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Abstract. We study the stationary problem of a reaction-di¤usion system with a small

parameter e, which approximates the cross-di¤usion competition system proposed to

study spatial segregation problem between two competing species. The convergence

between two systems as e # 0 is discussed from analytical and complementarily nu-

merical point of views.

1. Introduction

Multiple species are directly or indirectly interacting with one another

within ecological systems. As an example, it is well known that they compete

to feed common resource. A macroscopic continuous model describing the

competitive interaction of two ecological species is

ut ¼ duDuþ ðr1 � a1u� b1vÞu;

vt ¼ dvDvþ ðr2 � b2u� a2vÞv;
ð1:1Þ

where uðt; xÞ and vðt; xÞ are the population densities of two competing species

which move by di¤usion, at time t and position x. du and dv are the di¤usion

rates, ri, ai and bi ði ¼ 1; 2Þ are the intrinsic growth rates, the intra-specific

competition rates and the inter-specific competition rates of u and v. All of

the parameters are positive constants. The system (1.1) has been intensively

studied from analytical point of views ([1], [9], [10] for instance). Suppose that

the parameters ri, ai and bi ði ¼ 1; 2Þ satisfy the inequalities

a1

b2
<

r1

r2
<

b1

a2
; ð1:2Þ

for which we ecologically say that two species are strongly competing. If (1.1)

is considered in a convex domain with the zero-flux boundary conditions, we
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know that any non-negative solution ðu; vÞ generically converges to either�
r1
a1
; 0
�
or
�
0; r2

a2

�
, that is, the competitive exclusion principle occurs between the

two species u and v ([1]). This result could be intuitively understood because

strong competition holds between u and v. However, it is observed in natural

fields that strongly competing species possibly coexist. Several explanations

have been proposed for such coexistence. One of them is the repulsive e¤ect

between two competing species. In order to explain it theoretically, Shige-

sada et al. ([2]) proposed the following competition system with nonlinear

di¤usion:

ut ¼ Dððdu þ a1vÞuÞ þ ðr1 � a1u� b1vÞu;

vt ¼ Dððdv þ a2uÞvÞ þ ðr2 � b2u� a2vÞv;
ð1:3Þ

where a1 and a2 stand for the population pressure e¤ects from one species to

the other. It is obvious that (1.3) reduces to (1.1) when a1 ¼ a2 ¼ 0. (1.3) is

called a cross-di¤usion competition system. Since the first equation of (1.3) is

rewritten as

ut ¼ ‘ððdu þ a1vÞ‘uÞ þ a1‘ðu‘vÞ þ ðr1 � a1u� b1vÞu; ð1:4Þ

one can see that the second term of the right hand side in (1.4) indicates the

direct movement of u in the sense that u moves towards lower density of v when

a1 > 0. This implies that v has the repulsive e¤ect on u. For (1.3) with (1.2)

it is numerically shown that even if the domain is convex, there exist stable

non-constant equilibrium solutions exhibiting spatially segregating coexistence

when either a1 or a2 is suitably large at least. This result indicates that the

cross-di¤usion mechanism (1.4) causes the possibility of coexistence of strongly

competing species. For analytical studies on (1.3), we refer to [6], [8], [11], for

instance.

Recently, Iida, Mimura and Ninomiya ([3]) have addressed the following

question: Is there any reaction-di¤usion system which approximates the cross-

di¤usion system (1.3)? In order to answer this question, they considered a

simplified system of (1.3) with a1 ¼ a > 0 and a2 ¼ 0 in a bounded domain

W A RN ðNb 1Þ, that is

ut ¼ Dððdu þ avÞuÞ þ ðr1 � a1u� b1vÞu;

vt ¼ dvDvþ ðr2 � b2u� a2vÞv;
t > 0; x A W ð1:5Þ

with the boundary and initial conditions

qu

qn
¼ qv

qn
¼ 0 t > 0; x A qW ð1:6Þ
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and

uð0; xÞ ¼ uiniðxÞb 0

vð0; xÞ ¼ viniðxÞb 0
x A W; ð1:7Þ

where n is the outer normal vector on qW which is the smooth boundary of W.

They proposed the following three component reaction-di¤usion system with a

su‰ciently small parameter e for ðUA;UB;VÞ:

UAt ¼ duDUA þ ðr1 � a1ðUA þUBÞ � b1VÞUA

þ 1

e
ðkðVÞUB � hðVÞUAÞ;

UBt ¼ ðdu þMaÞDUB þ ðr1 � a1ðUA þUBÞ � b1VÞUB

� 1

e
ðkðVÞUB � hðVÞUAÞ;

Vt ¼ dvDV þ ðr2 � b2ðUA þUBÞ � a2VÞV ;

ð1:8Þ

where M in (1.8) is a constant satisfying Mbmax
�
r2
a2
; kvð0; �ÞkLyðWÞ

�
, and thus

0a vðt; xÞaM for solution ðu; vÞ of (1.5)–(1.6). The boundary and initial

conditions are respectively given by

qUA

qn
¼ qUB

qn
¼ qV

qn
¼ 0; t > 0; x A qW: ð1:9Þ

and

UAð0; xÞ ¼ 1� viniðxÞ
M

� �
uiniðxÞ;

UBð0; xÞ ¼
viniðxÞ
M

uiniðxÞ;

Vð0; xÞ ¼ viniðxÞ;

x A W; ð1:10Þ

For UA and UB in (1.8), we note that these convert each other with the rates
1
e
kðVÞ and 1

e
hðVÞ where kðVÞ is a monotone decreasing function and hðVÞ is a

monotone increasing function satisfying

V

M
¼ hðVÞ

kðVÞ þ hðVÞ ; ð1:11Þ

and that if e is su‰ciently small, UA and UB convert instantly. Then, the

following theorem is known.
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Theorem 1 (M. Iida, M. Mimura and H. Ninomiya [3]). Let ðu; vÞ ¼
ðuðt; xÞ; vðt; xÞÞ be the solution of (1.5)–(1.7). Suppose that ðu; vÞ is su‰ciently

smooth and uniformly bounded on ½0;T � �W for some positive number T. Let

ðUA;UB;VÞ ¼ ðUAðt; x; eÞ;UBðt; x; eÞ;Vðt; x; eÞÞ be the solution of (1.8)–(1.10)

depending on a positive parameter e, where smooth functions h and k satisfy

(1.11) and

kðsÞb 0; hðsÞb 0; kðsÞ þ hðsÞ > 0

for s A ½0;M�. Suppose that there exist positive numbers M0 and e0 such

that

jUAðt; x; eÞj þ jUBðt; x; eÞj þ jVðt; x; eÞjaM0

for ðt; xÞ A ½0;T � �W and e A ð0; e0�. Then there is a positive constant C ¼
Cðu; v; e0;M0;TÞ independently of e such that

sup
t A ½0;T �

kUAðt; �; eÞ þUBðt; �; eÞ � uðt; �ÞkL2ðWÞ aCe;

sup
t A ½0;T �

kVðt; �; eÞ � vðt; �ÞkL2ðWÞ aCe

hold for e A ð0; e0�.

This theorem can be ecologically interpreted as follows: One of the

species V moves randomly with the di¤usion rate dv, and UA and UB move

with the di¤usion rate du and du þMa, respectively, where these exchange each

other instantly, depending on the density of the species V . If the exchange

rates kðVÞ and hðVÞ satisfy (1.11), then, the cross-di¤usion e¤ect of (1.4)

appears on uð¼ UA þUBÞ. Thus (1.8) is called a reaction-di¤usion approx-

imation to the cross-di¤usion system (1.5).

Here we note that this convergence theorem does not give any informa-

tion on asymptotic behavior of solutions for large time because it holds for

a finite time interval ½0;T �. This motivates us to consider the convergence

problem between the stationary problems of (1.5)–(1.6) and (1.8)–(1.9), re-

spectively:

0 ¼ Dððdu þ avÞuÞ þ ðr1 � a1u� b1vÞu;

0 ¼ dvDvþ ðr2 � b2u� a2vÞv;
x A W; ð1:12Þ

with the boundary conditions

qu

qn
¼ qv

qn
¼ 0; x A qW; ð1:13Þ

318 Hirofumi Izuhara and Masayasu Mimura



and

0 ¼ duDUA þ ðr1 � a1ðUA þUBÞ � b1VÞUA

þ 1

e
ðkðVÞUB � hðVÞUAÞ;

0 ¼ ðdu þMaÞDUB þ ðr1 � a1ðUA þUBÞ � b1VÞUB

� 1

e
ðkðVÞUB � hðVÞUAÞ;

0 ¼ dvDV þ ðr2 � b2ðUA þUBÞ � a2VÞV ;

x A W; ð1:14Þ

with the boundary conditions

qUA

qn
¼ qUB

qn
¼ qV

qn
¼ 0; x A qW: ð1:15Þ

We now address the question ‘‘Do (non-negative) solutions ðUAðx; eÞ þUBðx; eÞ;
Vðx; eÞÞ of (1.14) and (1.15) converge to the corresponding ones ðuðxÞ; vðxÞÞ of

(1.12) and (1.13) as e tends to zero?’’

In Section 2, we numerically consider this problem from the viewpoints of

global structures of the equilibrium solutions and in Section 3, we show that it

holds if solutions of (1.12) and (1.13) are non-degenerate.

2. Numerical results

Here we simply consider the 1-dimensional problem of (1.12) and (1.13) in

the interval ð0; 1Þ. The first case is where r1 ¼ 5:0, r2 ¼ 2:0, a1 ¼ 3:0, a2 ¼ 3:0,

b1 ¼ 1:0 and b2 ¼ 1:0 (weak competition). We note that when a ¼ 0, a stable

equilibrium solution is
�
13
8 ;

1
8

�
only for any values of du and dv ([1]). Using a

as a free parameter, we take the spatially constant equilibrium
�
13
8 ;

1
8

�
as the

trivial branch solution. It is stable for small a, while as a increases, it is

destabilized so that there appear spatially non-constant equilibrium solutions

exhibiting spatial segregation between two species ([8] for instance). By using

a bifurcation software which is called AUTO ([7]), the structure of equilibrium

solutions can be drawn for globally varied a. When du ¼ dv ¼ 0:005, it

surprisingly exhibits rather complex diagram of bifurcation branches which

connect each other, as in Fig. 1. On the other hand, fixing a ¼ 3:0, we take

d ¼ du ¼ dv as a free parameter. The global structure of equilibrium solutions
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with a parameter d is drawn in Fig. 2. For large d,
�
13
8 ;

1
8

�
is stable but as d

decreases, it is destablized and there appear primarily stable spatially non-

constant equilibrium solutions. The second case is where r1 ¼ 2:0, r2 ¼ 5:0,

a1 ¼ 1:0, a2 ¼ 1:0, b1 ¼ 0:5, b2 ¼ 3:0 (strong competition). When a ¼ 0, the

constant equilibrium solutions are ð2; 0Þ, ð0; 5Þ and ð1; 2Þ, where the first two

solutions are stable and the last one is unstable. In this case we know that any

Fig. 1. Global structure of equilibrium solutions with a free parameter a, the vertical and hori-

zontal axis imply the value of vð0Þ and the free parameter a respectively. Solid (resp. dot) curves

indicate stable (resp. unstable) branches where du ¼ dv ¼ 0:005. f implies a limitting point.

Fig. 2. Global structure of equilibrium solutions with a free parameter d ¼ du ¼ dv, the vertical

and horizontal axis imply the value of vð0Þ and the free parameter d respectively. f implies a

limitting point.
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positive solution generically tends to either ð2; 0Þ or ð0; 5Þ for any values of

du and dv ([1]). This implies the occurrence of competitive exclusion principle.

Here we take a ¼ 3:0 and d ¼ du ¼ dv as a free parameter. When d increases,

a sub-critical bifurcation primarily occurs so that unstable spatially non-

constant equilibrium solutions appear and there occurs a Hopf bifurcation

on these branches so that these solutions become stable, as in Fig. 3. This

result indicates that the cross-di¤usion enhances the possibility of coexistence

of two competing species even if the competitive interaction is strong. Next,

we consider the following problem: How are the structures of equilibrium

solutions ðUAðx; eÞ;UBðx; eÞ;Vðx; eÞÞ of the approximating problem (1.14) and

(1.15)? and do these global structures converge to the ones of ðuðxÞ; vðxÞÞ of

(1.12) and (1.13) as e tends to zero? Figs. 4(a), 4(b) and 4(c) show global

structures of equilibrium solutions of (1.14) and (1.15) for di¤erent values of e

where we put kðVÞ ¼ 1� V
M

and hðVÞ ¼ V
M

which satisfy (1.11) and the

parameters are the same ones in Fig. 1 thus we choose M ¼ 1. When

e ¼ 0:01, the global structure is rather simple, as in Fig. 4(a). As e decreases,

it becames complex and when e ¼ 0:0001, the equilibrium solution structure

of Fig. 4(c) surprisingly resembles the one in Fig. 1. Figs. 5 and 6 show the

global structures with a free parameter d for di¤erent values of e. These re-

sults clearly indicate that for a su‰ciently small positive e, the three compo-

nent reaction-di¤usion system (1.8) seems a nice approximation to the cross-

di¤usion system (1.5) from not only the evolutional problem but also the

stationary problem viewpoints.

Fig. 3. Global structure of equilibrium solutions with a free parameter d ¼ du ¼ dv, the vertical

and horizontal axis imply the value of vð0Þ and the free parameter d respectively. 9 implies a

Hopf bifurcation point. f implies a limitting point.
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Fig. 4(a), 4(b) and 4(c). Global structure with a free parameter a, the vertical and horizontal axis

imply the value of vð0Þ and the free parameter a respectively. f implies a limitting point. We put

kðVÞ ¼ 1� V
M

and hðVÞ ¼ V
M

and M ¼ 1.
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Fig. 5(a), 5(b) and 5(c). Global structure with a free parameter d ¼ du ¼ dv, the vertical and

horizontal axis imply the value of vð0Þ and the free parameter d respectively. f implies a limitting

point. We put kðVÞ ¼ 1� V
M

and hðVÞ ¼ V
M

and M ¼ 1.
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Fig. 6(a), 6(b) and 6(c). Global structure with a free parameter d ¼ du ¼ dv, the vertical and

horizontal axis imply the value of vð0Þ and the free parameter d respectively. 9 implies a Hopf

bifurcation point. f implies a limitting point. We put kðVÞ ¼ 1� V
M

and hðVÞ ¼ V
M

and M ¼ 7.
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3. Analytical results

The above numerical results motivate us to discuss the convergence

problem between the stationary problems (1.12) with (1.13) and (1.14) with

(1.15). We introduce the following function spaces to treat this problem:

W
k;p
N ðWÞ :¼ u A Wk;pðWÞ; qu

qn
¼ 0 on x A qW

� �
;

X :¼ ðW 2;p
N ðWÞÞ3;

Y :¼ ðLpðWÞÞ3;

where p > n and kb 2. We obtain the following result:

Theorem 2. Let ðu0ðxÞ; v0ðxÞÞ be a su‰ciently smooth positive solution of

(1.12) and (1.13) such that the linearized operator of (1.12) around ðu0ðxÞ; v0ðxÞÞ
is bijective from ðW 2;p

N ðWÞÞ2 into ðLpðWÞÞ2. For example, u0ðxÞ; v0ðxÞ AW 6;p
N ðWÞ

is at least required. Suppose that the functions kðsÞ and hðsÞ are smooth on

ð0;M� and there exists a positive constant b > 0 satisfying

kðsÞ þ hðsÞb b > 0 on ½0;M�:

Then, there exist positive constants e0 and C such that for any e A ð0; e0� the

problem (1.14) and (1.15) has a unique e-family of equilibrium solutions

ðUAðx; eÞ;UBðx; eÞ;Vðx; eÞÞ that satisfy

kUAð�; eÞ þUBð�; eÞ � u0ð�ÞkW 2; pðWÞ aCe;

kVð�; eÞ � v0ð�ÞkW 2; pðWÞ aCe:

In order to prove this theorem, we consider an equivalent problem by

using several transformations. With U ¼ UA þUB and W ¼ UB, (1.14) and

(1.15) are rewritten as

0 ¼ DðduU þ aMW Þ þ ðr1 � a1U � b1VÞU
0 ¼ dvDV þ ðr2 � b2U � a2VÞV x A W;

0 ¼ efðdu þ aMÞDW þ ðr1 � a1U � b1VÞWg þQðVÞ 1

M
UV �W

� �
0 ¼ qU

qn
¼ qV

qn
¼ qW

qn
x A qW;

8>>>>>>>><>>>>>>>>:
ð3:1Þ

where QðVÞ ¼ kðVÞ þ hðVÞ. Next, by using
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~uu ¼ 1þ a

du
v

� �
u; ð3:2Þ

we transform (1.12) to obtain

0 ¼ duD~uuþ r1 � a1
du~uu

du þ av
� b1v

� �
du~uu

du þ av

0 ¼ dvDvþ r2 � b2
du~uu

du þ av
� a2v

� �
v

x A W;

0 ¼ q~uu

qn
¼ qv

qn
x A qW:

8>>>>>>>><>>>>>>>>:
ð3:3Þ

By using the transformation

~UU ¼ U þ aM

du
W ð3:4Þ

which is a counterpart of (3.2) for (1.12), (3.1) becomes

0 ¼ duD ~UU þ r1 � a1 ~UU � aM

du
W

� �
� b1V

� �
~UU � aM

du
W

� �
0 ¼ dvDV þ r2 � b2 ~UU � aM

du
W

� �
� a2V

� �
V

0 ¼ e ðdu þ aMÞDW þ r1 � a1 ~UU � aM

du
W

� �
� b1V

� �
W

� �
x A W;

þQðVÞ 1

M
~UU � aM

du
W

� �
V �W

� �
0 ¼ q ~UU

qn
¼ qV

qn
¼ qW

qn
x A qW:

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

ð3:5Þ

Putting e ¼ 0 and rewriting ð ~UU ;V ;WÞ as ð~uu0; v0;w0Þ in (3.5), we can

reduce the third equation in (3.5) to

w0 ¼
du~uu0v0

ðdu þ av0ÞM

and see that

~uu0 �
aM

du
w0 ¼

du~uu0
du þ av0

:

Then ð~uu0; v0Þ formally becomes a solution of (3.3). We now consider the con-

vergence problem between (3.3) and (3.5) because the transformations (3.2) and

(3.4) are one-to-one. We show the following theorem:
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Theorem 3. Let ð~uu0ðxÞ; v0ðxÞÞ be a su‰ciently smooth positive solution of

(3.3) such that the linearized operator of (3.3) around ð~uu0ðxÞ; v0ðxÞÞ is bijective

from ðW 2;p
N ðWÞÞ2 into ðLpðWÞÞ2. For example, ~uu0ðxÞ; v0ðxÞ A W

6;p
N ðWÞ is at

least required. Suppose that the functions kðsÞ and hðsÞ are smooth on ð0;M�
and there exists a positive constant b > 0 satisfying

QðsÞ ¼ kðsÞ þ hðsÞb b > 0 on ½0;M�: ð3:6Þ

Then, there exist positive constants e0 and C such that for any e A ð0; e0� the pro-

blem (3.5) has a unique e-family of equilibrium solutions ð ~UUðx; eÞ;Vðx; eÞ;Wðx; eÞÞ
that satisfy

k ~UUð�; eÞ � ~uu0ð�ÞkW 2; pðWÞ aCe;

kVð�; eÞ � v0ð�ÞkW 2; pðWÞ aCe;

kWð�; eÞ � w0ð�ÞkW 2; pðWÞ aCe;

ð3:7Þ

where w0 ¼ du~uu0v0
ðduþav0ÞM

.

We prove Theorem 3 along several steps. First we construct an e-family

of solutions of the problem (3.5) in the following form:

~UUðx; eÞ ¼ ~UU e
2 ðxÞ þ j1ðx; eÞ;

Vðx; eÞ ¼ V e
2 ðxÞ þ j2ðx; eÞ;

Wðx; eÞ ¼ W e
2 ðxÞ þ j3ðx; eÞ;

ð3:8Þ

where

~UU e
2 ðxÞ

V e
2 ðxÞ

W e
2 ðxÞ

0B@
1CA¼

X2
n¼0

en
~uunðxÞ
vnðxÞ
wnðxÞ

0B@
1CA:

The reason why we take an approximate solution into account up to second

order of e lies in (3.16). If we consider the order up to e0 or e1 only, then we

can not choose a and e satisfying (3.16).

As outline of proof of Theorem 3, in subsection 3.1, we will obtain an

approximate solution ð ~UU e
2 ðxÞ;V e

2 ðxÞ;W e
2 ðxÞÞ and in subsection 3.2, we prove

the existence and convergence of the correction term ðj1ðx; eÞ; j2ðx; eÞ; j3ðx; eÞÞ.
For this purpose, substituting ð ~UUðx; eÞ;Vðx; eÞ;Wðx; eÞÞ into (3.5), neglecting

ðj1ðx; eÞ; j2ðx; eÞ; j3ðx; eÞÞ and equating like powers of e, we obtain the fol-

lowing hierarchies of the problems:

Order e0:
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0 ¼ duD~uu0 þ r1 � a1 ~uu0 �
aM

du
w0

� �
� b1v0

� �
~uu0 �

aM

du
w0

� �
;

0 ¼ dvDv0 þ r2 � b2 ~uu0 �
aM

du
w0

� �
� a2v0

� �
v0; x A W;

0 ¼ Qðv0Þ
1

M
~uu0 �

aM

du
w0

� �
v0 � w0

� �
;

0 ¼ q~uu0
qn

¼ qv0

qn
¼ qw0

qn
; x A qW:

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
ð3:9Þ

Order e1:

L0

~uu1
v1

w1

0B@
1CA ¼ �

0

0

ðdu þ aMÞDw0 þ
�
r1 � a1

�
~uu0 � aM

du
w0

�
� b1v0

�
w0

0B@
1CA; x A W;

ð3:10Þ

q~uu1
qn

¼ qv1

qn
¼ qw1

qn
¼ 0; x A qW;

where

L0 :¼

A �b1
�
~uu0 � aM

du
w0

�
� aM

du

�
r1 � 2a1

�
~uu0 � aM

du
w0

�
� b1v0

�
�b2v0 B b2

aM
du

v0

v0
Qðv0Þ
M

�
~uu0 � aM

du
w0

� Qðv0Þ
M

�
�
1þ a

du
v0
�
Qðv0Þ

0BB@
1CCA;

A ¼ duDþ r1 � 2a1 ~uu0 �
aM

du
w0

� �
� b1v0;

B ¼ dvDþ r2 � b2 ~uu0 �
aM

du
w0

� �
� 2a2v0:

Order e2:

L0

~uu2

v2

w2

0B@
1CA ¼ �

�
�a1

�
~uu1 � aM

du
w1

�
� b1v1

��
~uu1 � aM

du
w1

��
�b2

�
~uu1 � aM

du
w1

�
� a2v1

�
v1

W2

0BB@
1CCA; x A W; ð3:11Þ

q~uu2
qn

¼ qv2

qn
¼ qw2

qn
¼ 0; x A qW;

where
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W2 ¼ ðdu þ aMÞDw1 þ r1 � a1 ~uu0 �
aM

du
w0

� �
� b1v0

� �
w1

þ �a1 ~uu1 �
aM

du
w1

� �
� b1v1

� �
w0 þ

1

M
~uu1 �

aM

du
w1

� �
v1Qðv0Þ

þ 1

M
~uu0 �

aM

du
w0

� �
v1 þ

1

M
~uu1 �

aM

du
w1

� �
v0 � w1

� �
Q 0ðv0Þv1:

The remainder of (3.5) is expressed as a boundary value problem for

F ¼ Tðj1; j2; j3Þ:

FðF; eÞ ¼ LeFþNðF; eÞ þ RðeÞ ¼ 0; x A W;
qF
qn

¼ 0; x A qW;

�
ð3:12Þ

where Le is a linear operator defined by

Le ¼
Ae �b1

�
~UU e
2 � aM

du
W e

2

�
L13

�b2V
e
2 Be b2

aM
du

V e
2

�ea1W
e
2 þ 1

M
V e

2QðV e
2 Þ L32 Ce

0BB@
1CCA;

in which Ae, Be, Ce, L13 and L32 are given by

Ae ¼ duDþ r1 � 2a1 ~UU e
2 �

aM

du
W e

2

� �
� b1V

e
2 ;

Be ¼ dvDþ r2 � b2 ~UU e
2 �

aM

du
W e

2

� �
� 2a2V

e
2 ;

Ce ¼ e ðdu þ aMÞDþ r1 � a1 ~UU e
2 � 2

aM

du
W e

2

� �
� b1V

e
2

� �
� 1þ a

du
V e

2

� �
QðV e

2 Þ;

L13 ¼ � r1 � 2a1 ~UU e
2 �

aM

du
W e

2

� �
� b1V

e
2

� �
aM

du
;

L32 ¼ �eb1W
e
2 þ 1

M
~UU e
2 �

aM

du
W e

2

� �
QðV e

2 Þ

þ 1

M
~UU e
2 �

aM

du
W e

2

� �
V e

2 �W e
2

� �
Q 0ðV e

2 Þ:

NðF; eÞ is given by

NðF; eÞ ¼
N1ðF; eÞ
N2ðF; eÞ
N3ðF; eÞ

0B@
1CA;

where
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N1ðF; eÞ ¼ �a1 j1 �
aM

du
j3

� �
� b1j2

� �
j1 �

aM

du
j3

� �
;

N2ðF; eÞ ¼ �b2 j1 �
aM

du
j3

� �
� a2j2

� �
j2;

N3ðF; eÞ ¼ e �a1 j1 �
aM

du
j3

� �
� b1j2

� �
j3 þ 1þ a

du
V e

2

� �
QðV e

2 Þj3

þ
�

1

M
~UU e
2 þ j1 �

aM

du
ðW e

2 þ j3Þ
� �

ðV e
2 þ j2Þ

� ðW e
2 þ j3Þ

�
QðV e

2 þ j2Þ

� 1

M
~UU e
2 �

aM

du
W e

2

� �
V e

2 �W e
2

� �
QðV e

2 Þ �
1

M
V e

2QðV e
2 Þj1

�
�

1

M
~UU e
2 �

aM

du
W e

2

� �
QðV e

2 Þ

þ 1

M
~UU e
2 �

aM

du
W e

2

� �
V e

2 �W e
2

� �
Q 0ðV e

2 Þ
�
j2:

RðeÞ depending only on e is represented by

RðeÞ ¼
R1ðeÞ
R2ðeÞ
R3ðeÞ

0B@
1CA;

where

R1ðeÞ ¼ e3 �a1 ~uu2 �
aM

du
w2

� �
� b1v2

� �
~uu1 �

aM

du
w1

� �

þ e3 �a1 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� b1ðv1 þ ev2Þ

� �
~uu2 �

aM

du
w2

� �
;

R2ðeÞ ¼ e3 �b2 ~uu2 �
aM

du
w2

� �
� a2v2

� �
v1

þ e3 �b2 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� a2ðv1 þ ev2Þ

� �
v2;

R3ðeÞ ¼ e3
�
ðdu þ aMÞDw2 þ �a1 ~uu2 �

aM

du
w2

� �
� b1v2

� �
w0

þ �a1 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� b1ðv1 þ ev2Þ

� �
w1
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þ r1 � a1 ~UU e
2 �

aM

du
W e

2

� �
� b1V

e
2

� �
w2

�

þ 1

M
~UU e
2 �

aM

du
W e

2

� �
V e

2 �W e
2

� �
QðV e

2 Þ

� e
1

M
~uu1 �

aM

du
w1

� �
v0 þ ~uu0 �

aM

du
w0

� �
v1

� �
� w1

� �
Qðv0Þ

� e2
1

M
~uu0 �

aM

du
w0

� �
v1 þ ~uu1 �

aM

du
w1

� �
v0

� �
� w1

� �
Q 0ðv0Þv1

� e2
�

1

M

�
~uu0 �

aM

du
w0

� �
v2 þ ~uu1 �

aM

du
w1

� �
v1

þ ~uu2 �
aM

du
w2

� �
v0

�
� w2

�
Qðv0Þ:

3.1. Construction of an approximate solution. (3.9) is equivalent to (3.3) since

the third equation in (3.9) gives w0 ¼ du~uu0v0
ðduþav0ÞM

due to Qðv0Þ > 0. Therefore, it

su‰ces to prove that

L0 : W
2;p
N ðWÞ �W

2;p
N ðWÞ �W

2;p
N ðWÞ ! LpðWÞ � LpðWÞ �W

2;p
N ðWÞ

is invertible. By regularity result we know that L�1
0 ðWk;pðWÞ �Wk;pðWÞ�

W
kþ2;p
N ðWÞÞ ¼ ðWkþ2;p

N ðWÞ �W
kþ2;p
N ðWÞ �W

kþ2;p
N ðWÞÞ for k ¼ 1; 2. Then the

solutions ð~uu1; v1;w1Þ and ð~uu2; v2;w2Þ are obtained immediately, so that an

approximate solution ð ~UU e
2 ;V

e
2 ;W

e
2 Þ of (3.5) is constructed. To prove the

invertibility of L0, we consider the linearlized operator L around ð~uu0; v0Þ of

(3.3), which is given by

L :¼
A 0 �b1

du~uu0
duþav0

þ
�
r1 � 2a1

du~uu0
duþav0

� b1v0
� �du~uu0a

ðduþav0Þ2

�b2
duv0

duþav0
B 0

0@ 1A;

where

A 0 ¼ duDþ r1 � 2a1
du~uu0

du þ av0
� b1v0

� �
du

du þ av0
;

B 0 ¼ dvDþ r2 � b2
d 2
u ~uu0

ðdu þ av0Þ2
� 2a2v0:

Lemma 1. Assume that L : ðW 2;p
N ðWÞÞ2 ! ðLpðWÞÞ2 is invertible. Then

L0 : W
kþ2;p
N ðWÞ �W

kþ2;p
N ðWÞ �W

kþ2;p
N ðWÞ ! Wk;pðWÞ �Wk;pðWÞ �W

kþ2;p
N ðWÞ

is invertible for k ¼ 0 and bijective for k ¼ 1; 2.
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Proof. We first prove that for any h1; h2 A LpðWÞ and h3 A W
2;p
N ðWÞ

L0

x1

x2

x3

0B@
1CA ¼

h1

h2

h3

0B@
1CA ð3:13Þ

has a unique solution x1; x2; x3 A W
2;p
N ðWÞ. Since the third equation is

v0
M
Qðv0Þx1 þ 1

M

�
~uu0 � aM

du
w0

�
Qðv0Þx2 �

�
1þ a

du
v0
�
Qðv0Þx3 ¼ h3, x3 is described by

x3 ¼
1
M
v0

1þ a
du
v0

x1 þ
1
M

�
~uu0 � aM

du
w0

�
1þ a

du
v0

x2 �
h3�

1þ a
du
v0
�
Qðv0Þ

:

Substituting this into the first two equations in (3.13), we obtain

L
x1

x2

� �
¼

h1 �
�
r1 � 2a1

�
~uu0 � aM

du
w0

�
� b1v0

�
aM

ðduþav0ÞQðv0Þ h3

h2 þ b2aMv0
ðduþav0ÞQðv0Þ h3

 !
: ð3:14Þ

Now, since L is invertible and the right hand side belongs to ðLpðWÞÞ2, (3.14)
has a unique solution ðx1; x2Þ for any h1; h2 A LpðWÞ, h3 A W

2;p
N ðWÞ. More-

over, since x3 is obtained by x3 ¼
1
M
v0

1þ a
du
v0
x1 þ

1
M

�
~uu0�aM

du
w0

�
1þ a

du
v0

x2 � h3�
1þ a

du
v0

�
Qðv0Þ

, we

know that L0 : W
2;p
N ðWÞ �W

2;p
N ðWÞ �W

2;p
N ðWÞ ! LpðWÞ � LpðWÞ �W

2;p
N ðWÞ

is invertible. By the regularity of the operator L, we know that

L�1ððWk;pðWÞÞ2Þ ¼ ðW 2;p
N ðWÞVWkþ2;pðWÞÞ2 for k ¼ 1; 2. Therefore we also

find that L0 : W
kþ2;p
N ðWÞ �W

kþ2;p
N ðWÞ �W

kþ2;p
N ðWÞ ! Wk;pðWÞ �Wk;pðWÞ�

W
kþ2;p
N ðWÞ is bijective for k ¼ 1; 2. r

By using Lemma 1, we find that ð~uu1; v1;w1Þ and ð~uu2; v2;w2Þ are uniquely

obtained.

3.2. Convergence problem. In this subsection, we prove that the correction

term F ¼ Tðj1; j2; j3Þ of (3.12) exists. In order to do it, we need the following

two lemmas:

Lemma 2. The operator Le : X ! Y is invertible, and the norm of inverse

operator is estimated as

kL�1
e kY!X a

C1

e
:

The proof will be shown later.

Lemma 3. (i) Define a domain D by D ¼ fF A X ; kFkX a eg. There

exists a positive constant C2 for F : D ! Y such that

kDFFðF; eÞ �DFFð ~FF; eÞkX!Y aC2kF� ~FFkX :
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(ii) There exists a positive constant C3 such that

kFð0; eÞkY a e3C3:

Proof. (i) Let us define DFNðF; eÞ by

DFNðF; eÞ ¼
N11ðFÞ N12ðFÞ N13ðFÞ
N21ðFÞ N22ðFÞ N23ðFÞ
N31ðFÞ N32ðFÞ N33ðFÞ

0B@
1CA;

where

N11ðFÞ ¼ �2a1 j1 �
aM

du
j3

� �
� b1j2; N12ðFÞ ¼ �b1 j1 �

aM

du
j3

� �
;

N13ðFÞ ¼ � aM

du
�2a1 j1 �

aM

du
j3

� �
� b1j2

� �
; N21ðFÞ ¼ �b2j2;

N22ðFÞ ¼ �b2 j1 �
aM

du
j3

� �
� 2a2j2; N23ðFÞ ¼ b2

aM

du
j2;

N31ðFÞ ¼ �ea1j3 þ
1

M
ðV e

2 þ j2ÞQðV e
2 þ j2Þ �

1

M
V e

2QðV e
2 Þ;

N32ðFÞ ¼ �eb1j3 þ
1

M
~UU e
2 þ j1 �

aM

du
ðW e

2 þ j3Þ
� �

QðV e
2 þ j2Þ

þ
�

1

M
~UU e
2 þ j1 �

aM

du
ðW e

2 þ j3Þ
� �

ðV e
2 þ j2Þ

� ðW e
2 þ j3Þ

�
Q 0ðV e

2 þ j2Þ

�
�

1

M
~UU e
2 �

aM

du
W e

2

� �
QðV e

2 Þ

þ
�

1

M

�
~UU e
2 �

aM

du
W e

2

�
V e

2 �W e
2

��
Q 0ðV e

2 Þ;

N33ðFÞ ¼ e �a1 j1 � 2
aM

du
j3

� �
� b1j2

� �

� a

du
ðV e

2 þ j2Þ þ 1

� �
QðV e

2 þ j2Þ þ 1þ a

du
V e

2

� �
QðV e

2 Þ:

We write

g1

g2

g3

0@ 1A						
						
Y

¼ kðDFFðF; eÞ �DFFð ~FF; eÞÞxkY
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for x A X , where

kg1kL pðWÞ a kðN11ðFÞ �N11ð ~FFÞÞx1kL p

þ kðN12ðFÞ �N12ð ~FFÞÞx2kL p þ kðN13ðFÞ �N13ð ~FFÞÞx3kL p ;

kg2kL pðWÞ a kðN21ðFÞ �N21ð ~FFÞÞx1kL p

þ kðN22ðFÞ �N22ð ~FFÞÞx2kL p þ kðN23ðFÞ �N23ð ~FFÞÞx3kL p ;

kg3kL pðWÞ a kðN31ðFÞ �N31ð ~FFÞÞx1kL p

þ kðN32ðFÞ �N32ð ~FFÞÞx2kL p þ kðN33ðFÞ �N33ð ~FFÞÞx3kL p :

Using Hölder’s inequality and Sobolev’s imbedding theorem, we obtain

kðN11ðFÞ �N11ð ~FFÞÞx1kL p

a 2a1kj1 � ej1j1kL2pkx1kL2p

þ 2a1
aM

du
kj3 � ~jj3kL2pkx1kL2p þ b1kj2 � ej2j2kL2pkx1kL2p

aCðkj1 � ej1j1kW 2; pkx1kW 2; p

þ kj2 � ej2j2kW 2; pkx1kW 2; p þ kj3 � ~jj3kW 2; pkx1kW 2; pÞ:

Since kðN12ðFÞ �N12ð ~FFÞÞx2kL p and kðN13ðFÞ �N13ð ~FFÞÞx3kL p possess similar

inequalities to the above, we obtain

kg1kL pðWÞ aCkF� ~FFkXkxkX ;

and similarly

kg2kL pðWÞ aCkF� ~FFkXkxkX :

For kg3kL pðWÞ, we obtain

kðN31ðFÞ �N31ð ~FFÞÞx1kL p

a ea1kj3 � ~jj3kL2pkx1kL2p þ
1

M
kðj2 � ~jj2ÞQðV e

2 þ j2Þx1kL p

þ 1

M
kðV e

2 þ ~jj2ÞðQðV e
2 þ j2Þ �QðV e

2 þ ~jj2ÞÞx1kL p

aCðea1kj3 � ~jj3kW 2; pkx1kW 2; p þ kj2 � ~jj2kW 2; pkx1kW 2; pÞ:
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Here we used kQðV e
2 þ j2Þ �QðV e

2 þ ~jj2ÞkL p aCkj2 � ~jj2kW 2; p and

kQðV e
2 þ j2ÞkLy aC0.

Since kðN32ðFÞ �N32ð ~FFÞÞx2kL p and kðN33ðFÞ �N33ð ~FFÞÞx3kL p are treated

similarly, we obtain

kg3kL pðWÞ aCkF� ~FFkXkxkX :

Therefore, we have

kðDFFðF; eÞ �DFFð ~FF; eÞÞxkY aC2kF� ~FFkXkxkX

and then

kDFFðF; eÞ �DFFð ~FF; eÞkX!Y aC2kF� ~FFkX :

(ii) is obvious because RðeÞ consists of only e3 or more. r

The above-mentioned lemmas can show that a function of F satisfying

FðF; eÞ ¼ LeFþNðF; eÞ þ RðeÞ ¼ 0

is obtained as a limit of fFng constructed by the following successive

approximation:

F ðFn; eÞ þ LeðFnþ1 �FnÞ ¼ 0; n ¼ 0; 1; 2; . . .

F0 ¼ 0:

�
ð3:15Þ

To show this, we require the following lemma:

Lemma 4. Define a closed sphere Ba as Ba ¼ fF j kFkX a ag. Then, for

a su‰ciently small a, Fn satisfies

Fn A Ba ðn ¼ 0; 1; 2; . . .Þ:

Proof. Let Fn A Ba. We rewrite (3.15) as

Fnþ1 ¼ Fn � L�1
e FðFn; eÞ

¼ L�1
e fLeFn � FðFn; eÞ þ F ð0; eÞg � L�1

e Fð0; eÞ

¼ L�1
e LeFn �

ð1
0

DFF ðtFn; eÞFn dt

� �
� L�1

e Fð0; eÞ

¼ L�1
e

ð1
0

ðLe �DFFðtFn; eÞÞFn dt� L�1
e F ð0; eÞ:
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Therefore,

kFnþ1kX a kL�1
e kY!X

ð1
0

kLe �DFF ðtFn; eÞkX!YkFnkXdtþ kF ð0; eÞkY
� �

a kL�1
e kY!X ðC2kFnk2X þ kFð0; eÞkY Þ:

By choosing a and e so as to satisfy

C2kL�1
e kY!Xaa

1

2
; kL�1

e kY!XkF ð0; eÞkY a
a

2
; ð3:16Þ

we find

kL�1
e kY!X ðC2kFnk2X þ kF ð0; eÞkY Þa

kFnk2X
2a

þ a

2
a

a

2
þ a

2
¼ a:

Consequently, if Fn A Ba, then Fnþ1 A Ba. Since F0 ¼ 0 A Ba, Fn A Ba for

n A N. r

Proof (Theorem 3). We now show the existence and convergence of

fFng as follows

Fnþ1 �Fn ¼ L�1
e

�
LeðFn �Fn�1Þ �

ð 1
0

DFFðtFn; eÞFn dt

þ
ð1
0

DFFðtFn�1; eÞFn�1 dt

�

¼ L�1
e


 ð1
0

fLe �DFFðtFn; eÞgðFn �Fn�1Þdt

�
ð1
0

fDFFðtFn; eÞ �DFF ðtFn�1; eÞgFn�1 dt

�
and then

kFnþ1 �FnkX a kL�1
e kY!XC2fkFnkX þ kFn�1kXgkFn �Fn�1kX :

By choosing a so as to satisfy C2kL�1
e kaa 1

4 , we find

kFnþ1 �FnkX a
1

2
kFn �Fn�1kX :

Consequently, by Banach’s fixed point theorem, F ¼ FðeÞ which satisfies

FðF; eÞ ¼ 0 exists uniquely if a and e are chosen su‰ciently small. Finally,

since kFðeÞkX a aa e
4C1C2

, kFðeÞkX ! 0 as e ! 0.
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We thus know that a solution of the problem (3.5) approximates the

solution of the problem (3.3) for a su‰ciently small e. Namely, there exists

a unique solution ð ~UUðx; eÞ;Vðx; eÞ;Wðx; eÞÞ of (3.5) which is given by the

following form:

~UUðx; eÞ ¼ ~uu0ðxÞ þ e~uu1ðxÞ þ e2~uu2ðxÞ þ j1ðx; eÞ;

Vðx; eÞ ¼ v0ðxÞ þ ev1ðxÞ þ e2v2ðxÞ þ j2ðx; eÞ;

Wðx; eÞ ¼ w0ðxÞ þ ew1ðxÞ þ e2w2ðxÞ þ j3ðx; eÞ;

satisfying

lim
e!þ0

k ~UUð�; eÞ � ~uu0ð�ÞkW 2; pðWÞ ¼ 0;

lim
e!þ0

kVð�; eÞ � v0ð�ÞkW 2; pðWÞ ¼ 0;

lim
e!þ0

kWð�; eÞ � w0ð�ÞkW 2; pðWÞ ¼ 0: r

3.3. Proof of Lemma 2. In this subsection, we will prove Lemma 2. In

order to do it, we use some transformations. We transform the linear operator

Le

j1
j2
j3

0@ 1A by using

ej3j3 ¼ 1

M
v0j1 þ

1

M
~uu0 �

aM

du
w0

� �
j2 � 1þ a

du
v0

� �
j3: ð3:17Þ

Then, it is transformed into

~LLe ¼

~AAe
~LL12

�
r1 � 2a1

�
~UU e
2 � aM

du
W e

2

�
� b1V

e
2

�
aM

duþav0

�b2
duV

e
2

duþav0
~BBe �b2

aMV e
2

duþav0

e~LL31 e~LL32
~CCe þ e~LL33

0BBB@
1CCCA;

where

~AAe ¼ duDþ r1 � 2a1 ~UU e
2 �

aM

du
W e

2

� �
� b1V

e
2

� �
du

du þ av0
;

~BBe ¼ dvDþ r2 � b2 ~UU e
2 �

aM

du
W e

2

� �
� 2a2V

e
2 þ

b2aV
e
2

�
~uu0 � aM

du
w0

�
du þ av0

;

~CCe ¼ �eðdu þ aMÞD du

du þ av0
�

� �
þQðV e

2 Þ;
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~LL12 ¼ �b1 ~UU e
2 �

aM

du
W e

2

� �
� r1 � 2a1 ~UU e

2 �
aM

du
W e

2

� �
� b1V

e
2

� �
a
�
~uu0 � aM

du
w0

�
du þ av0

;

~LL31 ¼ �a1W
e
2 þ duðv1 þ ev2Þ

ðdu þ av0ÞM
QðV e

2 Þ þ ðdu þ aMÞD duv0

ðdu þ av0ÞM
�

� �

þ r1 � a1 ~UU e
2 � 2

aM

du
W e

2

� �
� b1V

e
2

� �
duv0

ðdu þ av0ÞM
;

~LL32 ¼ �b1W
e
2 þ 1

M

�
~uu1 þ e~uu2 �

aM

du
ðw1 þ ew2Þ

� v1 þ ev2

du þ av0
a ~uu0 �

aM

du
w0

� ��
QðV e

2 Þ

þ 1

e

1

M
~UU e
2 �

aM

du
W e

2

� �
V e

2 �W e
2 � 1

M
~uu0 �

aM

du
w0

� �
v0 þ w0

� �
Q 0ðV e

2 Þ

þ ðdu þ aMÞD
du
�
~uu0 � aM

du
w0

�
ðdu þ av0ÞM

�
 !

þ r1 � a1 ~UU e
2 � 2

aM

du
W e

2

� �
� b1V

e
2

� �
du
�
~uu0 � aM

du
w0

�
ðdu þ av0ÞM

;

~LL33 ¼ � r1 � a1 ~UU e
2 � 2

a

du
W e

2

� �
� b1V

e
2

� �
du

du þ av0
þ ðv1 þ ev2Þ

a

du þ av0
QðV e

2 Þ:

We express the 2� 2 block at the upper left in ~LLe as follows:

Le :¼
~AAe

~LL12

�b2
duV

e
2

duþav0
~BBe

 !
¼ Lþ e ~LL:

Here, we note that L is the linear operator of (3.3) around ð~uu0; v0Þ and ~LL

denote

~LL ¼
~LL11

~LL12

~LL21
~LL22

� �
;

where

~LL11 ¼ �2a1 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� b1ðv1 þ ev2Þ

� �
du

du þ av0
;

~LL12 ¼ �b1 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �

� �2a1 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� b1ðv1 þ ev2Þ

� �
dua~uu0

ðdu þ av0Þ2
;
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~LL21 ¼ �b2
du

du þ av0
ðv1 þ ev2Þ;

~LL22 ¼ �b2 ~uu1 þ e~uu2 �
aM

du
ðw1 þ ew2Þ

� �
� 2a2ðv1 þ ev2Þ

þ
b2a
�
~uu0 � aM

du
w0

�
du þ av0

ðv1 þ ev2Þ:

So, if e is su‰ciently small, then e ~LL is regarded as a perturbation. Since the

operator L is assumed to be invertible, we can show that Le is also invertible,

if e is su‰ciently small.

Lemma 5. The operator Le : ðW 2;p
N ðWÞÞ2 ! ðLpðWÞÞ2 is invertible and

satisfies

kL�1
e kðL pðWÞÞ2!ðW 2; p

N
ðWÞÞ2 aC4:

In addition, Le : ðW 4;p
N ðWÞÞ2 ! ðW 2;pðWÞÞ2 is invertible and satisfies

kL�1
e kðW 2; pðWÞÞ2!ðW 4; p

N
ðWÞÞ2 aC5:

Proof. We find that ~LL : ðW 2;p
N ðWÞÞ2 ! ðLpðWÞÞ2 is a bounded linear

operator by applying Hölder’s inequality and Sobolev’s embedding theorem

to ~LL. We know

~LL
x1

x2

� �				 				
ðL pðWÞÞ2

aC
x1

x2

� �				 				
ðW 2; p

N
ðWÞÞ2

:

~LL : ðW 4;p
N ðWÞÞ2 ! ðW 2;pðWÞÞ2 is also a bounded linear operator in a similar

way

~LL
x1

x2

� �				 				
ðW 2; pðWÞÞ2

aC 0 x1

x2

� �				 				
ðW 4; p

N
ðWÞÞ2

:

Now, as we assume that L is invertible, there exist positive constants

M1 > 0 and M2 > 0 such that

kL�1kðL pðWÞÞ2!ðW 2; p
N

ðWÞÞ2 aM1

kL�1kðW 2; pðWÞÞ2!ðW 4; p
N

ðWÞÞ2 aM2:

We choose e su‰ciently small to satisfy the following inequalities:

kL�1e ~LLkðW 2; p
N

Þ2!ðW 2; p
N

Þ2 a ekL�1kðL pÞ2!ðW 2; p
N

Þ2k ~LLkðW 2; p
N

Þ2!ðL pÞ2

a eM1Ca
1

2
;
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kL�1e ~LLkðW 4; p
N

Þ2!ðW 4; p
N

Þ2 a ekL�1kðW 2; pÞ2!ðW 4; p
N

Þ2k ~LLkðW 4; p
N

Þ2!ðW 2; pÞ2

a eM2C
0
a

1

2
:

By Banach’s perturbation theorem ([4]I-§ 4.4 P.31), we find that Le ¼ Lþ e ~LL

are invertible and

kL�1
e kðL pÞ2!ðW 2; p

N
Þ2 a

kL�1kðL pÞ2!ðW 2; p
N

Þ2

1� kL�1e ~LLkðW 2; p
N

Þ2!ðW 2; p
N

Þ2

a 2kL�1kðL pÞ2!ðW 2; p
N

Þ2 aC4;

kL�1
e kðW 2; pÞ2!ðW 4; p

N
Þ2 a

kL�1kðW 2; pÞ2!ðW 4; p
N

Þ2

1� kL�1e ~LLkðW 4; p
N

Þ2!ðW 4; p
N

Þ2

a 2kL�1kðW 2; pÞ2!ðW 4; p
N

Þ2 aC5;

respectively. r

We write

~LLe

j1
j2
~jj3

0B@
1CA ¼

h1

h2

h3

0B@
1CA ð3:18Þ

for any h1; h2; h3 A LpðWÞ. Then, by Lemma 5, ðj1; j2Þ can be solved as

follows:

j1
j2

� �
¼ L�1

e

h1

h2

� �
þL�1

e

�
�
r1 � 2a1

�
~UU e
2 � aM

du
W e

2

�
� b1V

e
2

�
aM

duþav0
~jj3

b2aMV e
2

duþav0
~jj3

0@ 1A
¼:

~hh1
~hh2

� �
þ

~jj1ð~jj3Þ
~jj2ð~jj3Þ

� �
: ð3:19Þ

Substituting this into the third equation of (3.18), we obtain

�eðdu þ aMÞD du

du þ av0
~jj3

� �
þQðV e

2 Þ~jj3 þ eK ~jj3 ¼ ~hh3; ð3:20Þ

where

~hh3 ¼ h3 � ½e~LL31
~hh1 þ e~LL32

~hh2�;

K ~jj3 ¼ ~LL31 ~jj1ð~jj3Þ þ ~LL32 ~jj2ð~jj3Þ þ ~LL33 ~jj3:

340 Hirofumi Izuhara and Masayasu Mimura



Thus, if we could prove that there exists uniquely ~jj3 A W
2;p
N ðWÞ for any

~hh3 A LpðWÞ, then we know that ~LLe is invertible. Taking eK as a perturbation

in (3.20), we consider the main part �eðdu þ aMÞD
�

du
duþav0

�
�
þQðV e

2 Þ. We

write it as T ~jj3 ¼ �eðdu þ aMÞD
�

du
duþav0

~jj3
�
þQðV e

2 Þ~jj3, and moreover by c ¼
du

duþav0
~jj3 write it as

~TTc ¼ �eðdu þ aMÞDcþ du þ av0

du
QðV e

2 Þc:

By using (3.6) and Theorem 2.4.2.7 in [5], one finds that ~TT becomes a bijection

map from W
2;p
N ðWÞ to LpðWÞ. Therefore, T becomes also a bijection map

from W
2;p
N ðWÞ to LpðWÞ. Consequently T is a Fredholm operator with index

0. If the operator K is compact, then Fredholm stability theorem indicates

that the operator T þ eK : W 2;p
N ðWÞ ! LpðWÞ is a Fredholm operator with

index 0.

Lemma 6. K is a bounded linear operator: L pðWÞ ! LpðWÞ and a

bounded linear operator: W
2;p
N ðWÞ ! W 2;pðWÞ. Futhermore, K is a compact

operator: W
2;p
N ðWÞ ! LpðWÞ, and

kK ~jj3kL pðWÞ aC6k~jj3kL pðWÞ;

kK ~jj3kW 2; pðWÞ aC7k~jj3kW 2; p
N

ðWÞ;

kK ~jj3kL pðWÞ aC8k~jj3kW 2; p
N

ðWÞ:

Proof. By (3.19) and Lemma 5, we find

~jj1ð~jj3Þ
~jj2ð~jj3Þ

� �				 				
ðW 2; p

N
ðWÞÞ2

aC4 Le

~jj1ð~jj3Þ
~jj2ð~jj3Þ

� �				 				
ðL pðWÞÞ2

aC4

�
r1 � 2a1 ~UU e

2 �
aM

du
W e

2

� �
� b1V

e
2

� �
aM

du þ av0

				 				
Ly

k~jj3kL p

þ b2aMV e
2

du þ av0

				 				
Ly

k~jj3kL p

�
aC 0

4k~jj3kL pðWÞ:

By similar argument to the above, we also find
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~jj1ð~jj3Þ
~jj2ð~jj3Þ

� �				 				
ðW 4; p

N
ðWÞÞ2

aC5 Le

~jj1ð~jj3Þ
~jj2ð~jj3Þ

� �				 				
ðW 2; pðWÞÞ2

aC5 r1 � 2a1 ~UU e
2 �

aM

du
W e

2

� �
� b1V

e
2

� �
aM

du þ av0

				 				
W 2; p

k~jj3kW 2; p

þ b2aMV e
2

du þ av0

				 				
W 2; p

k~jj3kW 2; p

aC 0
5k~jj3kW 2; pðWÞ:

Thus, we know

k~jj1ð~jj3ÞkW 2; p
N

ðWÞ aC 0
4k~jj3kL pðWÞ;

k~jj2ð~jj3ÞkW 2; p
N

ðWÞ aC 0
4k~jj3kL pðWÞ;

k~jj1ð~jj3ÞkW 4; p
N

ðWÞ aC 0
5k~jj3kW 2; pðWÞ;

k~jj2ð~jj3ÞkW 4; p
N

ðWÞ aC 0
5k~jj3kW 2; pðWÞ:

By using them, we obtain the following inequalities for some positive constants

C6 and C7:

kK ~jj3kL pðWÞ a k~LL31 ~jj1ð~jj3ÞkL pðWÞ þ k~LL32 ~jj2ð~jj3ÞkL pðWÞ þ k~LL33 ~jj3kL pðWÞ

aCk~jj1ð~jj3ÞkW 2; p
N

ðWÞ þ Ck~jj2ð~jj3ÞkW 2; p
N

ðWÞ þ Ck~jj3kL pðWÞ

aC6k~jj3kL pðWÞ;

kK ~jj3kW 2; pðWÞ a k~LL31 ~jj1ð~jj3ÞkW 2; pðWÞ þ k~LL32 ~jj2ð~jj3ÞkW 2; pðWÞ þ k~LL33 ~jj3kW 2; pðWÞ

aCk~jj1ð~jj3ÞkW 4; p
N

ðWÞ þ Ck~jj2ð~jj3ÞkW 4; p
N

ðWÞ þ CkL33kW 2; pðWÞk~jj3kW 2; pðWÞ

aC7k~jj3kW 2; pðWÞ:

Therefore, we find that K is a bounded linear oparator: LpðWÞ ! LpðWÞ
and W 2;pðWÞ ! W 2;pðWÞ. Since the injection of W 2;pðWÞ into LpðWÞ is

compact, K is a compact operator: W
2;p
N ðWÞ ! LpðWÞ. Consequently, we

obtain

kK ~jj3kL pðWÞ aCkK ~jj3kW 2; pðWÞ aC8k~jj3kW 2; p
N

ðWÞ: r

342 Hirofumi Izuhara and Masayasu Mimura



Therefore, the Fredholm stability theorem shows that T þ eK : W 2;p
N ðWÞ !

LpðWÞ is a Fredholm operator with index 0. Thus, it su‰ces to show that

T þ eK is injection.

Lemma 7. T þ eK : W 2;p
N ðWÞ ! LpðWÞ is bijective and there exists a

positive constant C9 > 0 such that

kðT þ eKÞ�1k
L pðWÞ!W

2; p
N

ðWÞ a
C9

e
:

Proof. Let us consider

~TTc ¼ �eðdu þ aMÞDcþ du þ av0

du
QðV e

2 Þc:

By multiplying c�
d ðxÞ ¼ ðcðxÞ2 þ dÞðp�2Þ=2

cðxÞ, d > 0 and using integration by

parts and the Lebesgue dominated convergence theorem, we obtain

kckL pðWÞ a
1

b
k ~TTckL pðWÞ:

Because of c ¼ du
duþav0

~jj3, we know

k~jj3kL pðWÞ aC �eðdu þ aMÞD du

du þ av0
~jj3

� �
þQðV e

2 Þ~jj3
				 				

L pðWÞ
:

Also, we know

kT ~jj3 þ eK ~jj3kL pðWÞ b kT ~jj3kL pðWÞ � ekK ~jj3kL pðWÞ

b
1

C
� eC6

� �
k~jj3kL pðWÞ:

Therefore, by choosing e su‰ciently small, we obtain

k~jj3kL pðWÞ aCkT ~jj3 þ eK ~jj3kL pðWÞ: ð3:21Þ

Consequently, T þ eK : W 2;p
N ðWÞ ! LpðWÞ is injection. By property of Fred-

holm operator, T þ eK is bijective.

Next, we estimate the inverse operator of T þ eK . Applying Theorem

2.3.3.2 in [5] to �ðdu þ aMÞ‘
�

du
duþav0

‘~jj3
�
, we find for any ~jj3 A W

2;p
N ðWÞ,

k~jj3kW 2; p
N

ðWÞ aC �ðdu þ aMÞ‘ du

du þ av0
‘~jj3

� �				 				
L pðWÞ

þ k~jj3kW 1; pðWÞ

 !

¼ C

�				�ðdu þ aMÞ‘ du

du þ av0
‘~jj3

� �
þ ðdu þ aMÞ‘ ~jj3‘

du

du þ av0

� �

� ðdu þ aMÞ‘ ~jj3‘
du

du þ av0

� �				
L pðWÞ

þ k~jj3kW 1; pðWÞ

�
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aC �ðdu þ aMÞD du

du þ av0
~jj3

� �				 				
L pðWÞ

þ Ck~jj3kW 1; pðWÞ

 !

aC 0 �ðdu þ aMÞD du

du þ av0
~jj3

� �				 				
L pðWÞ

þ k~jj3kW 1; pðWÞ

 !
:

Using the interporation inequality kukW 1; pðWÞ a dkukW 2; pðWÞ þ K
d
kukL pðWÞ, we

know

k~jj3kW 2; p
N

ðWÞ aC 0 �ðdu þ aMÞD du

du þ av0
~jj3

� �				 				
L pðWÞ

þ k~jj3kL pðWÞ

 !

aC 0
�

�ðdu þ aMÞD du

du þ av0
~jj3

� �
þ K ~jj3 þ

1

e
QðV e

2 Þ~jj3
				 				

L pðWÞ

þ kK ~jj3kL pðWÞ þ
1

e
kQðV e

2 ÞkLyðWÞk~jj3kL pðWÞ þ k~jj3kL pðWÞ

�

aC 0 1

e
kT ~jj3 þ eK ~jj3kL pðWÞ þ C6 þ

C

e
þ 1

� �
k~jj3kL pðWÞ

� �
:

Here, applying Lp estimate (3.21), we obtain

k~jj3kW 2; p
N

ðWÞ a
C9

e
kT ~jj3 þ eK ~jj3kL pðWÞ:

Therefore we arrive at

kðT þ eKÞ�1k
L pðWÞ!W

2; p
N

ðWÞ a
C9

e
: r

Proof (Proof of Lemma 2). By the above lemma, we know

k~jj3kW 2; p
N

ðWÞ a
C9

e
kT ~jj3 þ eK ~jj3kL pðWÞ ¼

C9

e
k~hh3kL pðWÞ

a
C9

e
ðkh3kL pðWÞ þ ek~LL31

~hh1kL pðWÞ þ ek~LL32
~hh2kL pðWÞÞ

a
C9

e
ðkh3kL pðWÞ þ eCk~hh1kW 2; p

N
ðWÞ þ eCk~hh2kW 2; p

N
ðWÞÞ

Here, considering

~hh1
~hh2

� �
¼ L�1

e

h1

h2

� �
;

we know
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~hh1
~hh2

� �				 				
ðW 2; p

N
Þ2
aC

h1

h2

� �				 				
ðL pÞ2

and therefore,

k~jj3kW 2; p
N

ðWÞ a
C9

e
kh3kL pðWÞ þ eC

h1

h2

� �				 				
ðL pÞ2

þ eC
h1

h2

� �				 				
ðL pÞ2

 !

a
C 0

9

e

h1

h2

h3

0B@
1CA

							
							
Y

:

On the other hand, using

j1
j2

� �				 				
ðW 2; p

N
ðWÞÞ2

aC4

h1 �
�
r1 � 2a1

�
~UU e
2 � aM

du
W e

2

�
� b1V

e
2

�
aM

duþav0
~jj3

h2 þ
b2aMV e

2

duþav0
~jj3

0@ 1A						
						
ðL pðWÞÞ2

aC4
h1

h2

� �				 				
ðL pðWÞÞ2

þ Ck~jj3kL pðWÞ

 !

aC4
h1

h2

� �				 				
ðL pðWÞÞ2

þ Ck~hh3kL pðWÞ

 !
ðby Lp estimate ð3:21ÞÞ

aC4
h1

h2

� �				 				
ðL pðWÞÞ2

þ C

h1

h2

h3

0B@
1CA

							
							
Y

0B@
1CA

aC

h1

h2

h3

0B@
1CA

							
							
Y

;

we have

j1
j2
~jj3

0B@
1CA

							
							
X

¼ j1
j2

� �				 				
ðW 2; p

N
ðWÞÞ2

þ k~jj3kðW 2; p
N

ðWÞÞ a
C

e

h1

h2

h3

0B@
1CA

							
							
Y

:

By using these inequalities, we find k~LL�1
e kY!X a C

e
. Since ~LLe is a operator

that transfromed Le by ~jj3 ¼ 1
M
v0j1 þ 1

M

�
~uu0 � aM

du
w0

�
j2 �

�
1þ a

du
v0
�
j3, ~LLe re-

turns to Le by transforming again by
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j3 ¼
1
M
v0

1þ a
du
v0

j1 þ
1
M

�
~uu0 � aM

du
w0

�
1þ a

du
v0

j2 �
1

1þ a
du
v0

~jj3:

Therefore, we obtain

j1
j2
j3

0B@
1CA

							
							
X

aC 0
j1
j2
~jj3

0B@
1CA

							
							
X

;

and then

j1
j2
j3

0B@
1CA

							
							
X

aC 0
j1
j2
~jj3

0B@
1CA

							
							
X

aC 0 C

e

h1

h2

h3

0B@
1CA

							
							
Y

¼ C1

e
Le

j1
j2
j3

0B@
1CA

							
							
Y

:

Consequently we arrive at kL�1
e kY!X a

C1

e
. r

4. Concluding remarks

We have concerned with the two-component cross-di¤usion competition-

system (1.5) for ðu; vÞ arising in the field of mathematical ecology. It is

numerically revealed that the structure of equilibrium solutions of (1.5) is so

complex when the cross di¤usion e¤ects are included, as was shown in Figs. 1

and 2. In this paper, we have considered the convergence problem between

(1.5) and the three component normal di¤usion-reaction systems (1.8) with a

small parameter e for ðUA;UB;VÞ. We have shown the following two results

on the stationary problems (1.12) and (1.14) for the corresponding to (1.5) and

(1.8), (i) As e tends to zero, we numerically showed in Figs. 4–6 that the global

structure of 1 dimensional equilibrium solutions of (1.8) converges to the one of

the cross-di¤usion competition system (1.5) when some parameters are globally

varied; (ii) we analytically showed that for any equilibrium solutions ðuðxÞ; vðxÞÞ
of (1.12), there exists a (unique) solution ðUAðx; eÞ;UBðx; eÞ;Vðx; eÞÞ of (1.14)

satisfying lime!þ0ðUAðx; eÞ þUBðx; eÞ;Vðx; eÞÞ ¼ ðuðxÞ; vðxÞÞ when the linearized

operator of (1.8) around ðuðxÞ; vðxÞÞ has no zero eigenvalue. As far as numerical

results, it is surprising that the structures of equilibrium solutions of (1.12) and

(1.14) near bifurcation points are qualitatively similar. Its analytical under-

standing has been unsolved and it is our future work.
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