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§1. Introduction

Let Ln(p")=S2"*1|Z , be the standard lens space mod p", where p is a prime
and r is a positive integer. In the earlier paper [6] we have obtained some
necessary conditions that two stunted lens spaces are stably homotopy equivalent
(briefly: S-equivalent), and some sufficient conditions in case r=2.

The main purpose of this paper is to improve the sufficient conditions using
the results on the structure of J(L"(p")) obtained in the previous note [7].

Using [2, Prop. (2.6) and Lemma (2.4)], [3, Th. 1], [4, Th. 1.1] and [8,
Th. 1.4], we prove

THEOREM 1. Let n, m and r be integers such that n>m>0 and p">2.
Assume that t is a positive integer which is a multiple of

prinm-2, if p=2 and n—m=1mod?2,
pr+n—m—1’ lf p= 2 and n—m=0mod 2,
prit=m=2/(e=D1 if p isan odd prime.

Then L"(p")/L™1(p") is S-equivalent to L"**(p")/L™1**(p"). The same is true
for Lr(p)/Lg(p"), L&(p")/L"~'(p") and L§(p")/L§(p"), where Li(p") denotes
the 2n-skeleton of the natural CW-decomposition of L"(p").

For a prime p and integers n, m and r such that n>m >0 and r>1, we define
the integers a; and b, (0<s<r) by

n—m-—p*+1=ap(p—1)+ b, 0=b,<pi(p—-1).
In case p=3, and r=3 or 4, define &(r) as follows:
2 if ag=(a,+ 1)p?
e3)=(1 if ag=(a,+ Dp*+p, (a, +)p®+1, or
ao =(a, + Dp< (a, + 1)p?,

0 otherwise.
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3 if ay=(a;+ 1)p3,

2 if ag=(a;+1p3+1, (a3 + Dp?+ p? (a, + Dp?,
=1 if ao=(@@;+1Dp*+2, (a3 +1Dp*+qp(1 =q<p)

(a3 + Dp*+p2+1, (a3 + Dp* + p> + p, (a, + Dp2 + 1,

(ay + Dp* + p, (a; + Dp,

0 otherwise.
Then we have the following results by using [7, Prop. 7.5, 7.7].

THEOREM 2. Let p be an odd prime and r=3 or 4. If t=0mod pots),
then L*(p")[L™'(p") is S-equivalent to L"+'(p")/Lm~1**¥(p"). The same is true
for L*(p")/Lg(p"), L(p")/L™~*(p") and Li(p")/LE(p").

The results of Theorem 2 for small values of &(r) (r=3, 4) are better than those
of Theorem 1, although Theorem 2 for large values of &(r) gives the same results
as Theorem 1.

THEOREM 3. Let p be an odd prime, and r=3 or 4. L*(p")/L™1(p")
(resp. Ly(pn)/L™1(p")) is S-equivalent to L ™(p")* (resp. L8™(p")*) if and only
if m=0mod pe*e(", Here X* denotes the disjoint union of X and a point.

In case p=2 and r=3, we have
THEOREM 4. Assume that t=0 mod 2"~™*¢, where
2 if n—m=0mod4,
e=(1 if n—-m=1or2mod4, and n—m>1,
0 if n—-m=3mod4, or n—m=1.

Then L"(8)/Lm~1(8) is S-equivalent to L"**(8)/L™ 1**(8). The same is true for
L"(8)/Lg(8).
Assume that t=0 mod 2"~™m*¢'| where

1 if n—-m#3mod4, and n—m>1,
0 if n—-m=3mod4, or n—m=1.

Then L3(8)/Lm1(8) is S-equivalent to L3**(8)/L™1**(8). The same is true for
L3(8)/LE(8).

If n—m#0 mod 4, Theorem 4 gives better results than Theorem 1.
Corresponding to Theorem 3, we obtain
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THEOREM 5. L*(8)/L™ (8) is S-equivalent to L*™(8)* if and only if m
=0 mod 27~m*s,  L38)/L™1(8) is S-equivalent to L§™(8)* if and only if m
=0 mod 2" ™*¢, Here ¢ and &' are defined in Theorem 4.

We prove Theorems 1-3 in §2 evaluating the orders of the J-images of the
canonical bundles according to [4], [7] and [8]. In §3 and §4, we determine the
K- and KO-rings of L*(8) and L%(8) in the line of [5]. In §5, we determine the
J-groups of L*(8) and Ly(8) in the line of [6], and give proofs of Theorems 4 and
5. Ttis proved in [6] that the J-homomorphism I/(\OJ(L"(4))—>.7(L"(4)) is isomor-
phic, but, in this note, it will be shown that the J-homomorphism If(\OJ(L"(S))—»
J(L"(8)) is not isomorphic for n>1.

§2. Proofs of Theorems 1-3

First, we recall some notations. Let X be a finite CW-complex. Denote by
r: K(X) — KO(X), ¢: KO(X) — K(X) and J:KO(X)— J(X)

the real restriction, the complexification and the J-homomorphism, respectively.
Let G be a finite group and a be an element of G. Then, by #G and #a we
mean the order of G and the order of a, respectively.
Let n be the canonical complex line bundle over the standard lens space
L(p)=S%*1/Z ., where p is a prime and r is a positive integer, and let o=n—1
(e R(LY(p"))) be the stable class of #. Then the following is due to [4, Th. 1.1].

2.1) ¥ ro = prtlG-2/(p-1]1 for an odd prime p.

For p=2 and r=2, we obtain in [8, Th. 1.4] the following result, by com-
pleting the partial result of M. Yasuo [10, Prop. (3.5)].

2rti=10 if I=0mod 2,
.2 $ro =
2r+i=2 §f =1 mod2.

Proor oF THEOREM 1. Let o=#—1 be the stable class of the canonical com-
plex line bundle n over L*™(p"). If ¢ is an integer given in the theorem, it follows
from (2.1) and (2.2) that J(tre)=0 in J(L"™(p")). Therefore we have

J(mry @ 2t) = J(mrn) + J(Q2t) + J(tre) = J(m + O)ry).

According to [2, Prop. (2.6)], this means that (L"™(p"))ymn®2t and
(L»=m(pr))tm+Orn have the same S-type. But by [2, Lemma (2.4)] and [3,
Th. 1] (or [9, Th. 2.1]), we have the following homeomorphisms.

(Ln-m(pr))mrnQZt ~ S2t(Ln—m(pr))mm ~ SZt(Ln(pr)/Lm—l(pr))’
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(Ln—m(pr))(m+t)n1 ~ Ln+t(pr)/Lm- 1+t(pr) .

Thus we see that L7*(p")/L™'(p") and L"**(p")/L™ '**(p") are S-equivalent.
Other cases are proved similarly. q.e.d.

We determined # Jro for r=2 in [6], and for r=3 and 4 in [7]. If we use
# Jro instead of # ¢ or # ro, we may obtain sharper results than Theorem 1.

ProOF OF THEOREM 2. In [7, Prop. 7.5, 7.7], the group J(Li(p")) (r=3,
4) is determined and the order of Jre is given as follows: #Jrg=peote(n),
Then the proof is carried out in the same way as the above proof. q.e.d.

ProoF oF THEOREM 3. Since L*(p")/L™ Y(p")~(L*™(p"))" by [3,Th. 1]
(or [9, Th. 2.1]), and since L*™(p")* (=(L*™(p"))°) is S-equivalent to
(L»™(p"))*™ by [2, Lemma (2.4)], we see from [2, Prop. (2.9)] and [7, Prop. 7.5,
7.7] that L»(pm)/L™ !(p") and L" ™(p")* have the same S-type if and only if
m=0 mod p?°*¢("), Another case is proved similarly. qg.e.d.

REMARK. In Theorem 3, we have immediately the following result:
L(pn)/Lg(p") (resp. L§(p")/Lg(p")) is S-equivalent to L ™(p") (resp. L§™(p"))
if m=0mod p?o*¢™, The similar result holds also for Theorem 5. But the
converses cannot be proved by the same way, and we should omit in [6, Th. 1.6]
the statements ‘and only if” for the spaces L*(p?)/LE(p?) and L(p?)/Lz(p?).

§3. The structure of K(L"(8))

Let n be the canonical complex line bundle over the lens space L"(8)=S2?"t1/
Zg, and let o=y—1 (e K(L"(8))) be the stable class of 7. Then the relations

(3.1) (c+1)B=1 o™*t=0

hold, and the elements o, 62,...,67 generate K(L"(8)) (cf. [5, Lemma 3.6]).
Furthermore, we have

3.2) $R(L"(8)) = 8" =23  (cf. [5, Lemma 3.8]).
Let us define
3.3) o) =n*—1=0%+20, 0(2) =n*— 1= 0(1)* + 20(1).
Then, from (3.1) and (3.3), we obtain
)+ D*=1, (6(2+1)?*=1,

(3.4)
o(2)t = (- 1)i"12i-1g(2),  for i L.
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By routine calculations using (3.1), we have

LEMMA (3.5). The following relations hold.

693

(3.5.1) 2it3gni=0 for 0Zisn-—1, if n2=1
(3.5.2) 2it2gnmi 4 2it3gn-i=l = () for 0Zign—-2, if n=2
(3.5.3) 22" 1-23"2=0 if n=3
(3.5.4) 2itignTi 4 2it2gn=i=1 = () for 2Z5i<n-2, if nz4.
(3.5.5) 20" —3.226""2-23"3=0 if n=4.
(3.5.6)  23g"3 — 3.24gn4 = () if nx5.
(3.5.7) 2ig"i 4 2itlgnTitl = for 45ign-2, if nz6.
Proor. Multiplying each side of the first equality (¢+1)8=1 in (3.1) by

"1, and using the second equality ¢"*1=0 in (3.1), we have 236"=0. Assume

inductively 2i*2¢"~i*1=0 for any i with 0<i<n—1.

Multiplying each side of

the first equality in (3.1) by 2ig"~i~!, and using the second equality in (3.1) and
the inductive assumption, we get 2i*3¢g"~i=0. This completes the proof of

(3.5.1). The proofs of the other equalities are similar.

4.3])

By routine calculations using (3.1), (3.3) and (3.4), we obtain

LeEMMA (3.6). Let m=[n/2]=0. Then the following relations hold.
3.6.1) o(1)y"2=0.
3.6.2) o(DHmtie=0 if n=2m.

(3.6.3)  2i*2g(1ym+1-i = for 0<ism.

(3.6.4) 2itig(lynt1i-i 4 2i*26(1)y"i =0
(3.6.5)  20(1)" — 226(1)""1 =0
(3.6.6)  2ig(1yn+1-i 4 2itig(1ym=i =0

(3.6.7)  a(l)ymtt — 20(1)mt + 226(1)m"2 = 0 if m23.
(3.6.8)  22g(1y"2 — 3.23¢(1)"3 =0 if m> 4.
(3.6.9)  2i-lg(lym*+1-i 4 2ig(lym—i = for 4<i<m—1, if m=5.

PRrOOF.

Since a(1)=02 + 20 by the first equality in (3.3), we have

for 0Zi<m-—1,ifmz=1.
if mz2.

for 25ism-—1, if mz3.

(Cf. [5, Lemmas 4.1 and
g.e.d.
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o(1)m*2 = (g2 + 20)m+2 = rin_+02< m+2 >2ia-2m+4—i
= l b

which, in turn, is equal to zero by (3.5.1) and the second equality in (3.1). Thus
we have completed the proof of (3.6.1). In the same way we obtain (3.6.2).

Multiplying each side of the first equality in (3.4) by ¢(1)" and using (3.6.1),

we have 226(1)™*1=0. Assume inductively 2i*1g(1)"*2-¢=0 for any i with 0<i

<m. Multiplying each side of the first equality in (3.4) by 2ig(1)"~¢, and using

the inductive assumption, we have 2i*2g(1)"+*1-¢=0. This completes the proof
of (3.6.3). The others are proved similarly. (Cf. [5, Lemmas 4.1 and 4.3].)

q.e.d.

We determine the structure of K(L"(8)) using (3.1)-(3.6). The method of
the proof is quite similar to that of [S, Th. A].

ProrosiTiON (3.7). Ifn=3,
R(L"(8)) = Zyn+2® Zatn2141 @ Zotns 1221 D Zgtmray
® Zstin-1301 D Zotn-21/01 D Ziin-3y7a1.
Each direct summand is generated by
g, o(1) + 22*2g, o(1)a, 6(2) + (23" 30 + 2'*16(1)), 6(2)a + 23t+46
+ 2t*1g(1)e, 6(2)o(1) + 2t126(1), 6(2)o(1)o for n=4t+ 3;
g, o(1), a(1)a + 22'%2g, 6(2) & 23t+3¢ £ 2t*16(1), 0(2)0 + 23'*3g,
a(2)a(1), 6(2)a(1)o + (23t+3¢ — 2t*1g(1)0) + 2:*20(1)
for n=4t+2;
g, a(1) + 22**1g, 6(1)a, o(2) + 2*16(1), a(2)0, 6(2)o(1) + (2320
— 2t%1g(1)) & 2**1a(1)a, a(2)o(1)o + 2330 + 2t*20(1) + 2t+1o(1)o
for n=4t+1;
g, o(1), o(1)o + 22**1g, 6(2), 0(2)o + (23*1o — 2ta(1)0),
d(2)o(1) + 2t*1a(1), 6(Qo(1)o + 23**2¢  for n =4t

If n=2, R(L*(8))=Z,+®Z,:, where the first summand is generated by ¢
and the second is generated by o(1).

If n=1, R(L\(8))xZ,s, generated by .

The multiplicative structure is given by
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od=—-Y1 ()a' o"t1=0,

PROOF. Let n=4t. Since the elements o, ¢2,...,67 generate K(L*(8)),
the elements o, o(1) = 62+20, 6(1)0 + 2%**lg =63 + .-, 6(2) = 6%+ -+, 6(Q0 +
(23t*1g—2'6(1)o)=05+---, 0(Qa(1)+2'*6(1) =0%+---, 6(Qo(1)a+23*26=¢"
+ ... generate K(L"(8)). In order to get the additive structure of K(L"(8)), it is
sufficient to prove the following equalities:

2"t2g = (), 22tt1g(1) = 0, 2%*(o(1)o + 2%**1g) = 0,
2ta(2) = 0, 2t"Y(6(2)o + (23**16 — 2'a(1)0)) = O,
2t 1(6(2)a(1) + 2t+16(1)) = 0, 27 1(0(2)a(1)o + 23t*2¢) = 0,

because 27t2.22t+1.22t. 2t (2t~1)3 (= 23n) js equal to the order of K(L*(8)) by
(3.2).

The first equality follows immediately from (3.5.1).

To prove the second and the third, put n=2m. Then we have

mHg(1) = + 2a(1)m*! by (3.6.4)

+ 2(0? + 20+ by (3.3)
=4 '"H(’"“ )2'“0"*2 i=0 by (3.1)and 3.5.1),

Mmg(1)o = (— 1"2226(1)"l¢  for m=2 by (3.6.6)

= (= D™o(ly"s by (3.6.5)

= (=1m ;n:o( “ )2i+lan+1-i by (3.3)

— (=1 'i"=1<'? )2n+la by (3.1) and (3.5.2)
= (= 1y"@m — 127%1g = + 27+ by (3.1) and (3.5.1),

and hence 2™(o(1)o +2™*1g)=0. This holds also for m=1 by (3.5.1) and (3.5.2).
The fourth equality is proved as follows:

2t6(2) = (— Do (2)'*! = (— 1) (o(1) + 20(1))**! by (3.4)

= (= 1) '+1<t+1>2'o’(1)2‘+2"

— (_ 1) {0’(1)'"+2 + Zt+1<t+1 >(_ 1)2t+1—i22!+lo-(1)}
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by (3.6.4)
= (— 1)f22t%16(1) by (3.6.1)
=0 by the second equality.

Before proving the fifth equality, we notice that the following relations hold
by Lemma (3.6).

3.7.1) 20(1)y" 16 — 226(1)" 26 =0 if n=2mz26.
3.7.2) 226(1)" 20 + 236(1)" 36 =0 if n=2mz2z8.
Now, we have, by (3.4) and (3.3),
2t716(2Q)0 = (— 1)*"16(2)'c = (— 1)!"1(a(1)? + 20(1))’'c

=(- 1)"1{0(1)"'0 + 1 26(1)y" 1o + (;)220(1)»'-20
+ zr=3( ! ) 2ia(1)m-ia} ,

where n=2m=4t. On the other hand,

o(1)"e = (6% + 20)"c by (3.3)
= -2+ ()220t + 21, (7 )20 by BD)
=+ 1210+ ()02 4 Ty () (= D200
by (3.5.2)~(3.5.4)
= +t.2"lg - 2"g by (3.5.4) and (3.1),
t-26(1)" g = t-226(1)" 20 for m=3 by (3.7.1)
= —t-23¢(1)" 3¢ for m=4 by (3.7.2)
= —t-2"1g(1)o for m=5 by (3.6.9),
(5 >220(1)’"‘20 _— (;)230(1)'”-30 for m24 by (3.7.2)

- - ( 5)2m-1a(1)a for m25 by (3.6.9),

5=3<§)2i0'(1)'”"i0' ={1 —-t+ (é)}Z""ltI(l)a for m=5
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by (3.6.9).
Therefore, we obtain, by the third equality,
216(2)0 = + (2" — 2™ 'o(1)0), for t>2,

and so 2" Y(a(2)0 + (2316 —2'a(1)s))=0. This holds also for t=2.
The remaining relations follow easily from the above relation.
The proofs in the other cases are similar, and hence we omit the details here.
The multiplicative structure is given by (3.1). q.e.d.

N N
§4. The structure of KO(L"(8)) and KO(L3(8))
The following is obtained by considering the Atiyah-Hirzebruch spectral
o
sequence for KO(L*(8)).
o
LemMA (4.1). KO(L"(8)) has only 2-component, and
28t+1  for n=4t,
~ 28t*2  for n=4t+1,
#KO(L"(8)) =
28t+5 for n=4t+2,
[ 28¢5 for n=4t+3.

Let p be the non-trivial real line bundle over L*(8), and let k=p—1 (€
~-
KO(L"*(8))) be the stable class of p. Then we have

LEMMA (4.2). For the complexification c and the real restriction r,
“4.2.1) ck =0(2),
4.2.2) cro =c%(a + 1)

=20 + (1) + a(1)g + 6(2) + 6(2)g + o(2)o(1) + 6(2)a(1)o,

4.2.3)  cra(l) = a(1)*/(e(1) + 1) = 20(1) + 6(2) + a(2)a(1),
4.2.4) c(k-ro) = — 20(2) — a(2)o(1) — a(2)o(1)o.

ProOF. According to [5, Prop. 3.3], co=n*. Therefore

ck=cp—1=n*—1=0(2),

by the second equality of (3.3). Thus we obtain (4.2.1).
To prove (4.2.2), let ¢t be the conjugation. Then cr=1+¢ and te=1t(n—1)
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=nt—1=(6+1)"'—1. Hence
co=1+Ho=0c+@+1D1=-1 (=0?(c+1))
=o+(+1)7—1 by the first equality of (3.1)
=o+(@+ D))+ D@ +1)—-1 by(3.3)
=26 + 6(2o(1)o + o(1) + o(2)o + o(2)a(1) + 6(2) + a(1).

Thus we complete the proof of (4.2.2). Other equalities are obtained similarly.
q.e.d.

Using Proposition (3.7), Lemmas (4.1) and (4.2), we determine the structure
~No
of KO(L*(8)) as follows. The method of the proof is similar to that of [S, Th. B].

PROPOSITION (4.3). In case n=4t+3 or 4t+2 (t>0),
~e
KO(L"(g)) g 2242+4 ('B Zzzt+1 @ Zzt @ Zzt.

Each direct summand is generated by ro, ro(1) + 22**?ro, k+ 2'(ro(1) +
22t*2pg), k- ra—23t+3rg, respectively.
In case n=4t+¢, e=0or 1 (t>0),

Y]
KO(L"(S)) = 224”2 &) Zzzc ® ch ) ch—1+z .

Each direct summand is generated by ro, ro(1)+22*tre, k + 2'ro(1), k- ro
+24(ra(1) +22t*1rg), respectively, where the last generator may be replaced
by k-ro if n=4t+1.

In case n=3,2or 1,

KO(L¥8)) = KO(LX(8)) = Z,: ® Z,, KO(L'®) = Z, ® Z,,

where, in each group, the first summand is generated by ro and the second is
generated by k.

Proor. First we consider the case n=4t+3 (t>0). Put the generators of
R(L"(8)) as follows (cf. Prop. (3.7)):

g =0y, o(1) + 2226 = g,, a(1)o = 73, 0(2) + 23t+3¢ + 2t*1o(1) = gy,
a(2)g — 23t+4g — 2t+1g(1)e = 05, 6(2)a(1) —2'*20(1) = o,
o(2a(1)o = 0.

Define A=rg, B=ro(1)+22**2rg, C=k+2'(ra(1)+2%'*2rg), D=k -ro—23*3rg;
and A’=cA, B'=cB, C'=cC, D'=cD. Then
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A'=cro=0,+05+05+0,+ (1 +2")o; + (1 + 20,
+ 2(1 = 22t )g
B’ = c(ra(1) + 22'*2r0) = 64 + 04 + 2(1 + 290, + 23**4(2* — 1)o,
C' = c(k + 2%(ra(1) + 22**2r0)) = 6, + 2%**1g, + 2%'*4g,,
D' = c(k-ro — 23'*3rg) = — 0, — 06 —20,.

It can be seen without difficulty that the elements A’, B’, C' and D' generate the
subgroup

Zz4c+4 (‘B Zzlt-l-l @ ch @ Zzt

of K(L*@8)). Since the order of this subgroup is 24t+4.22t+1.(21)2.=28t+5
the order of the subgroup (of I/(\6(L"(8))) generated by 4, B, C and D is larger than
or equal to 28:+5, On the other hand, #IE\O'(L“‘”(S)) <28*5 by Lemma (4.1).
It follows that A, B, C and D generate IE\@‘(L4‘+3(8)) and that iFIE\O’(L“‘+3 (8)

=8t+5
In case n=4t+2 (t>0), the inclusion map j: L"(k)— L"*!(k) induces the iso-
N e
morphism j': KO(L"*1(k))—»KO(L"(k)) for any integer k>1. Therefore we
obtain the result for the case n=4t+2 from the result for the case n=4t+3. It

N
follows that KO(L"(8)) is additively generated by ro, ro(1), k and k-ro for the
cases n=4t+3 and n=4t+2.
As in the proofs of Lemmas 5.9-5.12 in [5], we see that the inclusion map

L4+1(8)— L4*2(8) induces the epimorphism 12\6(L4‘+2(8))—>I/-(\6(L4'“(8)) and
N

that # KO(L***1(8))=28:*2, Thus the result for the case n=4t+1 (t>0) follows

from the relations:

24t*2rg = 0, 22'(ro(1) + 22t*1rg) =0,
2%k + 2'ro(1)) =0, 2'x-re =0,

which are proved as follows. In %(L‘““(S)), we have

24ttépg = (), )
22t (rg(1) + 22**2rg) = 0, 2)
24(k + 24(ro(1) + 2%'*2rg)) = 0, A3)
2i(k - ro — 23t*3rg) = 0. C))

On the other hand, by (4.2.2) and (4.2.3),
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c(ra(1) + 22t*1re) = (6(2)o(1) + 23t+2¢ — 2t+1g(1) + 2t*1a(1)0)
+ (6(2) + 2t*1g(1)) — 2t*1g(1)a + 2(a(1) + 22t*1g) — 2312(2 + 1)o.

Thus we see from Proposition (3.7) that, in K(L**1(8)), 22c(ro(1)+2%*1rg)
=0. Since rc=2, we have

22+1(rg(1) + 221*1rg) = 0. )

It follows from (2) and (5) that 24**2rg=0. This equality combined with (3)
and (4) gives 2'(k+2'ro(1))=0 and 2'x-ro=0, respectively. Now, by (4.2.2)-
4.2.4),

c(k-ro + 2'(ra(1) + 22'*1rg) + 24*1rg)
= — (6(2Q)o(1)o — 23135 — 2t*26(1) — 2!*16(1)o) — (6(2)o(1) + 23t+2¢
— 2t*1g(1) + 2t*1a(1)0) — 2(a(2) + 2t*1a(1)).
Hence we see from Proposition (3.7) that, in K(L4*1(8)), 2 1c(k - ra + 2'(ro(1)
+22t*1pg) + 241+ 1rg)=0. Since re=2,
24k - ro + 24(ro(1) + 2%t*1rg) + 24*1rg) = 0.

Therefore, we obtain 2%!(ro(1) +22!*1rg)=0.

Finally, we consider the case n=4t (t>0). As in the previous case, we
notice that the inclusion i: L4(8)—L4**!(8) induces the epimorphism i':
N N N
KO(L***1(8))— KO(L*(8)), that # KO(L*(8))=28*1, and that Keri' is equal
to the kernel of the complexification c: I/(\é(L“‘“(S))—» R(L#*1(8)), which is
isomorphic to Z, generated by 2!~!(x-ro+2'(ro(1)+2%'*!rs)). For the proofs
of these facts, refer to [5, Lemmas 5.14-5.17]. Combining the result for the case
n=4t+1 with the above facts, we obtain the result for the case n=4t.

The proofs in the remaining cases are easy. q.e.d.

o
COROLLARY (4.4). In case n=4t+3, the complexification c: KO(L"(8))
—K(L"(8)) is monomorphic.

Next, we determine the structure of IEB(L(‘,(S)), where L%(8) is the 2n-skeleton
of the standard CW-decomposition of L"(8).

N N
PROPOSITION (4.5). In case n#0 mod 4, KO(L}(8)) =~ KO(L"(8)).
In case n=4t,

N
KO(L6(8)) _%‘f ZzAH»l @ Zzzt @ Zzt @ Zzt-l .

Each direct summand is generated by ra, ro(l), k, k- re—23+1rg —2tra(1), res-
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pectively.

Proor. The first part follows easily from the Puppe exact sequence.
To prove the second part, we put the generators of K(LA(8)) (=K(L"(8)))
as follows (cf. Prop. (3.7)):

6 =0, 6(1) =0, o(l)o + 2%*c =0g;, 0(2) =0,
oo — (23**1g — 2'a(1)0) = 65, a(2)o(1) + 2¢T1o(1) = oy,
a(2)a(l)g + 23t+%¢ = 0.

Define A=ro, B=ro(1), C=k, D=k-ro—23*1re—2'ro(1); and A'=cA, B'=
¢B, C'=cC, D'=cD. Then

A =cr6=07;+0¢+0s+0,+ (1 —2%0;+ (1 -2, + (2 — 22**)g,,
B' =cro(l) = 0¢ + 04 + (2 — 20,

C' =ck =0,
D' = c(k-ro — 23*1rg — 2'ro(1)) = — 0, — 6 — 20,.
It can be easily shown that the elements A’, B', C' and D' generate the subgroup
2y 1 @222 @Zy @ Zye-s

~ o
of K(L§'(8)). Now, we see #KO(L$'(8))<28 in the way similar to Lemma
N
(4.1). Therefore, A, B, C and D generate KO(L}(8)), as desired. q.e.d.

N
The multiplicative structure of I,(\OJ(L"(S)) and KO(L%(8)) is given by the
next proposition.

ProposITION (4.6). The following relations hold.
(r6)? = — 4ro + ro(1), (ro(1))?> = — 4ra(1) + 2k,
k?= -2k =k-ro(l), ro-ro(l) = k-ro — 2ro(1) + 2x.

Proor. It is sufficient to prove the relations in the case n=4t+3. Accord-
ing to Corollary (4.4), the complexification ¢ is monomorphic in this case. Hence,
the first equality is seen from the equalities.

c(ro)? = o*/(1 + 0)? by (4.2.2)
= {—406%(1 + 0) + (20 + 6?)?}/(1 + 0)?

= — 40?1 + 0) +a(D?/(1 + o(1)) by (3.3)
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= o(— 4ro + ra(1)) by (4.2.2)(4.2.3).

Other equalities are obtained similarly. q.e.d.

§5. The structure of J(L"(8)) and J(L3(8))

It is known that the J-homomorphism J: I,<\O/(X)—>.7(X) is isomorphic if
X is the real projective space RP" [1, (6.3)] or the mod 4 lens space L"(4) [6,
Th. 4.5]. In this section we see that J is not isomorphic for the mod 8 lens space
L*(8) (n>1).

In order to study the groups J(L"(8)) and J(Lg(8)) we determine the Adams
operations.

LemMA (5.1). The Adams operation ¥/ on I’{\é(L”(S)) (or I?O/(LS(S)))
is given by

‘ K if jisodd,
e = if jis even.
ro if j=+41mod 3§,
ro(1) if j=+4+2modS§,

Yi(re) =( re + k-ro + 2k if j=+4+3modS§,

2k if j=4mod38,
0 if j=0mod 8.
ro(1) if jisodd,
Yi(re(1)) = J 2k if j=2mod4,
1 0 if j=0mod 4.

ProOF. As in the proof of Proposition (4.6), it is sufficient to prove the
equalities in the case n=4t+3. Let us prove Y/(ro)=ro+k-ro+2k if j=
+3mod 8. In fact,

c¥i(ro) = Wi(cro) = Wi(e?/(o + 1)) by (4.2.2)
= Wig?|¥i(e + 1) = (6 + 1) — 1)*/(c + 1)/
=@+1P-2+ (@ +1)> by the first equality of (3.1)
=020 + 6(2) + 6(1)o + 6(1) + 26 by (3.3)
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= cro + c(x-ro) + 2ck by (4.2.1), (4.2.2), (4.2.4)

=c(ro + k-ro + 2x).
Other equalities are proved similarly. q.e.d.
Now, we prove
LemMA (5.2). The kernel of the J-homomorphism

J: KO(L'(®) — JL®) (or J: KOLYES) —> J(L®)
is the submodule of ;(\6(L”(8)) generated by x - ro + 2k, whose order is 2L(n+2)/4],

Proor. Notice that

KerJ = 3, N\ke(P* — )HKOL"®) (cf. [7, (1.1)]).

It k=21 (I21), kKO(L"(®))=12°KO(L"8))=0 for a sufficiently large
integer e by Proposition (4.3).

If k=41 mod 8, Y*—1=0 by Lemma (5.1).

If k=+3 mod 8, ke(¥*— 1)&6(L"(8))=(T3— 1);(\5(L"(8)) for a sufficiently
large integer e by Proposition (4.3) and the proof of Lemma (5.1). On the other
hand, we have

(P3-1)(x) =(P3-1D(o(1)) =0, (Y3 - 1)(ro) =k-ro + 2k,
P23 -1 (ro-re(1)) = (Y3 - 1) (k-ro — 2ro(1) + 2x) = (Y3 — 1) (k- ro)
=k(ro+k-r6 +2k) —k-ro6 =k2-r6 + 2k2 = — 2(k - ro + 2K)

by Lemma (5.1) and Proposition (4.6). Thus, KerJ is generated by «-.ro+2k.
The order of k- ro+ 2k is easily seen by Proposition (4.3). g.e.d.

Combining Proposition (4.3) with Lemma (5.2), we obtain
ProrosiTioN (5.3). If n=4t+3 or n=4t+2,
JL*(8)) = J(LA®)) = Zyaiss @ Zy2ee1 @ Zse.

Each direct summand is generated by Jro, Jra(1)+2%*2Jre, Jk+2(Jro(1)
+22t%2Jrg), respectively.
If n=4t+1 (t>0),

J(L"(8)) = J(LY(8)) = Zyue+2 D Zp2 @ Ze .

Each direct summand is generated by Jre, Jro(1)+22**Jre, Jk+2'Jro(1),



704 Teiichi KoBayasH and Masahiro SUGAWARA

respectively.
If n=41,

j(L"(S)) ~Zou+2DZy0-1®Zy:,

where each direct summand is generated by Jro, Jro(1)—2%*'Jre, Jk+
2tJra(1), respectively, and

J(Lﬂ(g)) 2 Zour1 D Zyu-1@Zy,

where each direct summand is generated by Jro, Jra(1)+2%*1Jra, Jk, respec-
tively.
If n=1,

JLA®) = JLI®) = 2, ®2Z, (= KOL'®)),

where the first summand is generated by Jro and the second is generated by
Jx.

ProofF. Consider the case n=4t+3. Since J(k-r6)=-—2Jk and J is
epimorphic, the elements Jra, Jro(1)+2%*2Jre and Jk + 2!(Jro(1) + 22*+2Jro)
generate J(L"(8)). By Proposition (4.3), the equality

K-re + 2k = (k- re — 23t*3rg) + 2(x + 2(ro(1) + 22**2ro))
— 2'*Y(ro(1) + 2%'*2rg) + 23'*3r0
implies that 24**3Jr¢=0. On the other hand, we have evidently
22*1(Jra(1) + 22'*2Jre) = 0, 2'(Jx + 2'(Jro(1l) + 22t*2Jro)) = 0,

by Proposition (4.3). But, 24t+3.22¢+1. 2t =27t+4 ¢ I/(\6(L"(8))/# KerJ =# J(L"(8)).
Hence we get the desired result.
The other cases are similar. q.e.d.

As a corollary we obtain
COROLLARY (5.4). The order of the element Jro is equal to
2"t2 jn J(L"(8)) for n=0mod 4,
27+l jp J(L™8)) for n=1,2mod4 and n>1,
orin J(LZ®8)) for n#3mod4 and n>1,
2n in J(L*8)) orin J(LZ®)) for n=3mod4 or n=1.

Now we are in a position to prove Theorems 4 and 5.
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ProoF oF THEOREM 4. According to Corollary (5.4), the element Jro

(e J(L™(8))) is of order 2"~m*¢ and the element Jro (e J(LE™™(8))) is of order
2n~m+e’  Then the theorem is proved in the same way as Theorem 1.

g.e.d.
Proor oF THEOREM 5. Using Corollary (5.4) we prove the theorem in the
same way as Theorem 3. q.e.d.
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