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1. Introduction and Summary

The concept of majority decoding and, more generally, threshold decod-
ing was introduced by Massey [3]. In order to obtain majority decodable
codes such as (i) a d-th order Projective Geometry code (whose parity check
matrix is the incidence matrix of points and d-flats in PG(s, p*)) and (ii) a
d-th order Affine Geometry code (whose parity check matrix is the incidence
matrix of points other than the origin and d-flats not passing through the
origin in EG(s, p")), it is necessary to investigate the rank of the incidence
matrix of points and d-flats in PG(s, p*) and in EG(;, p*) over GF(p"). An
exact formula for the rank of the incidence matrix of points and hyperplanes
((t—1)-flats) has been obtained by Graham and MacWilliams [ 2] for the case
t=2 and has been independently obtained by Smith [5] and by Goethals and
Delsarte [ 1] for general z. An exact formula for the rank of the incidence
matrix of points and d-flats in a special case n =1 has been obtained by Smith
[5]. For general n, although an upper bound for the rank has been obtained
by Smith, an explicit formula for the rank has not yet been obtained.*)

The purpose of this paper is to derive an explicit formula for the rank
of the incidence matrix of points and d-flats in PG(:, p”) and in EG(t, p”) for
the general case, by extending the methods used by Smith.

The main results are as follows.

(i) In the case of PG(z, p*), we have the

Tueorem 1. Over GF(p"), the rank of the incidence matrix of points and
d-flats in PG(z, p") is equal to

n—=1 L(sjiirsj) . X
R pY=5 T[] 5 (St (LD)
So Sn—1J= 1=
where s,=so and summations are taken over all integers s; (j=0,1, ..., n—1)
such that
d+1<s;=<t+1 and 0<s;,,p—s;=(+1D(p—1) (1.2)

*) This problem was suggested by Professor R. C. Bose during his visit to Hiroshima, May 1968.
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and L(s; 1, s;) is the greatest integer not exceeding (s;.,p—s;)/p, i.e.,

L(sji1, 57) = [s———~j”§_ﬂ . (1.3)

(ii) In the case of EG(z, p"), we have the

Tueorem 2. Over GF(p”), the rank of the incidence matrix of (p")—1
points other than the origin and d-flats not passing through the origin in
EG(z, p") s equal to R(t, p")—Ra(t —1, p")—1.

The process of deriving our explicit formulas and our results given in
[6] may be useful to obtain majority decodable codes such as d-th order
Projective Geometry codes and d-th order Affine Geometry codes. In section
2 and section 3, we shall prove Theorem 1 and Theorem 2, respectively.

2. Rank of the incidence matrix of points and d-flats in PG(¢, p™).

In this section, we investigate the rank of the incidence matrix of points
and d-flats in PG(¢, p*) and prove Theorem 1.

With the help of the Galois field GF(g), where g is an integer of the form
p" (p being a prime), we can define a finite projective geometry PG(z, ¢) of ¢
dimensions as a set of points satisfying the following conditions (a), (b) and

(e):

(a) A point in PG(¢, ¢) is represented by (v) where vy is a non-zero ele-
ment of GF(g'™).

(b) Two points (v) and («) represent the same point when and only when
there exists a non-zero element ¢ of GF(g) such that z=ov.

(¢) A d-flat, 0==d =t in PG(z, ¢) is defined as a set of points
{(aoVo+a1V1+ +aled)} (21)

where «o’s run independently over the elements of GF(¢) and are not all simul-
taneously zero and (o), (v1), ---, (v,) are linearly independent over the co-
efficient field GF(¢), in other words, they do not lie on a (d —1)-flat.

It is well known that the number, v, of points in PG(z, ¢) is equal to

v=(¢"=D/(g—D) (2.2)

and the number, b, of d-flats in PG(z, ¢) is equal to

(qt+1_1)(gt_1)'”(qt~d+1_1)
@D =D (g—-1)

b=g¢(t, d, q)= (2.3)

After numbering v points and & d-flats in PG(z, ¢) in some way, we define
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the incidence matrix of v points and b d-flats in PG(z, ¢) to be the matrix
N=|nyll; i=1,2,..,6 and j=1,2, .., 0 (2.4)
where

1, if the j-th point is incident with the i-th d-flat,

ng; = .
0, otherwise.

In order to obtain an explicit formula for the rank of the incidence matrix
N over GF(g), we start with the following proposition summarizing the es-
sential results due to Smith [5].

ProrosrrioN 1 (Smith). Over GF(q), the rank of the incidence matrixz N
of v points and b d-flats in PG(t, g) is equal to the number of integers m such
that (i) 1 <m <<v and (ii) there exists a set of d-+1 positive integers m; (k=0,
1, ..., d) which satisfies

m = jo my and Dy m(g—1)]= kg()_l)p[’nk(q —1)] (2.5)

k
where D, M ] is defined for a non-negative integer M having the p-adic repre-
sentation
M= co+cip+- +eup” O0=Zci<p, forall i=0,1, ..., u) (2.6)
by
DI M]=co+ci+ - +ca 2.7

The following two theorems play an important role in proving Theo-
rem 1.

Tueorem 2.1.  Let m be a positive integer such that 1<<m <v and let the
p-adic representation of m(q—1) be

n

t on—1 L
m(g—l) = Z:O :OCijpln v (2.8)

J

where c;;’s are non-negative integers less than p.
If there exists a set of d+1 positive integers m, (k=0,1, ..., d) which
satisfies

m=3Ym and DLmg—1]= D mig—1)], 2.9)

then there exists a unique set of n-+1 positive integers s; (1=0,1, ..., n) such
that

se=s0, d+1=s5;=t+1 and joc,.jzsj+1p—s,- (2.10)
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for each j=0,1, ..., n—1.

Note that 0 <s;,1p—s; < (¢t +1)(p—1) must hold for each j=0,1, ..., n—1,
since 0 <"c¢;;<p—1 for all 7 and ;.

TureoreMm 2.2. Let s; (I1=0,1, ..., n) be a set of n+1 positive integers such
that

sn=s0, d+1<s;<t+1 and 0<s;1p—s; <(@E+D(p—1) (2.11)
for each j=0,1, ..., n—1. Let c¢;; i=0,1, ..., ¢ j=0,1, ..., n—1) be a set of
non-negative integers less than p satisfying

13
gocif = Sj+1p—Sj (2.12)

Sfor each j=0,1, ..., n—1. Then,

t n—1 . .
(1) X Xcip™ is a multiple of p”—1, that s, there exists an integer m,
i=0 j=0

1<m=<wv, such that

¢ 1 L.
Z, Beap” =mpr=1. (213)
1=0j=

I

(ii) There exists a set of d-+1 positive integers m;, (k=0,1, ..., d) which
satisfies (2.9) for the integer m.

At first, we prove the following two lemmas.

Lemma 2.1, Let m be a positive integer such that 1 <m <v and let the p-
adic representation of m(qg—1) be

t n—-1 . .
m(g—1)= Z;‘O Jgocijpmﬂ’ (2.13)

then there exists a unique set of n+1 positive integers s; (1=0,1, ..., n) such
that

sn=us0, 1<s;<t+1 and éOCij:Sj+1P_Sj (2.14)

for each j=0,1, ..., n—1.

Proor. Since
t n—1 . t n—-1 L. t n—1 i .
2 Zcepi=2 Deipp™ =20 Yept—1)p’ (2.15)
i=0 7=0 i=07=0 i=0 j=0
. n—1 .
and (p""—1) is a multiple of p”—1, ftj 2. ci;p’ is a multiple of p”—1 by assump-
i=0 j=0
tion (2.18"), that is, there exists a positive integer r, 1 <r <¢+1, such that
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% Sesp’ =r(p"—1). (2.16)

The equation (2.16) can be expressed as

Jo—1
J§0 cijp’ =rp"— Z Z ciip’ 2.17)

i=0 j=jo

t
r+ >,
=0

for any integer j, (1<j,<<n—1). Since the right hand side of equation (2.17)
is a multiple of p’s, its left hand side must be a multiple of p’s, that is, there
exist n—1 positive integers s;,, 1 <s; <:+1, (jo=1, 2, ..., n—1) such that

Jo—1

r+ Z 2. CijP —sjup"’ (2.18)

i=0 j=0

for each jo,=1,2, ..., n—1. Solving n—1 equations (2.18), we obtain
13
i§00ij =Sjp—S; (2.19)

for each j=0, 1, ..., n—1 where s,=s, and so=r.

The uniqueness of the set of integers s, ({=0,1, ..., n) can be proved as
follows.

Let s¥ (1=0, 1, .., n) be another set of n+1 positive integers such that

¥=sFf and Zt] cij=sfp—s¥ (2.20)
i=0

S

for j=0,1,...,n—1. Then, from (2.19) and (2.20), we have s;,1p—s;=s¥.1p—s¥
(j=0,1, ..., n—1) and j;; i;()c,'jp '=so(p"—1)=s§(p"—1). This implies that
sf=s forall 1=0,1, ..., n. This completes the proof.

Lemma 2.2, Let M and M, (k=0,1, ..., d) be positive integers and let the

p-adic representations of M and M, be

M=3Ycp and M= zc<k>’ (2.21)
=0

Then, M= ZMk and D) M= ZDp[Mk:] of and only if c¢;= Z}c’“ for each
1=0,1, .. '

Proor. If M= 31 My and D,[M]= 3. D,[ My, then,
k=0 k=0

u d u
Zer' =z nel'p 222)
and
Se=3 Sep, (2.22))

-~

=0 k=0 1=0
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Since ¢,’s are non-negative integers less than p, it follows from (2.22) that
c; (1=0,1, ..., u) must be expressed as

d
a=xnclf+a—ap (2.23)
K=0

for some non-negative integers «; (I=—1,0, ..., u) where a_;=«,=0. Tak-
ing summation of (2.23) over [/, we have

La=3 Ser—(p-DZa (2.24)

1 1=0 k=0

u—1
The equations (2.22') and (2.24) show that (p—1) > a;=0. This implies that
=0
all integers a; must be zero since they are non-negative integers and p=2.
d
Thus we have ¢,= )] ¢\¥ for each [=0,1, ..., u.
k=0

The converse is obvious.

(Proof of Theorem 2.1) Let the p-adic representation of m,(¢—1) be
mlg—D =% Telp™ =01, d), (2.25)
i=0 j=0
then from lemma 2.2, we have
d
cii= 2 (2.26)
£=0
forall i=0,1, ...,z and j=0,1, ..., n—1. Since m, is a positive integer such

that 1 <<m, <v, it follows from lemma 2.1 that for each k=0, 1, ..., d, there
exists a unique set of n+1 positive integers s (I=0, 1, ..., n) such that

s =S 1S ekl and B el = s p—sf 2.27)
for each j=0,1, ..., n—1. From (2.26) and (2.27), we have
t d d
2ici=(LsH)p—(2sP). (2.28)
i=0 k=0 k=0

d
Let s;,= }s'* for each [=0, 1, ..., n, then it holds that
k=0

s, =3so, and Zt: Cij = Sj+1p—S; (2.29)
=0

for j=0,1, ..., n—1. Since the set of integers s, ({=0, 1, ..., n) for m is uni-
que and all s?*”’s are positive, it follows that d+1s;<¢+1 for each j=0, 1,
..., n—1. This completes the proof.

For the proof of Theorem 2.2, we shall prove the following three lemmas.



The Rank of the Incidence Matrix of Points and d-Flats in Finite Geometries 387
Lemma 2.3. For any set of n+1 positive integers s; (1=0, 1, ..., n) which
satisfies the conditions:
sp=s0, 1<s;=<t+1 and 0<s;1p—s;=@+1)(p—1) (2.30)

., n—1, there exists a set of non-negative integers cij, 0 =ci; <

Sor all j=0,1, ..
0,1,...,¢j=0,1, ..., n—1) satisfying

p—1 G=
Zlocz'j = Sj+1P S (2.31)
for j=0,1, ..., n—1, and iZ:}() jZ;}:c,-jp"”” is a multiple of p"—1, i.e.,
Eto Ji:cj P =m(p'—1) and 1<m=o. (2.32)

Proor. The existence of non-negative integers c;; less than p is obvious
since 0 <s;, 1 p—s; <+ (p—1).

From (2.31), we have
n—1 % . n—1 .
5 ewp' = L(sap—s)p’ =sip"—s0=s(p"~1). (2.33)
j=0i= i=
Thus, we get the required result from (2.15) and (2.33).

LemMma 24. Lets; (I=0,1, ..., n) be n+1 positive integers which satisfies
the conditions:

sp=s0, d+1=<s;<t+1 and 0=<s;,1p—s; =<(@+1)(p—1) (2.34)

Sforall j=0,1, ..., n—1, then there exist d+1 sets of n+1 positive integers
s® (k=0,1, ...,d,1=0, 1, ..., n) such that

S =5 (1=0,1,..,n) (2.35)
k=0

s =g, 1<s®<t+1 and 0<s¥p—s®<(+1)(p—1) (2.36)

J

forall j=0,1, ..., n—1and k=0,1, ..., d.

Proor. The case d=0 is trivial. We, therefore, assume that 1<d <:
and give a step by step method of constructing a series of positive integers
s, s s =8 s s, (B=0, 1, ..., d) having required properties
by starting with the decomposition of s; ., into d+1 positive integers s,

where s; .1 is one of the least integers among sy, sz, -, s,
(i) Construction of s%*,, (k=0,1, ..., d)

Since s; .1 =d+1, we can define s%*.,, (k=0,1, ..., d) satisfying the follow-
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ing conditions:

1<s®,<t+1 and Zs;kal,l—sjoﬂ (2.37)

(i) Construction of s%*' by using s, (k=0, 1, ..., d)

Since s;,=s;,.1, there exist a positive integer Q;, and a non-negative in-
teger R;, less than s; .1 such that

550 = Qig8ipr+ B, (2.38)

Thus if we define s%*’ by the sum of s%.,Q; and a non-negative integer
a,s¥., not greater than sg’f,)ﬂ, ie.,

sP =sPL0; +aps®, (0<ap<1) (2.39)

Jo

such that Z aps®., = R;,, then we have

z sW=s  and 1=<s¥,,<s®<r+1. (2.40)

Since s;,+1p—s;, =0, we have Q;, <p. Whenever s; is not a multiple of
sj,+1, the equality does not hold, i.e., Q;, <p. When s; is a multiple of s; .1,
the equality may holds but we have ay=a;=--=a,=0. Anyway, we have

sEap—s® = sP,(p—Qs,— ) =0, (2.41)
Combining the results with s .1,p—s;, <@ +1)(p—1), Z} s”H = sj,+1 and (2.40),
we have
s p—s® <@+D(p—1). 2.41)
(iii) Construction of s*’ by using s#; (general case)
In general, two cases can occur, i.e., (a) s;<s;,1 and (b) s;=s,,1.

(a) The case s;<<s;.1
In this case, we can easily decompose s; into d+1 positive integers s*
(k=0, 1, ..., d) such that

k)

M=~

=s, l=sPh=sP<sfi=t+1 (2.42)

s

k=0

and we can easily show that
0<s® p—sP <@+ (p—1). (2.43)

(b) The case 81_2_81+1
In this case, we can apply the same method described in (ii), for the con-
struction of s%* having required properties by using s%;.
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Using these methods described in (i), (ii) and (iii), we can construct integers

s step by step until s%*,, (=0, 1, ..., d) have been constructed. Now, we
have to verify that the inequalities
0<s,p—sihy (@ +D(p—1) (2.44)

hold for all k. Since the construction process shows that s{*' —=s'* ;| holds for
each [=0,1, ..., n and k=0,1, ..., d, we can see that the inequalities (2.44)
hold. This completes the proof.

The following lemma seems to be not so trivial. But we can construct
a set of non-negative integers satisfying the required conditions by an ele-
mentary method.

Lemma 2.5. Let u, (a 0,1, .., ) and ws (=0,1, ..., d) be non-negative
integers such that Z Ug= Z 06>

=0
0<u,<p—1 and 0=w,=<(t+1)(p—1), (2.45)

then there exists a set {xqp5: @=0,1,...,t, 8=0,1, ..., d} of non-negative in-
tegers less than p which satisfies the conditions:

ﬁi s =ua  (fora=0,1, .., 1) (2.46)
=0
and
N xap=ws  (for 8=0,1, ..., d). (2.46")
a=0

Using the above three lemmas, we now prove Theorem 2.2.
(Proof of Theorem 2.2) Lemma 2.3 shows that (i) holds.
Lemma 2.4 shows that each s; (0<<7<n) can be decomposed into d-+1
positive integers s*’ (=0, 1, ..., d) such that ki—:()S(lM:SI and that
sP=sf, 1sP <r+1 and 0<s¥ p—sP(+D(p—1) (247)
forall j=0,1, ..., n—1and £=0,1, ..., d.
Since for each j (0<;<n—1), co; (@=0,1, ..., ) and ('3, p—s¥) (B=0,

L., d satisfy the conditions of Lemma 2.5, there exists a set {c¥: a=0,1,
< t, =0, 1, ..., d} of non-negative integers less than p which satisfy the
conditions:
el =sfip—s  (for =0,1, .., d) (2.48)
=9

and
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Bi B =co  (fora=0,1, .. 0). (2.48)
=0

For each k (0<k<d), since ¢¥ (i=0,1, ..., j=0,1, ..., n—1) satisfy
the conditions of lemma 2.3, there exists a positive integer m;, 1< m,<v,
such that

,-tgo ::c?’f’ = my( p"—1). (2.49)
From (2.49), (2.48") and the equation
,é, fé}w"” Y=m(p"—1), (2.50)
we have
= é,mk and Dy m(p"—1)] =k§0 D,[mi( p"—1). (2.51)

This completes the proof.

Theorem 2.1 shows that for each m satisfying the requirement (2.9), there
exists a unique set of s; (1=0, 1, ..., n) satisfying (2.10). On the other hand,
Theorem 2.2 shows that for each set of s; satisfying (2.10), there exist a
number of integers m satisfying the requirement (2.9).

In order to enumerate the number of m for each set of s;,, we introduce
the following notation. For a set of non-negative integers u; (j=0,1, ...,
n—1), we denote by N; (uo, uy, -, u,_1) the number of ordered sets or vectors
¢ (t, n—1)=(co0, €105 -++5 C10} +++} Con—1, C1n_1, -5 Cin—1) Of Non-negative integers
less than p which satisfy

ey =u (2.52)
i=0

for all j=0,1, ..., n—1. It can easily be seen that, for 0="u; <(t+1)(p—1),
there exists at least one set ¢ (¢, n—1) and, otherwise, there does not exist
such an ordered set.

Using the notation, we have the following theorem.

Tueorem 2.3. The number of integers m such that (1) 1 <m <v and (ii) m
can be decomposed into d+1 positive integers m; (k=0, 1, ..., d) satisfying the
following conditions:

d d
m= kgomk and Dy m(qg—1)]= kgon[mk(g -1)] (2.53)
18 equal to
t+1 t+1
PR sn_§d+1]\f,(slp—so, ey SuP—Sn-1) (2.54)
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where s,=s,.

The following well known lemma is useful in the determination of N;

(uO) Ty un—l)'

Lemma 2.6. Let u be a non-negative integer such that 0 <u <(t+1)(p—1).
Then the number, B,(t, p), of ordered sets (xq, x1, ---, ;) 0f t+1 non-negative

integers x; (i=0,1, ..., t) such that 0 <x; <p—1 and Z:,Ox,- = u, 18 equal to
But, p)= S~ 1)) (2.55)
where L(u) is the greatest integer not exceeding u/p, i.e. L(u):[%] .
(Proof of Theorem 1) We can easily see that

n—1
]Vt(uO, ULy vy un—l):]Z)Buj(ta P)‘ (2'56)
j=

Applying (2.56) and lemma 2.6 to Theorem 2.3, we get Theorem 1.
When dg[i} the following identity may be useful, i.e.,

2
Ry(t, p") =v—R¥(t, p") (2.57)
where
n=1 Ls] 415}) ) . .
RiG,pH=2 X 2 (1YCiHC s, (2.58)
sy se_1j=0  i=0

s¥=s¥ and summations are taken over all integers s* (j=0, 1, ..., n—1) such
that

1<stf<d and 0<st p—sF=@+DL(p—1). (2.59)

CoroLLARY 2.1. In the special case g=p, t.e., n=1, the rank of the in-
cidence matrix N of v points and b d-flats in PG(z, p) is equal to

t+1 L(s,s) X )
R,(z, p):szélﬂ ;]0 (= 1)1y (F sty v-ip) (2.60)

= p—

GV CRICRAED (2607

S

where L(s, s) = [‘ipp——l):l

This result has been obtained by Smith [5].

CoroLLARY 2.2. In the special case d=t—1, the rank of the incidence



392 Noboru HAaMADA

matriz N of v points and v hyperplanes ((t —1)-flats) in PG(t, q) is equal to
Ry a(t, p") =71y +1. (2.61)

In the case t =2, this result has been obtained by Graham and MacWilliams
[2] and, for general ¢, was conjectured by Rudolph [4] to be true and has been
independently obtained by Smith [5] and by Goethals and Delsarte [17].

3. Rank of the incidence matrix of points and d-flats in EG(t, p™)

We consider the affine case.

The affine geometry of ¢-dimensions, denoted by EG(s, g), is a set of
points which satisfy the following two conditions:

(a) A point is represented by (v) where v is an element of GF(¢") and
each element represents a unique point.

(b) A d-flat is defined as a set of points

{(aoyo+a1l)1+ s +adud)} (31)
where (vy), (v1), ---, (vs) are linearly independent over the coefficient field
GF(q) and @&’s run over the elements of GF(q) subject to the restriction

d
Z a;— 1.
i=0
Because of difficulties arising in constructing an analytical expression for
the incidence relation between the origin and d-flats in EG(t, ¢), we shall
analyze separately the incidence matrix of points and d-flats passing through

the origin and the incidence matrix of points and d-flats not passing through
the origin.

(I) The case of the incidence matrix of points and d-flats passing through
the origin

We define the incidence matrix of ¢’ points and bo=¢(t—1, d—1, ¢) d-
flats passing through the origin to be the matrix

NOIHniJ'H 5 7’=1) 2; Tty bO and ]:07 19 23 “tty ‘]t”‘l (32)
where

1, if the j-th point is incident with the i-th d-flat,
nig; —
' 0, otherwise

and define the incidence matrix of v*=¢'—1 points other than the origin and
b, d-flats passing through the origin to be the matrix

Ni=|n¥%| ; i=1,2, ..., b, and j=1,2, ..., ¢'—1. (3.3)

Since n;=1 and q}i ni;=q*’—1 for all i=1,2, ..., by, the rank of N, is
j=1
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equal to the rank of NF. It is known [6] that the structure of the matrix
NjF is the same as the incidence matrix N of points and (d—1)-flats in
PG(t—1, ¢) except for (4—1 times) duplications of each column of N§. The
rank of the matrix N¥, therefore, is equal to the rank of the incidence matrix
N.

The following theorem is an immediate consequence of Theorem 1.

TraeoreM 8.1.  Over GF(q), the rank of the incidence matrices Ny and N
of points and d-flats passing through the origin in EG(z, ¢) is equal to
Ri1(¢—1, p") where R,(¢, p*) 18 given by equation (1.1).

(II) The case of the incidence matrix of points and d-flats not passing
through the origin

We define the incidence matrix of v*=g'—1 points other than the origin
and b, d-flats not passing through the origin in EG(z, ¢) to be the matrix N,
where b, is the number of d-flats not passing through the origin, i.e.,

bi=¢@, d, )—d(t—1, d, )= ¢t —1, d—1, ¢). (3.4)

By the similar methods used in PG(¢, ¢), Smith [5] showed the following
proposition.

Prorosition 2 (Smith). Over GF(q), the rank, r.(t, p”), of the incidence
matrie Ny is equal to the number of integers m such that (i) 1 <m <v*—1 and
(ii) there exists a set of one mon-negative integer mo, and d positive integers
mi(qg—1) (k=1, 2, ..., d) which satisfies the following conditions:

m=mt Em(g—1) and Dm]l=Dlmil+ %D mlg—D] (5

where 0 <mo<m and 0<my(g—1)<m for any k=1, 2, ..., d.

Since in the special case m=v* (v*=¢'—1), m satisfies the condition (8.5),
the rank of the incidence matrix N, is equal to

ra(t, p") =i, p")—1 (3.6)

where r}(¢, p”) is the number of integers m such that (i) 1<"m <v* and (ii)
there exists a set of one non-negative integer m, and d positive integers
mi(q—1) (k=1, 2, ..., d) satisfying the condition (3.5).

From Proposition 2, lemma 2.2, Theorem 2.1 and Theorem 2.2, we have
the following theorem.

Turorem 3.2. A necessary and suffictent condition for an integer m such
that 1 <m < v* to be decomposed into one non-negative integer my and d posi-
tive integers my(g—1) (k=1, 2, ..., d) satisfying the condition (3.5) is that there
exist n+1 positive integers s; (1=0,1, ..., n) satisfying the following conditions:
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¢y se=s0, d=s;=t, 0=spp—s;=i(p—1) (3.1

and
.. t—1 ,
(ii) gocii;3j+lp_3j 3.7)
forall j=0,1, ..., n—1 where c;’s (0=<c;<p) are coefficients of p™*’ of the
p-adic representation for m, i.e.,
t—1n—1 L.
m=2 2 cup™. (3.8)
i=0 7=0
We prove the following lemmas, which will be used in the proof of theo-

rem 2.

Lemma 8.1, Let u; (j=0,1, ..., n—1) be a set of non-negative integers such
that 0<u,; <(t—1)(p—1). Then the number of ordered sets or vectors c(t—1,
n—l)z(()oo, C10y 'y Ct—105 '3 Con—1y Clun—1y **°y ct—ln—l) Of tn non-negative m-
tegers ci; less than p such that

t—1
U= Eocz'jé ui+(p—1)  (j=0,1, .., n—1) (3.9)
and that
t—1
§06ij <uj+(p—1) (3.9)
Sfor some j, is equal to
Ni(wo+(p—1), -y tn1+(p—1D)—Nioa(wo+(p—1), -, up1+(p—1)).
Proor. For any set {c,;: ®=0,1, ..., t—1} of ¢ non-negative integers

t—1
caj less than p such that u; gagocajg u;+(p—1), there exists a non-negative

integer c;; (0=<j=<n—1) less than p such that
t—1
agocaj-{- cij = ui+(p—1). (3.10)

The number of ordered sets ¢(t—1, n—1) of tn non-negative integers c;;
less than p satisfying the conditions (3.9) is, therefore, equal to the number
of ordered sets c(¢, n—1) of (¢ +1)n non-negative integers less than p satisfy-
ing the equations (3.10). Thus we have lemma 3.1.

Lemma 8.2. For any set {c;:i=0,1,...,t—1,7=0,1, ..., n—1} of non-
negative integers less than p such that there exists a set of integers s, (1=0, 1,
..., n) satisfying the condition (3.7) and (3.7"), there exists a unique set of in-
tegers st (1=0, 1, ..., n) satisfying the following condition:
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st=sk, d=si=<i, 0=sh,p—si=up-1) (3.11)
for j=0,1, ..., n—1 and that

t—1
srap=ss=sfnp—sf £ 8 ey = (Fa+Lp—G7+D) @.11)
Jorall j=0,1, ..., n—1 and
t—1
.§005j<(s;!‘+1+1)p—(s§‘—|—1) (8.11"

for some j.

Proor. From s}=s¥ and inequalities (8.11") and (8.11”), we have

n=11-1 _t—1
F 21¢iip [ Cik'l's;ek—l
sj=s§‘=[ﬂ‘:° and 5211:[’50—— (k=0,1, ..., n—2)
=1 Y S

and we can show that these s7 (=0, 1, ..., n) satisfy the condition (3.11).

(Proof of Theorem 2). From Theorem 3.2, lemma 3.1 and lemma 3.2, we
have

t 14
T?(%P”): Z Z th<Slp—So,"‘>3nP—Sn~1)

so=d+1 Sp—1=d+

t—1 t—1

- J th—l(Slp_SO, ) SnP—Sn—1>

so=d+1 Sp_1=d+

~

+1 t+1

= o 20 Nisip—so, vy Sup—Sn-1)

so=d+1 Sp_1=d+1

t 13
— Zd: o 20 Nea(sip—so, oy Sap—5Sn-1)

so=d+1 Sp—1=d+1
= Ru(¢, p")—Ra(t—1, p"). (8.12)
Combining (3.12) with (8.6), we have Theorem 2.

CoroLLARY 3.1. In the special case d=t—1, the rank of the incidence
matriz Ny is equal to (721" —1.

This result has been independently obtained by Smith [5] and by Go-
ethals and Delsarte [17].
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