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The problem of oscillation and nonoscillation of solutions of elliptic partial
differential equations has been the subject of numerous investigations. For
nonoscillation results we refer to Headley [2], Headley and Swanson [3], Kreith
[4], Kuks [5], Piepenbrink [6], Skorobogat'ko [7], Swanson [8] and Yoshida
[9]. All of these papers deal with second order elliptic equations or systems,
and the author knows of no nonoscillation criteria which are applicable to equa-
tions of higher order.

Our purpose here is to develop nonoscillation criteria for the fourth order
elliptic equation with real coefficients

(1) Lu = Σ Dί/αi/x)αJtί(x)Dfcίw) + 2i?(x) ± akl{x)Dklu
i,j,k,l=l J k,l=l

+ . Σ D£aij(x)Djύ)+2Σ b£x)Dtu + c(x)u = 0

defined in an unbounded domain R of Euclidean n-space En. As usual, points
in En will be denoted by x=(xί,..., xM), differentiation with respect to xf by Di9

i = l,..., n, and successive differentiation with respect to x{ and Xj by D^ , i,j =
1,..., n. The following assumptions will be made throughout:

(a) The coefficients α yeC 2(K), βeC(R\ a^eC^R), ^ e C 1 ^ ) and ce

C(R).
(b) The matrix (α^ ) is symmetric and positive definite in R.
(c) The matrix (αfj ) is symmetric and negative semidefinite in R.

These assumptions will be placed without further mention on the coefficients of
elliptic operators of the same form as L which will be considered in the sequel.

The domain I>(L; G) of L relative to any subdomain G of R is defined as the
set C\G) Π C2(G). The notation

Rr = R Π {xeEn: \x\ > r}, 0 < r < oo,

will be used throughout.

DEFINITION 1. A bounded subdomain G of R is called a nodal domain of
(1) if there exists a nontrivial solution weI>(L;G) of (1) such that w=Dίw=0
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on dG, ί = l,..., n. Equation (1) is said to be nonoscillatory in R if there is a

number r > 0 such that there are no nodal domains of (1) in Rr.

Associated with the operator L in (1) is the following elliptic operator

(2) Lou = i ^ Σ = iD i/α i/x)α f c Z(x)Dw W) + 2jS(x)k±^k ι{x)Dk lu

+ (c(x)-vb(x))u.

DEFINITION 2. The elliptic operator L1 defined by

(3) Lxu = i ^ £ ^ i ) ^ / * ) ^ ^

is said to belong to W[L0\R^\ for some r > 0 , if for every bounded subdomain

G of Rr the functional

Vίu;G2 = \ [( Σ «uDuu)*-( Σ AklDkluy
JG k,l=l k,l=l

+ 2u Σ
fc,Z

is nonnegative for all real-valued u e C2(G) such that u =D-μ = 0 on δG, i = 1,..., n.

Our first result is the following

THEOREM 1. Equation(l) is nonoscillatory inR if for some r>0 there exist

an elliptic operator Lίe$B[L0;Rr'] and a function φeC2(Rr) such that

(i) φ > 0 [resp. = 0] in Rr

(π) Σ Dij{Aijφ) + φ2 + 2Bφ + B2-C^0 {resp. < 0] m i?r.

PROOF. Suppose to the contrary that equation (1) is not nonoscillatory in

JR. Then, there are a bounded domain G<^Rr and a nontrivial function u e T)(L;

G) such that Lw=0 in G and w=D fw=0 on δG, ΐ = l,..., n. Applying Green's

formula, we obtain

= \ Σ
JG i,j=l

(4) 0 = \ Σ

XlφuA^Όψ - u2Dij(Aijφ) + 2φAijDiuDjU']dx.

By the hypothesis Lx e 9Jl[L0 JRr] and Green's formula we have

(5) 0 = ( uLu dx
JG

= \ [( Σ OLijDiju)2 +2βu Σ α i iOΰ"- Σ a
JG i,j=ί 1,7=1 »,y=l
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+ (c-vfyu^dx

[( Σ
G i,j=ί

In view of (4) it holds that

(6) \ [( Σ AtjDtjuy+lBu Σ Atj

= \ K Σ AtJDuu)2+2(B + φyu Σ AtjDtju + iC- Σ
JG i»j=ί i,j=l i,j=

f Σ AijDiUDjU dx ΞΞ Ji + / 2 .
G i 1

Since w=0 on 5G and w is nontrivial, we see that p u ^ O in G. Hence, if

in Rr, then the integral 72 is positive. From the hypothesis (ii) the integral

Ix is nonnegative. This contradicts the inequality (5). If φ^O in Rri then I2

is nonnegative. The hypothesis (ii) implies that It is positive. This again con-

tradicts (5). Thus the proof is complete.

Before stating the second result we prove a lemma regarding the positivity

of the quadratic form

(7) β [ α . Σ / f / K i ( K / ) f.+ i ( ) t ι

where the functions A^x), φi(x), φ(x), ζi(x) are all continuous in a subdomain

G of £ and the matrix (^-(Λ;)) is positive definite in G.

LEMMA. // we have

ιl/-φA-ίφ*t0 in G,

then QX_ζ] is nonnegative in G for each ξ and positive at some point of G for each

ξ such that

(8) ξ' + ξn+1φA-**O in G,

where φ=(φu...9 φn), A^(AU)9 ξ=(ξ',ξn+ί), ξ'=(ξu..., ξn) and φ* denotes the

transpose of φ.

PROOF. The matrix Q associated with Q\_ξ] has the block form

-A φ*-} f h OΊΓΛ 0 ~\\In A-iφ*

A'1 1JI 0 \1/-ΦA~1Q
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Γ « 1
where /„ is the nxn identity matrix. Letting P=\ and η = ξ' + ξn+ί

φA-\ we have ξP=(η, ξn+ί) and

~A 0
(9) p*ξ*

From the hypothesis (8) we see that η^O in G, hence QK] is positive at some

point of G. This completes the proof.

The following theorem is the main result of this paper.

THEOREM 2. Equation (1) is nonoscillatory in R if for some r > 0 there

exist an elliptic operator L± e9Jl[L0; Rr~] and functions φ, ψeC2(Rr) such that

( i ) φ > 0 [resp. ^ 0] m Rr;

(ii) ; Σχ A/^>) + 2 . Σ^A^Djψ-φt + lBφ-C + B2 ^ 0

[rβsp. < 0] in Rr;

( i i i ) Σ ^ 7 A > + Σ AtjDiψDjψ + φ^O in R r ;
i,j=ί i,j=l

(iv) For any bounded subdomaίn G of Rr the condition

ΫU-uyψ 3= 0 in G

holds for all nontrivial ueT)(L;G) such that M=D fw=0 on dG,

PROOF. Suppose to the contrary that equation (1) is not nonoscillatory in

R. Then, there are a bounded domain GcRr and a nontrivial function u e £>(L;

G) such that L u = 0 in G and u=DiU=0 on δG, ΐ = l,..., n. Applying Green's

formula, we have

dx(10) 0 = l\ Σ
JG i,j= 1

= ( Σ l2u*D£A,jφ)Djφ + 2φu2AtJDtJ

By the hypothesis L x e9Ji[L 0; i?r] and Green's formula we obtain

(11) 0 = [ uLudx
JG

[( Σ Ai}Dψ
G ij=ί
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In view of (4) and (10) it holds that

( K Σ V V ) 2 + 2 Λ * Σ AtjDtjU + Cu^dx
JG i,j=ί »»J=1

= ( K Σ AυDtju)*+2{B + φyu Σ A,jDtJu
JG i,j=ί /, j •= 1

- (. ±ίDij(

+ { 2φl Σ AtjDiUDjU-lu Σ AijDiψDjU-i Σ AijDu
JG i,j=ί i,j=ί i,j=l

If φ > 0 in # r , then the hypotheses (iii), (iv) and Lemma imply that the integral

12 is positive. From the hypothesis (ii) the integral Ix is nonnegative. If φ^O

in Rr9 then I2 is nonnegative. Since u is nontrivial, the hypothesis (ii) implies

that I1 is positive. This contradicts (11) and completes the proof.

COROLLARY 1. Equation (1) is nonoscίllatory in R if for some r>0 there

exist an elliptic operator L1 e 9Jl[L0 Rr~] and a function w e ^(L1 Rr) such that

( i ) w > 0 in Rr;

(ii) Σ AklDklw < 0 Iresp. ^ 0] in Rr;

(iii) Ltw ^ B2w [resp. > B2W] in Rr.

PROOF. Define the functions φ and φ by

(12) φ = —-L

It is easy to verify that

(13) . ΣχD^AijΦ) + 2 . Σ

(14) Σ
i,j=ί

(15)

Hence, the conclusion follows from Theorem 2.

Let us consider the following special case of (1):
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(16) Lu = Δ(a(x)Δu)+ Σ D|(β,/*)Dj«)+2 Σ b&x)Dflt + c{x)u = 0,

where α( c) is a positive function of class C2(R). Define the functions α and g by

α(r) = min α(x),
xeSr

g(r) = min [c(x)~ p f>(*)]>
jceSΓ

where Sr = Rn{xeEn:\x\=r}, 0<r<co. In this case the elliptic operator de-

fined by (2) is

Lou Ξ= J(α(x)/dw)

COROLLARY 2. Lei α(r)=α>0 αnrf assume that

(17) liminf0(r)>O /or n = 1,2, 3,4,

(18) liminf r*g(r)>—"20*74)2

 α for n^5.
l Ό

i, equation (16) is nonoscillatory in R.

PROOF. AS an elliptic operator defined by (3) we take

Lvu = aΔ2u + g(\x\)u.

It is clear that Lx e9Jl[L0; Rr~\ for some r>0. The function w = |x|m satisfies

Aw =

where /(m) = m(m — 2)(m + n — 2)(m + n — 4). Observing that

max{/(m):0 ^ m ^ 2 - n } = 0 for n = l, 2,

max{/(m):2-n ^ m ^ 0} = 0 for n = 3, 4,

( W ) : 2 - n g m ^ 0} =

and using (17) and (18), we see that there is a number r > 0 such that Aw<0

[resp. ^0] and Z^w^O [resp. >0] in Rr. Now the conclusion follows from

Corollary 1.

COROLLARY 3. Assume there exists a positive function y(r) e C 2[r 0, oo)

such that
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y(r)α(r) ^ 1 for r^rθ9

γ(r) + g(r)^0 for r^ro.

If the ordinary differential equation

(19)

is nonoscίllatory at r=H-oo, then equation (16) is nonoscillatory in R.

PROOF. Let

Clearly, Lt eSDΪ[L0; KΓ] for any r>r0. The nonoscillation of (19) ensures the

existence of a positive function w = w(|x|) such that for some r>r0

Aw + y(\x\)w = 0 in Rr,

which implies that Aw<0 in Rr. Moreover, we find

L1w=(y(\x\) + g(\x\))w^Q in Rr.

Therefore, the conclusion follows from Corollary 1.

APPENDIX. One of the main tools in the study of comparison and oscillation

theory of elliptic partial differential equations is the identity of Picone type. A

Picone identity for fourth order elliptic operators was obtained by Dunninger

[1]. Here, we present an extension of the identity due to Dunninger to a class

of formally non-self-adjoint fourth order elliptic operators. Our derivation is

based on some of the relations that were used above to produce nonoscillation

criteria.

Consider the following two elliptic operators:

= ± D,/^ιX*M«Wi>«tt)+2B(x) Σ Akl(x)Dklu + C(x)u,

= Σ J>,/αlj(x)αu(*)Du»)+2j5(x) ± «kι(x)Dklv + c(x)v.
i,j,k,l=l k,l=l

From (4) and (10) we have the following:

(20) ^[(^ ±iAijDiju)2+2Buι Σ^ijDt
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- (f tι

+ \ 2ΦL Σ A,JD<UDJU-2U ± AijDtψDjU-i ± A,jDtJφ+ φ)u2

JG ifj-1 *»i=l *»i=l

- ( .Σ
JG i,j=l

± DίφutAijDjψ) dx.
Gi,j=l

Put φ = — ί - Σ AklDkιw and \j/=logw (w>0 on G) in (20). In view of (9),

(13), (14), (15) we obtain the integral identity:

(21) \ [( Σ AijDijuy+lBu ±
JG itj^ 1 i, j=

±
i, j= 1

where n=(n t ) is the unit exterior normal to the boundary dG. Applying Green's
formula, we easily obtain the identity:

(22) \d(X
u. .Σ^DfajaίuDuu)^- f Σ^μ^μD.un^ds

= [ [-( Σ OLijDuύ)2-2βu Σ α,. Dyiι-ciι2]έ/x+f uL2udx.

From (21) and (22) we get the following Picone identity:

-Jr l>. . Σ Dj(aίJaklDklu)ni-Um Σ Ds{AuAklDkιw)nϊ\ds
dG W i,./,k,i=l i,j,k,l=l

\ Γ Σ Λi^tiw^.vi)/-^-)^]^-! [ Σ a,j
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