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On Certain Classes of Algebras
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Sugiura [4] and Joichi [27] have studied the classes (A4), (4:), k>2 and
(4..) of Lie algebras. In this paper we define these as well as some other
classes for general nonassociative algebras and obtain a characterization of
alternative algebras over a field of characteristic zero belonging to any one of
these classes. Incidentally, we obtain certain results which include striking
improvements of earlier ones due to Sugiura (loc. cit.) and Joichi (loc. cit.).

1. In what follows, 4 is a finite-dimensional nonassociative algebra over
a field F and L.(R,) denotes the left (right) multiplication by x in 4. The
classes mentioned at the outset are defined as follows:

DeriniTiON 1.1, 4 is said to be an (X)-algebra, where (X) is any one of
(A4), (A7), (A2, (Apis2, (Bresz, (Bies2, (Aw), (4L), (B.), (BL), according as
the corresponding property (X) given below is satisfied (x, y, z, ¢ in 4):

4  : a(xpP=0=>xy=0 and (z)t=0=2z:=0

A4) @ 2(xyp=0=(yx)x=>xy=0=1yx

(Aes2: LE=0=>L,=0 and R:=0=R,=0

(ADrs2: LE=0=R:=>L,=0=R,

(Bes2: yLt=0= yL,=0 and 2zR!{=0=:zR,=0

(Bwsz: yLi=0=yRi= yL,=0=yR,

(X.) : (X)holds for all £>2, (X)=(4,), (4}), (B,), or (B}).

Remark 1. The properties (4), (4,), stated above may be further
weakened by considering just the left or right multiplications independently.
(This weakening has, of course, no significance for commutative or anticom-
mutative algebras.) The resulting concepts of right (A)-algebra, left (A4)-
algebra, and (A4)-algebra would then be distinct, (e.g.), the algebra 4 with
basis u, v: u*=v*=vu=0; uv=u, is a right (4)-(also right (4,)-) algebra but
not a left (4)-(or left (4,)-) algebra, i.e., not an (4)-(or (A4,)-) algebra.

The following chart indicates the connections among the properties men-
tioned in Definition 1.1,
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(B)e e Br)eBre (B
(A)é (Am)=>~-=>(AiL+1)=>(AllLk)=>~-=>(jz)

(AL)= = (Ap)=>(Ap)= - =(4y)

(lj?z)=> ~~-:>(B£+1)=>(B;2)=>~-=>(1;Té) =(4).

Among the properties stated in Definition 1.1, (4)e(4)< (B e (B)
and (4;)<(4;), when the algebra 4 is commutative or anticommutative, in
particular, when A4 is a Lie algebra. On the other hand, the properties are
distinct for general algebras. For instance, (4) is distinct from (A4'), (e.g.),
the algebra A4 with basis u, v: u?*=v, v’=uv=0, vu= —u is not an (4)-algebra,
but is an (4’)-algebra. For an algebra which is a right (4)-algebra, but not
an (A')-algebra, we have the example cited in Remark 1.

In the case of alternative algebras, we can supplement, as follows, the
implications in the above chart.

ProrosiTion 1.2. For an alternative algebra, any property in each one of
the following families is equivalent to any other in the same family.
(1) (A2, (4o) (1)  (4pese, (42) (iii) (Bprsz, (BL).

Proor. We only give the proof in the case when A4 is a (Bj)-algebra,
leaving other similar proofs. After the implications in the above chart, we
need only show that an alternative (Bj)-algebra A is also a (Bj)-algebra for
all k. Suppose yL*=0= yR* for some x, y in 4, and let ¢ be an integer such
that 2' is greater than k. Then yL2'=0= yR?'; by biassociativity property
(see [3] for this and related concepts) of the alternative algebra, yL,»» =0=
yR.:¢. Thus y(L,»-1)*=0=y(R,»-1)’. Hence, by (Bj)-property, yL,:-:=0=
yR,:-1.  We can repeat this argument to show that yL,:=0= yR,: and ulti-
mately yL,=0= yR,, or that 4 is a (Bj)-algebra.

We note that any subalgebra of an (A4)-, (4')- or (B})-algebra is evidently
of the same type. We also have the

Prorosition 1.3 (cf. [ 2, Proposition 27]). Let B be an tdeal of an algebra
A. Then

(1) if 4 is an (Ar,1) (respectively (A;.,))-algebra, then B is an (A;) (re-
spectively (A}))-algebra;

(ii) for B contained in the annihilator ideal I={x € A|x y=0= yx for all
yan A}, if A is an (Ar.1) (respectively (A;.,), (By.,))-algebra, then A/B
s an (A;) (respectively (A}), (B}))-algebra. On the other hand, if A is an (A)-
algebra, A/ B is also an (A)-algebra.

The proof of Proposition 1.3 is similar to that of the result referred to
against it and is omitted.

Prorosition 1.4 (cf. [2, Corollary to Proposition 4]). Let 4 be an algebra
such that A=A, A;D --- D A, for ideals A; of A. Then A is an (A)-(respec-
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tively (A')-, (As)-, (4})-, (B})-) algebra if and only if each A(i=1,2,...,7) s
respectively so.

Proor. We give only the proof for the case when A4 is an (A4,)-algebra,
leaving similar proofs for the rest. Let x be in 4; such that R:=0 on A..
Since R, is already 0 on A;(j=i), RE=0 on A4, so that by (A4,)-property of
A, R,=0. Similarly for the left multiplications. Thus 4; is an (4,)-algebra.
Conversely, suppose A4; are (A4,)-algebras. Let for an x=x;+x,+ -+ 2x, in
A, RE=0. Thus, for y=y1+y+--+y in 4, (y1+y+-+y)R:=0, or
y1RE + yaRE +---4 ¥, Rk =0; by (4,)-property in 4;, R, =0(=1,2, ..., 1), ie,
yR.=2> ¥R, =0 and R,=0, since y; are arbitrary in 4;. Hence 4 is an
(A4z)-algebra.

2. In this section we generalize certain results of Joichi [27] and Sugiura
[4]. The generalization, in fact, comprises of extending their results to more
general algebras, and in some cases simultaneously removing the restriction
that the base field is of characteristic zero.

For an ideal B of an algebra 4, we define BY=B, B¥=BVBD .. and
inductively B®*Y=B™B®™ where, for subspaces C;, C, of A4, C,C, denotes the
subspace of 4 generated by all elements of the form x,x, for x; in C; (i =1, 2).
B is said to be solvable in case there exists an integer n such that B™=0.
The set I of all absolute divisors of zero in 4, viz., {x € 4| xy= yx=0 for all
yin A}, is an ideal of 4 and is called the annihilator ideal of 4. A is said
to be a zero algebra if A® is the zero ideal.

Prorosition 2.1 (cf. [ 4, Proposition 4]). Any solvable (A)-algebra A is a
zero algebra.

Proor. Suppose 4D, AP ... A® ... is the derived series of 4. Let n
be the integer such that 4™ =20, A”*V=0. If n=1, there is nothing to prove.
Hence, let n be greater than 1. Then we have A™(4*VA"-D)=0=
(AP A=Dy 4™ Since A™ is contained in A4”-D, AM(AMWAP-D)=( =
(A" P4 4™, Consequently, for x in A™, y in 4”7, x(xy)=0=yx)x.
But, by (A4')-property, xy=0=yx, ie, AWA"DV=0= A""V4" or
APV 40D gBD) = 0 = (47D 4P-DYL@-D_ Again, for z, ¢ in ABD, 1(ez) =0
= (zt)t. Then, by (A')-property, tz=0=zt. In other words, 4™ =4""D4*-D
=0, a contradiction. We should therefore have n=1, in which case 4 is a
zero algebra.

CoroLLARY 2.2.  Any solvable ideal B of an (A )-algebra A is contained in
the annihilator ideal I of A.

Proor. B, which is a subalgebra of an (4')-algebra, is itself an (A4')-
algebra. By Proposition 2.1, B is a zero algebra. Consequently, B being an
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ideal of 4, for » in B and y in 4, x(xy)=0=(yx)x. Then, by (4')-property
xy=0=yx. In other words, B is contained in I.

CorOLLARY 2.3. The solvable radical (maximal solvable ideal) of an (4')-
algebra A is the annthilator ideal of A.

For the proof of Corollary 2.3, it suffices to observe that the annihilator
ideal of an algebra is a solvable ideal.

We remark that Sugiura’s arguments in the proof of his result referred
to against Proposition 2.1, are valid only for Lie algebras, and use the restric-
tion of zero characteristic on the base field heavily. We observe that a
weakening of the hypothesis of Proposition 2.1 may not be possible. More
explicitly, a solvable right (4)-algebra need not be a zero algebra, as the ex-
ample of a right (4)-algebra (which is also a non-(A4’)-algebra) given in Re-
mark 1, shows.

We recall now that an algebra 4 is said to be nilpotent if there exists
a fixed integer n such that all products of »n elements of 4 are zero irrespec-
tive of how they are associated [3]. For such algebras we have the follow-

ing

Prorosition 2.4 (ef. [2, Theorem 1(a)]). If A is a nilpotent algebra
over a field F, then the properties (As), ---y (Ar), -y (Ae), (A), (A3)y -y (A})y -+
(AL, (4, (BY), ---, (B}), ---, (BL) are all equivalent to the property that A is a
zero algebra.

Proor. If A4 is a zero algebra, it is evidently an (4)-algebra. After this,
in view of the relations indicated by the chart in Section 1, it remains to show
that a nilpotent (44)-algebra is a zero algebra. Let then 4 be a nilpotent
(A4y)-algebra, and A'=A, A>=AA, ..., A"={A""'4, AA*"'}, .... A being nil-
potent, there exists an integer n such that 4”0, 4”*'=0. Then A”A=0
=AA";in particular, 4(4"'4)=0=(A4A4""")A4,i.e., for x in 4"}, AL2=0= AR2.
By (4})-property, L,=0=R,, or A" 'A=0=A4A4""'. In other words A4"=0, a
contradiction to our assumption. As in the proof of Proposition 2.1, this
contradiction leads to the conclusion that A is a zero algebra.

CoroLLARY 2.5. A nilpotent ideal B of an (A})-algebra A is contained in
the annihilator tdeal I of A.

Proor. B, which is an ideal of an (4})-algebra, is itself an (44)-algebra,
by Proposition 1.3(i). Hence, by Proposition 2.4, B is a zero algebra, i.e., for
xin B, y in 4, x(xy)=0=(yx)x; L2=0=RZ. Since an (A4})-algebra is also
(A43), this means that L,=0=R,. In other words, B is contained in the an-
nihilator ideal of 4.

CoroLLARY 2.6. The nilradical (maximal nilpotent ideal) of an (A})-
algebra A, whenever it exists, is precisely the annihilator ideal I of A.
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CoroLLARY 2.7. The radical of a Jordan (As)-algebra A (the maximal
solvable, or nilpotent ideal of A (see [3])) is precisely the annihilator ideal I of
A.

The essential part of Corollary 2.7 holds for another class of algebras,
namely, the algebras in which the derived series of an ideal consists of ideals;
we have

Prorosition 2.8. Let B be a solvable tdeal of an (A})-algebra A such that
the derived series of B consists of ideals of A. Then, B is contained in the
annihilator ideal I of A.

Proor. Let B be a solvable ideal such that B® are ideals of 4. Let
B™=£0, B"*Y=0, Then B™B™=0, so that B"(B™ 4)=0=(AB™)B™, since
B™ ig an ideal of 4. For x in B™, this means that LZ=0=R?2, and by (45)-
property, L,=0=R,, ie., B"A=0=A4B"™. Hence (B"VB"Ng4=0=
A(B#-DBO-DY. Bo-1(Br-D Bn-1) ) —(Br-DBr-DYB=-D_ Since B™D is an
ideal of A, this means that B”- V(B Y(B"DA)=0=((4B*)B"-V)B"-D,
Hence, for x in B®V, [3=0=R3 and by (4;)-property, L,=0=R,, ie.,
B"Y4=0=4B""Y, In particular, B®=B"*VB"-D=(, a contradiction to
our assumption. Thus B®=0. Now, for » in B, AR?=(AR,)R.< BR,=0.
Similarly AL2=0. Since an (A4})-algebra is also an (4;)-algebra, this means
that AB=BA=0; thus B is contained in the annihilator ideal I of A4.

CoroLLARY 2.9 (cf. [2, Theorem 1 (b)]). A solvable ideal of a Lie (As)-
algebra is contained in the center of the Lie algebra.

CoroLLARY 2.10. The radical of a Lie (As)-algebra is precisely its center.

CoroLrLaryY 2.11.  The radical of an alternative (associative) (A})-algebra
A 1is precisely its annihilator ideal.

Corollary 2.11 can be derived either from Proposition 2.8, using the fact
that the derived series consists of ideals, or from Corollary 2.6, noting that
the radical of an alternative algebra is also its maximal nilpotent ideal (see
[3]). On the other hand, Corollary 2.7 relating to Jordan algebras (whose
derived series in general does not consist of ideals) and falling in the class of
these two results, rests on the equivalence of solvability and nilpotency for a
Jordan algebra over a field of characteristic ~2 (see [ 3]]).

It is evident from the proof of Proposition 2.8, that the replacement of
the hypothesis of property (4;) in that proposition by that of property (A4;)
does not seem to be possible for general algebras (see [ 2, Section 37]). How-
ever, in the case of alternative algebras, Proposition 1.2 and Corollary 2.11
establish the validity of Proposition 2.8 for an (4;)-algebra. We thus have

Lemma 212, The radical (maximal nilpotent ideal) of an alternative (A3)-
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algebra is precisely its annihilator ideal.

Before concluding this section and passing on to the application of Lem-
ma 2.12 in the proof of the main theorem of this paper in Section 3, we
consider a power-associative (A4)- or (4')- or (B;)-algebra A4 with radical R
(maximal nilideal of 4). For » in R, x”=0 for some n. By repeated applica-
tion of (4')-property we deduce that x*=0 for every » in R. Let x, y be in
R. Then (x+ y)*=0 implies xy+ yx=0. Hence, when 4 is a commutative
power-associative (4')-(here, (B;)=(4)=(4")) algebra over a field F of charac-
teristic #2, xy=0 for x, y in R. Since x in R, yin 4 imply xy in R, this
means x(xy)=0 and by (4)-property, x y=0. Hence, the radical R is the anni-
hilator ideal I={x ¢ A|xy=0 for all y in 4}, since [ is a nilideal. This result,
which is of the same type as Corollaries 2.7, 2.11 or Lemma 2.12, can be re-
formulated as follows: A commutative power-associative (A)-algebra without
absolute divisors of zero is semi-simple. However, there are semisimple com-
mutative power-associative algebras which are not (A)-algebras, e.g., the
simple Jordan algebra, got by introducing the Jordan multiplication xoy=
xy+ yx/2 in a full matrix algebra of order n>1 over a field F. (See also
Section 3.)

8. We first obtain (Theorem 3.1) a characterization of semisimple alter-
native (A4j)-algebras, which eventually leads to the main characterization
theorem (Theorem 3.2). Any such algebra A4 is a direct sum of ideals 4;
(i=1, 2, ..., r), which are simple as algebras [ 3, Theorem 3.127]. By Proposi-
tion 1.4, A; are (Aj)-algebras. Further, 4;, which is a simple alternative
algebra, is either an associative algebra, or an alternative non-associative
division algebra, over its center, or the vector-matrix algebra of Zorn (i.e.,
the split Cayley algebra with divisors of zero) [3, pp. 52-57]. First, when
A; is a simple associative algebra, it is a full matrix algebra of order n; over
an associative division algebra D; [1, p. 39]. If n;>1, and if e is the identity
of D;, the matrix E;, with e at the (1,2)-th entry and 0 elsewhere, is such that
E?,=0, E1;0, ie.,, Ly2=0=Rz2, but Ly , Rg,,50 (L, R denote the left, right
multiplications in 4;; since 4; contains an identity, Ei,-<0 implies that Lg ,
Rg,,#0). Hence 4; is not an (4;)-algebra, a contradiction. Consequently,
n;=1, i.e., 4; is a division algebra. Since a division algebra is evidently an
(A45)-algebra, A; is a division algebra over the base field F, in this case. Se-
condly, alternative non-associative division algebras are Cayley-Dickson (divi-
sion) algebras over their centers (see [ 3, Theorem 3.17]), and being division
algebras they are also (A4;)-algebras. Lastly, the vector-matrix algebra is an
algebra which is not even (4;). This assertion follows from the fact that
the existence of a nonzero element x in an alternative algebra with identity,
such that x?=0, implies that the algebra cannot be an (4j)-algebra. From
these observations we now have
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TueorEM 3.1. An alternative algebra is a semisimple (A})-algebra iff it is
the direct sum of ideals which are either associative division algebras or Cayley-
Dickson division algebras over their centers.

Theorem 3.1 is essentially, the assertion that the only alternative semi-
simple (A45)-algebras are the ones which are direct sums of ideals, which are
alternative division algebras.

Now, let 4 be an alternative (4})-algebra over a field of characteristic
zero. Then, by Lemma 2.12, the radical R of A is precisely the annihilator
ideal I of 4. We can appeal to the Wedderburn factor theorem for alterna-
tive algebras (see [ 3, Theorem 3.18]) to get A4 as the direct sum of 7 and a
semisimple subalgebra B. I being the annihilator ideal of 4, B is actually
an ideal of 4, so that A4 is the direct sum of ideals I and B. Hence, by Pro-
position 1.4, B will be an (4;)-algebra, so that we can appeal to Theorem 3.1
to obtain

Tuareorem 3.2.  An alternative algebra over a field F of characteristic zero
18 an (Aj)-algebra iff it s a direct sum of a zero ideal, and ideals which are
(alternative) division algebras over F.

Since an alternative algebra which is a direct sum of division algebras
and a zero ideal is a priori an (4)-algebra, we can replace (43)- in the state-
ment of Theorem 8.2 by (A4;)-, (4..)-, (4})-, (AL)-, (B})-, (BL)-, (A')-, or (A)-, in
view of the chart of Section 1. We have incidentally proved

Turorem 3.3.  For an alternative algebra over a field of characteristic zero,
the p”'OpG’I"t?:eS (AZ), Tty (Ak>3 Tty (ADO)a (Aé>5 Tty (AIL)J Y (A;)s (Bé): ) (BI;)) )
(BL), (A) and (A") are all equivalent.

Remarks. (i) In view of Theorem 3.1, all the properties defined in Sec-
tion 1 are equivalent for semisimple alternative algebras over a field of arbitrary
characteristic.

However, it is interesting to note that the equivalence of properties (A),
(4;) for a semisimple associative algebra 4 can be established directly as fol-
lows (without appealing to the classification of simple associative algebras as
in the proof of Theorem 3.1): For this, it suffices to show, in view of Pro-
position 1.2, and the chart in Section 1, that for a semisimple associative al-
gebra, (A4j)-property implies (A4.)-property. To this end, we note that in an
associative algebra 4, I, ={x|xy=0 for all y in 4} is a characteristic right
ideal of 4 and hence is a characteristic ideal of A4; it is also solvable. Con-
sequently, when A is semisimple, I, is the zero ideal. Let L2=0 for an x in
A. Since I,=0 and L?=L,:, x*=0. Therefore L:=L,:=0=R,:=R?. By
(4;)-property, L,=0=R,. Similarly when R2=0 for a yin 4, R,=0=L,. In
other words, A4 is an (4,)-algebra.

(ii) When the algebra in the hypothesis of Theorem 3.2 is associative,
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the division algebras in the conclusion of the same theorem will be associative
ones.

We conclude with an analogue of Theorem 3.2 for a Jordan (A4,)-algebra
over a field of characteristic zero. In this case, the radical is, by Corollary
2.7, the annihilator ideal. Further, the Wedderburn factor theorem for a
Jordan algebra over a field of zero characteristic (see [ 3, pp. 106-107]) enables
us to deduce that a Jordan (4,)-algebra 4 (for £ >3) is the direct sum of its
annihilator ideal I, and a semisimple ideal B= A% such that B is an (4,)-
algebra. Since B is a semisimple algebra, its annihilator ideal is the zero
ideal, i.e., {x € B|L.=R.,=0} (I', R’ are the left = right multiplications in
B) =0. Since B is an (4;)-algebra, this means that there exists no element
x in B such that L:=0 (L, the left multiplication in 4). We have thus proved

Prorosition 3.4 (cf. [ 2, Theorem 37]). A Jordan algebra A over a field of
characteristic zero is an (Ay)-algebra for k>3, iff it is either a zero algebra or
1s a direct sum of its annihilator ideal and the semisimple ideal A° such that
there exists no non-zero x in A*> with L:=0.

The present version of this paper owes a great deal to the suggestions
and encouragement of Professor S. Tog6 to whom the author is beholden.
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