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Abstract. A singular perturbation problem for a scalar bistable nonlocal reaction-

di¤usion equation is treated. It is rigorously proved that the layer solutions of this

nonlocal reaction-di¤usion equation converge to solutions of the averaged mean

curvature flow on a finite time interval as the singular perturbation parameter tends

to zero.

1. Introduction and main results

1.1. Nonlocal reaction-di¤usion equation. We consider in this paper the

following scalar bistable nonlocal reaction-di¤usion equation:

ut ¼ e2Duþ f ðuÞ � h f ðuÞi; t > 0; x A W;

qu=qn ¼ 0; t > 0; x A qW:

�
ðRDÞ

Here, W is a smooth bounded domain in RN ðNb 2Þ with total volume jWj
and the outward unit normal n on the boundary qW; e a small positive

parameter; f a nonlinear function of bistable type, a typical example being

f ðuÞ ¼ u� u3; and the symbol h � i stands for the spatial average over W,

i.e.,

hji :¼ 1

jWj

ð
W

j dx:

Rubinstein and Sternberg [26] derived the nonlocal equation (RD) as a shadow

system for the viscous Cahn-Hilliard equation (cf. [23, 24])

tut ¼ �D½e2Duþ f ðuÞ � ut�; t > 0; x A W;

qu=qn ¼ qDu=qn ¼ 0; t > 0; x A qW

�
ðvCHÞ
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with respect to the limit operation of the parameter t ! 0. The function

u ¼ uðt; xÞ represents, e.g., an order parameter or a concentration of one of the

components in the mixture at time t > 0 and position x A W, and the term Dut
is regarded as a viscous e¤ect. In particular, if the viscous e¤ect is negligible,

(vCH) is reduced to the Cahn-Hilliard equation

tut ¼ �D½e2Duþ f ðuÞ�; t > 0; x A W;

qu=qn ¼ qDu=qn ¼ 0; t > 0; x A qW:

�
ðCHÞ

For (RD) with su‰ciently small e > 0, it is known that the dynamics

of solution consists of several stages, and is roughly summarized as

follows:

(S1) Generation of layers.

The solution with an appropriate initial condition generates sharp internal

transition layer in a narrow region of OðeÞ near a hypersurface, called an

interface. Such a solution is referred to as a layer solution.

(S2) Motion of interfaces (i).

The layer solution begins to move in such a way that the corresponding

interface is driven according to a certain motion law.

(S3) Motion of interfaces (ii).

The layer solution then comes to evolve such that the motion of the

corresponding interface is governed by another motion law, called the

averaged mean curvature flow. The interface is driven in such a way that

the volume of domain enclosed by itself is preserved and its surface area

decreases. After a coarsening process, the interface evolves into a single

sphere.

(S4) Motion of bubbles (i).

The layer solution with spherical shape is referred to as the bubble

solution. The bubble solution drifts with exponentially slow speed,

without changing shape, towards the closest point on qW from the

center of the corresponding sphere.

(S5) Motion of bubbles (ii).

Once the bubble solution attaches to the boundary qW, it intersects

perpendicularly to qW with hemisphere-like shape, and evolves along qW

by its geometric information.

The dynamics in (S1) through (S3) was discussed in [26] by using formal

asymptotic analysis. For (S4), the existence of bubble motions was rigorously

established by Alikakos et al. [3]. Ward gave in [36] an explicit asymptotic

ordinary di¤erential equation for the distance between the center of the bubble

and the closest point on qW from it (see also [37]). Alikakos et al. derived

in [5] such an ordinary di¤erential equation for the Cahn-Hilliard equation

(CH), and compared the bubble motions for (CH) with those for the nonlocal
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equation (RD). The dynamics in (S5) was studied by Alikakos et al. [4] and

Ward [37].

Our result in this paper is concerned with the dynamics occurring in the

stage (S3). We will rigorously demonstrate that the dynamics in (S3) of layer

solutions to the nonlocal reaction-di¤usion equation (RD) is approximated by

the averaged mean curvature flow.

1.2. Dynamical approximation via interface equations. In the stages (S2) and

(S3), the dynamics of layer solutions is approximately captured by a motion

law of interface. Such a motion law is called an interface equation. Through-

out the remaining part of this paper, an interface means

a smooth, closed hypersurface embedded in WHRN , staying uniformly

away from qW.

The interface G separates the whole domain W into two subdomains. We

denote by Wþ one containing qW as a part of boundary, and by W� the other:

W ¼ W� UG UWþ; qW� ¼ G ; qWþ ¼ qWUG ;

and by nðx;GÞ the unit normal vector on G at x A G pointing toward the

interior of the subdomain Wþ. We also let the nonlinear function f ðuÞ satisfy

the conditions listed below, in which the nonlinearity is regarded as f ðuÞ � v,

rather than f ðuÞ itself, by introducing an auxiliary variable v for the nonlocal

term.

(A1) The function f is smooth on R and the nullcline fðu; vÞ j f ðuÞ � v

¼ 0g has exactly three branches of solutions

fðu; vÞ j u ¼ h�ðvÞ; v A ðv;yÞg;

fðu; vÞ j u ¼ hþðvÞ; v A ð�y; vÞg;

fðu; vÞ j u ¼ h0ðvÞ; v A ðv; vÞg;

satisfying the following inequalities for each v A ðv; vÞ:

h�ðvÞ < h0ðvÞ < hþðvÞ;

f 0ðhGðvÞÞ < 0; or equivalently; hGv ðvÞ < 0:

(A2) For each v A ðv; vÞ, define JðvÞ by

JðvÞ :¼
ð hþðvÞ
h�ðvÞ

ð f ðuÞ � vÞdu:

Then there exists a unique point v� A ðv; vÞ such that Jðv�Þ ¼ 0 and

J 0ðv�Þ < 0.
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The dynamics of layer solutions to (RD) in (S2) is slow, and is of order

OðeÞ. In order to capture its dynamics in time scale of Oð1Þ, we rescale the

time t in (RD) as t ! t=e:

eue
t ¼ e2Du e þ f ðueÞ � h f ðu eÞi; t > 0; x A W;

que=qn ¼ 0; t > 0; x A qW:

�
ðRD 0Þ

Under the assumption (A1), it is known that the following problem, called the

nonlinear eigenvalue problem, has a unique smooth solution pair ðQðz; vÞ; cðvÞÞ
for each v A ðv; vÞ acting as a parameter (cf. [13]):

Qzz þ cQz þ f ðQÞ � v ¼ 0; z A ð�y;yÞ;
lim

z!Gy
Q ¼ hGðvÞ; Qjz¼0 ¼ h0ðvÞ:

(
ðNEPÞ

The functions Q and c are referred to as the profile and the speed of the

traveling wave, respectively. By employing the wave speed c, the interface

equation in (S2) is expressed as

vðx;GðtÞÞ ¼ cðvðtÞÞ; t > 0; x A GðtÞ;
_vvðtÞ ¼ hðvðtÞ;GðtÞÞcðvðtÞÞjGðtÞj; t > 0;

Gð0Þ ¼ G0; vð0Þ ¼ v0 A ðv; vÞ

8<
:ðIE 0Þ

with

hðvðtÞ;GðtÞÞ :¼ hþðvðtÞÞ � h�ðvðtÞÞ
h�v ðvðtÞÞjWþðtÞj þ hþv ðvðtÞÞjWþðtÞj :

Here, the scale of time is that of ðRD 0Þ, the symbol vðx;GðtÞÞ stands for the

normal velocity of GðtÞ at x A GðtÞ in n-direction; jWGj and jGj are the volume

of WG and the surface area of G , respectively. The motion law of interface in

(S2) was earlier given as the equation (2.15) in [26]. The form, however, was

implicit and unsuitable for the circumstantial examination. The explicit form

by the interface equation ðIE 0Þ was later derived by Okada [25], in which the

unique existence of smooth solutions and the stability of the equilibria to ðIE 0Þ
were successfully established.

For 0 < eW 1, the dynamics of the solution u e and the nonlocal e¤ect

h f ðueÞi to ðRD 0Þ are approximated by that of the solution pair ðGðtÞ; vðtÞÞ to

ðIE 0Þ in the sense that

h f ðueðt; �ÞiAvðtÞ;

ueðt; xÞA h�ðvðtÞÞ; t > 0; x A W�ðtÞ;
hþðvðtÞÞ; t > 0; x A WþðtÞ:

�
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Note, in particular, that the second property shows the sharp layer structure of

ue near the interface GðtÞ. Such a characterization in (S2) was justified in [25]

by the following

Theorem (Theorem 1.2 in [25]). Assume that (A1) and (A2) are satisfied,

and let ðG; vÞ be the smooth solution pair to ðIE 0Þ on a time interval ½0;T �.
Then there exist e� > 0 and an e-family of smooth solutions ue to ðRD 0Þ, defined
for e A ð0; e��, satisfying

lim
e!0

h f ðu eÞi ¼ v uniformly on ½0;T �;

lim
e!0

ue ¼ h�ðvÞ
hþðvÞ

�
uniformly on

W�
TnG d

T

Wþ
TnG d

T

�
for each d > 0;

where

WG
T :¼ 6

t A ½0;T �
ftg �WGðtÞ;

G d
T :¼ 6

t A ½0;T �
ftg � GðtÞd

with GðtÞd :¼ fx A W j distðx;GðtÞÞ < dg, the d-neighborhood of the interface GðtÞ.

In the next stage (S3), the dynamics of layer solutions to (RD) is much

slower, compared with that in (S2), which is of order Oðe2Þ. To capture this in

time scale of Oð1Þ, it is adequate to rescale the time t in (RD) as t ! t=e2, and

to employ the rescaled version

e2ue
t ¼ e2Due þ f ðueÞ � h f ðueÞi; t > 0; x A W;

que=qn ¼ 0; t > 0; x A qW:

�
ð1:1Þ

The corresponding interface equation is known to be the averaged mean

curvature flow:

vðx;GðtÞÞ ¼ �kðx;GðtÞÞ þ kðtÞ; t > 0; x A GðtÞ;
Gð0Þ ¼ G0:

�
ð1:2Þ

Here, the scale of time is that of (1.1), the symbol kðx;GÞ stands for the sum

of principal curvatures (the mean curvature, for short) of G at x A G , and k

denotes the average of k on G, i.e.,

kðtÞ :¼ 1

jGðtÞj

ð
GðtÞ

kðx;GðtÞÞdSGðtÞ
x ;

dSG
x being the surface element of G at x A G . We notice that the sign of k is

chosen so that it is positive if the center of the curvature sphere lies in W�.
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The existence and uniqueness of smooth solutions to (1.2) are well established

(cf. [14, 16, 11, 21]), and arise as the lowest compatibility condition in our

approximations (cf. § 3.5 below).

In the previous stage (S2), the interface dynamics by ðIE 0Þ approximates

the dynamics of layer solution to ðRD 0Þ for small e > 0. Then, in this stage

(S3),

does the averaged mean curvature flow (1.2) approximate the dynamics of

layer solution to the nonlocal reaction-di¤usion equation (1.1) for small

e > 0?

By a variational method, it was rigorously proved in Bronsard and Stoth [7]

that the answer to this question is a‰rmative for radially symmetric solutions in

a spherically symmetric domain. Our aim of this paper is to show, by means

of an alternative method, that the answer remains a‰rmative without any

restrictions of symmetricity.

1.3. Main result. We are now in a position to state our result. This ensures

the existence of solutions to the nonlocal reaction-di¤usion equation (1.1) which

exhibit sharp transition layer near the interface driven by the averaged mean

curvature flow (1.2).

Theorem 1.1. Assume that (A1) and (A2) are satisfied, and let G be the

smooth solution to (1.2) on a time interval ½0;T �. Then there exist e� > 0 and

an e-family of smooth solutions ue to (1.1), defined for e A ð0; e��, satisfying

lim
e!0

h f ðueÞi ¼ v� uniformly on ½0;T �;

lim
e!0

ue ¼ h�ðv�Þ
hþðv�Þ

�
uniformly on

W�
TnG d

T

Wþ
TnG d

T

�
for each d > 0:

It is in general not so easy to establish this sort of convergence result for

nonlocal problems. One reason for the di‰culty is that the method of sub- and

super solutions based on the maximum principle, or comparison principle, is

not applicable. Situation is the same even for the most fundamental scalar

equation (1.1), and so it is for the higher order equations such as (vCH) and

(CH). To demonstalate Theorem 1.1, we will follow an alternative method,

an approximation method. This method is based on the singular perturbation

method and has been developed as a way to treat boundary/internal layers ap-

pearing in local elliptic problems [12, 20, 18, 15, 27, 28, 29, 22, 32, 33], and in

local parabolic problems [2, 10, 30, 31]. For nonlocal problems, the applica-

tion of this method to ðRD 0Þ was successfully established by Okada [25], fol-

lowing the argument developed in Sakamoto [31], Nefedov and Sakamoto [22].
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This paper is organized as follows. We will prove Theorem 1.1 in § 2.

The proof consists of two steps; (i) construction of approximate solutions and

(ii) perturbation argument. In the first step, a family of approximate solutions

with high degree of accuracy is constructed (cf. Proposition 2.1 below). Since

the construction is rather lengthly and involved, it will be postponed to § 3. In

the second step, we derive a true solution as a perturbation from the approx-

imate solution (cf. Proposition 2.2 below). In this procedure, a certain estimate

on the evolution operator associated with the linearized operator around the

approximate solution plays a crucial role (cf. Proposition 2.3 below). The

details will be developed in § 4.

2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Several propositions are employed,

the proofs for some of which are postponed to § 3 and § 4. In what follows,

where no danger of confusion will arise, we employ the same symbol M to

denote positive constants independent of e > 0 which could be di¤er from line

to line.

The first step is the construction of approximate solutions:

Proposition 2.1. Assume that (A1) and (A2) are satisfied, and let G be the

smooth solution of (1.2) on a time interval ½0;T �. For each integer kb 2, there

exist e� > 0 and an e-family of smooth approximate solutions ue
A to (1.1), defined

for e A ð0; e��, satisfying

max
½0;T �

e2
qu e

A

qt
� e2Due

A � f ðu e
AÞ þ h f ðue

AÞi
����

����
LyðWÞ

¼ Oðekþ1Þ;ð2:1aÞ

que
A

qn
¼ 0 on ½0;T � � qW;ð2:1bÞ

lim
e!0

h f ðu e
AÞi ¼ v� uniformly on ½0;T �;ð2:1cÞ

lim
e!0

ue
A ¼ h�ðv�Þ

hþðv�Þ

�
uniformly on

W�
TnG d

T

Wþ
TnG d

T

�
for each d > 0:ð2:1dÞ

We will postpone the proof of Proposition 2.1 to § 3.

Let us now move on to the second step. By means of perturbation

argument, we will prove that there exists a true solution u e near the approx-

imate solution ue
A constructed as in Proposition 2.1.

Proposition 2.2. For each integer kb 2, let ue
A be the e-family of smooth

approximate solutions to (1.1), defined for e A ð0; e��, satisfying the properties

269Dynamical of layers and the averaged mean curvature flow



stated in Proposition 2.1. Then there exists an e-family of smooth solutions ue

to (1.1), defined for e A ð0; e��, such that

max
½0;T �

kue � ue
AkLyðWÞ ¼ Oðek�1Þ:ð2:2Þ

Proof. For each t A ½0;T �, let L eðtÞ be the linearized operator of (1.1)

around the approximate solution u e
A:

LeðtÞj :¼ Djþ 1

e2
½ f 0ðue

Aðt; �ÞÞj� h f 0ðue
Aðt; �ÞÞji�:

By introducing a scaling parameter s A R, which is to be determined, we rescale

the time t in LeðtÞ by

t ¼ est;ð2:3Þ

and seek a true solution ue of (1.1) with the following form:

ueðest; �Þ ¼ ue
Aðest; �Þ þ jeðtÞð�Þ; t A ½0;T=es�:ð2:4Þ

Our equation in (1.1) is recast as an evolution equation for jeðtÞ

_jjeðtÞ ¼ AeðtÞjeðtÞ þNeðt; jeðtÞÞ þReðtÞ;ð2:5Þ

where ‘‘dot’’ stands for the derivative with respect to the variable t; A eðtÞj,
Neðt; jÞ and ReðtÞ are the linear, the nonlinear and the remainder parts,

respectively, defined by

AeðtÞj :¼ esL eðe stÞjð2:6aÞ

¼ e sDjþ es�2½ f 0ðue
Aðest; �ÞÞj� h f 0ðu e

Aðest; �ÞÞji�;

Neðt; jÞ :¼ e s�2½ f ðue
Aðest; �Þ þ jÞ � f ðu e

Aðest; �ÞÞ � f 0ðu e
Aðest; �ÞÞjð2:6bÞ

� h f ðue
Aðest; �Þ þ jÞ � f ðu e

Aðest; �ÞÞ � f 0ðu e
Aðest; �ÞÞji�;

ReðtÞ :¼ e s�2

�
e2Due

Aðest; �Þ þ f ðue
Aðest; �ÞÞ � h f ðue

Aðe st; �ÞÞið2:6cÞ

� e2
que

A

qt
ðe st; �Þ

�
:

Notice that the following estimates are valid for t A ½0;T=es� by virtue of (2.6b),

(2.6c) and (2.1a) in Proposition 2.1:

e2�sNeðt; jÞ ¼ Oðjjj2Þ;ð2:7aÞ

kReðtÞkLyðWÞ ¼ Oðesþk�1Þ:ð2:7bÞ
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We now decompose L2ðWÞ as L2ðWÞ ¼ MlM?, where M and M? stand

for the space consisting of zero-average functions and the orthogonal com-

plement of M spanned by the constant function jWj�1=2, respectively. Accord-

ing to this decomposition, we also decompose the function jeðtÞ in (2.5) as

jeðtÞð�Þ ¼ je
1ðtÞð�Þ þ je

2ðtÞ; je
1ðtÞ A M; je

2ðtÞ A M?:ð2:8Þ

Then, the equation (2.5) is equivalent to the following system:

_jje
1ðtÞ ¼ AeðtÞje

1ðtÞ þNeðt; je
1ðtÞ þ je

2ðtÞÞ þ R̂Reðt; je
2ðtÞÞ;ð2:9aÞ

_jje
2ðtÞ ¼ hReðtÞi:ð2:9bÞ

Here, R̂Reðt; j2Þ ðj2 A M?Þ is defined by

R̂Reðt; j2Þ :¼ ReðtÞ � hReðtÞiþAeðtÞj2ð2:10Þ

¼ ReðtÞ � hReðtÞiþ es�2½ f 0ðue
Aðest; �ÞÞ � h f 0ðue

Aðest; �ÞÞi�j2:

Note that (2.9a) is the evolution equation and (2.9b) the ordinary di¤erential

equation.

In order to deal with the evolution equation (2.9a), let us now set up some

appropriate function spaces. Let pb 2 and we define the basic space by

X e
0 :¼ LpðWÞVMð2:11Þ

and the domain of AeðtÞ by

X e
1 :¼ W

2;p
e;BðWÞVM;

where W
2;p
e;BðWÞ is the same as the usual Sobolev space

W
2;p
B ðWÞ :¼ fu A W 2;pðWÞ j qu=qn ¼ 0 on qWg

as a set, with the weighted norm

kuk
W

2; p
e;B

ðWÞ :¼ kukLpðWÞ þ es=2kDukLpðWÞ þ eskD2ukLpðWÞ:ð2:12Þ

In the sequel, some weighted norms and embedding properties are employed.

We notice here that the weighted norms are introduced to make the embedding

constants independent of e > 0.

For a A ð0; 1Þ, let X e
a be the real interpolation spaces between X e

0 and X e
1

X e
a :¼ ðX e

0 ;X
e
1 Þa;pð2:13Þ

endowed with the norms k � ka, where ð� ; �Þa;p stands for the standard real

interpolation method (functor). Note that X e
a enjoy the continuous embedding

properties
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0a a < ba 1 )
X e

b ,! X e
a ;

kuka aMkukb ðu A X e
b Þ:

We also set up weighted Hölder spaces C a
e;pðWÞ for a A ð0; 1Þ, which are the

same as the usual Hölder spaces C aðWÞ as sets, with the weighted norm

kuk
C a

e; pðWÞ :¼ esN=2pkukLyðWÞ þ eðs=2ÞðaþN=pÞ½u�
C aðWÞ;ð2:14Þ

where ½u�
C aðWÞ is the Hölder seminorm defined by

½u�
C aðWÞ :¼ sup

x;x 0 AW
x0x 0

juðxÞ � uðx 0Þj
jx� x 0ja :

Notice that, if the relation 2a�N=p > b is valid for some a; b A ð0; 1Þ, then X e
a

is continuously embedded in C b
e;pðWÞ:

2a�N

p
> b )

X e
a ,! C b

e;pðWÞ;

kuk
C

b
e; pðWÞ aMkuka ðu A X e

a Þ:
ð2:15Þ

We simply denote by kBka;b the operator norm of a bounded linear operator

B : X e
a ! X e

b .

Let Feðt; sÞ : X e
a ! X e

b ð0a sa taT=esÞ the evolution operator associ-

ated with the family fAeðtÞgt A ½0;T=e s�. Applying the variation of constants

formula to (2.9), we obtain

je
1ðtÞ ¼ Feðt; 0Þje

1ð0Þ þ
ð t
0

Feðt; sÞNeðs; je
1ðsÞ þ je

2ðsÞÞdsð2:16aÞ

þ
ð t
0

Feðt; sÞR̂Reðs; je
2ðsÞÞds;

je
2ðtÞ ¼ je

2ð0Þ þ
ð t
0

hReðsÞids:ð2:16bÞ

The existence and uniqueness of smooth solutions is well established, and

therefore our task is only to have an estimate for the solution je to (2.5) by

employing those for je
1 and je

2 in (2.16). In estimating je
1, the estimate of

evolution operator Feðt; sÞ in the following proposition plays a crucial role.

Proposition 2.3. For 0a aa ba 1 with ða; bÞ0 ð0; 1Þ, there exist some

constants K ;M > 0 such that the following estimate holds for small e > 0, sb 4

and 0a sa taT=es:

kFeðt; sÞka;b aMðt� sÞa�b
e e

sðl�þKÞðt�sÞð2:17Þ

with some l� > 0.
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The constant l� > 0 in Proposition 2.3 is derived from some information

of the principal eigenvalue of the linearized operator LeðtÞ via the spectral

analysis developed in § 4 below.

We postpone the proof of Proposition 2.3 to § 4, and proceed with the

argument to get the estimate (2.2). We recall that k, s, p and a are parameters

related to the accuracy degree of approximations (cf. Proposition 2.1), the

scaling of time (cf. (2.3)), the basic space (cf. (2.11)) and the interpolation

spaces (cf. (2.13)), respectively. We now let

kb 2;ð2:18aÞ

s :¼ 4;ð2:18bÞ

p > 2N;ð2:18cÞ

a A ð3=4; 1Þ;ð2:18dÞ

and choose jeð0Þ ¼ je
1ð0Þ þ je

2ð0Þ so small that

kje
1ð0Þka ¼ Oðekþ1Þ;ð2:19aÞ

jje
2ð0Þj ¼ Oðekþ1Þ:ð2:19bÞ

Let us first treat (2.16b) together with (2.19b). The estimate (2.7b) with

(2.18b) yields that

jje
2ðtÞja jje

2ð0Þj þ
ð t
0

kReðsÞkLyðWÞds

¼ Oðekþ1Þ þOðekþ3Þ � T=e4:

Therefore, the solution je
2ðtÞ of (2.9b) with (2.19b) satisfies

jje
2ðtÞj ¼ Oðek�1Þ; t A ½0;T=e4�:ð2:20Þ

Substituting the solution je
2ðtÞ with (2.20) into (2.16a), we move on to

estimating je
1. Since p and a are chosen so that (2.18c) and (2.18d), respec-

tively, it holds that

2a�N

p
> 2 � 3

4
� 1

2
¼ 1;

and the embedding relations in (2.15) are fulfilled for b A ð0; 1Þ chosen

arbitrarily. Hence, by (2.7a) and (2.14) with (2.18b), (2.20) and X e
a ,! X e

0 ,

we have the following estimates for s A ½0;T=e4�:

kNeðs; je
1ðsÞ þ je

2ðsÞÞk0

aMe2kje
1ðsÞ þ je

2ðsÞkLyðWÞkje
1ðsÞ þ je

2ðsÞk0
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aMe2 ðkje
1ðsÞkLyðWÞ þ jje

2ðsÞjÞðkje
1ðsÞk0 þ jje

2ðsÞjÞ

aMe2ðe�2N=pkje
1ðsÞka þOðek�1ÞÞðkje

1ðsÞka þOðek�1ÞÞ

aMðe2�2N=pkje
1ðsÞk

2
a þMe2þðk�1Þ�2N=pð1þ e2N=pÞkje

1ðsÞka þMe2ðk�1Þþ2Þ

aMðe2ð1�N=pÞkje
1ðsÞk

2
a þ ekþ1�2N=pkje

1ðsÞka þ e2kÞ:

Moreover, employing (2.7b), (2.20) together with (2.18b) in (2.10), we have for

s A ½0;T=e4�,

kR̂Reðs; je
2ðsÞÞk0 a kR eðsÞ � hReðsÞik0

þ e2k f 0ðu e
Aðess; �ÞÞ � h f 0ðue

Aðess; �ÞÞik0jje
2ðsÞj

a 2ðkReðsÞkLyðWÞ þ e2k f 0ðue
Aðe2s; �ÞÞkLyðWÞjje

2ðsÞjÞ

¼ Oðekþ3Þ þ e2Oð1ÞOðek�1Þ

aMekþ1:

Using these estimates in (2.16), we find that

kje
1ðtÞka a kFeðt; 0Þka;akje

1ð0Þkað2:21Þ

þMe2ð1�N=pÞ
ð t
0

kFeðt; sÞk0;akje
1ðsÞk

2
ads

þMekþ1�2N=p

ð t
0

kFeðt; sÞk0;akje
1ðsÞkads

þMekþ1

ð t
0

kFeðt; sÞk0;ads;

where the inequality 2k > k þ 1 (under (2.18a)) has been employed to get the

last term.

Let reðtÞ be the function defined by

reðtÞ :¼ kje
1ðtÞkae�e4ðl�þKÞt; t A ½0;T=e4�:ð2:22Þ

Then, by the estimates (2.17) with (2.18b), we can compute (2.21) in terms of

reðtÞ so that

reðtÞaM

�
reð0Þ þ eðl�þKÞT e2ð1�2N=pÞ

ð t
0

ðt� sÞ�a
reðsÞ2dsð2:23Þ

þ ekþ1�2N=p

ð t
0

ðt� sÞ�a
reðsÞdsþMekþ1 T

1�a

1� a
e�4ð1�aÞ

�
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aM

�
reð0Þ þ e2ð1�N=pÞ

ð t
0

ðt� sÞ�a
reðsÞ2ds

þ ekþ1�2N=p

ð t
0

ðt� sÞ�a
r eðsÞdsþ ekþ4a�3

�
:

By (2.19a), we have

reð0Þ ¼ kje
1ð0Þka ¼ Oðekþ1Þ:ð2:24Þ

Then from the continuity of r eðtÞ it follows that

reðtÞa ekð2:25Þ

for small t > 0. Setting

T e :¼ supft A ½0;T=e4� j reðsÞa ek for all s A ½0; t�g;

we have one of the alternatives

reðT eÞ ¼ ek or T e ¼ T=e4:

Assuming the former situation is realized, we can compute by employing (2.24)

in (2.23) so that

ek ¼ reðT eÞaM

�
ekþ1 þ e2ð1�2N=pÞe2k

T 1�a

1� a
e�4ð1�aÞð2:26Þ

þ ekþ1�2N=pek
T 1�a

1� a
e�4ð1�aÞ þ ekþ4a�3

�

a ek
�
MeþMT 1�a

1� a
ek�2þ4a�4N=p

þMT 1�a

1� a
ek�3þ4a�2N=p þMe4a�3

�
:

Noting our choice of parameters in (2.18), we have

k � 2þ 4a� 4N

p
> 2� 2þ 4 � 3

4
� 4 � 1

2
¼ 1 > 0;

k � 3þ 4a� 2N

p
> 2� 3þ 4 � 3

4
� 2 � 1

2
¼ 1 > 0;

4a� 3 > 4 � 3
4
� 3 ¼ 0:

Thus for su‰ciently small e > 0, (2.26) implies
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ek a
ek

2
;

which is a contradiction. Hence, the latter case is realized, namely, (2.25) is

valid for t A ½0;T=e4�, and by (2.22) we have

kje
1ðtÞka aMeðl�þKÞT ek ¼ OðekÞ; t A ½0;T=e4�:

By employing (2.14) and (2.15), it follows that

kje
1ðtÞkLyðWÞ ¼ Oðek�2N=pÞ; t A ½0;T=e4�:ð2:27Þ

Combining (2.20) and (2.27) in (2.8), we have

kjeðtÞkLyðWÞ a kje
1ðtÞkLyðWÞ þ jje

2ðtÞj

¼ Oðek�2N=pÞ þOðek�1Þ

¼ Oðek�1Þ; t A ½0;T=e4�:

This estimate and (2.4) lead to (2.2), which completes the proof of Proposition

2.2. r

Theorem 1.1 immediately follows from Proposition 2.1 and Proposition 2.2

with k ¼ 2, and the following inequalities

ku e � hGðv�Þk
LyðWGnG dÞ a ku e � u e

AkLyðWÞ þ ku e
A � hGðv�Þk

LyðWGnG dÞ;

jh f ðueÞi� v�ja jh f ðueÞi� h f ðue
AÞij þ jh f ðue

AÞi� v�j

aMkue � ue
AkLyðWÞ þ jh f ðue

AÞi� v�j:

This completes the proof of Theorem 1.1.

3. Proof of Proposition 2.1

In this section, we construct the approximate solutions satisfying the

properties stated in Proposition 2.1. For this purpose, we recast the equation

in (1.1), by introducing an auxiliary variable, as

e2u e
t ¼ e2Du e þ f ðu eÞ � v e; t > 0; x A W;ð3:1aÞ

ve � h f ðu eÞi ¼ 0; tb 0:ð3:1bÞ

The procedure of construction consists of five parts; outer expansion (§ 3.1),

inner expansion (§ 3.2), C1-matching (§ 3.3), nonlocal expansion (§ 3.4), and

uniform approximation (§ 3.5). § 3.1 through § 3.3 are devoted to the first

equation (3.1a), in which (3.1a) is treated as a scalar equation with a parameter
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ve and the method of matched asymptotic expansions for local problems is

employed. In § 3.1 and § 3.2, we determine the outer and inner solutions to

(3.1a), respectively. In § 3.3, we derive a series of equalities equivalent to the

C1-matching conditions which guarantee that the inner solution is smooth

across the level-set interface G eðtÞ :¼ fx A W j ueðt; xÞ ¼ h0ðv�Þg. In § 3.4, we

substitute all information for the outer and inner solutions obtained in the

previous procedures into v e � h f ðueÞi and regulate it as in (3.1b), which gives

rise to another series of equalities. In the last section § 3.5, we construct the

desired approximate solution by solving these two series of equalities obtained

in § 3.3 and 3.4.

3.1. Outer expansion. We assume that u eðt; xÞ in (3.1a) has the formal

expansions

ueðt; xÞ ¼ U eðt; xÞ@
X
jb0

e jU j;Gðt; xÞ in WnGðtÞd;ð3:2Þ

and determine the coe‰cients U j;G ð jb 0Þ so that they asymptotically solve

(3.1a) on the respective domain WG. Substituting (3.2) together with the

formal expansion

veðtÞ@
X
jb0

e jv jðtÞð3:3Þ

into (3.1a) and equating the coe‰cient of each power of e in the resulting

equation, we have the following series of equations for U j;G in WG.

ð j ¼ 0Þ f ðU 0;GÞ ¼ v0;

ð j ¼ 1Þ f 0ðU 0;GÞU 1;G ¼ v1;ð3:4Þ

ð jb 2Þ f 0ðU 0;GÞU j;G ¼ v j þ FG
j ;

where FG
j stand for the terms depending only on U 0;G; . . . ;U j�1;G, explicitly

given by

FG
j ¼ U

j�2;G
t � DU j�2;G� 1

j!

d j

de j
f
X
mb0

emUm;G

 !�����
e¼0

� f 0ðU 0;GÞU j;G

" #
:

As a solution of (3.4) for j ¼ 0, we choose (cf. (A1))

ð j ¼ 0Þ U 0;Gðt; xÞ ¼ U 0;GðtÞ :¼ hGðv0ðtÞÞ on WGðtÞ:ð3:5aÞ

If we make this choice, U j;G ð jb 1Þ can be successively expressed, by (3.4)

and (A1), as
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ð jb 1Þ U j;Gðt; xÞ ¼ U j;GðtÞ :¼ hGv ðv0ðtÞÞv jðtÞ þ VG
j ðtÞ on WGðtÞ;ð3:5bÞ

where VG
j are some functions depending only on v0; . . . ; v j�1 satisfying VG

1 1 0.

Once v0; . . . ; v j are known, U j;G are completely determined via (3.5), although

v j ð jb 0Þ are unknown at this stage. These will be determined later, by the

procedure developed in § 3.5 below.

By setting formally

U e;GðtÞ :¼
X
jb0

e jU j;GðtÞ on WGðtÞ;

the outer solution U e is asymptotically characterized by

U eðt; xÞ ¼ U e;�ðtÞ; t > 0; x A W�ðtÞ;
U e;þðtÞ; t > 0; x A WþðtÞ:

�

3.2. Inner expansion. Transition layers cannot be captured by the outer

solution U e because it has a jump between U e;�ðtÞ and U e;þðtÞ on the interface

GðtÞ. We now introduce a local coodinate system in GðtÞd adapted to

describing layer phenomena.

For each tb 0, we assume that GðtÞ is expressed as a smooth embedding

from a fixed ðN � 1Þ-dimensional reference manifold M to RN :

gðt; �Þ : M ! GðtÞ

y 7! x ¼ gðt; yÞ:
ð3:6Þ

We denote by nðt; yÞ A RN the unit normal vector on GðtÞ at x ¼ gðt; yÞ pointing
into the interior of WþðtÞ, and normalize the parametrization (3.6) in such a

way that gt is always parallel to n (cf. [10]). A point x A GðtÞd is uniquely

represented as

x ¼ Fðt; r; yÞ :¼ gðt; yÞ þ rnðt; yÞð3:7Þ

by the di¤eomorphism Fðt; � ; �Þ : ð�d; dÞ �M ! GðtÞd, which gives the trans-

formation between the coordinate systems ðt; xÞ and ðt; r; yÞ. By virtue of this,

a function uðt; xÞ for x A GðtÞd is also denoted by uðt; r; yÞ.
In terms of ðt; r; yÞ, the di¤erential operators q=qt and Dx in ðt; xÞ then

transform as follows:

q

qt
! q

qt
� gt � n

q

qr
� rnt � ‘G r

M ;

Dx ¼
q2

qr2
þ K

q

qr
þ DG r

M :

ð3:8Þ
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Here, Kðt; r; yÞ is the sum of pricipal curvatures (mean curvature, for short) of

the r-shifted interface

G rðtÞ :¼ Fðt; r;MÞ ¼ fx A W j x ¼ gðt; yÞ þ rnðt; yÞ; y A Mg

at x ¼ Fðt; r; yÞ A G rðtÞ. Let kiðt; yÞ ði ¼ 1; . . . ;N � 1Þ be the principal cur-

vatures of GðtÞ at x ¼ gðt; yÞ A GðtÞ. Then K is explicitly expressed as

Kðt; r; yÞ ¼
XN�1

i¼1

kiðt; yÞ
1þ rkiðt; yÞ

:

The symbols ‘G r

M and DG r

M denote the gradient operator and the Laplace-

Beltrami operator on M induced from ‘G r

and DG r

, those on G rðtÞ, by

Fðt; r; �Þ, respectively. Let ðGijÞðt; r; yÞ ði; j ¼ 1; . . . ;N � 1Þ be the covariant

metric tensor on G rðtÞ at x ¼ Fðt; r; yÞ induced from the Euclidean metric

in RN , and denote ðGijÞ ¼ ðGijÞ�1 and G ¼ detðGijÞ. Then ‘G r

M and DG r

M are

explicitly represented as

‘G r

M ðt; r; yÞ ¼
XN�1

i; j¼1

qFðt; r; yÞ
qyi

Gijðt; r; yÞ q

qy j
;ð3:9Þ

DG r

M ðt; r; yÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gðt; r; yÞ

p XN�1

i; j¼1

q

qyi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gðt; r; yÞ

p
Gijðt; r; yÞ q

qy j

� �
:

We note that the following equalities are valid:

Kðt; 0; yÞ ¼
XN�1

i¼1

kiðt; yÞ ¼: kðt; yÞ; ‘G r

M ðt; r; yÞjr¼0 ¼ ‘G
Mðt; yÞ;ð3:10Þ

Krðt; 0; yÞ ¼ �
XN�1

i¼1

k2
i ðt; yÞ; DG r

M ðt; r; yÞjr¼0 ¼ DG
Mðt; yÞ;

where ‘G
M and DG

M are the gradient operator and the Laplace-Beltrami oper-

ator on M induced from ‘G and DG , those on GðtÞ, by gðt; �Þ, respec-

tively.

For tb 0, we define the e-dependent interface G eðtÞ as a level set of the

solution ue. The transition layer is expected to develop near fx A W j u eðt; xÞA
h0ðv�Þg, and without loss of generality, we may assume

h0ðv�Þ :¼ 0ð3:11Þ

by an appropriate translation. From this, we set

G eðtÞ :¼ fx A W j ueðt; xÞ ¼ 0g:ð3:12Þ
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We also expect that G eðtÞ is expressed as the graph of a smooth function over

GðtÞ:

G eðtÞ ¼ fx A W j x ¼ gðt; yÞ þ eReðt; yÞnðt; yÞ; y A Mg;ð3:13Þ

where Re is a priori unknown and to be determined. To describe the layer

phenomena near G eðtÞ, i.e., near r ¼ eReðt; yÞ in ðt; r; yÞ, let us introduce a

stretched variable

z :¼ r� eReðt; yÞ
e

:ð3:14Þ

Then the equation (3.1a) is recast in terms of z as follows, in which t and y are

regarded as parameters:

Lemma 3.1. The equation (3.1a) is recast as

u e
zz þDeue þ f ðueÞ � ve ¼ 0 in ð�d=e� Re; d=e� ReÞ:ð3:15Þ

Here, De is the di¤erential operator defined by

De :¼ eðgt � nþ K eÞ q

qz
þ e2

�
Re

t

q

qz
� De

MRe q

qz
ð3:16Þ

þ j‘e
MRej2 q2

qz2
� 2‘e

MRe � ‘e
M

q

qz
þ De

M � q

qt

�

þ e3
�
ðzþ ReÞnt � ‘e

M � ‘e
MRe q

qz

� �

� 1ffiffiffiffiffiffi
G e

p
XN�1

i; j¼1

q

qr
ð
ffiffiffiffi
G

p
GijÞ

� �e
Re

y i

q

qy j

þ 1ffiffiffiffiffiffi
G e

p
XN�1

i; j¼1

q

qr
ð
ffiffiffiffi
G

p
GijÞ

� �e
Re

y iR
e
y j

q

qz

�
;

in which

‘e
Mðt; z; yÞ :¼ ‘G r

M ðt; r; yÞjr¼ezþeR eðt;yÞ;

De
Mðt; z; yÞ :¼ DG r

M ðt; r; yÞjr¼ezþeR eðt;yÞ;

and other functions K eðt; z; yÞ etc. are defined by Kðt; r; yÞ etc. with r ¼
ezþ eReðt; yÞ.

Proof. By virtue of (3.14), the di¤erential operators q=qt, q=qr and q=qyi

in ðt; r; yÞ are represented in ðt; z; yÞ as
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q

qt
! q

qt
� Re

t

q

qz
;

q

qr
¼ 1

e

q

qz
;

q

qyi
! q

qyi
� Re

y i

q

qz
:ð3:17Þ

Therefore, the di¤erential operator e2D� e2q=qt in the equation (3.1a)

e2 D� q

qt

� �
ue þ f ðueÞ � ve ¼ 0

is recast, by (3.8), (3.9) and (3.17), as

q2

qz2
þ
�
eK e q

qz
þ e2De

Mð3:18aÞ

� e2
q

qt
þ e2Re

t

q

qz
þ egt � n

q

qz
þ e2ðezþ eReÞnt � ‘e

M

�
;ð3:18bÞ

where

‘e
M :¼

XN�1

i; j¼1

qFe

qyi
� Re

y i

qFe

qz

� �
Gij
	 
e q

qy j
� Re

y j

q

qz

� �
;ð3:19Þ

De
M :¼ 1ffiffiffiffiffiffi

G e
p

XN�1

i; j¼1

q

qyi
� Re

yi

q

qz

� �
ð
ffiffiffiffi
G

p
GijÞe q

qy j
� Re

y j

q

qz

� �� �
:

Note that (3.18a) and (3.18b) come from e2D and �e2q=qt, respectively. In

(3.19), we explicitly compute as

nt � ‘e
M ¼ nt � ‘e

M � ‘e
MRe q

qz

� �
� eðnt � nÞ‘e

MRe � ‘e
M � eðnt � nÞj‘e

MRej2 q

qz

¼ nt � ‘e
M � ‘e

MRe q

qz

� �
;

De
M ¼ De

M � De
MRe q

qz
� 2‘e

MRe � ‘e
M

q

qz
þ j‘e

MRej2 q2

qz2

� effiffiffiffiffiffi
G e

p
XN�1

i; j¼1

q

qr
ð
ffiffiffiffi
G

p
GijÞ

� �e
Re

yi

q

qy j
þ effiffiffiffiffiffi

G e
p

XN�1

i; j¼1

q

qr
ð
ffiffiffiffi
G

p
GijÞ

� �e
Re

yiR
e
y j

q

qz
:

Then, in (3.18), we find that the di¤erential operators in the brackets ½�� form
the operator De defined in (3.15). This completes the proof. r

Substituting the formal expansion
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Reðt; yÞ@
X
jb0

e jR jþ1ðt; yÞð3:20Þ

into (3.16) and noting (3.10), we can easily verify that the coe‰cients D j in the

formal expansion

De @
X
jb0

e jD jð3:21Þ

are given as follows:

ð j ¼ 0Þ D0 ¼ 0;ð3:22Þ

ð j ¼ 1Þ D1 ¼ ðgt � nþ kÞ q

qz
;

ð j ¼ 2Þ D2 ¼ q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R1 q

qz

þ j‘G
MR1j2 q2

qz2
� 2‘G

MR1 � ‘G
M

q

qz

þ DG
M � z

XN�1

i¼1

k2
i

 !
q

qz
� q

qt
;

ð jb 3Þ D j ¼ q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R j�1 q

qz

þ 2‘G
MR j�1 � ‘G

MR1 q2

qz2
� 2‘G

MR j�1 � ‘G
M

q

qz

þ di¤erential operator including G ; R1; . . . ;R j�2:

Assuming that ueðt; z; yÞ in (3.15) has the formal expansions

ueðt; z; yÞ ¼ ~uueðt; z; yÞð3:23Þ

@
X
jb0

e j ~uu j;Gðt; z; yÞ in � d

e
� Reðt; yÞ; d

e
� Reðt; yÞ

� �
;

we will determine the coe‰cients ~uu j;Gðt; z; yÞ ð jb 0Þ so that ~uu j;� and ~uu j;þ

asymptotically solve the equation in (3.15) in the intervals ð�y; 0Þ and ð0;þyÞ,
respectively. Substituting (3.23) together with (3.21) and (3.3) into (3.15), and

equating the coe‰cient of each power of e in the resulting equation, we obtain

the series of equations for ~uu j;G in Gz A ð0;yÞ.
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ð j ¼ 0Þ ~uu0;Gzz þ f ð~uu0;GÞ � v0 ¼ 0;

ð jb 1Þ ~uu j;G
zz þ f 0ð~uu0;GÞ~uu j;Gþ ~FFG

j ¼ 0;
ð3:24Þ

where, ~FFG
j are the functions given by

~FFG
j :¼

Xj

m¼0

Dm~uu j�m;G� v j þ 1

j!

d j

de j
f
X
mb0

em~uum;G

 !�����
e¼0

� f 0ð~uu0;GÞ~uu j;G

" #
;ð3:25Þ

depending only on G , R1; . . . ;R j�1; v j; ~uu0;G; . . . ; ~uu j�1;G (cf. (3.22)).

We treat (3.24) together with the following boundary conditions.

~uu j;�ðt; 0; yÞ ¼ 0 ¼ ~uu j;þðt; 0; yÞ;ð3:26aÞ

j~uu j;Gðt; z; yÞ � ~UU j;Gðt; z; yÞj ¼ Oðe�hjzjÞ for some h > 0 as Gz ! y:ð3:26bÞ

The first condition (3.26a), the interface condition, comes from the definition of

the level-set interface G eðtÞ (cf. (3.12)). The second condition (3.26b) is called

the inner-outer matching condition, in which ~UU j;Gðt; z; yÞ stand for the coef-

ficients of e j in the expansion for

~UU eðt; z; yÞ ¼ U eðt; gðt; yÞ þ ðezþ eReðt; yÞÞnðt; yÞÞ;

the inner expression of outer solution U eðt; xÞ in terms of ðt; z; yÞ. More

precisely, ~UU j;Gðt; z; yÞ are, in general, the functions defined by

~UU j;Gðt; z; yÞ :¼
Xj

k¼0

1

k!

d k

dek
U j�k;G t; ezþ

X
mb1

emRmðt; yÞ; y
 !�����

e¼0

;

where we employed the expression U j�k;Gðt; r; yÞ. In our situation, ~UU j;Gðt; z; yÞ
are nothing but the functions given by

~UU j;Gðt; z; yÞ ¼ U j;GðtÞ; Gz A ð0;yÞ;ð3:27Þ

thanks to the fact that U j;Gðt; xÞ ð jb 0Þ are spatially homogeneous (cf. (3.5)).

The function ~UU eðt; z; yÞ is asymptotically characterized by

~UU eðt; z; yÞ ¼ U e;�ðtÞ; z A ð�y; 0Þ;
U e;þðtÞ; z A ð0;yÞ:

�

In determing the solutions ~uu j;G to the equations (3.24) satisfying (3.26),

the smooth solution pair ðQðz; vÞ; cðvÞÞ ðv A ðv; vÞÞ to the nonlinear eigenvalue

problem (NEP) (cf. § 1)

Qzz þ cQz þ f ðQÞ � v ¼ 0; z A ð�y;yÞ;
lim

z!Gy
Q ¼ hGðvÞ; Qjz¼0 ¼ h0ðvÞ :¼ 0

(
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plays an important role. Here, we note that Qjz¼0 is normalized as Qjz¼0 ¼ 0

by virtue of (3.11). Under the assumptions (A1) and (A2), the solution pair

ðQðz; vÞ; cðvÞÞ satisfies the following properties:

( i ) The function Qðz; vÞ and its derivatives of any order with respect to z

converge to the limits hGðvÞ and 0 with an exponential order of Oðe�hjzjÞ
for some h > 0 as z !Gy, respectively. Furthermore, Qzðz; vÞ > 0 for

z A ð�y;yÞ.
(ii) The function cðvÞ is given by cðvÞ ¼ �JðvÞ=mðvÞ. Moreover, there exists

unique point v� A ðv; vÞ such that

cðv�Þ ¼ 0;ð3:28aÞ

c 0ðv�Þ ¼ � J 0ðv�Þ
m� ¼ ½h��

m� > 0;ð3:28bÞ

where

mðvÞ :¼
ðy
�y

½Qzðz; vÞ�2dz > 0;

m� :¼ mðv�Þ > 0, and ½h�� :¼ hþðv�Þ � h�ðv�Þ > 0.

We simply denote the function Qðz; v�Þ by Q�ðzÞ. The equations in (3.24)

ð j ¼ 0Þ have unique solutions ~uu0;G satisfying (3.26a) ð j ¼ 0Þ if and only if

v0 1 v�:ð3:29Þ

Once (3.29) is realized, the solutions ~uu0;G are determined as

~uu0;�ðt; z; yÞ ¼ Q�ðzÞ; z A ð�y; 0�;

~uu0;þðt; z; yÞ ¼ Q�ðzÞ; z A ½0;yÞ;
ð3:30Þ

and the condition (3.26b) ð j ¼ 0Þ is satisfied by (3.27) ð j ¼ 0Þ, (3.5a) and the

property of Q�. Moreover, it is proved that for each jb 1 the equations (3.24)

~uu j;G
zz þ f 0ðQ�Þ~uu j;Gþ ~FFG

j ¼ 0

with (3.26) have unique solutions ~uu j;G ðGz A ð0;yÞÞ explicitly expressed as

~uu j;Gðt; z; yÞ ¼ �Q�
z ðzÞ

ð z
0

1

½Q�
z ðz 0Þ�

2

ð z 0
Gy

Q�
z ðz 00Þ ~FFG

j ðt; z 00; yÞdz 00dz 0;ð3:31Þ

and that the derivatives for ~uu j;G� ~UU j;G of any order with respect to t, z and y

also decay with exponential rate of Oðe�hjzjÞ for some h > 0 as z !Gy.

If v0 is chosen so that (3.29) and ðG;R1; . . . ;R j�1; v1; . . . ; v jÞ are known,

the functions ~uu j;G ð jb 0Þ are completely determined via (3.30) and (3.31),
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although ðG ;R1; . . . ; v0; v1; . . .Þ are still unknown at this stage. By setting

formally

~uu e;Gðt; z; yÞ :¼
X
jb0

e j ~uu j;Gðt; z; yÞ; Gz A ½0;yÞ;

the inner solution ~uue is asymptotically characterized by

~uueðt; z; yÞ ¼ ~uue;�ðt; z; yÞ; z A ð�y; 0�;
~uue;þðt; z; yÞ; z A ½0;yÞ:

�

3.3. C1-matching. We imposed in the previous subsection the interface

condition (3.26a) on the functions ~uu j;G ð jb 0Þ. In this subsection, we deal

with additional conditions for their derivatives, called C1-matching conditions:

~uu j;�
z ðt; 0; yÞ ¼ ~uu j;þ

z ðt; 0; yÞ; jb 0:ð3:32Þ

We will derive a series of equations for ðG;R1; . . . ; v0; v1; . . .Þ which is equiv-

alent to (3.32). For the functions ~uu j;G satisfying (3.32), we also employ the

simple notation ~uu j without superscripts ‘‘G’’ in the sense that

~uu jðt; z; yÞ ¼ ~uu j;�ðt; z; yÞ; z A ð�y; 0�;
~uu j;þðt; z; yÞ; z A ½0;yÞ:

�

Lemma 3.2. The C1-matching conditions (3.32) are equivalent to

ð j ¼ 0Þ v0 ¼ v�;

ð j ¼ 1Þ gt � n ¼ �kþ c 0ðv�Þv1;ð3:33aÞ

ð jb 2Þ R
j�1
t ¼ DG

M þ
XN�1

i¼1

k2
i

 !
R j�1 þ c 0ðv�Þv j þ rj�1;ð3:33bÞ

where rj�1 is a function depending only on ðG ;R1; . . . ;R j�2; v�; v1; . . . ; v j�1Þ.

Proof. The statement for the 0-th order condition immediately follows

from the last part in the previous subsection (cf. (3.30)).

By virtue of (3.31), we find that the conditions (3.32) for jb 1 are

equivalent to ðy
�y

Q�
z ðzÞ ~FFjðt; z; yÞdz ¼ 0; jb 1;ð3:34Þ

where ~FFj is the function defined by two functions ~FFG
j (cf. (3.25)) as
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~FFjðt; z; yÞ :¼
~FF�
j ðt; z; yÞ; z A ð�y; 0�;
~FFþ
j ðt; z; yÞ; z A ½0;yÞ:

(

For j ¼ 1, we have from (3.22) and (3.30),

~FF1 ¼ D1~uu0 � v1 ¼ ðgt � nþ kÞQ�
z � v1:

Then, the condition (3.34) with j ¼ 1 reads as

0 ¼
ðy
�y

Q�
z
~FF1 dz ¼ ðgt � nþ kÞm� � ½h��v1;

where m� and ½h�� are the positive constants introduced in (3.28b). This implies

(3.33a).

For j ¼ 2, the function ~FF2 turns out to be

~FF2 ¼ D2Q� þD1~uu1 � v2 þ 1

2
f 00ðQ�Þð~uu1Þ2:

Noting (3.22), we can recast (3.34) as

0 ¼
ðy
�y

Q�
z
~FF2 dz

¼ q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R1m� þ j‘G

MR1j2
ðy
�y

Q�
zzQ

�
z dz� ½h��v2

þ
ðy
�y

�z
XN�1

i¼1

k2
i

 !
Q�

z þ ðgt � nþ kÞ~uu1z þ
1

2
f 00ðQ�Þð~uu1Þ2

" #
Q�

z dz:

By (3.28b) and the fact that
Ðy
�y Q�

zzQ
�
z dz ¼ 0, we arrive at (3.33b) with

j ¼ 2, where r1 is a function depending only on ðG ; v�; v1Þ, explicitly given

by

r1 :¼
1

m�

ðy
�y

XN�1

i¼1

k2
i

 !
zQ�

z � ðgt � nþ kÞ~uu1z �
1

2
f 00ðQ�Þð~uu1Þ2

" #
Q�

z dz:ð3:35Þ

Proceeding with the same argument as above, we get the equalities (3.33b)

for jb 3. Indeed, the function ~FFj ð jb 3Þ is

~FFj ¼ D jQ� � v j þ � � � ;

where we employed the expression ‘‘� � �’’ to denote the lower order terms

depending only on ðG ;R1; . . . ;R j�2; v�; v1; . . . ; v j�1Þ. Then (3.34) gives
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0 ¼
ðy
�y

Q�
z
~FFj dz

¼ q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R j�1m�

þ 2‘G
MR j�1 � ‘G

MR1

ðy
�y

Q�
zzQ

�
z dz� ½h��v j þ � � � :

Using
Ðy
�y Q�

zzQ
�
z dz ¼ 0 and (3.28b) again, we obtain (3.33b). This completes

the proof. r

We cannot determine ðG ;R1; . . . ; v1; v2; . . .Þ by the series of equalities (3.33)

alone. In order to determine them, we need another series of equalities, which

will be derived in the next subsection from the second equation (3.1b).

3.4. Nonlocal expansion. So far, we have dealed with the equation (3.1a).

In turns, we treat in this section the nonlocal equality (3.1b). Note that the

outer and inner solutions U e and ~uue, which were obtained only from (3.1a),

depend on the data we ¼ ðG ;Re; veÞ. We will substitute U eðweÞ and ~uu eðweÞ
satisfying (3.1a) into ve � h f ðueÞi, and constrain this so that (3.1b) is satisfied.

It is expected that such a constraint gives rise to another series of equalities

among ðG ;R1; . . . ; v0; v1; . . .Þ which couples with (3.33).

To materialize this idea, let us first recast the volume element dx in terms

of ðt; r; yÞ and ðt; z; yÞ. We define

Jðt; r; yÞ :¼
YN�1

i¼1

ð1þ rkiðt; yÞÞ:ð3:36Þ

Then, by virtue of (3.7) and (3.14), the Euclidean volume element dx is

expressed in terms of ðt; r; yÞ and ðt; z; yÞ as

dx ¼ Jðt; r; yÞdrdSGðtÞ
y ¼ eJ eðt; z; yÞdzdSGðtÞ

y ;ð3:37Þ

where dS
GðtÞ
y stands for the ðN � 1Þ-dimensional volume element on M induced

from the surface element dS
GðtÞ
x on GðtÞ at x ¼ gðt; yÞ by gðt; �Þ, and J e is a

function defined by

J eðt; z; yÞ :¼ Jðt; ezþ eReðt; yÞ; yÞ:ð3:38Þ

We note that dS
GðtÞ
y is explicitly expressed as

dSGðtÞ
y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gðt; 0; yÞ

p
dy:ð3:39Þ

Lemma 3.3. The equation (3.1a) implies the nonlocal equality
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ve � h f ðu eÞi ¼ e

jWj ½I
e � eð _UU e;�jW�j þ _UU e;þjWþjÞ þOðe�h=eÞ�ð3:40Þ

with

I e :¼
ð
M

ðy
�y

½ð~uue � ~UU eÞzz þDeð~uue � ~UU eÞ�J e dzdSG
y :ð3:41Þ

Proof. A direct computation by employing (3.1a) implies

ve � h f ðu eÞi ¼ 1

jWj

ð
W

½v e � f ðu eÞ�dx

¼ 1

jWj

ð
W

ðe2Due � e2u e
t Þdx

¼ 1

jWj

ð
GðtÞ d

ðe2Due � e2ue
t Þdxþ 1

jWj

ð
WnGðtÞ d

ðe2Du e � e2ue
t Þdx;

and by using the inner expression and (3.37), we have

ve � h f ðu eÞi ¼ e

jWj

ð
M

ð d=e�R e

�d=e�R e

ðue
zz þDeueÞJ e dzdSG

yð3:42Þ

þ e2

jWj

ð
WnGðtÞ d

ðDue � ue
t Þdx:

Note that u e ¼ U e on WnGðtÞd and ue ¼ ~uue on GðtÞd. Therefore, we may

replace ue in the first and the second nonlocal terms on the right-hand side of

(3.42) by ~uue and U e, respectively. Employing the inner expression ~UU e, we have

ve � h f ðueÞi ¼ e

jWj

ð
M

ð d=e�R e

�d=e�R e

ð~uue
zz þDe~uueÞJ e dzdSG

y þ e2

jWj

ð
WnGðtÞ d

ðDU e �U e
t Þdx

¼ e

jWj

ð
M

ð d=e�R e

�d=e�R e

½ð~uu e � ~UU eÞzz þDeð~uue � ~UU eÞ�J e dzdSG
y

þ e2

jWj

ð
W

ðDU e �U e
t Þdx:

Moreover, U e is expressed as U eðt; xÞ ¼ U e;GðtÞ on WGðtÞ by the spatial

homogeneous functions U e;GðtÞ. This implies

ve � h f ðu eÞi ¼ e

jWj

ð
M

ð d=e�R e

�d=e�R e

½ð~uue � ~UU eÞzz þDeð~uue � ~UU eÞ�J e dzdSG
y

þ e2

jWj

ð
W�

ðDU e;� �U e;�
t Þdxþ e2

jWj

ð
Wþ

ðDU e;þ �U e;þ
t Þdx

288 Koji Okada



¼ e

jWj

ð
M

ð d=e�R e

�d=e�R e

½ð~uue � ~UU eÞzz þDeð~uue � ~UU eÞ�J e dzdSG
y

� e2

jWj ð
_UU e;�jW�j þ _UU e;þjWþjÞ:

The error caused by replacing the integral interval ð�d=e� Re; d=e� ReÞ by

ð�y;yÞ is of order Oðe�h=eÞ for some h > 0 because of the decay properties

for the di¤erence ~uue;G� ~UU e;G as z !Gy. Hence we have (3.40). r

Let us now constrain ve � h f ðueÞi in (3.40) so that (3.1b) is satisfied:

I e � eð _UU e;�jW�j þ _UU e;þjWþjÞ þOðe�h=eÞ :¼ 0:ð3:43Þ

We will expand the equality (3.43) and calculate the coe‰cient of each power

of e. In order to do so, we need to know the coe‰cients J j ð jb 0Þ in the

formal power series

J eðt; z; yÞ@
X
jb0

e jJ jðt; z; yÞ:ð3:44Þ

Substituting the expansion (3.20) into J e, let us compute the coe‰cients

J j.

We first express Jðt; r; yÞ in (3.36) as

Jðt; r; yÞ ¼
YN�1

i¼1

ð1þ rkiðt; yÞÞ ¼:
X
ib0

Hiðt; yÞri;ð3:45Þ

in which H0; . . . ;HN�1 are the fundamental symmetric functions of k1; . . . ; kN�1

and Hi 1 0 for all ibN:

H0 1 1; H1 ¼
XN�1

i¼1

ki ¼ k; H2 ¼
X

1ai<jaN�1

kikj;ð3:46Þ

� � � � � � ; HN�1 ¼
YN�1

i¼1

ki; Hi 1 0 ðibNÞ:

Hence, from (3.20), (3.38), (3.44) and (3.45), we have

X
jb0

e jJ jðt; z; yÞ ¼ J eðt; z; yÞ ¼
X
ib0

Hiðt; yÞ ezþ
X
mb1

emRmðt; yÞ
 !i

:

Noting (3.46) and equating the coe‰cient of each power of e, we find that the

coe‰cients J j are as follows:
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ð j ¼ 0Þ J 0 ¼ 1;ð3:47Þ

ð j ¼ 1Þ J 1 ¼ kðzþ R1Þ;

ð j ¼ 2Þ J 2 ¼ kR2 þH2ðzþ R1Þ2;

ð jb 3Þ J j ¼ kR j þ 2H2ðzþ R1ÞR j�1

þ terms including G ; R1; . . . ;R j�2:

Substituting the expansions (3.2), (3.23), (3.21) and (3.44) into (3.43) with

(3.41), we obtain the following series of equalities:

ð j ¼ 0Þ I 0 ¼ 0;

ð jb 1Þ I j � ð _UU j�1;�jW�j þ _UU j�1;þjWþjÞ ¼ 0:
ð3:48Þ

Here, I j ð jb 0Þ are coe‰cients in the expansion I eðtÞ@
P

jb0 e
jI jðtÞ for

(3.41) defined by

I j :¼
Xj

m¼0

ð
M

� ð0
�y

ð~uu j�m;� � ~UU j�m;�ÞzzJ m dzð3:49Þ

þ
ðy
0

ð~uu j�m;þ � ~UU j�m;þÞzzJ m dz

�
dSG

y

þ
Xj

m¼0

Xm
l¼0

ð
M

� ð0
�y

D j�mð~uum�l;� � ~UUm�l;�ÞJ l dz

þ
ðy
0

D j�mð~uum�l;þ � ~UUm�l;þÞJ l dz

�
dSG

y :

Lemma 3.4. The nonlocal equalities (3.48) are satisfied for j ¼ 0, and are

recast as follows for jb 1.

ð j ¼ 1Þ c 0ðv�Þv1 ¼ 1

jGj

ð
M

k dSG
y ;ð3:50aÞ

ð jb 2Þ c 0ðv�Þv j ¼ � 1

jGj

ð
M

XN�1

i¼1

k2
i þ kðgt � nÞ

 !
R j�1 dSG

y þ sj�1;ð3:50bÞ

where sj�1 is a function depending only on ðG ;R1; . . . ;R j�2; v�; . . . ; v j�1Þ.

Proof. In the proof, we use the decay properties for ~uue;G� ~UU e;G, (3.22),

(3.27) and (3.47), (3.32) and their equivalent expressions listed in Lemma 3.2.

Let us begin with j ¼ 0. The term I 0 in (3.48) is recast as
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I 0 ¼
ð
M

ð0
�y

ð~uu0;� � ~UU 0;�ÞzzdzdSG
y þ

ð
M

ðy
0

ð~uu0;þ � ~UU 0;þÞzzdzdSG
y

¼
ð
M

ðy
�y

Q�
zz dz

� �
dSG

y ¼ ½Q�
z ðyÞ �Q�

z ð�yÞ�jG j;

which vanishes due to the property of Q�. Therefore, the equation (3.48) with

j ¼ 0 is valid.

We move on to the case where j ¼ 1. The function I 1 is as follows:

I 1 ¼
ð
M

ð0
�y

ð~uu1;� � ~UU 1;�ÞzzJ 0 dzþ
ðy
0

ð~uu1;þ � ~UU 1;þÞzzJ 0 dz

� �
dSG

yð3:51aÞ

þ
ð
M

ð0
�y

ð~uu0;� � ~UU 0;�ÞzzJ 1 dzþ
ðy
0

ð~uu0;þ � ~UU 0;þÞzzJ 1 dz

� �
dSG

yð3:51bÞ

þ
ð
M

ð0
�y

D1ð~uu0;� � ~UU 0;�ÞJ 0 dzþ
ðy
0

D1ð~uu0;þ � ~UU 0;þÞJ 0 dz

� �
dSG

y :ð3:51cÞ

We can compute so that

½�� in ð3:51aÞ ¼ ~uu1;�z jz¼0 � ~uu1;þz jz¼0 þ ð~uu1;þ � ~UU 1;þÞzjz¼y � ð~uu1;� � ~UU 1;�Þzjz¼�y

¼ 0;

½�� in ð3:51bÞ ¼
ðy
�y

Q�
zzkðzþ R1Þdz ¼ k

ðy
�y

Q�
zzðzþ R1Þdz ¼ �k

ðy
�y

Q�
z dz

¼ �½h�� k;

½�� in ð3:51cÞ ¼ ðgt � nþ kÞ
ðy
�y

Q�
z dz ¼ c 0ðv�Þv1

ðy
�y

Q�
z dz ¼ ½h��c 0ðv�Þv1:

Hence, I 1 becomes

I 1 ¼ ½h��jG j c 0ðv�Þv1 � 1

jGj

ð
M

k dSG
y

� �
:

On the other hand, the second term in (3.48) with j ¼ 1 vanishes since

U 0;G ¼ hGðv�Þ are independent of t, which implies that (3.48) with j ¼ 1 is

½h��jG j c 0ðv�Þv1 � 1

jG j

ð
M

k dSG
y

� �
¼ 0:

Since ½h��jGj > 0, we have (3.50a).

We next treat the case where j ¼ 2. The term I 2 turns out to be as

follows:
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I 2 ¼
ð
M

ð0
�y

ð~uu2;� � ~UU 2;�ÞzzJ 0 dzþ
ðy
0

ð~uu2;þ � ~UU 2;þÞzzJ 0 dz

� �
dSG

yð3:52aÞ

þ
ð
M

ð0
�y

ð~uu1;� � ~UU 1;�ÞzzJ 1 dzþ
ðy
0

ð~uu1;þ � ~UU 1;þÞzzJ 1 dz

� �
dSG

yð3:52bÞ

þ
ð
M

ð0
�y

ð~uu0;� � ~UU 0;�ÞzzJ 2 dzþ
ðy
0

ð~uu0;þ � ~UU 0;þÞzzJ 2 dz

� �
dSG

yð3:52cÞ

þ
ð
M

ð0
�y

D2ð~uu0;� � ~UU 0;�ÞJ 0 dzþ
ðy
0

D2ð~uu0;þ � ~UU 0;þÞJ 0 dz

� �
dSG

yð3:52dÞ

þ
ð
M

ð0
�y

D1ð~uu0;� � ~UU 0;�ÞJ 1 dzþ
ðy
0

D1ð~uu0;þ � ~UU 0;þÞJ 1 dz

� �
dSG

yð3:52eÞ

þ
ð
M

ð0
�y

D1ð~uu1;� � ~UU 1;�ÞJ 0 dzþ
ðy
0

D1ð~uu1;þ � ~UU 1;þÞJ 0 dz

� �
dSG

y :ð3:52fÞ

We can calculate so that

½�� in ð3:52aÞ ¼ ~uu2;�z jz¼0 � ~uu2;þz jz¼0 þ ð~uu2;þ � ~UU 2;þÞzjz¼y � ð~uu2;� � ~UU 2;�Þzjz¼�y

¼ 0;

½�� in ð3:52bÞ ¼ ½ð~uu1;� � ~UU 1;�ÞzJ 1�0�y þ ½ð~uu1;þ � ~UU 1;þÞzJ 1�y0

�
ð0
�y

ð~uu1;� � ~UU 1;�ÞzJ 1
z dz�

ðy
0

ð~uu1;þ � ~UU 1;þÞzJ 1
z dz

¼ �
ð0
�y

ð~uu1;� � ~UU 1;�Þzk dz�
ðy
0

ð~uu1;þ � ~UU 1;þÞzk dz

¼ �k½ð~uu1;� � ~UU 1;�Þ�0�y � k½ð~uu1;þ � ~UU 1;þÞ�y0

¼ �kðU 1;þ �U 1;�Þ;

½�� in ð3:52cÞ ¼
ðy
�y

Q�
zzJ

2 dz ¼ �
ðy
�y

Q�
z J

2
z dz ¼ �

ðy
�y

Q�
z ð2H2ðzþ R1ÞÞdz

¼ �2½h��H2R
1 � 2H2

ðy
�y

zQz dz

� �
;

½�� in ð3:52dÞ ¼
ðy
�y

q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R1

" #
Q�

z dzþ
ðy
�y

j‘G
MR1j2Q�

zz dz

�
ðy
�y

XN�1

i¼1

k2
i

 !
zQ�

z dz
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¼ ½h��ðc 0ðv�Þv2 þ r1Þ þ j‘G
MR1j2½Q�

z ðyÞ �Q�
z ð�yÞ�

�
XN�1

i¼1

k2
i

ðy
�y

zQ�
z dz

¼ ½h��c 0ðv�Þv2 þ ½h��r1 �
XN�1

i¼1

k2
i

ðy
�y

zQ�
z dz

 !
;

where r1 is the function depending only on ðG; v�; v1Þ defined as in (3.35),

½�� in ð3:52eÞ ¼
ðy
�y

ðgt � nþ kÞQ�
z kðzþ R1Þdz

¼ ðgt � nþ kÞk
ðy
�y

zQ�
z dzþ ðgt � nþ kÞkR1

ðy
�y

Q�
z dz

¼ ½h��ðgt � nþ kÞkR1 þ ðgt � nþ kÞk
ðy
�y

zQ�
z dz;

½�� in ð3:52fÞ ¼
ð0
�y

ðgt � nþ kÞð~uu1;�� ~UU 1;�Þz dzþ
ðy
0

ðgt � nþ kÞð~uu1;þ � ~UU 1;þÞz dz

¼ ðgt � nþ kÞ½~uu1;� � ~UU 1;��0�y þ ðgt � nþ kÞ½~uu1;þ � ~UU 1;þ�y0

¼ ðgt � nþ kÞðU 1;þ �U 1;�Þ:

The second term in (3.48) with j ¼ 2 is

_UU 1;�jW�j þ _UU 1;þjWþj;

which is lower order since U 1;G depend only on v�, v1. Therefore, (3.48) with

j ¼ 2 is recast as

½h��jG j c 0ðv�Þv2 � 1

jGj

ð
M

ð2H2 � ðgt � nþ kÞkÞR1 dSG
y � s1

� �
¼ 0;ð3:53Þ

where s1 is a lower order term depending only on ðG; v�; v1Þ, explicitly given

by

s1 :¼
1

½h��jG j ð _UU 1;�jW�j þ _UU 1;þjWþjÞ � ðU 1;þ �U 1;�Þ
ð
M

gt � n dSG
y

� �

þ 1

½h��jGj

ðy
�y

zQ�
z dz

� �ð
M

2H2 þ
XN�1

i¼1

k2
i � ðgt � nþ kÞk

 !
dSG

y

� 1

jGj

ð
M

r1 dS
G
y :
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From the definition of H2 (cf. (3.46)), the integral kernel in (3.53)

2H2 � ðgt � nþ kÞk

is recast as

2H2 � ðgt � nþ kÞk ¼ 2H2 � k2 � kðgt � nÞ

¼ 2
X

1ai<jaN�1

kikj �
XN�1

i¼1

ki

 !2

� kðgt � nÞ

¼ �
XN�1

i¼1

k2
i � kðgt � nÞ:

Thus, from (3.53) and ½h��jG j > 0, we arrive at (3.50b) with j ¼ 2.

The same computation as above implies the results for all jb 3. Indeed,

the term I j is:

I j ¼
ð
M

ð0
�y

ð~uu j;� � ~UU j;�ÞzzJ 0 dzþ
ðy
0

ð~uu j;þ � ~UU j;þÞzzJ 0 dz

� �
dSG

yð3:54aÞ

þ
ð
M

� ð0
�y

ð~uu1;� � ~UU 1;�ÞzzJ j�1 dzð3:54bÞ

þ
ðy
0

ð~uu1;þ � ~UU 1;þÞzzJ j�1 dz

�
dSG

y

þ
ð
M

ð0
�y

ð~uu0;� � ~UU 0;�ÞzzJ j dzþ
ðy
0

ð~uu0;þ � ~UU 0;þÞzzJ j dz

� �
dSG

yð3:54cÞ

þ
ð
M

� ð0
�y

D jð~uu0;� � ~UU 0;�ÞJ 0 dzð3:54dÞ

þ
ðy
0

D jð~uu0;þ � ~UU 0;þÞJ 0 dz

�
dSG

y

þ
ð
M

� ð0
�y

D1ð~uu0;� � ~UU 0;�ÞJ j�1 dzð3:54eÞ

þ
ðy
0

D1ð~uu0;þ � ~UU 0;þÞJ j�1 dz

�
dSG

y

þ � � � ;

where we employed the expression ‘‘� � �’’ to denote the lower order terms

depending only on ðG;R1; . . . ;R j�2; v�; v1; . . . ; v j�1Þ. We can compute so that
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½�� in ð3:54aÞ ¼
ð0
�y

ð~uu j;� � ~UU j;�Þzz dzþ
ðy
0

ð~uu j;þ � ~UU j;þÞzz dz

¼ ~uu j;�
z jz¼0 � ~uu j;þ

z jz¼0 þ ð~uu j;þ � ~UU j;þÞzjz¼y � ð~uu j;� � ~UU j;�Þzjz¼�y

¼ 0;

½�� in ð3:54bÞ ¼ ½ð~uu1;� � ~UU 1;�ÞzðkR j�1 þ � � �Þ�0�y

þ ½ð~uu1;þ � ~UU 1;þÞzðkR j�1 þ � � �Þ�y0

�
ð0
�y

ð~uu1;� � ~UU 1;�ÞzðkR j�1 þ � � �Þz dz

�
ðy
0

ð~uu1;þ � ~UU 1;þÞzðkR j�1 þ � � �Þz dz

¼ �
ð0
�y

ð~uu1;� � ~UU 1;�Þzð� � �Þdz�
ðy
0

ð~uu1;þ � ~UU 1;þÞzð� � �Þdz

¼ � � � ;

½�� in ð3:54cÞ ¼
ðy
�y

Q�
zzJ

j dz ¼ �
ðy
�y

Q�
z J

j
z dz ¼ �

ðy
�y

Q�
z ð2H2R

j�1 þ � � �Þdz

¼ �2½h��H2R
j�1 þ � � � ;

½�� in ð3:54dÞ ¼
ðy
�y

q

qt
� DG

M �
XN�1

i¼1

k2
i

 !
R j�1

" #
Q�

z dz

þ
ðy
�y

2‘G
MR j�1 � ‘G

MR1Q�
zz dzþ � � �

¼ ½h��ðc 0ðv�Þv j þ � � �Þ þ 2‘G
MR j�1 � ‘G

MR1½Q�
z ðyÞ �Q�

z ð�yÞ� þ � � �

¼ ½h��c 0ðv�Þv j þ � � � ;

½�� in ð3:54eÞ ¼
ðy
�y

ðgt � nþ kÞQ�
z ðkR j�1 þ � � �Þdz

¼ ðgt � nþ kÞkR j�1

ðy
�y

Q�
z dzþ � � �

¼ ½h��ðgt � nþ kÞkR j�1 þ � � � :

The second term in (3.48) is

_UU j�1;�jW�j þ _UU j�1;þjWþj ¼ � � � ;
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since U j�1;G depend only on v�; v1; . . . ; v j�1. Hence, (3.48) is recast as

½h��jGj c 0ðv�Þv j � 1

jG j

ð
M

ð2H2 � ðgt � nþ kÞkÞR j�1 dSG
y þ � � �

� �
¼ 0:

By ½h��jG j > 0 and changing the form of the integral kernel, we arrive at

(3.50b). This completes the proof. r

3.5. Uniform approximation. In § 3.3 and § 3.4, we derived two series of

equalities (3.33) and (3.50). These two give rise to the following series of

parabolic equations for t > 0, y A M:

gt � n ¼ �kþ 1

jG j

ð
M

k dSG
y ;ð3:55aÞ

R
j�1
t ¼ DG

M þ
XN�1

i¼1

k2
i

 !
R j�1 � 1

jG j

ð
M

XN�1

i¼1

k2
i þ kðgt � nÞ

 !
R j�1 dSG

yð3:55bÞ

þ ðrj�1 þ sj�1Þ:

The first equation (3.55a) is nothing but the averaged mean curvature flow.

Thus, once a smooth initial interface is given, it is guaranteed that there exists

unique smooth solution G to (3.55a) on a time interval ½0;T � (cf. [14, 16, 11,
21]). The equation (3.55b) is a nonlocal nonhomogeneous linear parabolic

equation of the following form

Rt ¼ DG
M þ

XN�1

i¼1

k2
i

 !
Rþ

ð
M

aGR dyþ b;

where aG is a function defined by (cf. (3.39))

aG :¼ � 1

jGj
XN�1

i¼1

k2
i þ kðgt � nÞ

 ! ffiffiffiffi
G

p
jr¼0

and b a nonhomogereous term. This is expressed as

Rtðt; yÞ ¼ Aðt; yÞRðt; yÞ þ bðt; yÞ; t > 0; y A M;

and the generator of A is sectorial because the linear di¤erential operator

DG
M þ

PN�1
i¼1 k2

i , called the Jacobi operator, generates a sectorial operator while

the linear nonlocal e¤ect
Ð
M aGR dy defines a bounded operator. Therefore,

by the abstract theory for evolution equations (cf. e.g. [19]), it is ensured that

there exists a unique smooth solution R to (3.55b) on ½0;T �, provided that
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G, b and initial data are all smooth. In this subsection, we will determine

ðG;R1; . . . ; v0; v1; . . .Þ by employing (3.55) and construct approximate solu-

tions.

We give a smooth initial interface G0 and define G as a unique smooth

solution to (1.2) on a time interval ½0;T �. We also set

v0 :¼ v�; t A ½0;T �:ð3:56Þ

Then, our choice determines the functions U 0;G as

U 0;�ðtÞ1 h�ðv�Þ on W�ðtÞ; t A ½0;T �;

U 0;þðtÞ1 hþðv�Þ on WþðtÞ; t A ½0;T �
ð3:57Þ

by (3.5a), and ~uu0;G as in (3.30) for t A ½0;T � and y A M. For fixed kb 2,

we can also determine the functions U j;GðtÞ ðt A ½0;T �Þ and ~uu j;Gðt; z; yÞ
ðt A ½0;T �;Gz A ½0;yÞ; y A MÞ for j ¼ 1; . . . ; k via (3.5b) and (3.31), by suc-

cessively solving (3.55b) for R1; . . . ;Rk�1 on ½0;T � together with given initial

data

R1
0ðyÞ; . . . ;Rk�1

0 ðyÞ; y A M;

and by setting as, for t A ½0;T �,

v1 :¼ 1

c 0ðv�ÞjG j

ð
M

k dSG
y ;

v j :¼ � 1

c 0ðv�Þ
1

jGj

ð
M

XN�1

i¼1

k2
i þ kðgt � nÞ

 !
R j�1 dSG

y þ sj�1

" #
:

ð3:58Þ

We notice that the C1-matching conditions (3.32) ð j ¼ 0; 1; . . . ; kÞ and the

nonlocal equalities (3.4) ð j ¼ 0; 1; . . . ; k � 1Þ are all fulfilled, since G , R1; . . . ;

Rk�1 solve (3.55) while v0; v1; . . . ; vk are defined via (3.56) and (3.58) (cf.

Lemma 3.3 and Lemma 3.4).

Let us now define

Re
Aðt; yÞ :¼

Xk�1

j¼1

e j�1R jðt; yÞ;

veAðtÞ :¼
Xk
j¼0

e jv jðtÞ:

ð3:59Þ

We also set
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U e;G
A ðtÞ :¼

Xk
j¼0

e jU j;GðtÞ; ~uue;G
A ðt; z; yÞ :¼

Xk
j¼0

e j ~uu j;Gðt; z; yÞ;

De
A :¼

Xk
j¼0

e jD j; J e
Aðt; z; yÞ :¼

Xk�1

j¼0

e jJ jðt; z; yÞ;

I eAðtÞ :¼
Xk�1

j¼0

e jI jðtÞ;

U e
Aðt; xÞ :¼

U
e;�
A ðtÞ; t A ½0;T �; x A W�ðtÞ;

U
e;þ
A ðtÞ; t A ½0;T �; x A WþðtÞ;

�

~UU e
Aðt; z; yÞ :¼

U
e;�
A ðtÞ; t A ½0;T �; z A ð�y; 0Þ; y A M;

U
e;þ
A ðtÞ; t A ½0;T �; z A ð0;yÞ; y A M;

�

~uue
Aðt; z; yÞ :¼

~uue;�
A ðt; z; yÞ; t A ½0;T �; z A ð�y; 0�; y A M;

~uue;þ
A ðt; z; yÞ; t A ½0;T �; z A ½0;yÞ; y A M:

�

Here, the coe‰cients D j, J j and I j are determined via (3.22), (3.47) and (3.49),

respectively. We note that I eA is represented as

I eA ¼
ð
M

ðy
�y

½ð~uue
A � ~UU e

AÞzz þDe
Að~uue

A � ~UU e
AÞ�J e

A dzdSG
y :ð3:60Þ

Let YðrÞ, 0aYa 1, be a smooth cut-o¤ function satisfying

YðrÞ ¼ 1; jrja d=2;

0; jrjb d;

�

and define our smooth approximate solution ue
A on WT :¼ ½0;T � �W as follows:

ue
Aðt; xÞ :¼ U e

Aðt; xÞ þYðrðt; xÞÞ½~uue
Aðt; xÞ �U e

Aðt; xÞ�; ðt; xÞ A WT :ð3:61Þ

where we employed the interchangeable expressions in terms of ðt; xÞ $
ðt; r; yÞ $ ðt; z; yÞ via (3.7) and z ¼ e�1½r� eRe

Aðt; yÞ�. By our way of con-

struction, we can easily find the following.

( i ) Approximation of (3.1a) by outer solutions (cf. § 3.1):

max
½0;T �

e2
qU e

A

qt
� e2DU e

A � f ðU e
AÞ þ v eA

����
����
LyðWÞ

¼ Oðekþ1Þ;ð3:62Þ

( ii ) Approximation of (3.1a) by inner solutions (cf. § 3.2):

max
½0;T �

e2
q~uue

A

qt
� e2D~uue

A � f ð~uue
AÞ þ veA

����
����
LyðG d=2Þ

¼ Oðekþ1Þ;ð3:63Þ

(iii) Approximation of (3.1b) by outer and inner solutions (cf. § 3.4):
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max
½0;T �

jI eA � eð _UU e;�
A jW�j þ _UU e;þ

A jWþjÞj ¼ OðekÞ;ð3:64Þ

I eA being (3.60).

Using these results, we have the following

Lemma 3.5. Let ue
A, veA be the functions defined by (3.61) and (3.59),

respectively. Then

max
½0;T �

e2
qu e

A

qt
� e2Due

A � f ðu e
AÞ þ v eA

����
����
LyðWÞ

¼ Oðekþ1Þ;ð3:65aÞ

max
½0;T �

jv eA � h f ðue
AÞij ¼ Oðekþ1Þ:ð3:65bÞ

Proof. Let us first prove (3.65a). Since u e
Aðt; xÞ ¼ U e

Aðt; xÞ on WnGðtÞd,
the estimate (3.62) immediately yields that

max
½0;T �

e2
que

A

qt
� e2Du e

A � f ðue
AÞ þ veA

����
����
LyðWnG dÞ

¼ Oðekþ1Þ:ð3:66Þ

In GðtÞdnGðtÞd=2, putting pe
A :¼ ~uue

A �U e
A, we can compute as

e2Due
A þ f ðue

AÞ � veA � e2
que

A

qt

¼ e2DU e
A þ f ðU e

AÞ � veA � e2
qU e

A

qt

þ e2Dðpe
AYðrÞÞ þ f ðU e

A þ pe
AYðrÞÞ � f ðU e

AÞ � e2
qðpe

AYðrÞÞ
qt

¼ e2DU e
A þ f ðU e

AÞ � veA � e2
qU e

A

qt

þ e2YðrÞDpe
A þ 2e2Y 0ðrÞ‘pe

A � nþ e2pe
A Y 00ðrÞ þY 0ðrÞDrð Þ

þ pe
AYðrÞ

ð1
0

f 0ðU e
A þ spe

AYðrÞÞdsþ e2Y 0ðrÞp e
Av� e2YðrÞ qp

e
A

qt
;

where the following identities were employed:

rtðt; xÞ ¼ �vðx;GðtÞÞ; ‘rðt; xÞ ¼ nðx;GðtÞÞ:

By the estimate (3.62) and the fact that p e
A and its derivatives with respect to t,

x of any order are Oðe�h=eÞ for some h > 0, we obtain

max
½0;T �

e2
que

A

qt
� e2Due

A � f ðue
AÞ þ veA

����
����
LyðG dnG d=2Þ

¼ Oðekþ1Þ:ð3:67Þ

Combining (3.63), (3.66) and (3.67) together, we obtain (3.65a).
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Let us next prove (3.65b). The terms in the left-hand side of (3.65b) are

recast as

h f ðue
AÞi� veA ¼ 1

jWj

ð
W

½ f ðue
AÞ � veA�dx

¼ 1

jWj

ð
W

½ f ðU e
AÞ � veA�dxþ 1

jWj

ð
W

½ f ðue
AÞ � f ðU e

AÞ�dx

¼ 1

jWj

ð
W

½ f ðU e
AÞ � veA�dxþ 1

jWj

ð
G d=2

½ f ðu e
AÞ � f ðU e

AÞ�dxð3:68aÞ

þ 1

jWj

ð
G dnG d=2

½ f ðue
AÞ � f ðU e

AÞ�dxð3:68bÞ

þ 1

jWj

ð
WnG d

½ f ðue
AÞ � f ðU e

AÞ�dx:ð3:68cÞ

Using (3.62), (3.64) and (3.65a), we treat (3.68a) as follows.

ð3:68aÞ ¼ 1

jWj

ð
W�

e2½ðU e;�
A Þt � DU e;�

A �dxþ 1

jWj

ð
Wþ

e2½ðU e;þ
A Þt � DU e;þ

A �dx

þ 1

jWj

ð
G d=2

e2½ð~uu e
A �U e

AÞt � Dð~uu e
A �U e

AÞ�dxþOðekþ1Þ

¼ e2

jWj ð
_UU e;�
A jW�j þ _UU e;þ

A jWþjÞ

� e

jWj

ð
M

ð d=2e�R e
A

�d=2e�R e
A

½ð~uue
A � ~UU e

AÞzz þDe
Að~uue

A � ~UU e
AÞ�J e

A dzdSG
y þOðekþ1Þ

¼ e

jWj ½eð
_UU e;�
A jW�j þ _UU e;þ

A jWþjÞ � I eA þOðe�h=eÞ� þOðekþ1Þ

¼ eOðekÞ þ eOðe�h=eÞ þOðekþ1Þ

¼ Oðekþ1Þ:

On the other hand, (3.68b) is computed as

ð3:68bÞ ¼ 1

jWj

ð
G dnG d=2

½ f ðU e
A þ pe

AYðrÞÞ � f ðU e
AÞ�dx

¼ 1

jWj

ð
G dnG d=2

p e
AYðrÞ

ð1
0

f 0ðU e
A þ spe

AYðrÞÞds
� �

dx

¼ Oðe�h=eÞ;
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and

ð3:68cÞ1 0

since ue
Aðt; xÞ ¼ U e

Aðt; xÞ on WnGðtÞd. Therefore, we obtain (3.65b). r

Our approximate solution ue
A in (3.61) is obviously smooth. From Lemma

3.5, we immediately obtain (2.1a). It also turns out that u e
A satisfies the

boundary conditions (2.1b) since ue
Aðt; xÞ1U

e;þ
A ðtÞ, spatially homogeneous, on

qW. Furthermore, we can verify that (2.1c) and (2.1d) are fulfilled because of

(3.56), (3.57) and the fact that GðtÞ is the solution to (1.2) for ½0;T �. There-

fore, our ue
A defined as in (3.61) is the desired approximate solution. This

completes the proof of Proposition 2.1.

Remark. (i) The linear part in the equation (3.55b)

Rt ¼ DG
M þ

XN�1

i¼1

k2
i

 !
R� 1

jG j

ð
G

XN�1

i¼1

k2
i þ kðgt � nÞ

 !
R dSG

y

is characterized as the linearization of the averaged mean curvature flow

(3.55a) in the direction of

fgðt; yÞ þ Rðt; yÞnðt; yÞ j y A Mg:

It is also verified that the function R satisfies

d

dt

ð
G

Rðt; yÞdSG
y 1 0;

d

dt
R ¼ d

dt

1

jG j

ð
M

Rðt; yÞdSG
y

� �
1 0:

( ii ) The level-set interface G eðtÞ (cf. (3.12), (3.13)) is approximated by

G e
AðtÞ :¼ fx A W j ue

Aðt; xÞ ¼ 0g

¼ fx A W j x ¼ gðt; yÞ þ eRe
Aðt; yÞnðt; yÞ; y A Mg:

(iii) By virtue of the homogeneous Neumann boundary conditions and the

existence of nonlocal term, the true solution ue to (1.1) preserves its

spatial average:

hueðt; �Þi1hueð0; �Þi; t A ½0;T �;

while the approximate solution ue
A does not. However, it does approx-

imately in the sense that

hue
Aðt; �Þi ¼ hu e

Að0; �ÞiþOðek�1Þ; t A ½0;T �:
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4. Proof of Proposition 2.3

In this section, we prove Proposition 2.3 by means of several lemmas.

The first lemma shows that the operator AeðtÞ is sectorial for all t A ½0;T=es�.

Lemma 4.1. There exist some constants l� > 0, y� A ð0; p=2Þ and M� > 0

such that

rðA eðtÞÞIS� :¼ fl A C j l0 esl�; jargðl� esl�Þj < p=2þ y�g

and the following resolvent estimate is valid for all t A ½0;T=e s�:

kðl�A eðtÞÞ�1k0;0 a
M�

jl� esl�j
; l A S�:ð4:1Þ

Proof. We first treat the case where p ¼ 2. It is easy to verify that LeðtÞ
under the Neumann boundary condition is formally self-adjoint in L2ðWÞVM,

and therefore eigenvalues are real. We also obtain by the variational char-

acterization for the principal eigenvalue le of LeðtÞ that

le ¼ sup
j AH 1ðWÞ

j00;hji¼0

Ð
W
�j‘jj2 þ e�2f 0ðu e

AÞjjj
2
dx

kjk2L2ðWÞ

a sup
j AH 1ðWÞ

j00

Ð
W
�j‘jj2 þ e�2f 0ðue

AÞjjj
2
dx

kjk2L2ðWÞ
:

This says that le is estimated from above by the principal eigenvalue of the

linearized Allen-Cahn operator Dþ e�2f 0ðue
AÞ. On the other hand, according

to the results established by Alikakos et al. [6] and Chen [8], the principal

eigenvalue of Dþ e�2f 0ðue
AÞ is bounded above for e > 0 and t A ½0;T �. Thus

we have le
a l� for some l� > 0.

For l A C and a complex-valued function v with zero average, let us now

consider the resolvent equation

lu�L eðtÞu ¼ v;
qu

qn
¼ 0:ð4:2Þ

Multiplying the equation in (4.2) by the complex conjugate u of u and

integrating over W, we have

lkuk2L2ðWÞ ¼ ðLeðtÞu; uÞL2ðWÞ þ ðv; uÞL2ðWÞ;ð4:3Þ

where the symbol ð� ; �ÞL2ðWÞ stands for the usual L2-inner product. We

decompose l A C, u : W ! C and v : W ! C so that
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l ¼ lR þ ilI ; u ¼ uR þ iuI ; v ¼ vR þ ivI :ð4:4Þ

We note that the real-valued functions uR : W ! R and uI : W ! R also have

zero average and satisfy the Neumann boundary conditions. Associated with

the decomposition in (4.4), the real part of (4.3) is computed as

lRkuk2L2ðWÞ ¼ ðLeðtÞuR; uRÞL2ðWÞ þ ðLeðtÞuI ; uI ÞL2ðWÞ

þ ðuR; vRÞL2ðWÞ þ ðuI ; vI ÞL2ðWÞ

a l�ðkuRk2L2ðWÞ þ kuIk2L2ðWÞÞ

þ kuRkL2ðWÞkvRkL2ðWÞ þ kuIkL2ðWÞkvIkL2ðWÞ

a l�ðkuRk2L2ðWÞ þ kuIk2L2ðWÞÞ

þ ðkuRk2L2ðWÞ þ kuIk2L2ðWÞÞ
1=2ðkvRk2L2ðWÞ þ kvIk2L2ðWÞÞ

1=2

a l�kuk2L2ðWÞ þ kukL2ðWÞkvkL2ðWÞ

to obtain

ðlR � l�ÞkukL2ðWÞ a kvkL2ðWÞ:ð4:5Þ

On the other hand, the imaginary part of (4.3) becomes

lIkuk2L2ðWÞ ¼ �ðLeðtÞuR; uI ÞL2ðWÞ þ ðLeðtÞuI ; uRÞL2ðWÞ

þ ðuR; vI ÞL2ðWÞ � ðuI ; vRÞL2ðWÞ

¼ ðuR; vI ÞL2ðWÞ � ðuI ; vRÞL2ðWÞ;

where integration by parts and the Neumann boundary conditions are used.

Thus we have

jlI j kukL2ðWÞ a kvkL2ðWÞ:ð4:6Þ

From (4.5) and (4.6), we obtain the estimate

½ðlR � l�Þ þ jl I j�kukL2ðWÞ a 2kvkL2ðWÞ;

which implies that

kukL2ðWÞ a
M�

jl� l�j
kvkL2ðWÞð4:7Þ

is valid for l A fl A C j l0 l�; jargðl� l�Þj < p=2þ y�gH rðLeðtÞÞ with y� A
ð0; p=4Þ and M� :¼

ffiffiffi
2

p
=cosðy� þ p=4Þ.

303Dynamical of layers and the averaged mean curvature flow



Once this is established, we find, along the line of arguments in Tanabe

[34], that the following Lp-version ðp > 2Þ of (4.7)

kukLpðWÞ a
M�

jl� l�j
kvkLpðWÞð4:8Þ

holds for all l A fl A C j l0 l�; jargðl� l�Þj < p=2þ y�gH rðLeðtÞÞ with the

same l� > 0 in (4.7), replacing y� and M� by other constants. The estimate

(4.1) then follows from (4.8) and the time rescale in (2.3), which completes the

proof of Lemma 4.1. r

On the other hand, one can easily find that the operator AeðtÞ �AeðsÞ
consists of a multiplication operator and an integral operator. In particular, it

does not involve any di¤erential operator. Thanks to this fact, the operator

norm of A eðtÞ �AeðsÞ has the following characterization for sb 4.

Lemma 4.2. Let a0 A ½0; 1=2Þ. Then, there exists a constant M0 ¼
Mða0Þ > 0 such that the following estimate holds for su‰ciently small e > 0,

sb 4 and 0a sa taT=es:

kA eðtÞ �AeðsÞk1;a0 aM0e
sðt� sÞ:ð4:9Þ

Proof. In the proof, we simply write a and M instead of a0 and M0,

respectively.

Let j A X e
1 and define the linear operator Ee

t;s by

E e
t;sj :¼ ðAeðtÞ �AeðsÞÞj:ð4:10Þ

Then, by (2.6a), an elementary calculation gives

Ee
t;sjðxÞ ¼ es�2½F e

t;sðxÞG e
t;sðxÞjðxÞ � hF e

t;sG
e
t;sji�e sðt� sÞ;ð4:11Þ

where F e
t;s and G e

t;s are

F e
t;sðxÞ :¼

ð1
0

f 00ðu e
Aðess; xÞ þ yðue

Aðe st; xÞ � ue
Aðess; xÞÞÞdy;

G e
t;sðxÞ :¼

ð1
0

que
A

qt
ðesðsþ yðt� sÞÞ; xÞdy:

ð4:12Þ

We divide the proof into two cases; (i) a ¼ 0, and (ii) a A ð0; 1=2Þ.
Case (i): a ¼ 0. We notice that F e

t;s and G e
t;s ð0a sa taT=esÞ in (4.12)

satisfy the following estimates:

kF e
t;skLyðWÞ ¼ Oð1Þ;

kG e
t;skLyðWÞ ¼ Oðe�2Þ:

ð4:13Þ
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Thus, by (4.11), (4.13) and the embedding X e
1 ,! X e

0 HLpðWÞ, we obtain

kE e
t;sjk0 a 2es�2kF e

t;skLyðWÞkG e
t;skLyðWÞkjkLpðWÞe

sðt� sÞ

aMe s�4 � esðt� sÞkjk1:

For sb 4, we have

kE e
t;sjk0 aMesðt� sÞkjk1ð4:14Þ

This together with (4.10) implies

kAeðtÞ �AeðsÞk1;0 aMe sðt� sÞ;

which establishes (4.9) with a ¼ 0.

Case (ii): a A ð0; 1=2Þ. We note, by virtue of the relation between Besov

and Sobolev-Slobodeckii spaces [1, 35], that the interpolation spaces X e
a in this

situation are characterized as

X e
a ¼ W 2a;p

e ðWÞVM:

Here, W 2a;p
e ðWÞ ¼ W 2a;pðWÞ as a set, equipped with the weighted norm

kuk
W

2a; p
e ðWÞ :¼ kukLpðWÞ þ esa½u�W 2a; pðWÞ;ð4:15Þ

in which ½u�W 2a; pðWÞ is the seminorm defined by

½u�W 2a; pðWÞ :¼
ð ð

W�W

juðxÞ � uðx 0Þjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
:ð4:16Þ

Let j A X e
1 , and we will estimate E e

t;sj by the norm k � k
W

2a; p
e ðWÞ. In (4.15),

the estimate

kEe
t;sjkLpðWÞ aMesðt� sÞkjk1ð4:17Þ

immediately follows from (4.14). Hence, it su‰ces to examine the seminorm

part.

Let us compute esa½E e
t;sj�W 2a; pðWÞ. From (4.11), we can calculate as

Ee
t;sjðxÞ � E e

t;sjðx 0Þ ¼ e s�2½ðF e
t;sðxÞ � F e

t;sðx 0ÞÞG e
t;sðxÞjðxÞ

þ F e
t;sðx 0ÞðG e

t;sðxÞ � G e
t;sðx 0ÞÞjðxÞ

þ F e
t;sðx 0ÞG e

t;sðx 0Þ jðxÞ � jðx 0Þð Þ�esðt� sÞ:

By (4.16), it is easily verified that

esa½Ee
t;sj�W 2a; pðWÞ aM I e1 þ I e2 þ I e3

	 

esðt� sÞ;ð4:18Þ
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where

I e1 :¼ es�2e sa
ð ð

W�W

jF e
t;sðxÞ � F e

t;sðx 0ÞjpjG e
t;sðxÞj

pjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
;

I e2 :¼ es�2e sa
ð ð

W�W

jF e
t;sðx 0ÞjpjG e

t;sðxÞ � G e
t;sðx 0ÞjpjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
;

I e3 :¼ es�2e sa
ð ð

W�W

jF e
t;sðx 0ÞjpjG e

t;sðx 0ÞjpjjðxÞ � jðx 0Þjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
:

We first examine I e1 . Let Dd :¼ ðW�WÞnðG d=2 � G d=2Þ, namely,

Dd ¼ ½ðWnG d=2Þ � ðWnG d=2Þ�U ½ðWnG d=2Þ � G d=2�U ½G d=2 � ðWnG d=2Þ�:

We also define S d HDd by

S d :¼ fðx; x 0Þ A Dd; jx� x 0j < d=4g

and introduce

½u�LipðS dÞ :¼ sup
x;x 0 AS d

x0x 0

juðxÞ � uðx 0Þj
jx� x 0j :

Note that F e
t;s for 0a sa taT=es enjoys the following properties

½F e
t;s�LipðS dÞ ¼ Oð1Þ;ð4:19aÞ

½F e
t;s�C bðG d=2Þ ¼ Oðe�bÞð4:19bÞ

for b A ð0; 1Þ.
We now fix b so that 2a < b < minf4a; 1g. Using (4.13), (4.19) together

with spherical coodinates, we can compute I e1 as

I e1 aMe s�2esa
ð ð

S d

jF e
t;sðxÞ � F e

t;sðx 0ÞjpjG e
t;sðxÞj

pjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p

þMes�2esa
ð ð

D dnS d

jF e
t;sðxÞ � F e

t;sðx 0ÞjpjG e
t;sðxÞj

pjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p

þMes�2esa
ð ð

G d=2�G d=2

jF e
t;sðxÞ � F e

t;sðx 0ÞjpjG e
t;sðxÞj

pjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
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aMesaþs�2½F e
t;s�LipðS dÞkG e

t;skLyðWÞ

ð ð
S d

jjðxÞjpdxdx 0

jx� x 0jNþð2a�1Þp

 !1=p

þMe saþs�2kF e
t;skLyðWÞkG e

t;skLyðWÞ

ð ð
D dnS d

jjðxÞjpdxdx 0

jx� x 0jNþ2ap

 !1=p

þMe saþs�2½F e
t;s�C bðG d=2ÞkG

e
t;skLyðWÞ

ð ð
G d=2�G d=2

jjðxÞjpdxdx 0

jx� x 0jNþð2a�bÞp

 !1=p

aMesaþðs�4Þ
ð
W

jjðxÞjp
ð
W

dx 0

jx� x 0jNþð2a�1Þp

 !
dx

 !1=p

þMe saþðs�4Þ
ð
W

jjðxÞjp
ð
WV fjx�x 0 jbd=4g

dx 0

jx� x 0jNþ2ap

 !
dx

 !1=p

þMe sa�bþðs�4Þ
ð
W

jjðxÞjp
ð
W

dx 0

jx� x 0jNþð2a�bÞp

 !
dx

 !1=p

aMesa�bþðs�4ÞkjkLpðWÞ;

and by the embedding X e
1 ,! X e

0 HLpðWÞ, we have

I e1 aMesa�bþðs�4Þkjk1:ð4:20Þ

As for I e2 , we notice that the following properties for G e
t;s are valid:

½G e
t;s�LipðS dÞ ¼ Oðe�2Þ;ð4:21aÞ

½G e
t;s�C bðG d=2Þ ¼ Oðe�2�bÞ:ð4:21bÞ

Then the same computation as that for I e1 implies

I e2 aMes�2e sa
ð ð

S d

jF e
t;sðx 0ÞjpjG e

t;sðxÞ � G e
t;sðx 0ÞjpjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p

þMes�2esa
ð ð

D dnS d

jF e
t;sðx 0ÞjpjG e

t;sðxÞ � G e
t;sðx 0ÞjpjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p

þMes�2esa
ð ð

G d=2�G d=2

jF e
t;sðx 0ÞjpjG e

t;sðxÞ � G e
t;sðx 0ÞjpjjðxÞjp

jx� x 0jNþ2ap
dxdx 0

 !1=p
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aMesaþs�2kF e
t;skLyðWÞ½G e

t;s�LipðS dÞ

ð ð
S d

jjðxÞjpdxdx 0

jx� x 0jNþð2a�1Þp

 !1=p

þMesaþs�2kF e
t;skLyðWÞkG e

t;skLyðWÞ

ð ð
D dnS d

jjðxÞjpdxdx 0

jx� x 0jNþ2ap

 !1=p

þMesaþs�2kF e
t;skLyðWÞ½G e

t;s�C bðG d=2Þ

ð ð
G d=2�G d=2

jjðxÞjpdxdx 0

jx� x 0jNþð2a�bÞp

 !1=p

aMesaþðs�4Þ
ð
W

jjðxÞjp
ð
W

dx 0

jx� x 0jNþð2a�1Þp

 !
dx

 !1=p

þMesaþðs�4Þ
ð
W

jjðxÞjp
ð
WV fjx�x 0jbd=4g

dx 0

jx� x 0jNþ2ap

 !
dx

 !1=p

þMesa�bþðs�4Þ
ð
W

jjðxÞjp
ð
W

dx 0

jx� x 0jNþð2a�bÞp

 !
dx

 !1=p

aMesa�bþðs�4ÞkjkLpðWÞ;

and thus we obtain

I e2 aMesa�bþðs�4Þkjk1:ð4:22Þ

In (4.20) and (4.22), we find that sa� b þ ðs� 4Þb 4a� b > 0 by virtue of

sb 4 and our way of choice of b, and therefore we have

I ei aMkjk1 i ¼ 1; 2:ð4:23Þ

For I e3 , we can estimate, by (4.13), as

I e3 a e s�2kF e
t;skLyðWÞkG e

t;skLyðWÞ � esa½j�W 2a; p
e ðWÞ

aMes�4 � esa½j�
W

2a; p
e ðWÞ

aMes�4kjk
W

2a; p
e ðWÞ;

which, together with sb 4 and the embedding X e
1 ,! X e

a HW 2a;p
e ðWÞ, implies

I e3 aMkjk1:ð4:24Þ

By substituting (4.23) and (4.24) into (4.18), and combining with (4.17), we

have

kEe
t;sjka aMesðt� sÞkjk1;
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that is,

kAeðtÞ �AeðsÞk1;a aMe sðt� sÞ:

This completes the proof of Lemma 4.2. r

By using Lemma 4.1 and Lemma 4.2, let us now prove Proposition 2.3.

Let a0 A ½0; 1=2Þ. By Lemma 4.2, it follows that

kAeðtÞ �A eðsÞk1;a0 aM0 e
sðt� sÞ:ð4:25Þ

Moreover, from Lemma 4.1 above and Proposition 2.3.1 in Lunardi [19], we

find that for 0a aa ba 1, there exists a constant M ¼ Mða; bÞ > 0 such that

the estimate

keðt�sÞA eðsÞka;b aMðt� sÞa�b
ee

sl�ðt�sÞð4:26Þ

is valid. We emphasize that the constant M > 0 can be chosen independent of

e > 0 thanks to the weighted norm (2.12). We now define the operator k e
1ðt; sÞ

by

k e
1ðt; sÞ :¼ ðA eðtÞ �A eðsÞÞeðt�sÞA eðsÞ:

Then we can estimate k e
1ðt; sÞ by employing (4.25) and (4.26) as

kk e
1ðt; sÞk0;a0 a kAeðtÞ �A eðsÞk1;a0ke

ðt�sÞA eðsÞk0;1

aM0Mes e e
sl�ðt�sÞ:

For this k e
1ðt; sÞ, it is known [9] that the evolution operator Feðt; sÞ is the

unique solution of the integral equation

Feðt; sÞ ¼ eðt�sÞA eðsÞ þ
ð t
s

Feðt; s 0Þk e
1ðs 0; sÞds 0;

and that the solution Feðt; sÞ has the unique representation

Feðt; sÞ ¼ eðt�sÞA eðsÞ þ
ð t
s

eðt�s 0ÞA eðs 0Þk eðs 0; sÞds 0ð4:27Þ

with resolvent kernel k eðt; sÞ. This kernel can be successively constructed

starting from k e
1ðt; sÞ. We inductively define k e

mðt; sÞ ðmb 2Þ by

k e
mðt; sÞ :¼

ð t
s

k e
m�1ðt; s 0Þk e

1ðs 0; sÞds 0:

By the repeated application of the following estimates

kk e
mðt; sÞk0;a0 a

ð t
s

kk e
m�1ðt; s 0Þk0;a0kk

e
1ðs 0; sÞk0;0ds 0;
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we find, by induction, that

kk e
mðt; sÞk0;a0 a

ðM0MesÞm

ðm� 1Þ! ðt� sÞm�1
ee

sl�ðt�sÞ; mb 1:

This immediately implies that the series

k eðt; sÞ :¼
Xy
m¼1

k e
mðt; sÞð4:28Þ

converges and that it can be estimated as

kk eðt; sÞk0;a0 aM0Me see
sl�ðt�sÞ

Xy
m¼1

ðM0Mesðt� sÞÞm�1

ðm� 1Þ!

" #

¼ M0Mesee
sðl�þM0MÞðt�sÞ:

Therefore, there exist some constants M ¼ Mða; b; a0Þ > 0, K ¼ Kða; b; a0Þ > 0

such that the resolvent kernel k e defined in (4.28) satisfies the estimate

kk eðt; sÞk0;a0 aMesee
sðl�þKÞðt�sÞ:ð4:29Þ

Let us now examine the norm kFeðt; sÞka;b by using the estimates (4.26)

and (4.29) in (4.27). Suppose that 0a aa b < 1. Then, by using (4.29) with

a0 ¼ 0, we have

kFeðt; sÞka;b a keðt�sÞA eðsÞka;b þ
ð t
s

keðt�s 0ÞA eðs 0Þk0;bkk eðs 0; sÞka;0ds 0

aMðt� sÞa�b
e e

sðl�þKÞðt�sÞ

þM

ð t
s

ðt� s 0Þ�b
ee

sðl�þKÞðt�s 0Þkk eðs 0; sÞk0;0ds 0

aMðt� sÞa�b
e e

sðl�þKÞðt�sÞ

þMesee
sðl�þKÞðt�sÞ ðt� sÞ1�b

1� b

aMðt� sÞa�b
e e

sðl�þKÞðt�sÞ

þMT 1�a

1� b
esaðt� sÞa�b

ee
sðl�þKÞðt�sÞ

aMðt� sÞa�b
e e

sðl�þKÞðt�sÞ:

In the case where 0 < aa b ¼ 1, we choose a0 > 0 so small that a > a0.

Then we have
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kFeðt; sÞka;1 a keðt�sÞA eðsÞka;1 þ
ð t
s

keðt�s 0ÞA eðs 0Þka0;1kk
eðs 0; sÞka;a0ds

0

aMðt� sÞa�1
e e

sðl�þKÞðt�sÞ

þM

ð t
s

ðt� s 0Þa0�1
ee

sðl�þKÞðt�s 0Þkk eðs 0; sÞk0;a0ds
0

aMðt� sÞa�1
e e

sðl�þKÞðt�sÞ

þMesee
sðl�þKÞðt�sÞ ðt� sÞa0

a0

aMðt� sÞa�1
e e

sðl�þKÞðt�sÞ

þMT ð1�aÞþa0

a0
esða�a0Þðt� sÞa�1

ee
sðl�þKÞðt�sÞ

aMðt� sÞa�1
e e

sðl�þKÞðt�sÞ:

Thus (2.17) is obtained, which completes the proof of Proposition 2.3.

Remark. (i) Only the estimates kFeðt; sÞk0;a and kFeðt; sÞka;a in Prop-

osition 2.3 are employed in the proof of Theorem 1.1.

(ii) The estimate for the case where ða; bÞ ¼ ð0; 1Þ is not given. However,

even if ða; bÞ ¼ ð0; 1Þ, the norm kFeðt; sÞk0;1 can be estimated, by em-

ploying (4.26) and (4.29) with a0 > 0, so that

kFeðt; sÞk0;1 aMe e
sðl�þKÞðt�sÞ½1þ ðt� sÞ�1�:
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