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Notes on Derivations of Higher Order

Shizuka SATO

(Received March 5, 1969)

Let R and S be commutative rings and assume that 5 is an i?-algebra.
Let D be a derivation of S over R. Then the power Δ = Dn is an ^-linear
endomorphism of S satisfying the following condition:

~1 Σ

for any xu χ2, ••-, χn+i in S. The property (*) is used to define the notion of
a derivation of order n by H. Osborn ([3]). In this note we shall prove some
properties of such derivations. In the last part we shall show the following:
Let S be a field finitely generated over a subfield R. Then the set of ordinary
derivations of S/R is characterized as the set of n-th order derivations D
satisfying the condition that D(x) = D(γ) = 0 implies D(xγ) = 0.

1. Let R be a commutative ring with identity 1 and let 5 be an i?-algebra.
An i?-endomorphism of S is called a derivation of order n of S/R, if D satisfies
the following identity:

D(xv..χn+1)=t Σ (-iy-1Xi1.-.χip(xv..χil. .χis . xn+1)
s = l ίi< < ί β

for any x{ 6 5.
From the definition it follows easily that D(r) = rD(l) = 0 for any r e R.
First we show that the notion of n-th order derivation has a close con-

nection with that of the higher derivations in the sense of F. K. Schmidt (cf.

[1]).

PROPOSITION 1. Let D = (D0, Du ..., Dr) be a higher derivation of rank r
(or of infinite rank) of S/R into S. Then Dm(0 < m<j ) is a derivation of order
m.

PROOF. For any set of elements xu ••-, xm+ι of 5, we have

Σ

Σ
i s + 1<*"< ί'm + l

The coefficient of xil---XisDVstl(xhJ-..DVmJximJ is
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while

Dm(xι...χm+ι)= Σ DVι(x) Dυ (xm+ι).

Hence Dm is a derivation of order m.

PROPOSITION 2. A derivation D of order n — 1 is a derivation of order n.

PROOF. For any set of elements xh x2, ••-, χn+ι of S, we have

+ Σ1 Σ (-iy+1xh---xislxnxn+iD(x1...Xiι...χisl...χn-1)
s = 2 <i<-<isS«-l

= Σ Σ (-lY+lsxil-..xi^D(xl...Xh...Xisti...xn+1),
s = l ii<—<is + i

while

s = l ί'i< <is

= ΣxiD(x1.-.χi...χn+1)+Σ Σ (-iy+1Xii---Xi
i = l s = 2 ii< <is

= Σ Σ ( - 1 ) ' + 1 ( * + 1 )
s = l ίi< <ίβ+i

+ Σ Σ (-I) s + I^v
5 = 2 ii<"<ig

= Σ Σ (-l)t+1ί*f1 */
s = 2 /1< < is

Hence D(xv xn+1)=Σ Σ (—l)s+1χi1" Xi,D(χi ''*ii'' *ύ χn+ύ>i e >D i s a
S = l ί i<—<ί s

derivation of order n.

COROLLARY. A derivation of order n of S/R is also a derivation of order
n' for any n'^in.

Let D be a derivation of order n of S/R. For every x e 5, we shall intro-
duce a new TMinear mapping Dx of 5 defined by

Dx(y) = D(xy)-xD(y)- yD(x).

It is easily seen that D is an ordinary derivation if and only if Dx = 0 for
every x e S. More generally we have the
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THEOREM 1. If D is a derivation of order n of S/R, then Dx is a deriva-
tion of order n — 1 for x € 5. Conversely if Dx is a derivation of order n — 1
of S/R for every x e S, then D is a derivation of order n.

PROOF. Let D be a derivation of order n of S/R. Then, for any set of
elements xu ..., xn+1 of 5, we have

Σ ( + ) n Σ Σ (
ί=2 s = 2 11< < ί ,

( = 2

5 = 1 ί'i< <is

Therefore DXl is a derivation of order n — 1.
Conversely, let Dx be a derivation of order n — 1 for any x e S. By defini-

tion of DXl, we have

= Σ Σ (
s = l ί'i< < ί s

n-1

— 2—i 2—x \ ^ - ) X%^ ' 0

+"Σ Σ (-iy+2xiXi1---xiD(x2...Ah---χis.--xn+ι)

n-l

+ Σ (~~ 1)S + \ί)χ2 Xfi+ l D(xi) + XlD(x2 Xn + l) + ^2 Xn+lD(xi)

= Σ xiD(xι...χi...χn+1) + lΣ Σ (-ϊ)s+lXi1 'XiP<ixιx2...χil...χis...χn+1)

i y yπ / iy+2

+ ( - 1 ) W + 1 ^ 2 . . . ^ + 1 Z ) ( A ; 1 )

w

Σ v-i / i \s + l
/ i V *•) Xfi' ' ' *

Therefore D is a derivation of order n.
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PROPOSITION 3. Let Δ, D be derivations of order r, s respectively of S/R.
Then we have the identity

(AD)X = ADX + AXD + AD(X) + Δ(x)D + D(x)A (1)

PROOF. For any y e S, we have by the definition

= AD(xy)-xAD(y)-yAD(x)

) = A(xD(y))-xAD(y)-D(y)A(x)

) = A(yD(x))-yAD(x)-A(y)D(x)

= AD(xy)-A(xD(y))-A(yD(x)).

From these formula we easily arrive at the conclusion.

PROPOSITION 4. If Δ, D are derivations of order r, s of S/R respectively,
then AD is a derivation of order r + s of S/R.

PROOF. It is trivial that AD is an i?-enomorphism of 5. We shall prove
the proposition by the induction on r + s. When r=s = l, this is immediate
from proposition 3. Every member of the right hand side of (1) is a derivation
of order <> + s — 1 by induction assumption. Therefore, by Theorem 1, AD is
a derivation of order

COROLLARY. If D is an ordinary derivation, Dn is a derivation of order n.

2. Let 5 be an i?-algebra as before and let φ be the homomorphism of
the ring S®RS into S defined by ^ ( Σ ^ ® 7 ) = = Σ Λ ; 7 Let us set / = K e r (φ).
We shall endow on S(g)RS an 5-module structure by a(x(&y)=ax(&y. Then
the mapping δ(n) of S into Ωf{S)=J/Jn+ι such that δin)(x)={the class of
l(g)x — χ01 modulo Jn+1} is an n-th order derivation of 5 into Ω{^\S). It is
known that ΩR](S) has the universal mapping property with respect to n-th
order derivations of S/R (cf. [3]), and is called the module of rc-th order
(Kahler) differentials.

We shall denote by Q)%XS) the left 5-module consisting of rc-th order
derivations of S/R. From the universal mapping property of ΩR](S\ it follows
that 2)^(5) is isomorphic to Horn (Ω{f(S\ S) (cf. [3]).

PROPOSITION 5. Let P, Φ be two fields such that P^)Φ and P is finitely
generated over Φ. Then P is separably algebraic over Φ if and only if
2)in)(P) = 0 for some n>0.

PROOF. It is well known that P is separably algebraic over Φ if and only
if Ω£)(P)=J/J2 = 0 (cf. [2]). On the other hand, / = / 2 if and only if J=Jn+1

for some n >0. Hence, P is separably algebraic over Φ if and only if Ω{

φ

n)(P) = 0
for some rc>0. Since P is a field, Ω(

φ

n)(P) = 0 if and only if Q)φ

n)(P) = 0.
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Let us denote by C(n) the set of elements D of Q)φ

n\P) such that D(x) =
D(γ) = 0 implies D(xy) = 0. Obviously we have Q)φ

ι\P)CC{n) for all n>0.

THEOREM 2. Let P=Φ(ξu .ξm) be a field finitely generated over Φ. Then
C^n) = Q)φ

ιχP) for all n>0. Namely, Q)φ

ι\P) is characterized as the set of ele-
ments D of Q){

φ

n)(P) such that D(x) = D(y) = 0 implies D(xy) = 0.

PROOF. We consider a homomorphism

f\C{n) >Pm

defined by f(D) = (D(ξ1\ ..., D(ξm)). Then / is injective. In fact, let D e Ker
(/). If D(x) = D(γ) = 0, we have D(x + y) = 0 and D(xy) = 0 by the hypothesis
on C(n\ Hence to show that D is a zero map it suffices to prove that D(x) =

D(y) = 0 implies also D(—J = 0 (yφO). Let us set α = — . Then we see im-

mediately that 0 = D(ynά) = (-l)n-1yHD(ά). Hence D(a) = 0. Thus C{n) is

isomorphic to a subspace of Pm, and s^dim^C^^zTi. Let Du •••, Ds be a base

of C(n) over P. And we set α, = / ( A X l ^ ^ ) . The set {ai}(l<ί<s) gener-

ates Im(/). Hence {ai}(±<^ί<:s) is a base of Im(/). We set

A=fD1(ξί)

The rank of A is 5. Therefore we may assume

ΦO. ί**\

Let Ebe Φ(ξu ..., f s) and let J be an element of C(n) satisfying J(E)=0. Δ

can be written as a linear combination of D{ over P, i. e.? Δ = Σ «//),-(«,• 6 P).

ί = l

for / = 1 , 2,

By (**), α/ = 0 for i = l, 2, ..., 5, i.e. J = 0. Hence derivations of order rc of
P/E contained in C{n) is only 0, and ®^1)(P) = 0. Therefore P is separably alge-
braic over E. Conversely, let F be a field β(fi1 fl t ) ( l ^ ί i < <ϊ ί ^7Λ) such
that P is separably algebraic over F. We shall consider a map g\Q)φ

n)(P) >P'
defined by g(D)=(D(ξil\ ..., D(ξit)). g is a P-linear mapping. As above, if
De C(n) and 2)(f/y) = 0 for y = 1, 2, .. , ί, then D(F) = 0. Hence i) is a derivation
of order n of P over P. Since P is separably algebraic over F, D = 0 on P.
Therefore g is an isomorphism of C(n) into P'5 and s=dimpC

(n)<;t. Thus the
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dimension of C(n) over P is equal to the smallest number t such that P is sepa-
rably algebraic over Ĉf̂  •••&,). On the other hand, it is well known that the
dimension of ®^υ(P) has the same property ([1], Chap. IV, Th. 16). Therefore
Q)™(F) = CM for nil n>0.
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