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0. Introduction

Let E be an algebraic vector bundle on a smooth projective algebraic scheme

X defined over an algebraically closed field (arbitrary characteristic). Then it

is known that after a suitable succession of blowing ups of X, f: X'->X,f*(E)

has a splitting of line bundles on X\ i.e., there is a filtration of subbundles of /*(£)

i7

o=D z)FΓ = 0 (r = rank£) such that every quotient FijFi+x ( 0 ^ / ^ r — 1 ) is a

line bundle on X' (cf. [4]). In this paper, we shall prove another simple theorem

on splitting of line bundles of algebraic vector bundles (cf. Theorem 2.1): Let

E be an algebraic vector bundle on a smooth quasi-projective algebraic scheme

defined over an algebraically closed field (arbitrary characteristic). Then there

exists a finite and faithfully flat morphism/: X'-*X such that/*(£) has a splitting

of line bundles on X'. Hence we can prove the following (cf. Theorem 3.2)

as a corollary: Let Z be an algebraic cycle of codim = p on a smooth projective

algebraic scheme X. Then there is a finite faithfully flat morphism /: X'-^X

such that ( p - l ) ! / * ( Z ) = Σ ± £ r £ p (rat. equiv.), where Dk are divisors on X'.

Hence in particular, (p — \)\f*(Z) is smoothable. Theorem 3.2 seems to be a

useful fact to study algebraic cycles because it says that if a problem on algebraic

cycles is not changed after multiplication of integers and pull back of finite faith-

fully flat morphisms, then we have only to consider the cycles Z of the forms

Σ±Dί~'Dp, where Dk are divisors on X. After introducing the notion of very

ample vector bundles and studying their properties, we shall prove the above

theorems.

The author would like to express his sincere thanks to Professor Yoshikazu

Nakai for his steadfast encouragements.

1. Very ample vector bundles

In [2], R. Hartshorne has introduced the notion of ampleness of algebraic

vector bundles. Since then, we have obtained several useful algebro-geometric

results using ample vector bundles. In this section, we shall define very ample

vector bundles on algebraic schemes and study their properties.
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Let k be an algebraically closed field with arbitrary characteristic, X an
algebraic fc-scheme and let E be an algebraic vector bundle on X, i.e., a locally
free O^-coherent sheaf with constant rank. We shall denote the associated pro-
jective bundle by π: P(E)->X and its tautological line bundle, i.e.., an invertible
sheaf on P(E) by LE.

DEFINITION 1.1. With the above notation, if LE is a very ample line bundle
on P(E), then we define E to be very ample. Hence, a very ample vector buldle
is ample in the sense of Hartshorne.

At first, we shall prove some formal properties of very ample vector bundles.

PROPOSITION 1.2. Let E and E' be very ample vector bundles on a k-
algebraic scheme X. Then we have the fallowings.

(1) Every quotient vector bundle of E is very ample.
(2) E®E' and E®E' are very ample.
(3) E®n, Sn(E) (n = l, 2,...) and /\Em ( l^mgrankE) are very ample.

Furthermore, let T(E) be a positive tensor bundle of E (cf.[2]). If char k = 09

then T{E) is very ample.
(4) Let L be an ample line bundle and let F be a vector bundle on X.

Then, there is a positive integer n0 such that L®n®F is very ample for all n^n0.
(5) Let Y be a closed subscheme of X. Then, the restricted vector bundle

E\Yof E to Yis very ample.

PROOF. (1). Let F be a quotient vector bundle of E. Then the projective
bundle P(F) is a closed subscheme of P(E) and the tautological line bundle LF

of F is the restriction of LE to P(F). Thus, F is very ample. (2). Let φ: P(£)->
Pa~ι (resp. φ'\ P(E')-±Ph-γ) be an embedding of P(E) by LE (resp. an embedding
of P{E') by LE). Suppose that {sψ eH°(P(E\ LE) = H°(X, £), ΐ = l,..., a} and
{sJ\sJeH°(P(Ef), LE,) = H°{X. E'),j = l,..., b} give those embeddings. Let {C/J
be an aflfine open covering of X such that E\Ua^@rOUoι, E'\UΛ^ ®rΌu<x and let
s'|l/β = (s},...,5ί) (sieΓ(UΛXOϋm)) and sJ\Ua = (s\J..9 s^) (HeΓ(Ua9 OVJ).

Then, φ\Ua:P(E\UJ^UaxP'-i3(x,(ξί:...:ξr))^(Σsl(x)ξk:'' :Σsa

k(x)ξk)e
Pa~ι, where φ\UΛ is the restricted morphism of φ to an open subscheme
P(E\UΛ). Similarly we have φ'\ L/α: P(JE'|l/β)s Ua x Pr'~xB (x, (η^.- : ι/r,))->
(Σ HWtlk' '"'' Σ H(χ)r1k)ePb~1' Now we shall prove that the morphism
φ": P(E®E')->Pa+b-1 is an embedding, where φ" is given by φ"\UΛ:P(E®
E'\Ua)*UΛxP'+''-i3(x9 (ξ1:-:ξr:rii' -:ηr>))-+(Σsl(x)ξk:'~:Σsa

k(x)ξk:
Σ s J ( x ) ^ : : ΣίWife)e i ) f l + ί ' " 1 locally. In fact, since E and E' are very
ample, φ" is injective and the induced local ring homomorphism φ"*:
Oφ"(X)-+Ox is surjective for all xeX. Hence, we have only to prove that X is
homeomorphic to a locally closed subscheme of P " 1 6 " 1 by φ". Let ψ:
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P(E®E')-^P(E) (resp. φr: P(E ® E') -> P(E')) be the rational map obtained by

the O^-homomorphism: Ese->(e, 0)eE@Ef (resp. £ ' 9 e'-> (0, e')eE@E') and

let U = P(E®E')-P(Ef) (resp. U' = P(E x E')-P(E)). Then l/(resp. U') is the

domain of definition of φ (resp. φf) and φυ\ U^P(E) (resp. ψ'v,: U'-*P(E'))

is an affine vector bundle over P(£), i.e., t/ = Spec (S"(L£® π*(£'))), where

π: P(£)->X is the structure morphism and S'(L£ xπ*(£')) is t n e symmetric Ox-

Algebra of LE ® π*(E') (L£ being the dual line bundle of LE) (resp. V =

Spec(S'(L£,®π'*(£)))). Moreover, let {Xl9...9 Xa, Yl9..., Yb} be a homogeneous

coordinate of p«+*-i, W= W?=1 P ^ * " 1 ( r e s P W" = ^5=i ^ y ^ " ^ where P ^ b " 1 =

let ^ : ^e ίx ! :--- : x f l:yr. : K > - ( * i : : x J e P 0 " 1 (resp. ^ ' : PF'aίx!:---:

*α : J i : ' " : ^ - ^ ( J i : '** : y ^ e P * " 1 ) be the canonical projection. Then, Pa+b~ι

is covered by W and VF' and ^ : ^ - • P α - 1 (resp. ψ\ W'-+Ph-χ) is an affine bundle

over Pa~\ i.e., ^ = S p e c ( S ' ( O p a - 1 ( - 1)®*)) (resp. *V' = Spec(S'(OP5-i(-l)©e))).

Since LE = φ*(Opa-ι(\)) (resp. L F = φ'*(Op b-i(l))), (7 (resp. I/') is a closed sub-

scheme of ^-^(P(E))) (resp. $'-i{φ'(P(E')))). Therefore, P ( £ ® £ r ) is home-

morphic to a locally closed subscheme of Pa+b~^ because P(E) (resp. P(E')) is

homeomorphic to a locally closed subscheme of Pa~ι through φ (resp. Pb~x through

φ'). Hence, E@E' is very ample. We shall next prove that E®E' is very ample.

Since E' is generated by global sections, E®E' is a quotient vector bundle of a

direct sum of E's. Thus, E®E' is very ample by (1) and (2). (3), (4) and (5)

are also easily proved by (1) and (2). q. e. d.

COROLLARY 1.3. Let E be an ample vector bundle on X. Then there exists

a positive integer n0 such that Sn(E) is very ample for all n^.

PROOF. Let L be a very ample line bundle on X. Since E is ample, there

is a positive integer n0 such that L*®Sn(E) is generated by global sections for

all n ̂  n0 (L* being the dual line bundle of L). Hence Sn(E) is very ample because

Sn(E) is a quotient vector bundle of 1PN for some positive integer N. q. e. d.

We shall next show some geometrical properties of very ample vector bundles.

Let E be a vector bundle (rank £ = r + 1 ) on a fc-algebraic scheme X which is

generated by global sections, say α: Of ( n + 1 ) ->£ a surjective homomorphism.

Then α defines a morphism φ: P(E)-+Pn and a morphism φ: X^G(n, r) = a

parameter space of r-dimensional linear subsupaces of Pn as follows.

Φ'.XBX > Imα(jc) = (α(x): /c(x)®("+1> > E®k(x))eG(n, r)

where k(x) is the residue field of x. For every xeX, the r-dimensional linear

subspace corresponding to φ(x) coicides with φ(π~1(x)).

PROPOSITION 1.4. If E is very ample, then the morphism φ: X-+G(n, r)
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is an embedding for a satiable choice of global sections of E.

PROOF. Let {S^^GH^X, E), Ϊ = 0, 1,..., n} be a set of global sections of

E which gives an embedding φ: P(E)-+Pn and let {C/J be an affine open covering

of X such that E\UΛ^®'+10UΛ,s
i\UΛ = (s^...,siJ(si

JxeΓ(Ua,0Uo)). Since

φ is the following morphism on each open sυbscheme π ' ^ C / J ^ Ua x Pr

φ\Ua: £/βx/»9(x, ξj)—+(Σjs%(x)ξj: -.Σjs%(x)ξj)εP\

the r-dimensional linear subsapce φ^'^x)) in P'1 for xeX is equal to the point

ψ(x) e G(n, r). Therefore, ^ is injective because φ is an embedding. Hence,

the problem is local and so we shall assume X— UΛ for some α. For every (/0,...,

/r) ( 0 ^ i0 < < irg n}, let us put

J(I'O,..., /,) = i

Then, some 5(/0,..., /Γ) is an invertible element of Γ(X, Ox). Suppose that

5(0,..., r) is invertible for simplicity. Taking a suitable base of £ = © r + 1 O Λ : ,

we may assume that s) = <5i7 for 0 g /, j ^ r. Then ι/f(x) has following coordinate

matrix in the open subset UOί...r of G(n, r):

Here, we shall denote by Uio...ir the open subscheme of G(n, r) defined for every

pair (/()>•••> 'V) ( 0 ^ ί o

< ' * < ί r = w) a s follows. Let Ω be a universal domain over

fc and let {eo,...,en} be a basis of (n + l)-dimensional vector space Ω®(n+1).

Then

Uio...ir = {LeHom(Ω®("+ 1), 0®(»+ 1))|L(^.) ^ 0 , 0 ^ j g r } .

On the other hand, the following composite morphism of X to P" for each /(Ofg

i ̂  r) is an embedding:

X > π-\X) ^ X x Pr > Pn

x >(λ% ( 0 : : l : : 0 ) ) >(0: : 1 :•••: 0: s^^x):--: s'!(X)).

Hence the morphism φ is an embedding. q. e. d.

COROLLARY 1.5. Let E be an algebraic vector bundle on a quasi-projectiυe

k-aglebraic scheme X. Then, E is extendable to an algebraic vector bundle

E on a projective algebraic k-scheme X containing X as an open subset.
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PROOF. Let L be a very ample line bundle on X such that E' = E®L is very

ample. By Proposition 1.4, there is an embedding ψ: X-+G(n, r) and E' = ψ*(Q)y

where Q is the universal quotient vector bundle of G(n, r). Now, let X be the

scheme-theoretic closure of X in G(n, r) and let Ef = Q\X. Then E' is extendable

to £', i.e., E'\X = E'. On the other hand, there is a projective algebraic scheme

X' with a line bundle V such that L is extendable to U because L is very ample.

Since X' and X are projective, there is a blowing u p / : X'-»X' such that the ca-

nonical birational map X'-*X is resolved, i.e., there is a morphism g: X'-+X

and the diagram

is commutative. q. e. d.

We shall show some results on chern classes of very ample vector bundles.

Let X be a projective smooth algebraic scheme over k, E a vector bundle on X

with rank = r and let s be a global section of E. Let us denote the zero locus of

s by Z(s) and the tautological divisor associated to s by D. If Z{s) is a subscheme

of pure codimension r, then Z(s) represents cr(E) (the r-th chern class of E).

Let U = {£/β} be an affine open covering of X such that

E\ Ua s Θ Γ O ϋ β , 5117. = (5f,..., 5r«) (sf 6Γ(t/β, O x )) .

Then Z(s) is defined on Ua by the equations

and D is defined on π ' ^ l / J ^ UΛ x P1""1 by the equation

slXι + ••• + s?Xr = 0.

Thus it is easy to see the following.

LEMMA 1.6. D is a smooth divisor if and only if Z(s) is either empty or a

smooth subscheme of pure codim = r .

COROLLARY 1.7. Let X be a non-singular projective algebraic variety

defined over an algebracially closed field k of char k = 0 and let E be a vector

bundle on X with rank =/*(^2). Assume that E is generated by global sections

{s l v.., s j , i.e., there is a surjective homomorphism α: Oψ-*E. Then there is a

sufficiently general global section s = Σ ί = i c i s i (ciEk) such that Z(s) is either

empty or a smooth subscheme of pure codim = r .
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PROOF. Let φ: P{E)^Pt~ι be the morphism defined by global sections

{s,,..., s j . If dim φ{P{E))^2, then there is a sufficiently general global section

s = Σi= i cfii (cf e k) such that the tautological divisor D associated to s is irreducible

and smooth by Bertini's theorem. By Lemma 1.6, Z(s) is either empty or a smooth

subscheme of pure codim = r . If dim φ(P(£))=l, then φ(P(E)) is a line in P ' " 1

and r = 2. Hence, there is a sufficiently general section s = ZciSi with Z{s) — φ.

In this case, it is easy to see E~OX®OX. q.e.d.

More generally, let s ^ . . . ^ ( 1 ^ / ^ r ) be global sections of E with s i | t7 β =

(s?j,..., 5fr) (sfjeΓ(Ua, Ox)). For every α, let us put

/α = the ideal generated by all /-minors of the matrix

c α c α
•Ml -Mr

Then the family of ideals {/α} determines an ideal / of Ox such that /1 UΛ — Ia for

alia.

DEFINITION 1.8. With the above notation, we shall denote by Z(st Λ ΛS,)

the closed subscheme of X defined by the ideal /.

Let Dί9...,Di be the tautological divisors associated to sections sl9...,si

respecitvely. The intersection Dί n ••• Π Dt is defined on each open subset π"1(ί/β)

^UΛxPr-1 by

H e n c e Z(st Λ ••• Λ st) is c h a r a c t e r i z e d se t- theoret ica l ly as f o l l o w s : Z(si Λ Λ S ( ) =

{xeX \dim π-^x) f] Dx f]-•- oD^r-i}. Now let us put Zk = Z(sίA"^k "Asί)

for every k (1^/c^i) (Zk being a closed subscheme of Z(si A ••• ΛS ( )) and L/ =

X — Γ\k=ιZk. Then we have the following as a generalization of Lemma 1.6.

LEMMA 1.9. 1) Dt Π ••• nD f fl π'^U) is a smooth subscheme of pure

codim = i if and only if either Z(sί A ••• As^oU is empty or a smooth subscheme

of pure c o d i m = r —/ + 1 and S i n g {Z(st A ••• Λ 5 l ) ) = Π ί = 1 2fc» >v/iere Smg{Z{sι A •••

Λ s t )) denotes the singular locus of Z(sί A ••• Λ S ) .

2) If Z(sx A -" ASi) is of pure codim = r — i + 1, ί/ie/t ί/iere /s α rational

m a p / : Z(sj Λ ••• Λ s^-^P 1" 1 ( i^2) SMC/I ί/iaί ί/ie regular domain of f coincides

with Z(sίA "- A Si)— Γ\i

k=:ί Zk and every Zk=f~ι(Hk), where Hk is a hyperplane
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PROOF. When Z(S1A •••Λsί)n U = φ, our claim is obvious. Hence we

assume Z(s1Λ Λsί)nl/#(/>. Since the problem is local, we may assume

X = UΛ(]U and we omit the index α. Moreover, we may assume that

det(sjk) (1^7, fc^i —1) is invertible on X. Then, taking a suitable basis

of E~@rOx, we may assume that DίΓ\' - ΠDt is defined by

sirXr = 0.

Here, let us put

/; =

0

1 - Σ U i (* £j £

Then the ideal / is generated by the set {/;,...,/Γ}. Hence codimx Z(s1 Λ ••• Λst)£

r— i +1. Now let x be a point of Z(sx Λ ••• Λ sf), {z1}..., zπ} a regular system of

parameters of X at x (n = dimX) and let us assume rank(δ///3zk)x = r—i-f 1 —ί

Consider the following Jacobian matrix:

1 O O, su,...9 sίr

.., ό o-i, *,_!!,..., stlίr

sn

Since xeZ(sί Λ ••• Λsf), there are constants c^..., c^^efcίx)) such that s i k =

Σ <-Ί%(l = fc^Γ) Thus the following matrix is equivalent to the above matrix:

dzJXj, 1 0 - 0 , ^ l i 5 .

jldzn)Xj, 0 O-i, J,-/,,.

> 0 0

where gm = Σί-\ (δ5ife/azm)Xk + Σ 5 - ι Φ i Λ . - ΣΦtJldzJX^l^m^ή). Hence
the following linear equations have only a trivial solution if and only if ί = 0
because the rank of its coefficient matrix is equal to r—t from our assumption:

rr = o,

* = flfΛ = 0.
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Therefore D t Π
 ; ΠDf is a smooth subscheme of pure codim = / if and only if

Z(s t Λ Λ sf) is a smooth subscheme of pure codim = r — i + 1 . Since Sing (Z(s x A

••• ΛSJ) contains ΠjUi Zk in general, Sing(Z(s! Λ ••• ΛS|)) = ΛJUi ZΛ.

2). Let x be a general point of Z(s{ Λ ••• Λ sf). Then there is a unique /c(x)-

rational point c(x) = (cί(x): •••: ct (x)) of P1'1 such that c1(x)sί(x)-\ \-ci(x)si(x) =

0. Hence we have a rational map / : Z(st A ••• Asi)Bx-^c(x)ePi~ί such that

the regular domain of/coincides with Z(sί A ---ASI) — Γλi

k=ιZk and every Zk —

f~1(Hk)9 where Hk is a hyperplane defined by ^ = 0. q.e.d.

Now let sx be a global section of E such that the associated tautological

divisor Dx is smooth and Z^s^Φφ.f^^: Xί-*X the blowing up of X with center

ZiSi) and let Ft be the exceptional divisor. Then we have the following exact

sequence:

(*) 0 — > O^F,) ^ - / f ( £ ) -£-* £ x — > 0,

where £ t is a vector bundle on Xί with rank = r — l . The exact sequence (*)

is expressed locally as follows:

X = L7 = Spec (Λ) such that E \ U c* ®rOx.

sι\U = (xίi..., xr). {x1?...,.xr} is a part of regular system of parameters

of X at the points of Z(sx).

Xi = \JLi Ut9 where l/, = Spec(ΛIX/*„..., xr/xj) ( l ^ i ^ r ) .

On each aίfine open subset Uh

α f: 1 >(xί/xh..., xr/xι),

From the exact sequence (*), we have the following relation between chern

classes of E and Ex: ct(£) =/I*(C£(JE:1)) (1 ̂  ί g r - 1 ) . In fact, Ci(/?(£)) = c^Ej) +

i v c t - i ( £ i ) ( l ^ ' ^ r ~ l ) from the exact sequence (*). Hence ci{E)=f^{ci{Ex))

because/i *(F1 ci-1(E1)) = 0. Let us consider the following commutative deagram:

Then an effective divisor Pί i^) of P(/f(£)) is defined on each open subset π"1(L/ί)

by the equation: (xί/xi)X1 + '~+(xrlxi)Xr = 0. Therefore hΛ: P^E^Dj^ is the

blowing up of Dx with center π"1(Z(s ι)), where /2X =/i°i and the tautological line

bundle LEj of f̂  is isomorphic to /i*(L£).
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LEMMA 1.10. With the above notation, let s2 be a global section of E such

that Z(s2) is a non-empty subscheme of pure codim = r and let us put s2 =

β(/*(s2)) Then the following conditions are equivalent.

(1) Z(s2) is a non-empty smooth subscheme of pure codim = r —1 and

Z(s'2) Π Fx is either empty or a smooth subscheme of pure codim = r.

(2) Z(sιAs2) is a subscheme of pure codim = r—1 with Sing(Z(51 Λ S 2 ) ) =

Z(sx) Π Z(s2) and Z(s{) f] Z(s2) is either empty or a smooth subscheme of pure

codim —2r. In other words, D2 intersects Dx and π~1(Z(s1)) transversal!y.

PROOF. (l)->(2). Since the problem is local, we may assume X = U as in

the above argument. Let us put s2\U = (yu..., yr). Then Z(s2) is defined on

each affine open subset t/f by the equations:

(**) yj - (xjlxdyi = 0 ( i £ j £ r , j Φ 0 .

Hence Z(s2) — Fι is isomorphic to Z(sx AS2) — Z{SX) and Z(s2) is the proper trans-

form of Z(S1AS2) by /,. Thus Z(siAs2) is a subscheme of pure codim —r— 1

because every irreducible component of Z(s2) is not contained in Fx. The smooth-

ness of Z(s2) implies that Z(sί As2) — Z(si) is smooth. Now let x be a point of

Z(sx) — Z(s2), say yί(x)^0. Then Z(S1AS2) is defined in a neighbourhood of x

by the equations: xt — (yjy^)jct = 0 ( 2 g ι ^ r ) . Thus Z(S1AS2) is smooth at

x because {x1?..., xr} is a part of regular system of parameters of X at x. There-

fore Z(s, Λ S 2 ) —(Z(5t) Π Z(52)) is smooth and so Sing (Z(sx AS2)) = Z(S1) Π Z(S2).

Assuming Z(sί) Π Z(s2)φφ, we shall prove that Z(st) Π Z(s2) is a smooth subscheme

of pure codim = 2r. Let x be a point of Z(sί) Π Z(s2) and let {xλ,..., xn zί,..., zs}

(r -h 5 = dim X) be a regular system of parameters of X at x. From our assumption,

Z(s2) intersects transversally Fx at the points lying over x. For simplicity, let

us check this condition on Uλ. Then (x1 ? x2/x1?..., xjxί9 z,,..., zs) is a regular

system of parameters of Ux at the point lying over x and Fx is defined by x t = 0 .

Moreover Z(52) is defined by the equations: yt — (χi/χί)yi=0 ( 2 ^ i ^ r ) . Hence

we have mnk(dyjldzi~(Xj/xι)δyJdzi)) = r—\ (i^i^s, 2^j<^r) by direct cal-
culation and so mnk(dyj/dz^^r ( l ^ / ^ 5 , \^j^r). This implies that Z(s{)

intersects Z(s2) transversally.

(2)-»(l). Since Z ( 5 1 Λ S 2 ) is a subscheme of pure codim =r—\ with

Sing (Z(sί A 52)) = Z(s1) Π Z(s2), Dx Π D2 — π~1(Z(s1) Π Z(s2)) is a smooth subscheme

of pure codim = 2 by Lemma 1.9. Let us assume that Z(s 1 )nZ(s 2 ) is a non-

empty smooth subscheme of pure codim =2r. Then (x l 5...,x r, J Ί , . . . , yr) may

be considered as a part of regular system of parameters of X at every point of

Z(sx) Π Z(s2). Hence it is easily seen that D x meets D2 transversally at the points

lying over a point of Z{sx) Π Z(s2). Thus Dx meets D2 transversally. Moreover,

D2 intersects π~1(Z(sί)) transversally (including the case Z(s1){\Z{s2) = φ) by

Lemma 1.6. Now let D2 be the tautological divisor associated to s2. Then,
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Dr2 = h1f(Dir\D2). Since h{: P(Eί)->Dί is the blowing up of Dx with center

π~i(Z(sί))9 D2 is smooth and meets π71(F1) transversally. Hence Z(s'2) is a

non-empty smooth subscheme of pure codim = r—\ and it intersects Fγ trans-

versally (including the case Z(s'2) Γ\Fί=φ). q.e.d.

LEMMA 1.11. With the above notation, let 52,...,sf be global sections of

E satisfying the following conditions: (i) Z(S2Λ ••• ΛSJ) is a subscheme of pure

codim =r—i+\ with no irreducible components contained in Fu where s* =

β(fΐ(sk)) (2£k£i). (ii)

•"Sf

k "/\sΊ) and codim (Sing(Z(S 2Λ ••• Λs' ( )))^2(r-i + 2). (iii)

Z(s2 Λ Λ 5f)) ̂  2r — i + 2. T/ien we /tαi e ίfce fallowings.

(1) Z(s t Λ ••• Λ5,.) ί5 α subscheme of pure codim = r—ί-f 1.

(2) Sing(Z(s1Λ. .Λ5i)) = n i = 1 2 f c , wAere Zk = Z(sί Λ • ΐ k Λ

codim Λ£ = 1

PROOF, (i) is obvious. (2). In order to prove the first part, we have

only to show that Z(sί A •••Λs ί)-πi=1Z j t is smooth at every point JC of Z(s1) —

Z ( S 2 Λ ΛS ( ) from our assumption (ii). Since the problem is local, we may

For simplicity,

ΛSJ) is defined
assume X=UBX. Let us put Sj\ U = (yJt,..., yJr) (l^j^r)

Then Z(sί Λw e a s s u m e d e t ( y j i ( x ) ) Φ O (2^j^i, ί^l^i— 1).

in a neighbourhood of Λ: by the equations:

0 = fj =

i-l Xj

0 Ί y\j

Hence Z{sx Λ ••• Λ5, ) - Γ \ J U I Zk is smooth at x because {xi,...,xr} is a part of

regular system of parameters of X at x. Since Γ\i

k=2Z'k — Fϊ is isomorphic to

^H=i Zfc —Z(5i)> every irreducible component of ΠJUi Z* not contained in Z ^ )

has codim ^2(r— / + 2) from (ii). Moreover since 2r + /-h2 = 2(r—7 + 2) +

(/ — 2)^2(r— / + 2), every irreducible component of ΓAjUi Zk contained in Z{sx)

has codim^2(r— / + 2) from (iii). Therefore codim ΠjUi Z f c^2(r—/ + 2).

q.e.d.

Let I be a non-singular projective algebraic variety (dimX = n^.2) defined

over an algebraically closed field k of char k = 0 and let E be an ample vector

bundle on X generated by global sections with rank = r ( 2 ^ r ^ d i m Z ) . If t =

dimH°(X, E), then there is a morphism φ: P(E)-^Pt~ί defined by the complete

linear system \LE\ which is finite because LE is ample and hence dim φ(P(E)) =

- 1 .

1) By Corollary 1.7, there is a global section s{ of E such that Z(sx) is either
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empty or a smooth subscheme of pure codim =r. Since £ is ample, every

chern class c^E) (1 ̂ / ^ r ) is not zero and hence Z(sx) = cr(E) is not empty. Let

Dx be the irreducible smooth divisor associated to sx and let tr (LE\DX) be the

trace of \LE\ to Dx. Then the linear system tr(LE\DX) is free from base points

and aim φ\Dx) = n-\-r-2^2, where φ'': Dx-+Pt~2 is the morphism defined by

tr(L£/Dj). Hence there is a sufficiently general global section s2 of E such that

D2 is an irreducible smooth divisor and it intersects Dx and π~1(Z(s1)) transversally

(including the case Z{sx) D Z(s2) = φ) by Bertini's theorem and Corollary 1.7.

Then Z(S1ΛS2) is a subscheme of pure codim = r — I with Sing(Z(sιΛs2)) =

Z(sj)nZ(52) and Z(sx)f]Z(s2) is either empty or a smooth subscheme of pure

codim = 2r. Let fx: X-*X0 — X be the blowing up of Xo with center Z(sx),

Fx the exceptional divisor and let hx=zf\oi: P(EX)-*DX, where

Wi 0 — + OXi(Fx) -

and

P(EX)

Then Z(s(

2

1}) is a smooth subscheme of pure codim =r—\ and it intersects

Fx transversally, where Siι) = β\{f*(s2)) by Lemma 1.10. In other words, if

D2

ι) denotes the associated divisor to 5^°, then D{

2

λ) = lι*(Dι Π D2) is an irreducible

smooth divisor and intersects π71(F1) transversally. Since Z{s2

y)) that is the

proper transform of Z(S1ΛS2) by fx represents cr-x(Eγ\ Z{sx Λ S2) represents

Cr-l(E).

2) LEι^h^(LE) and every chern class c^E^) (1 ^ / g r — 1) is not zero. From

(*) l 5 we see that Ex is generated by global sections which come from those of E.

If we define Lx to be the linear system of LE generated by those sections, then

L1 = /ί}c(tr(L£ |D1)) and φx=φΌhx: P{Ex)~^Pt~2 is the corresponding morphism.

We shall assume r ^ 3 , i.e., rank£j =r— 1 *>2. Since dim φx(D2

ι)) = n + r — 3 ^

n ^ 2 , there is a sufficiently general global section s3 of £ such that D^ is an ir-

reducible smooth divisor and it intersects D(

2

ι), πϊί(Z(si

2

ί))) and njHFx) trans-

versally by Bertini's theorem and Corollary 1.7, where D^° is the associated

divisor to 531) = j5(/f(53)). Moreover, we can take D 3

O and D3 such that D 3 °

(resp. D 3 ) intersects πx

1(Fx) Π D2

ι) (resp. π~1(Z(51)) Π D2) transversally. In fact,

d i m φ 1 ( π 7 1 ( £ i ) n ^ 1 ) ) = dimφ(π-1(Z(s1))ΠZ)2) = ( n - r ) + r - 2 . If n > r , then

they are obvious by Bertini's theorem. If /i = r, then φx(πx

1(Fx) 0 D2

ι)) =

φ(π~1(Zsx)) Π D2) consists of finitely many linear subspaces Pr~2 in P r ~ 2 and hence

we can take D 3

1 } and D 3 satisfying the above condition. This implies that
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Z(s(2X) A s(

3

{)) has no irreducible components contained in Fί and codim (Z(sx) Π

Z ( s 2 Λ s 3 ) ) ^ 2 r - l . Now let / 2 : X2->Xί be the blowing up of Xx with center

Z{s2

λ)) and let F2 be the exceptional divisor. Then we have the following exact

sequence similarly:

(*)2 0 — OXl(F2) - ^ * / ? ( £ , ) -A, E2 —-* 0,

where £ 2 i
s a vector bundle on X2 with rank =r — 2. If we put s(

3

2) — β2(f%(s3

ι))),

then Z(s(

3

2)) is a smooth subscheme of pure codim = r —2 and meets F2 trans-

versally. On the other hand, Z(s1 ΛS2Λ S3) is a subscheme of pure codim = r —2

with Sing(Z(sj Λ S 2 Λ S 3 ) ) = Z ( S 2 Λ S3) Π Z(S{ Λ S 3 ) Π Z(sι A S2) and codim (Sing (Z(st

Λ52Λ53)))^2(r—1) by Lemma 1.11. Moreover, we see that Z(S1AS2AS3)

represents cr-2(E).

3) We can proceed with the above argument as follows. Let us suppose

that we have {s, } (1 SjύU 1 ύ Ίύr — 1), a set of global sections of E satisfying the

folio wings: Z(Sj) is a smooth subscheme of pure codim — r and D2 intersects

Du and π~λ(Z{sλ)) transversally. We assume that we can define the blowing

up of X / - 1 , / , : Xj-^Xj-i (1 ̂ j ^ O with smooth center Z(s{/~x)) of pure codimen-

sion r—7 + 1 and s[j) = βj(f%s{

k

j-χ))) (j + l^k^i) inductively, where (a) X0 = X

and s(j0) = Sj,(b) (*)7 : 0->O^(F,-)-•/J(£_)_1)-»'£</—»Ό is an exact sequence of

vector bundles on X} (Fj being the exceptional divisor of /,- and £y. being a vector

bundle with rank =r—j). Here let π7 : P(Ej)^Xj be the structure morphism and

let D[ι) be the divisor associated to the section 5^z) (0<Ξ/gί- l , / + l ^ / c ^ i )

With the above notation, we assume moreover that the following conditions

hold: For every j (1 £j^ /-1), (i) D[j-λ) (j + 1 ̂  v /c^ /) intersects D ^ " 0 and

πji^Zίsy-^)) transversally, (ii) D% ( 0 ^ v/^7*-2) intersects Dίi?, Π Djί?2 fl ••• Π

£>y} and π - H ^ ί + i ) Π Dίi?2 Π ••• Π D^ 0 ) transversally. Then we can take a suffi-

ciently general global section si+ι of E such that the conditions (i), (ii) hold also

for the set {sj} (1 ̂ y'^/ + l). In fact, the proof is quite similar to the one given

in 2). Therefore, E has sufficiently general global sections {sl5...,sr} such that

they satisfy the conditions (i), (ii). Hence for every / (1 g/fgr), Z(sι Λ ••• AS,-)

is a subscheme of pure codim = r — / + 1 with Sing(Z(5! Λ ••• Λsi)) = Γ\i

k=ί Zk,

where Zk = Z(sx A •••$*••• Λ S ^ I ̂ / C ^ / ) and codim (Sing (Z(sx A ••• Λ S / ) ) ) ^ 2 ( Γ - / +

2). Z ( S , Λ ΛS ( ) represents c r _ I + 1 (£) . Moreover, if we denote by g^γ the

restricted morphism of /i° °//-i: λr

/_1-^* Ar

1->X0

 t 0 ^(-Si1"^)* t n e n ^»-i :

Z(5 ί~1))->Z( ιs1 Λ ••• Λ 5̂ ) is a desingularization.

Hence we get the following.

THEOREM 1.12. We shall follow the above notations. Let X be a non-

singular projective algebraic variety (dimZΞ>2) defined over an algebraically

closed field of characteristic zero and let E be an ample vector bundle on X
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generated by global sections with rank = r ( 2 ^ r ^ d i m X). Then E has suffi-

ciently general global sections {sl5...,sr} satisfying the following properties:

For every i (1 g/gr),

(1) Z(sx Λ ••• Λ Si) is a subscheme of pure codim =r— i+ 1 with Sing(Z(sί A

...Λst )) = Λ l = 1 Zk and codim ( n [ . = 1 Z f c )^2(r-/ + 2).

(2) Z(sx Λ ΛSj) represents c r _ ί + 1 ( £ ) .

(3) If we denote by gv-x the restricted morphism of fx°'-°fi-.x: Xi^ί-* •

X0 = X to Z(s\i~ί)), then gi^ί: Z(s\i~ί))->Z(sx Λ ••• Λ sf) /s α desingularization

of Z(sx Λ ΛSj) fry successive blowing ups.

(4) There is a rational map ξ f : Z(sj Λ ••• Λ S ^ - + P * " 1 whose regular domain

coincides with Z(sx Λ ••• Λ S,) — Γ\ί= 1 Zfc and every Zk = ξ~ι(Hk), where Hk is a

hyper plane of P 1 ' " 1 .

In the proof of Theorem 1.12, BertinΓs theorem has played a very important

role. Though it fails in positive characteristic, Theorem 1.12 holds partially

true in arbitrary characteristic if £ is a very ample vector bundle. In fact, let

£ be a very ample vector bundle on X. Then there is a global sx of E such that

the associated divisor Dί to 5, is smooth and Z(sx)φφ because LE is very ample.

Moreover, there exists a sufficiently general global section s2 of E such that D2

intersects Dy and π~λ(Z(sx)) transversally, where D2 is the associated divisor to

s2. If r ^ 3 , then we can take furthermore a sufficiently general global section

s3 of E satisfying the following conditions because LE is very ample: (1) D 3

intersects Dί9 π-λ(Z{sλ)), Dx n D2, π-χ(Z(sx)) n D2 and n~\Z{sx) Π Z(s2)) transver-

sally, (2) D 3 intersects π" 1 (Z(s 1 Λ5 2 )-Z(s 1 ))Πi) 1 transversally (by Lemma 1.9,

π~1(Z(sx Λ s2) — Z(sx)) n Di is smooth). Now le t/ t : Xj->X be the blowing up of

X with center Z(sx), Fx the exceptional divisor and let s} = /?1(/Je(s</)), D} = the

associated divisor to 5} be as before (7 = 2, 3). Then we the following.

LEMMA 1.13. Under the above assumption,

(1) D 3 intersects D2 and π'x~
ί(Z(s2)) transversally.

(2) D2 Π Z)3 intersects n^l(F,) transversally. Hence {D2i D3] satisfies

the equivalent condition in Lemma 1.10.

PROOF. From our assumption, it is easily seen that we have only to prove that

Z)3 intersects π\x{Z(s2)) transversally. As for the transversality, it is enough to

show that D3 meets π"{x{Z{s'^i) transversally at the points lying over Fx =fjλ(Z(sx))

because f\\ π'x~
x(Z{s'2) — Fx) Π D'3^π~i(Z(sx ΛS2) — Z(SX)) Π DX Π D3 is an isomor-

phism. Since the problem is local, we may assume that X = U is an affine scheme

with E\ U~®rOυ. Let us put sx \ (7 = (JC1,..., xr), s21V = (yu..., yr) and s3 | U =

(z ι ? . . ., zr). Without loss of generality, it is enough to check the transversality

over the affine open subset Uι. On the open subset πϊ1(U1)^U1xPr~2, Df

3

is defined by the equation:
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(z2-(x2/xί)z])X2 + ••• + (Zr-ixJx^z^X, = 0

and π~ϊx(Z(s2)) is defined by the equations:

(•) JΊ - (*f/*i)>Ί = 0 (2 £ / £ / • ) ,

where {X2,..., Xr} is a homogeneous coordinate of P r ~ 2 . Let us fix a regular

frame {xu x2/x,,..., xr/x1? ι/i,..., us, X2,- 9 Xr) of π71(C/1) at the point (x',

(c;2,..., ζr)) of D3 Π π j ^ s ^ ) where {xl5..., xr, w1?..., ι/Γ} (r + s = dimX) is a regular

system of parameters of X at x=fι{x').

Case i) x^Z(s 2 ) , i.e., y ^ O . If we put xf

i = xi — (yilyί)x1(2^i^r), then

Z ^ ) is defined in a neighourhood of x by Xj =x 2

= : *" ' = : : ) C i = : : 0- Moreover

yjy\ - xilxι = -^r/^i and zt - (xί/x1)z1 = zi-(yi/yi)zi -(xr

i/x1)zί (2 g ί g r).

Hence we may assume that π Γ ^ Z ^ ) ) is defined by the equations: x ί /x 1 =0

( 2 ^ / g r ) and so we have the following Jacobian matrix at (x', (ξ2,..., ξr));

* *•••* *•••* z2-{y2ly1)zϊ'"Zr-{yrly{)zλ

0 1 0 *...* 0 0

ό o Ί *•••* ό ό

This implies that if xφZ{s2 A S3), then we can prove the transversality. Thus we

assume xeZ(s2Λs3) — Z(s2). Since D2 Π D3 meets π~ί(Z(sί)) transversally from

our assumption, Z(s2Λ53) meets Z(s{) transversally at x by Lemma 1.9. Hence

we can take uι=z2 — (y2/yί)zί,..., u,._ι=zr — (yr/yi)z1. Then the Jacobian

matrix becomes the following one:

* *•••* X2"Xr *•••* O O

0 1 0 0 •••0 *...* O O

ό o Ί ό - ό *•••* ό ό

and hence we are done.

Case ii) xeZ(s 2 ), i.e., J i = 0 . Since Z(sj)nZ(s 2) is a smooth subscheme

of pure codim =2r, we can take u{ =y1,---, ur = yr. Thus we have the following

Jacobian matrix in this case:

* -zίX2 zγXr * *

0 0 0 -Xilxi 1 0 *

0 0 0 -x'rJxi 0 1 *

* z2-(x2lxι)zl'"Zr~ (x

* 0 0

* 0 0

If either zxΦ0, i.e., *e=Z(s3), or x '^Z(s 3 ) , then we are done. Assume that x e

Z(53) and x'eZ(s3). Since Z(sx) n Z(s2) Π Z(53) is a smooth subscheme of pure
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codim = 3r, we can take « r + 1 = z 1 , . . . , ιι2r = zr. Hence we can prove the trans-

versality. q.e.d.

Therefore we get the following.

THEOREM .1.14. Let X be a non-singular projective algebraic variety

(dim X^2) defined over an algebracically closed field of arbitrary characteristic

and let E be a very ample vector bundle with rank =r (2:gr5^dim X). Then

there are sufficiently general global sections sl9 s2, sf (1 ^ z'rgMin {3, r}) which

satisfy the properties (1), (2), (3) and (4) in Theorem 1.12.

2. A theorem on splitting of vector bundles

The aim of this section is to prove the following theorem.

THEOREM 2.1. Let X be a smooth quasi-projective k-algebraic scheme

(k being an algebraically closed field of arbitary characteristic) and let E be

an algebraic vector bundle on X. Then there is a quasi-projective smooth

k-algebraic scheme X' over X satisfying the following conditions:

(1) /: X'->X is finite and faithfully flat.

(2) f*(E) has a splitting of line bundles, i.e., there is a sequence of subvector

bundles of f*(E) = F0=>F1^> --=>Fr = {0} such that every quotient bundle FJ

Fi+ί (O^/rgr— 1) is a line bundle on X' (r = rank£).

We shall fix some notation and prepare elementary lemmas. Let X be a

quasi-projective /c-algebraic scheme, E (resp. LE) a very ample vector bundle on

X (resp. the tautological line bundle of E) and let π: P(E)-+X be the structure

morphism. Then for every positive integer n, Lf" gives an embedding of P(E)

into a projective space PN because E is very ample. We shall denote an embed-

ding by φn: P(E)->PN (or, φ simply). Moreover, we shall denote by [Y] the

linear subspace of PN spanned by Y for a closed integral subscheme Y of PN.

(PN)* means the dual projective space of PN.

LEMMA 2.2. With the above notation, let x be a k-rational point of X, Y a

closed irreducible subscheme in the fiber π~1(x) = Pr~1 (r = rank£) and let I

be the defining ideal of Yred in Pr~x. Then

dim lφ(Yred)] = rHn - h%P'~\ I(n)) - 1,

where r H π means multi-combination, /(n) = 1®Opr-r(n) and h°(Pr'ί, /(«)) =
1,/(n)).

PROOF. Let J be the defining ideal of φ(Yred)=Yred in PN. Then we have

an exact sequence:
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0 > J(l) > OP»(\) > OYrJ\) > 0.

Since we have the following exact sequence:

0 > TOO)) > H%OP»(\)) > H°(OYrJ\)) > H\J(l)) > 0,

dim {hyperplanes of PN containing Yred} = h°(J(l)) — 1. On the other hand, there

is an exact sequence:

0 > Ix(\) > J(l) > Jjlx{\) > 0.

where / x = the defining ideal of φ(π~1(x)) in PN. Hence we have the exact

sequence:

0 > H°(/,(l)) > TOO)) > TO//*0)) > / / i ( / χ ( l ) ) — . ....

Here the canonical map H°(0PN(\))-+H°(0Pr-ι(n)) is surjective and H\Ix) = 0.

Thus Λ%/( 1)) = hVx( 1)) + W * 0 ) ) = hVx( 1)) + Λ°(/(π)) = N +1 - rUn + h°(I{n))

Therefore, dim [(y r« f)]= rH J I-Λ 0(/(w))- 1. q.e.d.

The following is a key lemma to prove our Theorem 2.1. Though Hironaka

([3]) has shown it in a more general form, we shall give here another simple

proof.

LEMMA 2.3. Let X ( d ί m X ^ l ) be a quasi-projectiυe smooth k-algebraic

scheme, E a very ample vector bundle on X with rank = r (^2) and let Y be a

closed integral subscheme of P(E) which is of pure relative dimension d ( ^ l )

over X. Then there is a positive integer n0 such that if we embed P(E) into a

projective space PN by Lψι for n^n0, then there is a non-empty open subscheme

U of (PN)* satisfying the following: For a general member H of U,H(]Y

is a closed integral subscheme which is of pure relative (d-l)-dimension over

X. Moreover, if Y is smooth and flat over X, then H f\ Y is smooth and flat over

X.

PROOF. For every positive integer n, we fix an embedding φ: P(E)^PN by

Lf". Let Γ = { ( i , / / ) e I x ( P i V ) * | / / contains an irreducible component of

π~1(x)Π 7, set-theoretically}. Then Γ is a closed subscheme of Xx(PN)*. In

fact let A = {(z, H)eP(E)x(P*)* \zeH} and let θ: Δ n (Yx(PN)*)3(z, H)^

(π(z)xH)eXx(PN)*. Then Γ = {(x, H)eXx(PN)* \dimθ~\x9 H) = d}. Since
θ is projective and is of relative dimension^d, Γ is closed. Let p: Γ-+X (resp. q:

Γ->(PN)*) be the first projection (resp. the second projection). By Lemma 2.2,

for every /c-rational point x of X, dim p~ί(x) = Msix {N — rϊίn hh°(I(n))}, where

the /'s are the reduced defining ideals of irreducible components of π - 1 (x) Π Y in

P1""1. On the other hand, the families of Opr-ί-coherent sheaves {/} and {0P, -i/

/} on the fibers of π: P(E)-+X are limited families. In fact, let {Zf} be the set of



A theorem on splitting of algebraic vector bundles 451

irreducible components of (Y Π n~x(x)\ed for /c-rational points x of X. Then, the

degrees of Z^'s with respect to a hyperplane of Pr~ι are bounded above. Thus

the family {Opr-ι/I} is a limited family by Chow's theorem (cf. [5]). Therefore

there is a positive integer m0 such that all the ideals / are mo-regular with respect

to Opr-i(l). Hence we have that for every n^m0, Hi(I(n)) = 0 for all />0 and /.

Thus dim Γ^ dim X+N-rHn + M?LX {χ(I(n))} = dimX + N-rHn +χ(0Pr-in))-

Min {χ((0Pr-i/I)(n))} for all n^m0 and /. Since χ((OPr-ilI)(n)) = (aldl)nd + >~

(α>0, d ^ l ) , we can take a positive integer no^mo such that Min {χ((OP, -i//)(«))}

> d i m X for all n^n0. Thus dim q(Γ) ^dim Γ < N if we take n ^ n 0 . Therefore

there is a non-empty open subset U of (PN)* such that every member H of U

does not contain any irreducible components of Yf\π~ι(x) for every /c-rational

point x of X, i.e., i/ Π y is of pure relative (d— l)-dimension over X. If we take

a sufficiently general member H of C/, then H ft Y is integral. Moreover, if 7

is smooth and flat over X, then H Π 7is smooth and flat over X. q.e. d.

We shall now prove Theorem 2.1. Since X is quasi-projective, there is an

ample line bundle Lon X such that E®L is very ample. Hence we may assume

that E is very ample to prove our claim. Let π: P(E)->X be the structure mor-

phism. Using Lemma 2.3 interatively, we see that there is a smooth closed

subscheme X' of P(E) such that n\X'\ X'-*X is finite and faithfully flat. On

the other hand, it is well-known there is an exact sequence of vector bundles on

P(E).

0 > F > π*(E) >LE > 0,

where F is a vector bundle on P(E) with rank = r — 1. Hence if we put / = πo

i ( Ϊ : X'-+P(E) being the closed immersion), then we have an exact sequence of

vector bundles on X'.

0 >F\X' >/*(£) > LEIX' > 0

Proceeding with the above argument to F \ X' if necessary, we can obtain a quasi-

projective smooth /c-algebraic scheme X' over X desired in Theorem 2.1. q.e.d.

REMARK 2.4. When X is projective, we can take an algebraic /c-scheme

X' satisfying H\X, Ox)^Hi(X\ Ox) for 1 ^ / ^ d i m X - l in addition to the

conditions in Theorem 2.1.

3. Application

We shall show some applications of Theorem 2.1 in this section. When X

is an affine variety, every vector bundle on X is associated to a finitely generated

projective module and hence the following is easily seen from Theorem 2.1.

THEOREM 3.1. Let A be a regular affine k-algebra and let P be a finitely
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generated projective A-module. Then there is a regular affine k-algebra B

which is a finite and faithfully flat A-module such that P®AB is a direct sum of

projective B-modules of rank 1.

When X is projective, the following implies that every algebraic cycle of X

can be written as a sum of subvarieties which are complete intersections of divisors

after a suitable multiplication of an integer and a pull-back of some finite

faithfully flat morphism.

THEOREM 3.2. Let X be a smooth integral projective algebraic k-scheme

and let Z = Σ n{Li be an algebraic cycle o/codim = p(^l.) on X. Then there is

a finite and faithfully flat morphism /: X'-*X, where X' is smooth and integral,

such that

(p- 1)!/*(Z)= Σ±Dί-Dp(rat.equiυ.),

where D t are divisors on X'. Hence in particular, (p— \)\f*(Z) is smoothable.

PROOF. We may assume that Z is a prime cycle to prove our claim. Let

Oz be the structure sheaf of Z. Then it is known that cp(Oz) = (- \)*-χ(p-\)\Z

(rat. equiv.) (cf. [1]). Let the following be the resolution of Oz by vector bundles

on X.

0 >En > £ „ _ ! > > Ex >OX >OZ >0 {n = d i m * ) .

Then there is a finite faithfully flat morphism / : X'->X such that every/*(£f)

(1 g / ^ n ) has a splitting of line bundles on X' by Theorem 2.1. Then every chern

class Cj(f*(Ei))=Σ±Dι- Dj(ί^i>J^n), where Dk are divisors on X'. Hence

Z) = cp(f*(Oz))=Σ±Di' 'Dp for suitable divisors Dk on Xr.

q. e.d.
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