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Hiroyuki Usami
(Received May 1, 1984)

1. Introduction

Recently Ni [4] has considered the elliptic equation
nH Au = ¢(x)e", x e R?,

where x=(x,, x,), 4=0?/0x}+0%/0x3, and ¢: R?—(0, o) is locally Holder
continuous, and presented conditions under which (1) has entire solutions with
various orders of growth at infinity. By an entire solution of (1) [or another
equation] we mean a function u € C3%(R?) which satisfies (1) [or that equation]
at every point of R2.

The purpose of this paper is to obtain conditions guaranteeing the existence
of .entire solutions which are eventually positive and have logarithmic growth as
[x]=(x3+x%)1/2—>00. Our method is different from that of Ni [4]; we heavily
rely on the results and techniques developed by Kawano, Kusano and Naito [2]
in the study of the equation

Au = P(x)u’, x € R?,

where y is a positive constant.

We note that the equation (1) in higher dimensions has been studied by
Kawano [1] and Ni [4].

2. Main result

In what follows we assume that ¢: R?—(0, o) is locally Holder continuous
with exponent 0 €(0, 1), and define the functions ¢*, ¢, : [0, 00)—(0, o) by

o*(1) = max o(x), (1) = |mlizq #(x).
The main result of this paper is the following theorem.
THEOREM 1. Suppose that there exists a positive constant ¢ such that

) S:t‘“qﬁ’?‘(t)dt <o,

Then, equation (1) has an eventually positive entire solution u such that
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3) kylog|x| < u(x) < k,log|x], |x| =R,
for some positive constants k,, k, and R.

The proof of this theorem is done via the following result which asserts that
equation (1) has a positive entire solution provided the value of the integral in
(2) is small enough.

THEOREM 2. Consider the equation
4) Au = Ap(x)e*, xe€ R?

where A is a positive constant. If (2) holds for some ¢>0 and if A is sufficiently
small, then (4) has an entire solution u which is positive throughout R* and
satisfies (3) for some positive constants k,, k, and R.

ProOOF OF THEOREM 2. We show that there exists a constant A>0 and
positive functions v, w e C#}#(R?) such that

loc
(5) 4v < Agp(x)e?, Aw < Ag(x)e”,

and w<v in R?, with the additional requirement that v and w have logarithmic
growth as |x|—oo. Then, the existence of an entire solution u lying between v
and w follows from Theorem 2.10 of Ni [3].

We wish to construct v and w as solutions of the equations

(6) du = Ad4(|x)0?/?, xeR?,
and
@) Aw = Lo*(|x]e”, xeR?,

respectively. It is easy to see that such v and w satisfy (5) in R2. Furthermore
we require that v and w depend only on |x|: v(x)= y(|x]), w(x)=2z(|x|). We then
have the following one-dimensional initial value problems for y(t) and z(1):

[ Yo+ *}*y’ =p«(OyV2,  1>0,
(8)
y0) =n, y(0)=0,
[ 2/ + L2 = apr(nyes, t >0,
9 .
z2(0)=¢{, z'(0)=0,

where '=d/dt, and n and { are positive constants.
In order to solve (9) we transform it into the equivalent integral equation
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(10) () =+ 2 S;s log (1/5)- $*(s)e=®)ds, t > 0.

Define the functions k, ¢: [0, c0)—(0, o) by
k()y=1for 0<t<1, k(t)y=1t for t > 1,
4()=1for 0<t<e 4(t)=1logt for t>e.
Choose { €(0, ¢/2], define the set Z by
Z = {zeC[0, w); { < z(t) < 24(¢) for t > 0},

and consider the mapping F: Z— C[0, o) defined by
Fa(t) = { + A S;slog (t]s)- p*(s)e=@ds, >0,
Finally let A be small enough so that
i S: k(Dd*(1)eX b0 dt < ¢)2.

Then proceeding as in the proof of Theorem 1 of [2], it is shown that F is con-
tinuous and maps Z into a compact subset of Z, so that the Schauder-Tychonoff
fixed point theorem implies that F has a fixed point z in Z. This fixed point z is a
solution of (10) [hence of (9)], and so the function w(x)=2z(|x|) satisfies (7) in R2.
It is clear that w(x) has logarithmic growth as |x|— co. .
We now turn to equation (8) with A chosen as above. Since condition (2)

implies that Sw t(log t)1/2¢*(t)dt < 00, from the proof of Theorem 1 of [2] we
1

see that (8) has a positive solution y(¢) with logarithmic growth provided 7 is suffi-
ciently large. The function v(x)= y(|x|) then gives a solution of (6) in R2. We
require additionally that 5 be so large that

0> M‘“Se 1 (D)t > 2.
0

Then, it follows that with this choice of A, n and { the functions v and w satisfy
w<vin R? (see the proof of Theorem 1 of [2] again), and so the functions v and w
have all the required properties. This completes the proof.

We note that Theorem 2 allows a slight extension as follows.
THEOREM 3. Consider the equation
(11) Au = Lp(x)e* + ah(x), x € R?,

where ¢, : R2—(0, o) are locally Hélder continuous (with exponent 0 (0, 1))
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and 2, u are positive constants. Suppose that (2) holds for some ¢>0 and
o)
S tw*(t)dt < oo,
0

where Y*(t)=max y(x). Then equation (11) has a positive entire solution with
xX|=t

logarithmic growth as |x|—co provided 1 and u are sufficiently small.

PROOF OF THEOREM 1. Choose a constant A>0 so that equation (4) has a
positive entire solution @ satisfying (3) for some k,, k, and R. For this 1>0
there exist positive constants C, and C, large enough so that le=€: < | and Ae€:>1.

Define the functions V, We C#9(R?) by
V(x) =1d(x) + C4, W(x) = ii(x) — C,.
Then we have
4V = le C1g(x)e’ < ¢p(x)e”,
AW = JeC2p(x)e" > ¢(x)e?

in R2. Since W< Vin R?, from Theorem 2.10 of [3] we conclude that there exists
an entire solution u of (1) squeezed between W and V. It is obvious that this
solution has the required asymptotic property. This completes the proof.
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