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Locally finite simple Lie algebras

Shigeaki TOGO

(Received January 14, 1984)

In the study of infinite-dimensional Lie algebras, the notions of ascendant
subalgebras and serial subalgebras are fundamental. The notions generalizing
these ones, weakly ascendant subalgebras and weakly serial subalgebras, were
introduced and investigated in [7] and [2]. On the other hand, taking account
of a result of Levic [5], a recent result of Stewart [6, Theorem 8] is expressed as
follows: A locally finite Lie algebra over a field of characteristic 0 has no non-
trivial ascendant subalgebras if and only if it has no non-trivial serial subalgebras.

In connection with these, we shall mainly study locally finite simple Lie
algebras over a field ! of arbitrary characteristic. Actually there exist locally
finite simple infinite-dimensional Lie algebras (Example 3).

In Section 2, we shall show that for a locally finite Lie algebra L over I, if
H wser L then H/CoteL (H) is locally nilpotent (Theorem 5). We shall use this
to give a simple proof and a refinement of Stewart's result stated above
(Theorem 7).

In Section 3, we shall show that for a locally finite non-abelian simple Lie
algebra L over I, if H wser L and H Φ L then any finite-dimensional subalgebra of
H belongs to e*(L), and

{H\H wserL, HφL} = \J {H\H wascL, HφL)

= \j {H\H<L9 Het*(L)} = e(L)

(Theorem 10). As a consequence of this we shall show that a locally finite non-
abelian Lie algebra L over ! has no non-trivial weakly ascendant subalgebras if
and only if L has no non-trivial weakly serial subalgebras, if and only if L is simple
with e*(L) = {0}, and if and only if L is simple with e(L)=0 (Theorem 11).

1.

Throughout this paper, ϊ is a field of arbitrary characteristic unless otherwise
specified, and L is a not necessarily finite-dimensional Lie algebra over I. When
H is a subalgebra (resp. an ideal) of L, we denote H<L (resp. H<L).

Let H<L. For an ordinal p, H is a p-step weakly ascendant subalgebra
(resp. a p-step ascendant subalgebra) of L, denoted by H^PL (resρ,H<pL), if
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there exists an ascending chain {Hσ\σ<p} of subspaces (resp. subalgebras) of L

such that

(1) H0 = H and Hp = L,

(2) [ # σ + 1 , H]^Hσ (resp. Hσ<iHσ+1) for any ordianl σ < p,

(3) H Λ = \Jσ<λHσ for any limit ordinal λ < p.

H is a weakly ascendant subalgebra (resp. an ascendant subalgebra) of L, denoted

by H wasc L. (resp. H asc L), if H< PL (resp. # < PL) for some ordinal p. When

p is finite, H is a weak subideal (resp. subideal) of L and denoted by H wsi L

(resp. H si L).

For a totally ordered set Z1, H is a weakly serial subalgebra (resp. a serial

subalgebra) of type Σ of L, denoted by H wser L (resp. H ser L), if there exists a

collection {Λσ, Vσ\σeΣ} of subspaces (resp. subalgebras) of L such that

(1) H c Aσ and # c jς for all σeΣ,

(2) Λt s Fσ s ^ f f if τ < σ,

(3) L\H = W σ e I ( ^ \ F σ ) ,

(4) [ Λ , ff] S- Fσ (resp. Fσ<34σ) for all σ e Σ .

Then any weakly ascendant (resp. ascendant) subalgebra of L is weakly serial

(resp. serial).

Let A be any one of the relations wasc, < ω , asc, wser and ser. Then we call a

Lie algebra L A -simple if HAL implies H = 0 or L. By Example 1 we have the

following diagram of implications:

simple = asc-simple < ser-simple

wasc-simple < — wser-simple.

Then there exists a Lie algebra satisfying wser-simplicity (Example 2).

An element x of L is called a left Engel element of L if for any yeL there

exists an integer n = n(x, y)>0 such that [y, wx] = 0, and the set of left Engel ele-

ments of L is denoted by e(L). Similarly a subset S of L is called a left Engel

subset of L if for any y e L there exists an integer n = n(S, >>) > 0 such that [j>, Π5] =

0, and the collection of left Engel subsets of L is denoted by e*(L) ([7]).

The Hirsch-Plotkin radical p(L) of L is the largest locally nilpotent ideal of L.

A class of Lie algebras is a collection of Lie algebras over ! together with

their isomorphic copies and the 0-dimensional Lie algebra. We denote by

δj Si> 9i> ®J L 5 a n d L91 the classes of finite-dimensional, 0 or 1-dimensional,

nilpotent, Engel, locally finite and locally nilpotent Lie algebras respectively.

LEMMA 1 ([7, Lemma 1]). Let H<L. Then H<ωL if and only if for any

xeL there exists an integer n = n(x)>0 such that [x, nH~\^H.

As an immediate consequence of Lemma I we have
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LEMMA 2. (1) For any xeL, xee(L) if and only if <x><ωL.
(2) For any H^L9ifHe e*(L) then H<°>L.

LEMMA 3 ([4, Lemma 2.1]). Let H wascL. Then for a finite subset X of
L and finite subsets Yί9 Y2,.. ofH9 there exists an integer n = n{X9 Yί9 Y2,...)>0
such that [X, Yl9...9Yn~\^H.

LEMMA 4 ([1, Proposition 13.2.4] and [2, Corollary 2.4]). Let Leh% and
let H<L. Then HwserL (resp. Hser L) if and only if HnF wsiF (resp, H Π
F si F) for any finite-dimensional subalgebra F of L.

In this section we shall give a simple proof and a supplement for Stewart's
theorem stated in the introduction.

Our key lemma is a special case of the following theorem. For H<L9 we
denote by CoreL(H) the largest ideal of L contained in H as usual.

THEOREM 5. Let L be a locally finite Lie algebra over afield f. IfH wser L,
then HICόreL(H) is locally nilpotent.

PROOF. We may assume CoreL(JFf) = 0 without loss of generality. Let Sf
be the collection of finite-dimensional subalgebras of H and put

M = \j {Fω\Fe^}9

where Fω = Λ ^ t F
m. Then M is a subspace of H. We assert that M<L. In fact,

let xeL and F e ^ . Then F(x) = <x, F>eg. By Lemma 4HnF(x)wsi,F(x).
Put Fi =H Π F(x). Then F < F t e Sf and [x, / J c ^ for some n. It follows that

[x, F"] £ [x, Λϊ-i F ^ - " 1 ] s ΛS-! [x, nF, W_ 1F]

S ΛΪ- ! [Fx, m - iF] £ Λϊ-x Fy = F? £ M.

Hence M<3L, as asserted. By our assumption we have M = 0 and therefore any
F e S? is nilpotent. Thus H 6 L91.

Furthermore we need the "only if" part of the following

LEMMA 6. Let L be a locally finite Lie algebra over afield of characteristic
0. Then H ser Land He L% if and only ifH< p(L).

PROOF. If H < p(L)9 then we use Lemma 4 to see that H ser p(L) and therefore
H ser L. The converse follows from [1, Theorem 13.3.7].

THEOREM 7. For a locally finite non-abelian Lie algebra L over afield of
characteristic 0, the following statements arέ equivalent;
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(1) L is simple ( = asc-simple).

(2) L is ser-simple.

(3) p(L) = 0 and CoreL (H) = 0for any serial proper subalgebra H ofL.

PROOF. (1)=>(3). Let L be simple. If p(L)=L, then any minimal ideal of

L is central by [1, Lemma 7.1.6] and therefore L is abelian. Hence p(L)=0.

Clearly CoreL (H) = 0 for any serial proper subalgebra H of L.

(3)=*>(2). Assume (3) and let HserL, HΦL. Then by Theorem 5 HeiSt.

It follows from Lemma 6 that // = 0. Hence L is ser-simple.

(2)=>(1) is obvious.

3.

In this section we shall investigate weakly ascendant and weakly serial

subalgebras of locally finite Lie algebras.

We begin with the following

PROPOSITION 8. Let Lbe a Lie algebra over afield I.

(1) Let H wasc L. If He L91 then any finite-dimensional subalgebra of H

belongs to e*(L) and if He& then any element of H belongs to e(L).

(2) Let Xt 0* = l, 2) be any classes of Lie algebras such that 5 i ^ ^ ^ ®

Then the following subsets of L coincide each other:

a) W{#|HwascL, HeXJ,

b) \j{H\H<<*L,HeX2}9

c) \J{H\H<L9 #ee*(L)},

d) e(L).

PROOF. (1) In case Heh9l, let F be any finite-dimensional subalgebra of

H and let xeL. Then by Lemma 3 there exists an integer n = n(x, F)>0 such

that [x, / ] c / / . Since He L5R, <F, [X, nF]> e 5ft. It follows that [x, n + m F ] = 0

for some m. Hence F e e*(L).

In case He(£, let y eff and let xeL. Then by Lemma 3 there exists an

integer n = n(x, y) > 0 such that [x, „>>] e //. It follows that [x, n+my] = 0 for some

m. Hence .y e e(L).

(2) Denote by y4Xl, B$2 and C the sets in a), b) and c) respectively. Then

by Lemma 2 we have

Ul Ul

But by (1) we have A% ε c(L). Hence we have the statement.
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PROPOSITION 9. Let L be a locally finite Lie algebra over afield I.

(1) Let //wserL. If HeiSl then any finite-dimensional subalgebra of

H belongs to e*(L) and ifH e (£ then any element ofH belongs to e(L).

(2) Let Xi ( l < i < 3 ) be any classes of Lie algebras such that g ^ S ^ C E .

Then the following subsets of L coincide each other:

a) \J {H\H v/ser L9 # e X J ,

b) W{if|HwascL, HeX2},

c) KJ{H\H£»L,HeX3}9

d) \j{H\H<L9Het*(L)}9

e) e(L).

PROOF. (1) In case H e L9Ϊ, let F be any finite-dimensional subalgebra of

H and let xeL. Then Ft = <F, x> e g. By Lemma 4, H Γ\Fί wsi Fx. Hence

[x, / ] g H n F x for some n. Put G = <F, [x, Π F ] > < # . Then Ge 91 and there-

fore [x, M + m F ] = 0 for some m. Thus Fec*(L). In case HeCE, He L $ Π ( £ < L 9 1

and therefore it follows that any element of H belongs to e(L).

(2) Denoting by ASί the set in a), we have A^A^X 3 e(L) by Lemma 2 and

A g9e(L) by (1). Hence AΈί = t(L). Owing to Proposition 8, we have the

statement.

Now we can show a structure theorem of locally finite simple Lie algebras.

THEOREM 10. Let L be a locally finite non-abelian simple Lie algebra over

a field I

(1) ///ίwserL and HφL, then any finite-dimensional subalgebra of H

belongs to e*(L) and any element of H belongs to e(L).

(2) Let Xi ( l < ι < 3 ) be any classes of Lie algebras such that

Then the following subsets of L coincide each other:

a) W{#|//wserL, HφL},

b) W {//|H wasc L, HφL},

c)

d) w{//|//wserL,

e) W{//|//wascL, HeX2},

f)

g) v

h) e(L).

PROOF. If H wser L and H # L , then HEL91<(& by Theorem 5. Hence,

denoting by A, B, C and D ^ the sets in a), b), c) and d) respectively, we have

D^^A^B^C^ e(L). Thus the statement follows from Proposition 9.

As immediate consequences of Theorem 10 we have

THEOREM 11, Let L be a locally finite non-abelian Lie algebra L over a
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field t. Then the following statements are equivalent:

(1) L is wser-simple.

(2) L is wasc-simple.

(3) L is <ω-simple.

(4) L is simple and e*(L) = {0}.

(5) L is simple and e(L) = 0.

THEOREM 12. For α locally finite Lie algebra L over a field I, the following

statements are equivalent:

(1) L is wser-sίmple.

(2) L is wasc-simple.

(3) L is <ω-simple.

4.

EXAMPLE 1. Let L be the Lie algebra over a field of characteristic # 2 with

basis {x, y, z} such that [x, z]=2x, [y, z]=—2jv[x> y] = z. Then L is asc-

simple and ser-simple. Since <x> wsi L, L is neither wasc-simple nor wser-simple.

EXAMPLE 2. Let L be the Lie algebra over a formal real field with basis

{x, y9 z) such, that [x, j^] = z, [ j , z] = x, [z, x] = y. Then L has no npri-trivial

weak subideals ([3, Example 4.3]). Hence L is wasc-simple and wser-simple.

EXAMPLE 3. For any integer n > 2 , a matrix in sl(n, f) may be regarded as a

matrix in sϊ(n + l, !) with the n-fl th row and column consisting of 0. Thus

sl(n, ϊ ) c $ I ( n + l, f) (n>2). Then L=\J™=2 sl(n, ϊ) is a locally finite simple Lie

algebra over !. In fact, let H<L and H^O. Then there is an integer m > 0

such that H D sl(n, 1)^0 for any n>m. Since sl(n, I) is simple unless the char-

acteristic of I divides n, H f] sl(n, /c) = sl(n, t) and H 3 sl(n, I) for such an n. Hence

H = L and L is simple. Furthermore, since < e 1 2 > < 2 L , L is neither wasc-simple

nor wser-simple.
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