elsewhere.

To state our results, we present some definitions. Let N0 be the set of

all non-negative integers. For a multi-index b ¼ ðb1; . . . ; bnÞ A Nn
0 , let qb

x ¼
qjbj=qx

b1
1 . . . qx

bn
n . For a real number k, a fractional di¤erential operator Dk

t is

defined by Dk
t ¼ ð�qtÞk (the explicit definition will be described in section 2).

And let W ðaÞ be the fundamental solution of the parabolic operator LðaÞ (for

details, see section 3). The following theorems are main results in this paper.

In Theorem 1, we give properties of fractional integrals and derivatives of

the fundamental solution. Theorem 2 establishes the reproducing property of

fractional derivatives of the fundamental solution (our result is more general,

see Theorem 5.2).

Theorem 1. Let 0 < aa 1, b A Nn
0 , and k > � n

2a be a real number. Then,

the following statements hold.

(1) The derivative qb
xD

k
t W

ðaÞðx; tÞ ¼ Dk
t q

b
xW

ðaÞðx; tÞ is well-defined.

Moreover, there exists a constant C > 0 such that

jqb
xD

k
t W

ðaÞðx; tÞjaCðtþ jxj2aÞ�ðnþjbjÞ=2a�k

for all ðx; tÞ A H.

(2) If 0 < q < y and y > �1 satisfy the condition n
2a þ yþ 1�

nþjbj
2a þ k

� �
q < 0, then there exists a constant C > 0 such that

ð
H

jqb
xD

k
t W

ðaÞðx� y; tþ sÞjqsy dVðy; sÞaCtn=2aþyþ1�ððnþjbjÞ=2aþkÞq

for all ðx; tÞ A H.

(3) qb
xD

k
t W

ðaÞ is LðaÞ-harmonic on H.

Theorem 2. Let 0 < aa 1, 1a p < y, and l > �1. Then, the reproduc-

ing property

uðx; tÞ ¼ Clþ1

ð
H

uðy; sÞDlþ1
t W ðaÞðx� y; tþ sÞsl dVðy; sÞ

holds for all u A bp
a ðlÞ and ðx; tÞ A H, where Cl ¼ 2l=GðlÞ.

By Theorems 1 and 2, we obtain the following corollary, which shows that

the reproducing kernel for b2aðlÞ is given by a fractional derivative of the

fundamental solution.
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Corollary. Let 0 < aa 1 and l > �1. We define the function Rl
a on

H �H such that

Rl
a ðx; t; y; sÞ ¼ Clþ1D

lþ1
t W ðaÞðx� y; tþ sÞ:

Then, Rl
a ðx; t; � ; �Þ is the reproducing kernel for b2aðlÞ.

Throughout this paper, we will denote by C a positive constant whose

value may not necessarily be the same at each occurrence.

2. Fractional di¤erential operators

We introduce fractional di¤erential operators which are main tools for our

study. Let CðRþÞ be the set of all continuous functions on Rþ ¼ ð0;yÞ. For

a positive real number k, let FC�k be the set of all functions j A CðRþÞ such

that there exist constants e, C > 0 with jjðtÞjaCt�k�e for all t A Rþ: We

remark that FC�n HFC�k if 0 < ka n. For j A FC�k, we can define the

fractional integral of j with order k by

D�kjðtÞ ¼ 1

GðkÞ

ðy
0

tk�1jðtþ tÞdt ¼ 1

GðkÞ

ðy
t

ðt� tÞk�1jðtÞdt; t A Rþ; ð2:1Þ

where Gð�Þ is the gamma function. Furthermore, for a positive real number k,

let FCk be the set of all functions j A CðRþÞ such that d
dke
t j A FC�ðdke�kÞ,

where dt ¼ d=dt and dke is the smallest integer greater than or equal to k. In

particular, we will write FC0 ¼ CðRþÞ. For j A FCk, we can also define the

fractional derivative of j with order k by

DkjðtÞ ¼ D�ðdke�kÞð�dtÞdkejðtÞ; t A Rþ: ð2:2Þ

Also, we define D0j ¼ j. For a real number k, we may often call both (2.1)

and (2.2) the fractional derivative of j with order k. Moreover, we call Dk the

fractional di¤erential operator with order k. The following proposition shows

that fractional di¤erential operators enjoy the commutative and exponential

laws under some conditions.

Proposition 2.1. Let k and n be positive real numbers. Then, the

following statements hold.

(1) If j A FC�k, then D�kj A CðRþÞ.
(2) If j A FC�k�n, then D�kD�nj ¼ D�k�nj.

(3) If d k
t j A FC�n for all integers 0a ka dke � 1 and d

dke
t j A

FC�ðdke�kÞ�n, then DkD�nj ¼ D�nDkj ¼ Dk�nj.

(4) If d
kþdne
t j A FC�ðdne�nÞ for all integers 0a ka dke � 1, d

dkeþ‘
t j A

FC�ðdke�kÞ for all integers 0a ‘a dne � 1, and d
dkeþdne
t j A FC�ðdke�kÞ�ðdne�nÞ,

then DkDnj ¼ Dkþnj.
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Proof. (1) Let j A FC�k and ftðtÞ ¼ tk�1jðtþ tÞ, and let t0 A Rþ be

fixed. By the continuity of j, ftðtÞ ! ft0ðtÞ as t ! t0 for all t A Rþ. Since

j A FC�k, we can easily find a function g A L1ðRþÞ and a constant d > 0 such

that j ftðtÞja gðtÞ for all t A Rþ and t A ½t0 � d; t0 þ d�. Therefore, the Leb-

esgue dominated convergence theorem implies that D�kjðtÞ ! D�kjðt0Þ as

t ! t0.

(2) By using (2.1) and the change of variables t2�t
t1�t

7! t, we have

D�kD�njðtÞ ¼ 1

GðkÞ
1

GðnÞ

ðy
t

ð t1

t

ðt2 � tÞk�1ðt1 � t2Þn�1
dt2jðt1Þdt1

¼ 1

GðkÞ
1

GðnÞ

ðy
t

ð1

0

tk�1ð1� tÞn�1
dtðt1 � tÞkþn�1jðt1Þdt1

¼ Bðk; nÞ
GðkÞGðnÞ

ðy
t

ðt1 � tÞkþn�1jðt1Þdt1 ¼ D�k�njðtÞ;

where Bð� ; �Þ stands for the beta function.

(3) By using (2) and di¤erentiating under the integral sign, we can easily

obtain the first equality of (3). We show the second equality. First, we prove

the second equality in case of n ¼ k by the induction, that is,

D�kDkj ¼ j: ð2:3Þ

If k ¼ 1, then

D�1D1jðtÞ ¼ �
ðy
0

dtjðtþ tÞdt ¼ � lim
h!y

ðjðtþ hÞ � jðtÞÞ ¼ jðtÞ ð2:4Þ

for all t A Rþ. If (2.3) holds for some k A N, then by (2) and (2.4), we have

D�k�1Dkþ1j ¼ D�kD�1ð�dtÞð�dtÞkjðtÞ ¼ D�kð�dtÞkjðtÞ ¼ jðtÞ:

Thus, (2.3) holds for all k A N. Moreover, for a positive real number k, (2)

shows that

D�kDkj ¼ D�dkeð�dtÞdkej ¼ j;

because dke A N. Thus, we obtain (2.3) holds for all positive real numbers k.

Next, we show the second equality in case of kb n. By (2), we have

D�nDkj ¼ D�n�ðdke�kÞð�dtÞdkej: ð2:5Þ

Put h ¼ nþ dke � k > 0. Then, (2) and (2.3) show that (2.5) is equal to

D�hð�dtÞdkej ¼ D�hþ½h�D�½h�ð�dtÞ½h�ð�dtÞdke�½h�j ¼ D�hþ½h�ð�dtÞdke�½h�j;
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where ½ � � is the Gauss symbol. Since dke � ½h� ¼ dk� ne and h� ½h� ¼
dk� ne � kþ n, (2.5) is equal to Dk�nj. Thus, we obtain the second equality

in case of kb n.

Finally, we show the second equality in case of k < n. Since k� n < 0

and �k < 0, (2) and (2.3) show that

D�nDkj ¼ Dk�nD�kDkj ¼ Dk�nj:

(4) By using (2) and di¤erentiating under the integral sign, we have

DkDnj ¼ D�ðdkeþdneÞþkþnð�dtÞdkeþdne
j:

If dke þ dne ¼ dkþ ne, then we can directly obtain the equality of (4). If

dke þ dne ¼ dkþ ne þ 1, then (2) and (2.3) show that

D�ðdkeþdneÞþkþnð�dtÞdkeþdnej ¼ D�dkþneþkþnD�1ð�dtÞð�dtÞdkþnej ¼ Dkþnj:

This completes the proof.

We give some examples of fractional derivatives of elementary functions.

Example 2.2. Let k > 0 and n be real numbers. Then, we have the

following.

(1) Dne�kt ¼ kne�kt.

(2) Moreover, if �k < n, then Dnt�k ¼ Gðkþ nÞ
GðkÞ t�k�n:

3. Fractional derivatives of the fundamental solution

In this section, we study fractional derivatives of the fundamental solution

of the parabolic operator LðaÞ and give the proof of Theorem 1. First, we

begin with recalling the definition of LðaÞ-harmonic functions. We explain

about the operator ð�DxÞa. Since the case a ¼ 1 is trivial, we only describe

the case 0 < a < 1. Let Cy
c ðHÞ be the set of all infinitely di¤erentiable

functions on H with compact support. For 0 < a < 1, ð�DxÞa is the convo-

lution operator defined by

ð�DxÞacðx; tÞ ¼ �cn;a lim
d!0þ

ð
jx�yj>d

ðcðy; tÞ � cðx; tÞÞjx� yj�n�2a
dy ð3:1Þ

for all c A Cy
c ðHÞ and ðx; tÞ A H, where cn;a ¼ �4ap�n=2Gððnþ 2aÞ=2Þ=Gð�aÞ

> 0. A continuous function u on H is said to be LðaÞ-harmonic on H if u

satisfies the following condition: for every c A Cy
c ðHÞ,

ð
H

ju � ~LLðaÞcjdV < y and

ð
H

u � ~LLðaÞc dV ¼ 0; ð3:2Þ
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where ~LLðaÞ ¼ �qt þ ð�DxÞa is the adjoint operator of LðaÞ. By (3.1) and

the compactness of suppðcÞ (the support of c), there exist 0 < t1 < t2
< y and a constant C > 0 such that suppð~LLðaÞcÞHS ¼ Rn � ½t1; t2� and

j~LLðaÞcðx; tÞjaCð1þ jxjÞ�n�2a for all ðx; tÞ A S. Thus, the integrability condi-

tion
Ð
H
ju � ~LLðaÞcjdV < y is equivalent to the following: for any 0 < t1 <

t2 < y,

ð t2

t1

ð
R n

juðx; tÞjð1þ jxjÞ�n�2a
dVðx; tÞ < y: ð3:3Þ

Next, we introduce the fundamental solution of LðaÞ. For x A Rn, the

fundamental solution W ðaÞ of LðaÞ is defined by

W ðaÞðx; tÞ ¼
1

ð2pÞn
ð
Rn

expð�tjxj2a þ
ffiffiffiffiffiffiffi
�1

p
x � xÞdx t > 0

0 ta 0;

8><
>: ð3:4Þ

where x � x denotes the inner product on Rn. It is known that W ðaÞ is LðaÞ-

harmonic on H and W ðaÞ A CyðHÞ, where CyðHÞ is the set of all infinitely

di¤erentiable functions on H. Furthermore,

W ðaÞðx; tÞb 0 for all ðx; tÞ A H and

ð
R n

W ðaÞðx; tÞdx ¼ 1 for all t A Rþ:

ð3:5Þ

Let 0 < aa 1, b A Nn
0 , and k A N0. Lemma 1 of [5] says that there exists a

constant C > 0 such that

jqb
xq

k
t W

ðaÞðx; tÞjaCðtþ jxj2aÞ�ðnþjbjÞ=2a�k ð3:6Þ

for all ðx; tÞ A H. Moreover, W ðaÞ satisfies the homogeneous property (see

section 3 of [4]), that is,

qb
xq

k
t W

ðaÞðx; tÞ ¼ t�ðnþjbjÞ=2a�kðqb
xq

k
t W

ðaÞÞðt�1=2ax; 1Þ

for all ðx; tÞ A H.

Now, we describe properties of fractional derivatives of the fundamental

solution. Here, we define a function oðkÞ, which is frequently used throughout

this paper. For a real number k, let

oðkÞ ¼ dke kb 0

0 k < 0:

�

Basic properties of fractional derivatives of W ðaÞ are given in the following

theorem. The assertions (1) and (3) of Theorem 3.1 are (1) and (3) of Theorem

1, respectively.
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Theorem 3.1. Let 0 < aa 1, b A Nn
0 , and k > � n

2a be a real number.

Then, the following statements hold.

(1) The derivative qb
xD

k
t W

ðaÞðx; tÞ ¼ Dk
t q

b
xW

ðaÞðx; tÞ is well-defined, and

there exists a constant C > 0 such that

jqb
xD

k
t W

ðaÞðx; tÞjaCðtþ jxj2aÞ�ðnþjbjÞ=2a�k

for all ðx; tÞ A H.

(2) Let n be a real number such that kþ n > � n
2a . Then,

Dn
t q

b
xD

k
t W

ðaÞðx; tÞ ¼ qb
xD

kþn
t W ðaÞðx; tÞ

for all ðx; tÞ A H.

(3) qb
xD

k
t W

ðaÞ is LðaÞ-harmonic on H.

(4) qb
xD

k
t W

ðaÞ satisfies the homogeneous property, that is,

qb
xD

k
t W

ðaÞðx; tÞ ¼ t�ðnþjbjÞ=2a�kðqb
xD

k
t W

ðaÞÞðt�1=2ax; 1Þ

for all ðx; tÞ A H.

Proof. (1) Let b A Nn
0 and k > � n

2a be a real number. By (2.1), (2.2),

and (3.6), it is easy to see that the derivative qb
xD

k
t W

ðaÞðx; tÞ ¼ Dk
t q

b
xW

ðaÞðx; tÞ
is well-defined. By (3.6) and (2) of Example 2.2, there exists a constant C > 0

such that

jqb
xD

k
t W

ðaÞðx; tÞjaC

ðy
0

toðkÞ�k�1jqb
xD

oðkÞ
t W ðaÞðx; tþ tÞjdt

aC

ðy
0

toðkÞ�k�1ðtþ tþ jxj2aÞ�ðnþjbjÞ=2a�oðkÞ
dt

¼ CD
�ðoðkÞ�kÞ
t ðtþ jxj2aÞ�ðnþjbjÞ=2a�oðkÞ ¼ Cðtþ jxj2aÞ�ðnþjbjÞ=2a�k

for all ðx; tÞ A H.

(2) By (1) of Theorem 3.1 and (4) of Proposition 2.1, we can easily show

the statement.

(3) For any 0 < t1 < t2 < y, we can easily show that

ð t2

t1

ð
R n

ðtþ jxj2aÞ�ðnþjbjÞ=2a�kð1þ jxjÞ�n�2a
dxdt < y: ð3:7Þ

Therefore, by (3.3) and (1) of Theorem 3.1, we obtain the integrability condition

of (3.2) for qb
xD

k
t W

ðaÞ. Next, we show that
Ð
H
qb
xD

k
t W

ðaÞ � ~LLðaÞc dV ¼ 0 for

all c A Cy
c ðHÞ. Since the case k A N0 is trivial, we only show this for

k A RnN0. Let c A Cy
c ðHÞ. Thanks to (2) of Theorem 3.1 and (3.7), the

Fubini theorem implies that
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ð
H

qb
xD

k
t W

ðaÞðx; tÞ~LLðaÞcðx; tÞdVðx; tÞ

¼ 1

GðoðkÞ � kÞ

ðy
0

toðkÞ�k�1

ð
H

qb
xD

oðkÞ
t W ðaÞðx; tþ tÞ~LLðaÞcðx; tÞdVðx; tÞdt

¼ 0:

(4) By di¤erentiating under the integral sign in (3.4), the Fubini theorem

implies that

qb
xD

k
t W

ðaÞðx; tÞ ¼ 1

GðoðkÞ � kÞ

ðy
0

toðkÞ�k�1

ð
Rn

D
oðkÞ
t e�ðtþtÞjxj2aqb

xe
ix�x dxdt

¼
ð
R n

jxj2aoðkÞe�tjxj2a ijbj
Yn
j¼1

xj
bj e ix�x

� 1

GðoðkÞ � kÞ

ðy
0

toðkÞ�k�1e�tjxj2a dtdx

¼
ð
R n

jxj2ake�tjxj2a ijbj
Yn
j¼1

xj
bj e ix�x dx:

By making the change of variables xj 7! t�1=2ax 0
j for all integers 1a ja n,

we have

qb
xD

k
t W

ðaÞðx; tÞ ¼
ð
Rn

t�kjx 0j2ake�jx 0 j2a t�jbj=2aijbj
Yn
j¼1

x 0
j

bj e it
�1=2ax�x 0

t�n=2a dx 0

¼ t�ðnþjbjÞ=2a�kðqb
xD

k
t W

ðaÞÞðt�1=2ax; 1Þ;

where x 0 ¼ ðx 0
1; . . . ; x

0
nÞ. This completes the proof.

In (1) of Theorem 3.1, we give upper estimates of fractional derivatives of

W ðaÞ. By (4) of Theorem 3.1, we can also give lower estimates of fractional

derivatives of W ðaÞ. In section 4, we will show that the reproducing kernel for

the parabolic Bergman space coincides with a fractional derivative of W ðaÞ with

suitable order. Usually, lower estimates of the reproducing kernel for the

harmonic Bergman space are given on the pseudo-hyperbolic balls in H. In

our case, lower estimates of fractional derivatives of W ðaÞ are given on the

following parabolic Carleson boxes, which are defined in [6]. For ðy; sÞ A H,

the parabolic Carleson Box QðaÞðy; sÞ is defined by

QðaÞðy; sÞ ¼ fðx; tÞ A H; jxj � yjj < 2�1s1=2að1a ja nÞ; sa ta 2sg:
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The proofs of (1) and (2) of Proposition 3.2 are similar to that of (2) of

Proposition 1 and Corollary 1 of [6], respectively. Hence, we omit the proofs.

Proposition 3.2. Let 0 < aa 1, b A Nn
0 , and k > � n

2a be a real number.

Then, the following statements hold.

(1) If each bj is even, then there exist constants s, C > 0 such that

inffjqb
xD

k
t W

ðaÞðx; tÞj; jxja st1=2agbCt�ðnþjbjÞ=2a�k;

where s and C depend on n, a, b and k. Otherwise,

inffjqb
xD

k
t W

ðaÞðx; tÞj; jxja st1=2ag ¼ 0

for all s > 0.

(2) If each bj is even, then there exist constants r, C > 0 such that

C�1s�ðnþjbjÞ=2a�k
a jqb

xD
k
t W

ðaÞðx� y; tþ sÞjaCs�ðnþjbjÞ=2a�k:

for all ðx; tÞ A QðaÞðy; rsÞ, where r and C depend on n, a, b and k.

Finally, we show LpðlÞ-norm estimates of fractional derivatives of the

fundamental solution in (2) of Theorem 1. By (1) of Theorem 3.1 and Lemma

3.3 below, we can directly obtain (2) of Theorem 1. This completes the proof

of Theorem 1.

Lemma 3.3 (Lemma 5 of [5]). Let y and c be real numbers such that

y > �1 and n
2a þ yþ 1� c < 0. Then, there exists a constant C > 0 such that

ð
H

sy

ðtþ sþ jx� yj2aÞc
dVðy; sÞaCtn=2aþyþ1�c

for all ðx; tÞ A H.

4. Fractional calculus and reproducing properties on parabolic Bergman

spaces

In this section, we study properties of fractional derivatives of parabolic

Bergman functions and give the proof of Theorem 2. First, we present the

estimates of ordinary derivatives of parabolic Bergman functions. Let

0 < aa 1, 1a p < y, l > �1, b A Nn
0 , and k A N0. The following estimate

is established in Lemma 3.4 of [9]: if u A bp
a ðlÞ, then u A CyðHÞ and there exists

a constant C > 0 such that

jqb
xq

k
t uðx; tÞjaCt�jbj=2a�k�ðn=2aþlþ1Þð1=pÞkukL pðlÞ ð4:1Þ

for all ðx; tÞ A H. Basic properties of fractional derivatives of parabolic

Bergman functions are given in the following proposition.
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Proposition 4.1. Let 0 < aa 1, 1a p < y, l > �1, b A Nn
0 , and

k > � n
2a þ lþ 1
� �

1
p
be a real number. If u A bp

a ðlÞ, then the following state-

ments hold.

(1) The derivative qb
xD

k
t uðx; tÞ ¼ Dk

t q
b
xuðx; tÞ is well-defined, and there

exists a constant C > 0 such that

jqb
xD

k
t uðx; tÞjaCt�jbj=2a�k�ðn=2aþlþ1Þð1=pÞkukL pðlÞ

for all ðx; tÞ A H.

(2) Let n be a real number such that kþ n > � n
2a þ lþ 1
� �

1
p
. Then,

Dn
t q

b
xD

k
t uðx; tÞ ¼ qb

xD
kþn
t uðx; tÞ

for all ðx; tÞ A H.

(3) qb
xD

k
t u is LðaÞ-harmonic on H.

Proof. (1) Let b A Nn
0 and k > � n

2a þ lþ 1
� �

1
p
be a real number. And

let u A bp
a ðlÞ. By (2.1), (2.2), and (4.1), it is easy to see that the derivative

qb
xD

k
t uðx; tÞ ¼ Dk

t q
b
xuðx; tÞ is well-defined. By (4.1) and (2) of Example 2.2,

there exists a constant C > 0 such that

jqb
xD

k
t uðx; tÞja

1

GðoðkÞ � kÞ

ðy
0

toðkÞ�k�1jqb
xD

oðkÞ
t uðx; tþ tÞjdt

aCðD�ðoðkÞ�kÞ
t t�jbj=2a�oðkÞ�ðn=2aþlþ1Þð1=pÞÞkukL pðlÞ

aCt�jbj=2a�k�ðn=2aþlþ1Þð1=pÞkukL pðlÞ:

The proofs of (2) and (3) are similar to those (2) and (3) of Theorem 3.1,

respectively. This completes the proof of Proposition 4.1.

For d > 0 and a function u on H, we define an auxiliary function ud of u

by udðx; tÞ ¼ uðx; tþ dÞ. First, we show the reproducing property for frac-

tional derivatives of ud in Proposition 4.5 below. In order to prove Propo-

sition 4.5, we need the following lemmas. We note that the Huygens property

described in Lemma 4.2 is important for our study. Furthermore, Lemma 4.3

is Remark 3.2 of [9].

Lemma 4.2 (Lemma 3.1 of [9]). Let 0 < aa 1, 1a p < y, and l > �1.

If u A bp
a ðlÞ, then u satisfies the Huygens property, that is,

uðx; tÞ ¼
ð
R n

uðx� y; t� sÞW ðaÞðy; sÞdy

holds for all x A Rn and 0 < s < t < y.
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Lemma 4.3 (Remark 3.2 of [9]). Let 0 < aa 1, 1a p < y, and l > �1.

For u A bp
a ðlÞ, the function t 7!

Ð
R n juðx; tÞjpdx is decreasing on ð0;yÞ.

Lemma 4.4. Let m A N0 and k, n be real numbers such that m� n > 0 and

kþ n > 0. Then,

ðy
0

tm�n�1ðcþ tÞ�m�k
dt ¼ c�k�nBðm� n; kþ nÞ

for all c > 0.

Proposition 4.5. Let 0 < aa 1, 1a p < y, l > �1, and d > 0. And let

n, k be real numbers such that n > � n
2a þ lþ 1
� �

1
p
, kb 0, and nþ k > 0. Then,

udðx; tÞ ¼ Cnþk

ð
H

Dn
t udðy; sÞDk

t W
ðaÞðx� y; tþ sÞsnþk�1 dVðy; sÞ ð4:2Þ

holds for all u A bp
a ðlÞ and ðx; tÞ A H, where Cnþk is the constant defined in

Theorem 2.

Proof. Let u A bp
a ðlÞ and d > 0. And let m; k A N0 such that mþ k > 0.

First, we show that

udðx; tÞ ¼
ðc1 þ c2Þmþk

Gðmþ kÞ

ð
H

Dm
t udðy; c1sÞDk

t W
ðaÞðx� y; tþ c2sÞsmþk�1 dVðy; sÞ

ð4:3Þ

for all ðx; tÞ A H and real numbers c1; c2 > 0. We prove the equality (4.3) with

m A N and k ¼ 0. Since (3) of Proposition 4.1, Lemmas 4.2 and 4.3 imply that

Dm
t ud satisfies the Huygens property, we have

ðy
0

ð
R n

Dm
t udðy; c1sÞW ðaÞðx� y; tþ c2sÞsm�1 dyds

¼
ðy
0

Dm
t udðx; tþ ðc1 þ c2ÞsÞsm�1 ds; ð4:4Þ

where (3.5) and (1) of Proposition 4.1 guarantee that the integrand in (4.4)

belongs to L1ðH; dVÞ. Moreover, integrating by parts m� 1 times, (1) of

Proposition 4.1 implies that the right-hand side of (4.4) is equal to

�1

c1 þ c2
Dm�1

t udðx; tþ ðc1 þ c2ÞsÞsm�1
	 
y

0

þ m� 1

c1 þ c2

ðy
0

Dm�1
t udðx; tþ ðc1 þ c2ÞsÞsm�2 ds

¼ GðmÞ
ðc1 þ c2Þm�1

ðy
0

Dtudðx; tþ ðc1 þ c2ÞsÞds ¼
GðmÞ

ðc1 þ c2Þm
udðx; tÞ:
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Therefore, we obtain (4.3) with m A N and k ¼ 0. We show (4.3) with m A N0

and k A N by induction on k. Let k ¼ 1. If m ¼ 0, then the Huygens property

and (4.4) imply thatð
H

udðy; c1sÞDtW
ðaÞðx� y; tþ c2sÞdyds

¼ � 1

c2

ð
R n

udðy; c1sÞW ðaÞðx� y; tþ c2sÞdy
� �y

0

� c1

c2

ð
H

Dtudðy; c1sÞW ðaÞðx� y; tþ c2sÞdyds

¼ 1

c2
udðx; tÞ �

c1

c2ðc1 þ c2Þ
udðx; tÞ ¼

1

c1 þ c2
udðx; tÞ:

If mb 1, then the Huygens property, (4.1), and (4.4) imply that

ð
H

Dm
t udðy; c1sÞDtW

ðaÞðx� y; tþ c2sÞsm dyds

¼ � 1

c2

ð
R n

Dm
t udðy; c1sÞW ðaÞðx� y; tþ c2sÞdysm

� �y
0

� c1

c2

ð
H

Dmþ1
t udðy; c1sÞW ðaÞðx� y; tþ c2sÞsm dyds

þ m

c2

ð
H

Dm
t udðy; c1sÞW ðaÞðx� y; tþ c2sÞsm�1 dyds

¼ � c1Gðmþ 1Þ
c2ðc1 þ c2Þmþ1

udðx; tÞ þ
Gðmþ 1Þ

c2ðc1 þ c2Þm
udðx; tÞ

¼ Gðmþ 1Þ
ðc1 þ c2Þmþ1

udðx; tÞ:

Therefore, (4.3) holds for all m A N0 whenever k ¼ 1. Let kb 1 and suppose

that (4.3) holds for all m A N0. Then, (3.6), (4.1), and the assumption of the

induction imply that

ð
H

Dm
t udðy; c1sÞDkþ1

t W ðaÞðx� y; tþ c2sÞsmþk dyds

¼ � 1

c2

ð
R n

Dm
t udðy; c1sÞDk

t W
ðaÞðx� y; tþ c2sÞdysmþk

� �y
0

� c1

c2

ð
H

Dmþ1
t udðy; c1sÞDk

t W
ðaÞðx� y; tþ c2sÞsmþk dyds
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þmþ k

c2

ð
H

Dm
t udðy; c1sÞDk

t W
ðaÞðx� y; tþ c2sÞsmþk�1 dyds

¼ � c1Gðmþ k þ 1Þ
c2ðc1 þ c2Þmþkþ1

udðx; tÞ þ
Gðmþ k þ 1Þ
c2ðc1 þ c2Þmþk

udðx; tÞ

¼ Gðmþ k þ 1Þ
ðc1 þ c2Þmþkþ1

udðx; tÞ:

Therefore, we obtain (4.3) with m; k A N0 such that mþ k > 0.

Next, we show the equality (4.2). Let n and k be real numbers such that

n > � n
2a þ lþ 1
� �

1
p
, kb 0, and nþ k > 0. Then, by (2.1) and (2.2), we have

ð
H

Dn
t udðy; sÞDk

t W
ðaÞðx� y; tþ sÞsnþk�1 dVðy; sÞ

¼
ð
H

1

GðoðnÞ � nÞ

ðy
0

t
oðnÞ�n�1
1 D

oðnÞ
t udðy; sþ t1Þdt1

� 1

GðoðkÞ � kÞ

ðy
0

t
oðkÞ�k�1
2 D

oðkÞ
t W ðaÞðx� y; tþ sþ t2Þdt2

� snþk�1 dVðy; sÞ: ð4:5Þ

We assert that the integrand on the right-hand side of (4.5) belongs to

L1ðH; dVÞ. In fact, when k ¼ 0, (4.1) and (3.5) guarantee our assertion by

the condition n ¼ nþ k > 0. Also, when k > 0, (4.1), (3.6), and Lemma 3.3

guarantee our assertion by the condition n > � n
2a þ lþ 1
� �

1
p
and nþ k > 0.

Thus, by (4.3), the Fubini theorem implies that

ð
H

Dn
t udðy; sÞDk

t W
ðaÞðx� y; tþ sÞsnþk�1 dVðy; sÞ

¼ 1

GðoðnÞ � nÞ
1

GðoðkÞ � kÞ

ðy
0

t
oðnÞ�n�1
1

ðy
0

t
oðkÞ�k�1
2

�
ð
H

D
oðnÞ
t udðy; ð1þ t1ÞsÞDoðkÞ

t W ðaÞðx� y; tþ ð1þ t2ÞsÞ

� soðnÞþoðkÞ�1 dVðy; sÞdt2dt1

¼ udðx; tÞ
GðoðnÞ þ oðkÞÞ

GðoðnÞ � nÞGðoðkÞ � kÞ

�
ðy
0

t
oðnÞ�n�1
1

ðy
0

t
oðkÞ�k�1
2

ðt1 þ t2 þ 2ÞoðnÞþoðkÞ dt2dt1:
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Furthermore, by Lemma 4.4, we have

GðoðnÞ þ oðkÞÞ
GðoðnÞ � nÞGðoðkÞ � kÞ

ðy
0

t
oðnÞ�n�1
1

ðy
0

t
oðkÞ�k�1
2

ðt1 þ t2 þ 2ÞoðnÞþoðkÞ dt2dt1

¼ Gðnþ kÞ
2nþk

:

Therefore, the proof of Proposition 4.5 is completed.

The following lemma shows that the auxiality function ud of u A bp
a ðlÞ

converges to u in LpðlÞ as d ! 0þ.

Lemma 4.6. Let 0 < aa 1, 1a p < y, l > �1, d > 0, and u A bp
a ðlÞ.

Then,

lim
d!0þ

kud � ukL pðlÞ ¼ 0:

Proof. Let u A bp
a ðlÞ. Then, by Lemma 4.3, we have

ð
H

judðx; tÞjptl dVðx; tÞa
ð
H

juðx; tÞjptl dVðx; tÞ:

Moreover, the Fatou lemma shows that

ð
H

juðx; tÞjptl dVðx; tÞa lim inf
d!0þ

ð
H

judðx; tÞjptl dVðx; tÞ:

Therefore, we obtain lim
d!0þ

kudkL pðlÞ ¼ kukL pðlÞ. Hence, the desired result is

obtained by the Egoro¤ theorem.

Now, we give the reproducing properties of fractional derivatives of the

fundamental solution. The reproducing property in Theorem 2 is obtained by

Theorem 4.7 with k ¼ lþ 1.

Theorem 4.7. Let 0 < aa 1, 1a p < y, and l > �1. And let k be a

real number such that k > lþ1
p
. Then, the reproducing property

uðx; tÞ ¼ Ck

ð
H

uðy; sÞDk
t W

ðaÞðx� y; tþ sÞsk�1 dVðy; sÞ ð4:6Þ

holds for all u A bp
a ðlÞ and ðx; tÞ A H, where Ck is the constant defined in

Theorem 2. Moreover, (4.6) also holds whenever p ¼ 1 and k ¼ lþ 1.
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Proof. Let u A bp
a ðlÞ and ðx; tÞ A H. Then, Proposition 4.5 implies that

uðx; tÞ � Ck

ð
H

uðy; sÞDk
t W

ðaÞðx� y; tþ sÞsk�1 dVðy; sÞ



a juðx; tÞ � udðx; tÞj

þ udðx; tÞ � Ck

ð
H

uðy; sÞDk
t W

ðaÞðx� y; tþ sÞsk�1 dVðy; sÞ



a juðx; tÞ � udðx; tÞj þ Ck

ð
H

judðy; sÞ � uðy; sÞjsl=p

� jDk
t W

ðaÞðx� y; tþ sÞjsk�1�l=p dVðy; sÞ ð4:7Þ

for all d > 0. If p ¼ 1 and kb lþ 1, then jDk
t W

ðaÞðx� y; tþ sÞjsk�1�l is

bounded. Therefore, Lemma 4.6 implies that (4.7) tends to 0 as d ! 0þ. If

p > 1 and k > lþ1
p
, then by the Hölder inequality, (4.7) is dominated by

juðx; tÞ � udðx; tÞj

þ Ckud � ukL pðlÞ

ð
H

jDk
t W

ðaÞðx� y; tþ sÞjqsðk�1�l=pÞq dVðy; sÞ
� �1=q

;

where q is the exponent conjugate to p. Therefore, Lemma 4.6 and (2) of

Theorem 1 imply that (4.7) tends to 0 as d ! 0þ. This completes the proof of

Theorem 4.7.

5. Generalization of reproducing properties

In this section, we give generalization of reproducing properties in The-

orem 4.7. The following proposition gives upper estimates of derivative norms

of u A bp
a ðlÞ.

Proposition 5.1. Let 0 < aa 1, 1a p < y, and l > �1. If a real

number n satisfies the condition n > � lþ1
p
, then there exists a constant C > 0

such that ktnDn
t ukL pðlÞ aCkukL pðlÞ for all u A bp

a ðlÞ.

Proof. Let u A bp
a ðlÞ. Then, by Theorem 4.7 with k ¼ lþ 2, we have

uðx; tÞ ¼ Clþ2

ð
H

uðy; sÞDlþ2
t W ðaÞðx� y; tþ sÞslþ1 dVðy; sÞ: ð5:1Þ

By (1) and (2) of Theorem 1, we can di¤erentiate under the integral sign on the

right-hand side of (5.1). Therefore, we have

D
oðnÞ
t uðx; tÞ ¼ Clþ2

ð
H

uðy; sÞDoðnÞþlþ2
t W ðaÞðx� y; tþ sÞslþ1 dVðy; sÞ:
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Furthermore, by (2) of Theorem 1 and the condition n > � lþ1
p
, the Fubini

theorem implies that

Dn
t uðx; tÞ ¼ Clþ2

ð
H

uðy; sÞDnþlþ2
t W ðaÞðx� y; tþ sÞslþ1 dVðy; sÞ: ð5:2Þ

Suppose p > 1 and let q be the exponent conjugate to p. Then, by the

condition n > � lþ1
p
, we can choose a real number y such that �ðnþ lþ 1Þ <

y
q
< 1 and �ðlþ 2Þ < y

p
< n. Thus, by the Hölder inequality and (2) of

Theorem 1, there exists a constant C > 0 such that

jDn
t uðx; tÞj

aClþ2

ð
H

juðy; sÞj jDnþlþ2
t W ðaÞðx� y; tþ sÞjsy=pqs�y=pqslþ1 dVðy; sÞ

aClþ2

ð
H

juðy; sÞjpjDnþlþ2
t W ðaÞðx� y; tþ sÞjs�y=qþlþ1 dVðy; sÞ

� �1=p

�
ð
H

jDnþlþ2
t W ðaÞðx� y; tþ sÞjsy=pþlþ1 dVðy; sÞ

� �1=q

aC

ð
H

juðy; sÞjps�y
q
þlþ1jDnþlþ2

t W ðaÞðx� y; tþ sÞjdVðy; sÞ
� �1=p

tð1=qÞðy=p�nÞ:

Therefore, by the Fubini theorem and (2) of Theorem 1, we have

ktnDn
t ukL pðlÞ aC

ð
H

juðy; sÞjps�y=qþlþ1

�
ð
H

tð p=qÞðy=p�nÞþpnþljDnþlþ2
t W ðaÞðx� y; tþ sÞjdVðx; tÞdVðy; sÞ

aC

ð
H

juðy; sÞjps�y=qþlþ1sy=q�1 dVðy; sÞ ¼ CkukL pðlÞ:

Suppose p ¼ 1. Then, by (5.2) and the Fubini theorem, (2) of Theorem 1

implies that

ktnDn
t ukL1ðlÞ

aC

ð
H

juðy; sÞjslþ1

ð
H

jDnþlþ2
t W ðaÞðx� y; tþ sÞjtnþl dVðx; tÞdVðy; sÞ

aC

ð
H

juðy; sÞjslþ1s�1 dVðy; sÞ ¼ CkukL1ðlÞ:

This completes the proof.
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Now, we give a generalization of reproducing properties in Theorem 4.7.

Theorem 5.2. Let 0 < aa 1, 1a p < y, and l > �1. And let n and k be

real numbers such that n > � lþ1
p

and k > lþ1
p
. Then, the reproducing property

uðx; tÞ ¼ Cnþk

ð
H

Dn
t uðy; sÞDk

t W
ðaÞðx� y; tþ sÞsnþk�1 dVðy; sÞ ð5:3Þ

holds for all u A bp
a ðlÞ and ðx; tÞ A H, where Cn is the constant defined in

Theorem 2. Moreover, (5.3) also holds whenever p ¼ 1 and k ¼ lþ 1.

Proof. Let u A bp
a ðlÞ and ðx; tÞ A H. Then, Proposition 4.5 implies that

uðx; tÞ � Cnþk

ð
H

Dn
t uðy; sÞDk

t W
ðaÞðx� y; tþ sÞsnþk�1 dVðy; sÞ




a juðx; tÞ � udðx; tÞj þ Cnþk

ð
H

jDn
t udðy; sÞ �Dn

t uðy; sÞjsnþl=p

� jDk
t W

ðaÞðx� y; tþ sÞjsk�1�l=p dVðy; sÞ ð5:4Þ

for all d > 0. If p ¼ 1 and kb lþ 1, then jDk
t W

ðaÞðx� y; tþ sÞjsk�1�l is

bounded. Therefore, Proposition 5.1 and Lemma 4.6 imply that (5.4) tends

to 0 as d ! 0þ. If p > 1 and k > lþ1
p
, then by the Hölder inequality and

Proposition 5.1, (5.4) is dominated by

juðx; tÞ � udðx; tÞj

þ Ckud � ukL pðlÞ

ð
H

jDk
t W

ðaÞðx� y; tþ sÞjqsðk�1�l=pÞq dVðy; sÞ
� �1=q

;

where q is the exponent conjugate to p. Therefore, Lemma 4.6 and (2) of

Theorem 1 imply that (5.4) tends to 0 as d ! 0þ. This completes the proof of

Theorem 5.2.
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